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The effect of the term 4j(x), which should be added to the current density operator j (x), on 
the Landau diamagnetism is investigated. It is shown that the magnitude of the diamagnetic suscep- 
tibility slightly increases due to the long-range part of the Coulomb interactions between electrons. 


§ 1. Introduction 


In the preceding paper (to be referred to as I) we have developed the collective 
description of the organized behavior due to the Coulomb interactions in an electron gas 
in a magnetic field, and have investigated the effect of the long-range part of the Coulomb 


interactions on the Landau diamagnetism. It was shown that the magnetic susceptibility 


of alkali metals slightly increased. 


The Hamiltonian of our system is given by 


H=S)}22/2m+27€8? S) exp {i/b-ke(x,—x,)} /R, 
é ij 
k 


(1-1) 


where 7,=p;+e/c:A(x,), A(x,) being the vector potential of the magnetic field. The 


Hamiltonian (1-1) is equivalent to the following Hamiltonian with a set of subsidiary 


conditions 
H=} [2,4 (47°) fo quEx exp {i/b-kx,} P/2m 
i <he 
eo) 2 ga Pipes g 2 mee > exp r/o k(x; — x) 17 
k<ke i 
h> ke 


—2aneh? >) 1/k, 
h<hee 


where €,=k/|k|. The subsidiary conditions are given by 
€,.P=0 (k<k), 
where 


E,=p-a—i(4meh?/R)'” Si exp(—i/b- kx). 


The current density operator in the new representation, in which the 


given by (1-2) is j(w) + 4j(*), where 


(1-2) 


(1-3) 


Gis4) 


Hamiltonian is 
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jJ(x)= = ey em > [7,0 (x —%;) +0 (x—x,) 7], (172) 
Aj(x) =— (47e'/m’)"” S) 9, &, exp (i/b-kx,) O(x—x,). (1-6) 
isk<ke 

If we apply the unitary transformation P=S¢, where 

S=exp[—1/b- 3} (47e€6?/k)'” g, exp (i/b-kx,) |, (1-7) 
isk<ke 
we get 

i (x) +4j(x) >S™ [j(x) +4j(x) |S=j(*), (1-8) 


which is the current density operator in the old representation in which the Hamiltonian 
is given by (1-1). The appearance of Jj(x) in the new representation is due to the 


fact that the velocity of the electron in the new representation is given by 
0,;=x,=i/b-[H, x; | 
=[2,+ (47&)'" 3) 9, &, exp (i/b-kx,) |/m. (1-9) 
k<ke 
In the next section we shall investigate. the effect of Jj(x) on the Landau 


diamagnetism. 


§ 2. Contribution from Jj(x) 
(1-6) may be written as 


Aj (x) =—e/m- S} (276/w)'"&, exp (i/b-kx,) (a,—a*,) 0(x—x,), (2-1) 
tik<key 


where a,“ and a, are the creation and destruction operators of plasma quanta respectively.” 
In I we made a canonical transformation on the Hamiltonian (1-2). The generating 


function of the canonical transformation is given by 


= . \ 1/2 F €,- (H,—k/2) e Pa 
S=—(ei/m) >\ (27b/w : A, b-kX, 
/ ) eo b/w) Foes fet Tf LP ae » exp (1/b i) 
= Spy toe BG €,. C,—k/2) | 
exp (—i/b-k X,) A* F . 
P / Ai bo—k-I,/m-+8/2m a 


Let us make the transformation on 4j(x): 
Aj (x) =e 4 J (x)e* 
HAI (x) AS Gy eee (2°33) 


where 
dJ (x) =—e/m- Pp 27 b/e) ” 8, exp (i/b-k X,) (A4,—A™,) 0(x—X,), (2-4a) 


4J™ (x) =i[4J (x), S] 
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=¢ [mv >) (2/0) | & exp {i/b- k(X,— X,)}0(x—X,) 


ty i<he 

Se —k/2) Ry ais 
bo=k- I, /m+k/2m +E, exp —i/b- k(X,—X,)} 0 (x—X,) 
' é,: CI; jy +k/2) 2 + ALAN &,- (I, —k/2) 

ed H,/m—k/2m ho—k- I,/m+k/2m 

5 &,- U,+k/2) 
-E,,0 X,) —€ — A.) — 

Beene pet TRS) a a I,/m— ee 


+]. (2: 4b) 


In (2-4b) we have neglected a number of terms containing a factor 4,4, A,A* (kAD) 
Aj A or A,A,. These terms make no contribution to the magnetic moment.” 


We use the formalism of second quantization. Then we obtain 


AJ (x) =—2/m- SY(27b/w)'" &, exp {i/b- (p—p! +k) x} (4, —A*,) bykabyo, (2-5) 
pp! o 


h<ke 
AJ, (x) = &/m’- > (27b/w) (1/b«) &,(€,: (p+p’—k) ) exp {i/b- (p—p’) x} b¥5b,05 
bok (2- 6) 
IJ, (x) ~2e'/m?c- S) (27b/w) (1/be) &,(€,- A (x) ) exp {i/b- (p—p’) x} 6%, bys. 
Pek (2-7) 


In deriving (2-6) and (2-7),* we have made an approximation of replacing 1/(bw 
—k-H,/m+k/2m) by 1/bhw and we have replaced 4,A4,* by 1, because (A, Ag) vao=1. 
636 and b,, are the creation and destruction operators for the electrons and © refers to 


the electron spin. 
The mean current density at temperature T due to the additional current density 


operator Jj(x) is given by” 
LEED, CHB )8 (Fx) Dw exp B(En+2,—E,) 


| CAF, (2) vy +SEE) (CAB (2) on Hn 
E,—E, 
+¢(4J(x) akHes ret | ? (2-8) 
where 
H!=e/2m*c- >\(p +p’) -A(p—p’) Dae Uhes (229) 


* Terms which depend on two electron coordinates in (2-4b) cancel to the first order in the magnetic 


field. 
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Hee | Zire (2zb/w)'" (A/bo) {—(p+p’+k) -[€.<[(p—p’ +k) 
ek 
x A (p—p! +k) ]]b 5060 4+ (p+p’ +k) -[& X[(p—p’—*) 
x A(p—p’—Kk) | |byiob, Ai} - (2-10) 


, 4k 1 
The mass m* is slightly larger than m: m*=mX3n/(3n—n’'). 2) is given by” 


n! _ —- 47 = = 
exp (—£2,) — (1/27) dh. sy f° (k, qd {fo =f ik) +fo+e(1 sock F901 
ky>0 9 
- (1 +exp{—P(E(p) —2)} P- (2-11) 


Pp 


After some calculations quite analogous to those in I, we obtain 
di, (q) © >) Ky (q) A, (q), (2-12) 
where 
Boy) i (e'/m* mc) py, (27n'/3 w”) [9 qv BAG =I, 

=9 (BY mm") bp Vf) = 2 fp (lho) 

— (f?/m*) os (919) Pu Pa +999 PvPa) {fp 1—-f,) —2fP A—-f,)} 

— 31 (2/3 m*) 93.4, Pu Pr Pa Pp 16 fo Af)? fp fy) $ ] 

Pp 


ae (27e'/m’c) >s (1/h? o') (€,) . [bo { >) (Ex) 199, — (€,) 9°} 
bcks 
SOR hs ®) 42°51 (Ex) y Pag — (Ex) aPvqat 1. kk) ge 
ip 


‘fo —f-n) /m*— (p—k) , 9, (Bb.0/m*) fy fy—n (1 — fr-z) } ] 


+0(q'). (2-13) 
Performing the summations (see Appendix I of I), we get 
Ky (9) = (9? — Gu qv) (272 /3mc) (2m*¢)'"/B8. 0, (2-14) 


where 
O= (47 n'/3 mw) + (16 722 m* CkS/3m*h w*h)[ —2/3 
+ (€/bw) (3/8 —K°/24 + 34°/1280) | 
~ (n'/n) [1/3 + (C/bw) {—2/3-+ (C/bw) (3«/8—K2/24 
+34°/1280)}].  («==h,/p,) (2-15) 


Hence the contribution to the susceptibility is given by 
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Ay=—0-4,*. (2-16) 
Thus (4y7),,,, which represents the effect of the long-range part of the Coulomb inter- 


actions on the diamagnetic susceptibility, is given by” 


(49) in. = (@+8m*C7—E—0) y, (227) 
where 
aw (n'/n) (C/bo) (x?/5), 
8m* C7 (n'/n) (26/360), 
—Ex~ (n'/n) (C/ba)? [3«/4 +4°/12—1°/640— (C/bw) - 8x2 /25].** 
Table 1 

F Na K Rb xe 
mest/m” 1.45 0.98 0.93 0.89 0.83 
K2) 0.634 0.703 0.780 0.800 0.834 
a 0.006 0.011 0.017 0.020 0.023 
8m* er 0.050 0.074 0.093 0.103 OFS 
smal —0.018 — 0.032 — 0.042 —0.048 —0.053 
—d —0.003 —0.002 —0.008 — 0.009 — 0.012 
(4y) 17.120 0.035 0.051 0.060 0.066 0.071 


The values of (47)\1./7%) for alkali metals are given in Table 1. The values in Table 1 
have been calculated by replacing the electron mass by my. The errors in our calculation 
come mainly from the approximation of replacing 1/(hw—-kIl,/m+k/2m) by 1/ba,. 
Errors in (S7)\x./7% might be considered to be 20 percent at most. 
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+ y is the diamagnetic susceptibility for the perfect electron gas. 
** There was a mistake in (3-44) of I. 
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Errata 
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H. KANAZAWA 


Prog. Theor. Phys. 15 (1956), 273 


originally correctly 
p. 280 eq. (3-19) 1— (1/4w)2(k-p/m-+ k2/2m) 1— (1/4@)?(k-p/m+k?/2m)? 
p. 285 eq. (3-44)  [—16/45+---+x7/45}] [1/3« +«/27—x3/1440 —32/225-(c/4)] 


peeeso wey al +q:(p—k)/m —q:(p—k)/m 
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Matthews and Salam expressed the propagator of the interacting fields as a functional integral 
by using the Feynman principle of the “sum over histories”. However, when we are concerned with 
the boundary condition of the propagator and the definition of the functional integrals, their treat- 
ment seems to us somewhat unsatisfactory. In this paper, we discuss the reason why they got the 
correct results in spite of the existing defects. 


Introduction 


Recently, the propagator of the interacting fields has been investigated in the form 
of the functional integral. Particularly, Edwards and Peierls expressed the modified 
propagator as a functional integral, starting with the Schwinger theory of Green-functions” 
and ignoring the contributions from the closed loops. On the other hand, Matthews 
and Salam” succeeded in giving an exact expression to the propagator by directly applying 


’ in particle mechanics. Their treat- 


the Feynman principle” of the “sum over histories ’ 
ment, however, seems to be somewhat unsatisfactory as will be seen below. 
The Feynman principle in the field theory states that 
war 
iBLe} 
(yp (x', t’) =~", te (x", t!’) = ol" esti e LrIdp, (0-1) 


gtt 


and 


Colal, #=9, FIT AG) 19", =e", H=NII" vAe(are"We, (0-2) 


where I*{¢] is the action of the system and the asterisk means addition of the infinitesimal 
negative imaginary constant —/€ to the mass in the Lagrangian in order to make the 


functional integral over the action converge. Matthews and Salam defined the propagator 


by 
o, e’|T (¢ (1) ¢(2)) |0, #/C0, #0, yet (1) 9(2)e"e/ | eo oes (03) 


where |0, ¢) means the true vacuum state of the system. Carrying out the functional 
integration in the right-hand side of (0-3), they derived the well-known expressions of 
4d,, Sp» and S;. It seems, however, very obscure how the boundary condition (vacuum 
states) of the left-hand side is reflected in the functional integrals of the right-hand side. 

In order to clarify the problem, let us review the definition of the propagator of 


the interacting fields. Gell-Mann and Low” defined it as 
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P*T (¢(1)¢(2) ) Po / PF LT . (0: 4) 
where /, is the true vacuum state and ¢(x) is a field operator in the Heisenberg 
representation. Denoting by |4(¢) =A’, t) a state where a Heisenberg operator A(t) 
has the eigenvalue A’ at a time ft, we can easily see that 

|\A() =A’, th=e™*|A(0) =A, 0), 
where H is the total Hamiltonian of the system. From this relation we have 

|H=E,, fe 2, (0-5) 


where E, is the eigenvalue of the true vacuum state. In view of (0-4) and (0-5), 


we have an alternative expression for the propagator : 
(H=E,, t'|T (¢(1)¢(2)) |H=E,, t’)/(H=E,,  |H=E,, t'"), (0-6) 


which is Schwinger’s definition.”” Inserting a complete set of functionals into (0-6), 


we obtain 
\ (dy'de'"( H=E,, t'|e(t') =¢', (oe) =e", “IT (9G) ¢(2)) lee) =e", #1) 
\ \dy'dy’’ H=E,, t' |e (t’) =¢"', th < y(t’) =¢', t'|y a) =¢", ie 
ot") =", |H=E,, t” 
y (t’’) =p". bd Ve Lo ae: 


( 
x sf 
\ 
Then the Feynman principles, (0-1) and (0-2), lead to 
(H=E,, \T(¢(1)¢(2)) |H=Ey, #") _ \delde(E|e")§ ftne (1) ¢ (2)e™09C9""|E,) 


(H=E,, t'|H=E,, t!’) J Jdy'dy""E,|¢")\ Vere Ogg" |E,) 
(0-7) 


where we have used the relation 
(H=E,, t'|¢(t') =¢', !)=CH=E,, 0|¢(0) =¢’, 0)=<E,|¢’). 


In our following arguments, we shall start with the definition (0-7), because (0-7) 
seems more rigorous than (0-3). 

Besides the above mentioned problem concerning the boundary value, there is another 
doubtful point in Matthews and Salam’s paper. Namely, the validity of the change of 
integration variables in the functional integrals used by Matthews and Salam is not 
assured in the computation of the Green-functions. 

The purpose of this paper is to obtain a condition under which Matthews and Salam’s 
method can give a correct result. For the sake of simplicity, we consider only the case 
of the one-dimensional coupled oscillators, but we can readily extend our method to the 
case of the field theory. In addition, we shall treat only the case of the interacting 


boson fields, because there are some obscure points in treating fermion fields. 


S 1. The free harmonic oscillator 


In the first place, let us compare the result derived from our definition (0-7) with 
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that of Matthews and Salam, and investigate under what condition the both results 


become identical. As a simple example, let us consider the propagator of the one- 
dimensional free harmonic oscillator with the Lagrangian 

L=3(q?—w,¢’). (1-1) 
By using (0-7), the propagator J(t,, t,) of this system is given by 


AGN = (\dq'dq’’(E,\q’)§ Vang (1) q (2) e109 q/"|E,) 


{ dq/dq!"{E,|q’)§ fare" “gq! Ey) 


where E, is the lowest eigenvalue of the Hamiltonian, and I* is 


’ (1-2) 


tt 
r*(q]=| L* (q, q)dt, L*=3(q—w'’q?) and w=a,—i€. (1-3) 
tl 
Divide q(t) into two parts in the following way : 


q(t) =9.(4) +x), (1-4) 
where q,(t) is the solution of the classical equation of motion g,-+-«°q,=0 which satisfies 
the initial and final conditions, i.e. q,(t’) =q/ and q,(t’) =q’’, and y(¢) is an arbitrary 
function with the boundary values y(t’) =y(t’)=0. Substituting (1-4) into (1-3), 
we get 


T*[g\=3 4c taf (G-—v7) dt 


=F, 3t, +z. (1-5) 
Then, (1-2) becomes 


_SfelyldefCE lg ge (1) go 2De*CG"IE,) , (My) x (2e™May 7 
Babepleammivint “Cray Aysitl pia a fae RES) 
Bestel rafal! Ia e"CG"Ey) Ferny 


where we have used the fact that such a term as J jive" 0y vanishes in virtue of the 


antisymmetric property of the integrand. We must note that in the first term of the 
right-hand side of (1-6) the functional integrals in the numerator and the denominator 
have cancelled out each other and this term depends on the boundary condition. On 
the other hand, the second term does not depend on the boundary condition, and can 
be easily computed in the same way as in Matthews and Salam’s paper. Namely, we 
can derive the correct propagator by changing the integration variables from 7 to a set 


of integration variables {a,} introduced by the definition 


=> ttn 5) 
where {7,} is some complete set of functions. (See Appendix.) The result gives the 
expression (0:3) which is just the same as was given by Matthews and Salam. 
Therefore, the first term is expected to vanish by virtue of the condition that both the 


initial and final states are the vacuum state, 
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In order to test this conjecture, let us integrate the first term of (1-6). The 


solution of the classical equation of motion is 


Giltee. ep) a= 1 tg/sin w(t—t’) +q"sin w(t’—t)}, (1-7) 
: sin WT 
where t=t/—t”. From (1-5) and (1-7), we obtain 


F(q', q" 3 #/, t””) yal = —° _[ (q+!) cos wz —2q/q"’]. (1-8) 
uw 


D2 sini Oc 


The eigenfunction (E,|q’) is given by 

CEolq!) = (eoo/7) Mem. (1-9) 
Inserting (1:7), (1:8) and (1-9) into the first term of (1-6), we have the following 
result : 


1 1 
2 etiwt == il 


[the first term of (1-6) |=~——- 
2M a 


eiwlts +t2) ew iw +2) ates 
x| { 4 at { (em +1) a—2} 


Qiwt! Qiwt!! —Qiw0t!! —2iwt! 
e B= € 


= C- e 


et (fu—¢2) etm tite) ae ; 
+{£ -+—__ } tem" —2a) +1} |, CLO) 
eriwt C2 1 ertut = 1 ; 
where 


a=1+ (i€/2m) (1—e*™"*). 


As will be easily seen, (1-10) does not vanish against our expectation as long as 
t’ and ¢’’ have the finite values. Thanks to the fact w=w,—ié, however, we can see 
that (1-10) vanishes in the limit, t/=—?#’’>+ co, In this limit, however, (1-7) and 
(1-8) lead to 


ling! Fg (eee sk”) =O\ ahd™ lin ECG ree CRE He ee : o(q?+q'”) 
th=—tll->+ co tha=—tll->oo 2 
for the finite value of ¢. Therefore, the first term of (1-6) vanishes irrespectively of 


the boundary condition, and we have the following curious result ; 


tim SEu #IT@)9(2)) En YY) 4 (Ew tT (1) 902) ) [Eo #””) 
hnrara Ens @|E,, t!”) ttm ett p00 Poe eats 


for an arbitrary excited state |E,, ¢). Besides this, it must be noted that the propagators 
defined by (0-4) and (0:5) are independent of the initial and final times t’ and ¢” 
respectively, whereas the final expressions, (1-6) and (1-10), depend on them in a 
complicated way (see Appendix). . 
These difficulties are due to the inadequate method of the integration over all paths. 
Originally, Feynman defined the functional integrals in the following way.” He divides 


the time interval into a set of small time segments and defines the path integral as a 


The Functional Integrals in Quantum Theory 11 


multiple integral with respect to q at each dividing point. With this definition, he 
proved the equivalence between his formalism and the ordinary quantum mechanics. But 
the method of integration used by Matthews and Salam is very different from Feynman’s 
original one (see Appendix) and is justified by B. Davison” only in the case of com- 
puting the transformation function (q’, t’\q’’, t/’). When we consider such a matrix 
element as (q’, t/|q(1)q(2)|q”, ¢”), the validity of the change of integration variables 
used by Matthews and Salam seems to be quite doubtful. 

In fact, Feynman’s original definitions of the transformation function and of the 
matrix element give (1-2) the following expression : 


(1.2) = 1da'da" Fol’ PL dag S Vine™ 8g) 91 CS Vine 0g) ga j Sse" 90q) Kg!" |B) 


§ g/g!" Ey|q! YS dgrdga | fet’ 10g) (f ffiel" "20g Cf fttrell0g) Kgl") | 


After dividing the path q(t) into the classical one q,(t) and the remainder, we can see 
that the functional integrals in the numerator and the denominator just cancel out each 
other and that the remaining ordinary integrals give the correct result without any con- 
tradiction for the case of the free harmonic oscillator. Namely, Feynman’s result has 
the correct dependence on the boundary condition and is independent of ¢/ and ¢’’. 

Let us now compare our results (1-6) and (1-10) with Feynman’s one. In this 
case, the both results also agree with each other under the same condition t/=—#//—> + co 
as before for the case of the vacuum state. Therefore, we are led to the following 
conclusion (I): 

When the limiting procedure t'=—t!'’—>co ts carried out, the Matthews and Salam 
method of integration gives the correct result, at least, for the case of the free propagator 
whose boundary conditions are given by the vacuum state. 

As was already seen, in computing the free propagator with the Feynman method, 
the main problem turned out to seek for the eigenfunction of the total Hamitonian 
instead of computing the functional integral. This new problem of finding the eigen- 
function is in general quite difficult to solve. On the other hand, the Matthews and 
Salam method permit us to write down the propagators in the functional integral forms 
in spite of the above stated difficulties and their method will give us a See powerful 
means in treating the practical problems. Therefore, it is desirable to apply their method 
to the case of the interacting fields. Our next problem is to get another condition in 
addition to our conclusion (I) in order to derive a correct result from the Matthews 
and Salam method for this general case, or, at least, to make their result agree with 
that derived from the perturbation method. In the following sections, we shall investigate 


this problem in the case of the propagators of the interacting oscillators. 


§2. The forced harmonic oscillator 


As was stated in §§ 0 and 1, Matthews and Salam succeeded in giving a correct 
i i i i ious treatment of the boundary condi- 
expression for the propagator in spite of their dubious y 


tion and of the functional integrals for the case of the interacting fields, 
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Here and in the next section, we shall start with the correct definition (0-7) of 
the propagator and find a condition which leads us to the correct result though we shall 


use the conventional method of integration of Matthews and Salam in the course of 


calculation. 
In this section, we shall consider the propagator of an oscillator interacting with a 


given external field on the basis of the Matthews and Salam method and of the limiting 
process discussed in § 1. The Lagrangian of the system is 
L= (1/2) (?—w'q?—u(t) 9°), (242) 
where u(t) is an external field which satisfies the following condition : 
finite for ~-—T<t<T<o, 
u(t) = (2-2) 


0 otherwise. 
The propagator of this system is given by 
S(t), ty) = 
§ §dq'dq’{ (0) =Ey|q(0) =4’)(q1 (00) =4’, 00|T (Sq1(1) 42(2)) |g2(— ©) =q"”, — 0) 
)dq'dq’’« H,(0) =E,|q (0) =4')<q1() =’, 0 |S|q,(— ©) =”, — co) 


<q(0) =9"'|H,(0) =E,) 
x re Se Me 
(q(0) =9"|H,(0) =E,)’ (2-3) 


where q, is an operator in the interaction representation and H,(0) =} (p(0) +«,°q?(0))'. 


Introducing the Feynman principle into (2:3), we have 


S (1-2) =) $44'44" Eola’) § Vig 1) 9 (2) €'7°09¢q""| Ey) 


PT, INC Ca! 28D. / \ 4 2-4 
J §.dq'dq’’( E,|q’) J Srre'0q¢q"" |E,) ak 
where 

(E,|q’ =A (0) =E,|9 (0) =q’), 

I =|"L" (q5 gs u) dt 
and 

L*=} (Pog —u(1)q). (2-5) 
In the same way as in § 1, let us put q(t) as 

q(t) =4-(t) + y(t), (2-6) 


where q,(t) is the solution of the equation 9, + («w+ u(t) )q.=0 which has the boundary 
values q,(+00)=q! and q,(—0o) =q"", and y(t) is an arbitrary function which jis 
4(+0)=0. From (2:5) and (2-6) we get 


I*=F(q’, q") +I*[y, ul, (2-7) 


| In (2-3) we have used the fact that 


(Hy (te  ) = Ey, +00|97(+:00) =d/, s.00) = (Hy (0) = Ey|q(0) =9’). 
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where 


F(q’, 9") =440% 


co 
—o 


and 
ly, 9i=4 (F (— (ew? +u(b)) 7) dt. 
Inserting (2-6) and (2-7) into (2-4), we obtain 


Byer) eT eC Ealy Dae) go 2) OP ha Eady Joe) 12) Ey 
J. dq’dq’"E,|q! pet" gE) f[retengy 


In order to investigate the first term of (2-8), let us calculate the classical path 


q.(t). It is unfortunately impossible for us to obtain an exact solution of the classical 


, (2-8) 


equation of motion, so we shall solve it by means of the iteration method, assuming the 
convergence of the series derived by iteration. For the sake of convenience, we shall 
replace the boundary conditions q,(+- co) =q! and q.(—c)=q" with those for the 
instants ¢/ and ¢’’ respectively ; 

qe(t’) =q' and 9.(t”) =9", 


where t’=—t’’ T. Integrating the classical equation of motion, we have the following 


integral eqation ; 


tt 
go(ts ts OY =gele st e+] K(e ssl, eulsdac(sse’, tds, 
vel 


where 


dpit; &, f= {g' sin o(t—t"’) +q” sina (t/—t)}, (2-9) 


sin wT 


RGsst, t= = | sin a (ear) sin co (t’ —s) 0 (s—t) 


Y sin WT 
+sin w(t’ —t) sin w(s—t’) 0 (t—5) | (2-10) 
and 
te form. fc-.0! 
Ce) 
Q afors ds@0: 
Tae view of the conditions (2-2) and f= —i" ST, it runs 


. 
Gs EN) Santi ce 50) +| Ki eit ba) a, (estat!) ds. (2511) 
-7 
The iteration method gives the expression 


[r.[ KG 1) u(1)K (1, 2)u(2).--K(n—1, n)u(n)qy(ns tl, U)d1d2...dn (2-12) 


-¢)-T 
to the n-th order term of the power series concerning the external field u(t). 
Insert (2-9) and (2-10) into (2-12) and take the limit #=—t!—+»+00 in (2-12) 
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for the finite value of ¢. Then, thanks to i€ in w, we can easily see that 


ie He 
(2 P 12) oc lim ae. i — etwon (t! —1/7) + €n (tl —t!1) giwot! + eel | {- fe [ G(t, ee S37 09" 8; ae ds, 


t=! >+0 (sin wt)”*! —7 )—-T 
ot he 


ce lim rr ee| 
th=—(!l>+o 


Hh 
GOCE, Sts Sash et ale Oe 
-rJ-7 
eet (60 4) sO, (2-13) 
th=—tl!>+o 
From (2-13) we arrive at the conclusion that 
lim q,(t;¢, t”)= lim O(e%’) =0 (2-14) 
th==-tll>o —thl>owo " 
for a finite value of t. Therefore, the first term of (2-11) vanishes in our limit and 
we have the result 


GTX U1 


Yap) pe yACS AG Fas sia An (2-15) 


ffpetiru lay 
which is just Matthews and Salam’s expression. 
In the above argument it must be remarked that, besides the condition already 


mentioned in (I), another condition 
uh) ul) ==0 


(II) 
for? tS Srand: pe = 


plays quite an important role in making the first term of (2-8) vanish. 


§ 3. The coupled oscillators 


We now consider the case of two oscillators interacting with each other. The 


Lagrangian is given by 
L=L,4+-L,4+-L 


where L,=4(q?—«,"q"), Ly=3(W@—v,2u?) and Liz=—39(t)u-g?. g(t) is a given posi- 
tive definite function of ¢ describing the variable coupling strength and vanishes for |¢| > T 
and is assumed to have small non-vanishing value for —T<t<T in order to guarantee 
the applicability of the perturbation method. (Condition CII’) ) 

One of the propagators of this system is given by 


| yd! 'dul du" H1(0) =E, 1260) as 


S'(1, 2) = u(0) san 
| ead" cl" H, (0) =B,|4(9) =4 D 


(ritany a? IP Otr(1)4n(2)) fk) 4, —o\( 200) =2" 4,0) =B,) 


ont Mat 9 u (0) =u! 


qi() =q! x g;(— co) = Wt PCO scat 
u,(co) =”? Pe gt ae =o 21} Bt HF, CO) =E,) 


> 
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where H,(0) is the free Hamiltonian defined by 
FL, (0) =3 (p* (0) + gig? (0) ) +3 (7? (0) +¥0'u' (0)), 


and q, and u, are the operators in the interaction representation which is reduced to the 
Heisenberg and Schrodinger representation at t=0. By virtue of the Feynman principle, 
we may write 
5'(1, 2) = SAq ag del dul Eig’, D4 Vining 1) g (2) eT Ogu Cg", w!"|Eo) (3.1) 
’ aa aA 
§ dq/dq'’du' du!'{E,\q', u’ 4 (Oren re. Mulgdu- Cale wile 


qt 


> 
where 


(Eolq’s Wy=(H,(0) ae WO) 9 


u(0) =u'/? 
Ia, ul=|" LF + La) dt andie Fatal | tide (3-2) 
We devide q(t) and u(t) as 
q(t) =4.(t) +74 (4) (3-3) 
and u(t) =u, (t) +9 (4), 


where 


G+ (w? +9 (4)u(t))Ge=0, qe( +) =4', Ie(— ©) = 9" 
i, +u,=0, u.(+co) =u', u,.(— cw) =u", (3-4) 
y(+00)=0 and 4(+~)=0. 

From (3-2), (3-3) and (3-4) we have 


I*(q, wJ+T*{uJ=P[y, J+ Ty +F, (35) 
where 
riz, wl=a) eG +90 "«O) 2), 
P[yl=al dG) 
anid ii 
= 4 qede t+ uetle] * 


Introducing (3-3) and (3-5) into (3-1) and using the expression (2:15), we get 
( dgtda!'du!dul!Eg\q’, 1") § Voge (1) qo(2) NT wet ale Mey - Cg", !"|Eo) 
fidq!dq!"dul dul! E|q’, wu!) {¢N[ue tale Mei" On (q"", "|Eo) 


§dq/dq!'du'dul'(E,|q', u!)§ fos C1, 2 ; u.+n) Nu tye Me'"0n- gel ul |E,» (3 6) 
rE 'da"du'dul'( E,\q', u! oN u,+ ee On- Ca", u!’|E,) 
)dq'dq (E,\q’; y) 


S/ (1, 2): =- 


where 


Nu. +y| See ey 
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and 


S(1, 25; u.+y) =|[x@raer™ 7 7A Rah VOY. 


We can, however, prove that F is independent of 7 and that N[u.t+7] and S(1, 2, u. +7) 


are independent of u,, as will be seen afterwards. Therefore, we can write 


1 2) if ( dq/dq!'du'du!’| E,|q’, u! YeF(q"", u|E,) ie qe(1)qe(2) N[n]e?*"9y 


[Jade dul dul! (E,|q/, ul ye" a", w!"|Eo)|-[§ SON [ye "0] 
[foSC, 25m) N[g]eoy 


{fis 2 , G-7) 
z (foN [ye oy 


: : . : ee ae 
In the same way as in the preceding section, we can see that lim q,(t;¢/, t’) =0, 


th=—1l!>o 


so the first term of the right-hand side of (3-7) vanishes. Finally, we obtain the 
Matthews and Salam expression : 
5(1, 2) =([ 801, 25) Mmle™9n/{[ Nine ay, 


Let us now prove that F is independent of 7. Inserting the solution of (3-4) 
into (3-5), we obtain 


F(t'> + 00, tS — 00) = (3/2) wg? +4!) + G/2) (wl? Ful?) 


1 af / mr 

* fiw (s—tl —tw(s— 

— lim ———— {q’ (e’ CS pee ) 
t=-U'>o4t sin wWtd -7 


+q!’ (eee ee \ q(s) u (s) qe (s ; tt!) ds. G3 ‘ 8) 
Because of the finiteness of the integral in (3-8) and of the fact that q,(s; ¢t/, t’’) =0(e%”’), 
the last term vanishes and thus F is independent of 7. 


In the next place, we shall show that N[u,+7] and S(1, 2; u.+7) are independent 


of u,. Our task is only to prove that I*[y, u,.+7%] is independent of u,. From the 
fact that 


Py w+ =3) GE +907) Ade—-1l (OI LO dt 


we consider only the last term of the right-hand side. Since g(t) =0 for |t|>T, we 
can write it as 


- 
lim (- Gdis lor yg (t) wore 0s 
if=—-tlh!>ao —-T 
where we have used the following property 
li «pr 1 a em li 1 Sowa’ / / if Meet / 
iam PAG (ESE 9 Ps eee me Leas : wisin » (t/—#'") +’ sin v(t/—t)} =0 
t/=-tl!>+o th=—t!l>o sin YT 
for a finite ¢. 


In the above argument, we see that the same conditions as those used in § 2 play 
an essential role in deriving Matthews and Salam’s result. 
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In conclusion, we can get the correct expressions for the propagators for the vacuum 
state by starting with the correct definition (0-7) and by using the Matthews and Salam 
method of integration, if we use the condition (tend (114). 
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Appendix 


We shall calculate the second term of (1-2) : 


A(t, ty) aii) 11) 12) 1 By/{ [ey (A-1) 


along the line of reasoning used in Matthews and Salam’s paper. Let us introduce a 


complete set of the functions y,,(¢) which are normalized in the following way; 
tu 2 
3 pm (O(2 40" ) 7 (0 dean (A-2) 
+ ia df 
where 7,,(t’) =y,,(¢/") =0. Expanding y(t) in terms of them as 


7 (t) =S1a,y,(t), (2s3) 
we have 


*. m (t1) Ym (te) enn IT da, 
A(t, ty) = = a — Ip a (A. 4) 


; [ifr -134,2 17 da, 


=— pa Xn Ge) Xn (ty) 4 


It must be noted that (A-4) depends implicitly on ¢/ and ¢’”. As will be easily seen, 
one of such complete sets that satisfy the condition (A-2) is given by 


1 ne ah ; 
7, (t) = F-|5- aes | sin" (et vy (A-5) 


From (A-4) and (A-5) we have 


ef ems 1 _ ont hiss Pome 
Ba (ry. bo) S= ai ora |:(2 SURE MOET tage tr t )| 


tT n=1Lw?— (nz /z)? 


==" (n/s) os 3|=— = aay 5: |: | cos (et) —cos (t, +t,— 20") | : 


2 , : - ate 
When 7 is very large, we can replace the summation with the integration 
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= —1 i; ae cos E(t, —t,) —cos E(t, + t,—2¢’) | 


i} wo— 
: fos) iE (ti—t2) *\ fa 7 (ty +t2—2t!!) 
coe | e ——f Ya! 
or | dE +(— )\ eels /:) 
27 J-» w°—E* \277J-2 w>—E* 


a ; ‘ 
Sf. Using the fact that w=w,—i€ and t,+t,—2t’ >0, we obtain 


where n- 


1 | 


— 1 _e twolti—te —€ \t1—¢o] Be i e7 tolls + l2—2¢ 1)—€ (4, +to—2l/) ' 


20 20 
In the limit #¢’—>— oo, the second term vanishes and the first term gives the correct 


result for the propagator. 
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The partition function of the lattice model of liquid helium introduced in the preceding paper is 
calculated by making use of the Kikuchi’s approximation. Setting two parameters, the effective mass 
m=1/7mo (mo is the mass of He atom), and the lattice spacing Jao As an excellent agreement of 
the density dependence of A-temperature with experiment is obtained. The general trend of other 
thermodynamical quantities calculated in this paper is in good accordance with the observation. 


1. Introduction 


In the preceding paper,” hereafter referred to as I, we have introduced Hamiltonian 
of the lattice model of liquid helium and proved its equivalence to that of a spin system 
with anisotropic exchange coupling. The /-transition was shown there to correspond to 
the spin system, and making use of the molecular field approximation, we could obtain 
right dependence of the /-temperature on density. Phonons in liquid helium were proved 
to correspond to spin waves in the spin system. 

All the properties of our lattice model, however, were derived by translating the 
results obtained for the spin system, under certain assumptions which were not necessarily 
without question open to criticism. For example, in the molecular field approximation we 
assumed the existence of the long range order of magnetization in the xy plane, but there 
is some difficulty in defining the long range order because of the fact that the magneti- 
zation in the xy plane is not constant of motion owing to the anisotropic exchange 
coupling. Furthermore, the crude approximation adopted in I fails to afford not only 
quantitative conclusions on specific heat and pressure, etc., but also qualitative explanation 
for the last of the three questions proposed at the begining of I. Namely as to the 
question why liquid helium has negative thermal expansion coefficient just below the /-point, 
the previous treatment seems unsatisfactory for obtaining a correct solution. 

To remedy these points, we shall employ in this paper a rather direct method of 
approximation without referring to the spin system for calculating the partition function 
of the lattice model, and try to understand qualitatively the thermodynamical behavior of 
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the liquid helium near the /-point. 


$2. Reduction of the partition function | 


The Hamiltonian of the lattice model has been taken in I as 
9 9 \ * * . = | PA * 
H= (b?/2md*) >} (ai* —a;*) (a;—4,) Voda te d;4;* d;, (1) 
ap <tp> 
i i i d (ij) means to 
where m is the effective mass of an atom, d is the lattice constant and (17) m 
: ; 5 * 
take the summation over all the nearest neighbor pair points. The operators 4; and 4a; 


satisfy the commutation relations : 
[a, a,].=[ax, af ]_=[a, af J_=0 for 125), (2) 
fa, a; |\o=[as,27 = Oe a, 4; leis for fa: (3) 


Here, for the sake of simplicity, we put v,—0, because the weak attractive potential will 
not play any essential role in the peculiar behaviors of this substance. In evaluating the 


ae : arbi shy : 
partition function, we regard the total number of atoms N = 314; a, as a given constant. 


Z 


Then, the Hamiltonian may be written apart from the additive constant as 
H=—BY\ ai ay (4) 
<ij> 
where 


B=? /2m abe 
The problem is to calculate the partition function 
Z=Trace [exp (—/ H) |}. 


In the representation where a;‘a,’s are diagonal, aa, is such an operator that transfer 


an atom from the j-th to the i-th lattice point if the j-th position is occupied by an 
atom and the i-th by a hole. Otherwise it gives a zero. 
Zo as 


Therefore, when we expand 


Z=Trace[>}(—P H)"/n!] (5) 


and substitute (4) into (5), we see that there appear in the right-hand side of (5) 
infinitely many terms, to each of which certain transfers of atoms correspond. If we 
represent each transfer of an atom by a line connecting the initial and final position of 


the atom, each term of (5) can be described by a set of closed polygons which we shall 
call a graph (Fig. 1). That is, Z can be written as 


Z= di Gn (FB)™/ (20)! (5) 


and the problem is reduced to counting the number of graphs G,, produced by 2n 


transfers. In a graph there may be double or triple, etc., lines corresponding to twice 
or three times, etc., repeated transfers of an atom along the same path and this situation 


introduces a formidable complication which prevents us from counting G,, in a simple 
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manner. In what follows, we shall give up the rigorous calculation of G,, and make a 
simplification so as to attain an approximate expression of Z on the basis of the theory of 
probability. 

First, we shall define for 


each graph its skeleton which is 
a figure obtained from a graph SS E 
by replacing all the multiple 
lines with single lines (Fig. 2). 
When we transfer atoms only 
along the lines of skeleton, a 
(c) (d) 


set of closed polygons i i 
polygons is again “ es 


Fig. 1. Examples of allowed graphs. 


formed corresponding to a graph 


with the smallest number of 


transfers in a given skeleton 

(Fig. 3). We call the graph 

thus obtained a fundamental i ae ts ay 
figure (abbreviated as F. G.) loon 

corresponding to the _ original 

graph. We can always reduce 

each graph to its F. G. by the 

(c) (d) 


above mentioned procedures, and (a) (b) 


therefore we may classify the Fig. 2. The skeleton corresponding to Fig. 1. 


graphs by the corresponding 
Bip Gs, 's. 
Now let us fix the reference ae 
configuration of atoms and holes 
at any one of |M!/(M—N)!N!| 
configurations where M denotes 
the total number of lattice points. 
(b) (c) (d) 


If we are concerned with the (a) 


Fig. 3. The fundamental figures corresponding to Fig. 1. 


term of order 2n in (5’), the 
central problem we have to solve 
is: In how many ways can we transfer atoms on a F. G. and return to the initial 
configuration after 2n transfers ? 

Before we enter into this problem, we shall define several notations. By the term 


” we mean a line connecting nearest neighbor lattice points, and let the total 


“unit line’ 
number of unit lines in a skeleton be m (the number of bonded pairs), and the total 
number of lattice points forming the skeleton be s (the number of bonded apices). 
Further, let the number of unit lines included in the F. G. be 2m which we call the 


side length of the F. G.* ~,=(M—N)/M tepresents the probability of finding a hole at 


* This is necessarily an even number. 
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a lattice point and »,=M/N the probability of finding an atom at a lattice point. 

In order to settle the above mentioned problem, we shall base our calculation on 
the following assumptions : 

Assumption I 

When we want to transfer an atom along a unit line, this unit line should have 
one end occupied by an atom and the other end by a hole. The probability that a 
unit line is “transferable”? (i.e. along which one can transfer an atom) is, therefore, 
equal to 2,1, Among m unit lines in a skeleton, there are 2m, transferable unit 
lines. If we regard for a moment 2n transfers of atoms on a graph as independent 
events to each other, there are [2m/,,/" ways of arranging these 2n transfers. 

Assumption II 

We have to correct the error produced by assuming 2n independent transfers. As 
a nature of trace, atoms should return to their initial configuration after 2n transfers. If 
we assume that each atom almost forgets its initial configuration during each travel, the 
probability for returning to the initial configuration will be approximated by the reciprocal 
of the number of ways that s¢, atoms and sj, holes can be distributed among s lattice 
points of the skeleton, or by [s!/ (5) !(50,)!|"'. 

Assumption III 

In order that a graph drawn by arranging 2n unit lines according to assumptions I 
and II belongs to the original F. G. with side length 2m, it is necessary that each of 
2m unit lines of F. G. is used up, at least once, as the path of transter. This restriction 
will be approximately taken into account by a factor f(m,n), which is the probability 
that 2n indistinguishable particles can be taken out of a set composed of equal number 


of a great many particles of 2m species, with a restriction that each species should appear 
at least once in 2n particles. Evidently for n< m 


f(m, n) =U (6) 


and for m<n<2m 
~~ 2(n—m) 7 2m : —2n 
f(m, n) = [ (2n) 1/2" Hey m) ) 2”) soe 


Multiplying these three factors together with the temperature factor (/3B)°"/(2n)! and 


the total number of configurations (M!/(M—N)! N!), and summing up with respect to 
both n and all possible F. G., we have 


_ M! } fo) 3B on ! —1 
z= S SI fm, n) 2m 00 27 (/ ) | Se | 
(M—N)! N! “a | hacen ipal GpyiGey 1?) 


where S means the summation over all possible F. G.’s, 


. Each E G. will be classified by a set of parameters {x;} and {y,} which are to be 
introduced in the next section. The values of m, m and s then become functions of {x,} 

| i j j 
and {y,\. Benne by g( ix}, fy) the number of F. G.’s belonging to the set of 
parameters {x;} {y,}, (7) can be rewritten as 
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M! = be 9B) ! a 
2>=—_——_—__——. 5} X9 Cixt, fy m, n)|2m 0,0, |?" (/ | -—— _ | 

(M—N)! N! (3G) nao ta» th Fm, 0) [27 Pop] 2n! (59) !G~)! 

(7') 


We further approximate Z by the maximum term of the right-hand side of (7’), the 
logarithm of which is denoted by P({x,}, {y,$). Then from dP({x,}, {y;}) /On=0 we 
have 


nm) 1+ va | (8) 
1+4m/y 
for m<n<2m, where y=2m/(,~,8B. We shall see in the next section that at the 


/-point 7<m/2, so that n<m(1+1/9). So far as we are concerned with the temperature 


range near the /-point, we may therefore put n~ m. 


§ 3. Tntroduction of Kikuchi’s approximation 


In evaluating 7({x,;}, {y,}), we shall use so-called Kikuchi’s approximation. In his 
paper” on the /-transition of liquid helium, Kikuchi undertook a calculation of the total 
number of ways y(L) that polygons can be drawn by connecting nearest neighbor points 
of a simple cubic lattice so that the total number of sides of all the polygons altogether 
is L. Since he made use of the Feynman’s formulation,” the rule of drawing polygons 
in his case is somewhat different from that in our F. G. For instance, such a polygon 
as (d) in Fig. 3 is not allowed in Kikuchi’s case while it cannot be excluded according 
to our definition of F. G. But in the temperature region near the /-point where, as we 
shall see presently, the polygons of one-sided type like (b) and (c) in Fig. 3 have just 
become important, it will not lead to a serious error even if we neglect such complicated 
polygons as (d) in Fig. 3. Then we may put the analogous restrictions as Kikuchi’s 
case concerning polygons. They are: 

(i) between two adjacent lattice points only one side is drawn except for two sided 
polygons, and 

(ii) polygons must not come into contact. 

We need not distinguish two directions of cyclic transfer because its effect is already 

taken into account by a factor 2 in the probability factor [2m p,,)". 

Under these restrictions concerning polygons, we have now table I for the possible 
configurations of a lattice point and table II for that of a bond. 

The x’s and y’s are the probabilities of finding one of the respective configurations and 
the values of a’s and /§’s are the numbers of different configurations having the same 
probability on the basis of symmetry requirement. With the aid of tables I and II, we 


can express m, m and s in terms of x’s and y’s. When m<n<2m 
2n = 2m=3M(2y,4+25%), 
m=3M (y,+ 25 yz), (9) 
s=M(6x,+15%,). 
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Table I Configuration of a point 


ee 


Configuration | Probability | an 
° x] | 
r X2 | 6 
4 xs 15 


Table II Configuration of a bond 


Configuration | Probability B; 
tek, | ¥1 1 
oe y2 10 

=e ¥3 2 
=< V4 1 
. i= 5 | 20 

= f ve | 100 

ad em 7 100 
| Ye | 25 


According to Kikuchi’s approximation for the case of simple cubic lattice, y({x,},{y,}) is 
approximated by 


9 Cixst , {yet ) =x yeu (10) 
where 


X=II (x, MY!" Y=IT(y, M)!%. 
be i=1 


Putting (10) into (7’), we finally obtain for the logarithm of the maximum term of 
the partition function per lattice point 


Z it) Be 4 
re =Max|5 3) aX; In x—3 > Pes In Temes (29,+254,) P 


+ (6x,+15x,) A—A], (11) 


where we put 


P=In AM In (000 B B) ? 
(12) 


Az, ln Pop, In ny, 


In deriving (11) we have made a simplification that mm which will be justified later 
pn. 
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§4. Region just below the 2-point 


From the tables I and II, the following geometrical relations among x's and y’s are 
obtained : 


1=x,+6%x,+15x,, 

X=, +5 Yot 1045, (13) 
X2=Yot 53+ 10¥=y, 

X=, +5 ¥g+10y7=5 yg. 


If we choose y., y,, Ye, ¥; and y, as independent variables, the other parameters can be 
expressed as linear combinations of them, as shown in table III. 


Table III. Relations between the dependent and independent variables. 
The meaning of this table is, for example, x;=1—6y,—75ys. 


1 ¥3 4 %6 Yn ¥8 
x4 1 —6 —75 
x2 1 
XB 3} 
1 1 P25) ala 100 100 —125 
ye —5 1 — 10 
y —)> — 10) 5 


Maximizing P({x,},{y,}) given by (11) with respect to these independent variables, 
one gets 


M1%3= Ye» (14a) 
¥1 Yo= YoYo» (14b) 
N= Yo (14c) 
exp [—2(A+1") ] (yo"y4/y1") = 0/1) "5 (14d) 
exp[— (A+1°) | Qs" 98/90") = (4/4)? (14e) 


These equations together with the relations in table III can be easily solved by substitutions 


Y2o/=0, — Y/N=s (15) 

yielding 
v=1/5 exp |A+/’]=1/5 exp (A) pop, 2B, (16) 
w=1/10(4 exp[A+/’]—1) =2v—1/10. (17) 


The other variables can be written as functions of v and ». 


Since both y, and y, are positive, » should be also positive, and accordingly eq. (17) 


26 H. Matsuda and T. Matsubara 


shows that the solution obtained above is valid only when the temperature is lower than 


the critical temperature 7, defined by 


4exp[4+/°|—1=0 


or 


T= (4 Mo ¢/’) exp (A) B. (18) 


Atel =7;, it holds that 
7=2mp,p,2 B= 1m exp(—A) Sm/2. (19) 
This justifies the approximation n~m in a self-consistent way. 


Just below the critical temperature where our approximation is valid, the logarithm 


of the partition function per lattice point is given by 

P=3 In(1+5v+10v) —2 In(1+6v+15y) —A. (20) 
The energy E, heat capacity at constant volume Cj;, and pressure p of the system can 
be readily calculated as 


(n= 3 Met op, a a aie = le (21) 
5) 1+6v+15y 1+5v+10yv 


(22) 


(1+6v+15”)2? (14+5v+10»)? 


mal 864 625 : 
Cy =3M(t Por Bea) | Zz. 


T? a 
Fok kT oP aa 1 Nn (A . 3 A 
7 ar aie al Gane er 
75 72 ) 0 
— } ot —1—p, in}. (23) 
1+5v+107 1+4+6v+159// « 0 
According to (22), the magnitude of specific heat at the critical point amounts to 


Cy /Mk=33/43. (24) 


S5. The region above the 4-point 


When w is zero, x, and y, to ys also vanish as is seen from (13) and (14). 
Returning to the meanings of these parameters, we see that this corresponds to a state 
in which only two-sided polygons exist. Then, of the five equations (14a) to (14e), 
all but (14a) and (14d) become trivial identities. We can still use v as defined in 
(16) for this case, but the results are different, namely 


with 
r=1+20 exp[2(4+1’) ]. 


In this region, the partition function per lattice point, the total energy, heat capacity at 
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constant volume, and pressure of the system are respectively given by 


P=3 In(1+5v) —2 In(1+6v) —4, (26) 
E=2 M( — 12 —— 15 Fy) V4) 2 1 
( 1+ 6v IL Se SY, ) Ce on B) rkT oe 


6Mk bee 
aie 2 (e4 Mo B)}| {r- = (e474)? (— ee ) 
r r 1+5v 1+ 6v 


=2(e* pop 8 B)'|—_™ Seah we 


(1-450)? (+60)? 
poMET TB pin 4 (3-12 
e Mo 1+5v 1+6v 


('o 


DAR ick ) : 
x e'4 (9), BB) Fl fy —/; In ps )| : (29) 
r (0 


At the critical temperature, (28) gives 
Cy,/Mk=11/169. (30) 


Comparing this with C,, derived in § 4 and noting that E and p are continuous at T), 
we can conclude that this temperature T corresponds to the critical point of second-kind 


transformation and may te identified with the / temperature of liquid helium. 


§ 6. Comparison with experiments and discussions 


In order to compare our results with experiments, we must first fix two parameters, 
the effective mass m and the lattice spacing d. If we choose 
d=3.1A - 
(31) 
m=0.14m, ~ m,/7 
where m, is the mass of He’ atom. Eq. (18) gives an excellent agreement with experi- 
ment of the density dependence of the } temperature as is shown in Fig. 4. Along the 
j-line, the value of /, changes from 0.65 under the pressure of 1 atm. to 0.78 under 
the pressure of 25 atm. 
We have obtained rather small value for m. One of the reasons for this will be 
due to too severe restriction of F. G. or neglect of the complicated polygons such as (d) 
in Fig. 3. The restriction, indeed, will impede possible particle transfers when the tem- 
perature is lowered. In other words, it will make one underestimate the quantum effect 


and consequently will tend to lower the /-temperature, resulting in smaller value of m in 


order to have the agreement with experiments. 
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Figs. 5 and 6 show respectively 


heen the curves of heat capacity and 
isopycnals calculated basing on the 

\ present approximation. The general 

\ trend of these curves agrees fairly well 

‘ with observations in a qualitative 

a \ sense. Although Fig. 6 does not 
x show the existence of negative thermal 


expansion coefficient in the density 
range 0.6, 0.8, to which the 
a density of actual liquid helium is 
supposed to correspond, the gradient 
of each curve has at the /-line a 
discontinuity which becomes larger 


with increasing density as is observed 


015 
in liquid helium. 
The negative thermal expansion 
| coefhcient will be expected to come 
rape out from the fact that the lower the 
1.0 1.5 20 2.5°K temperature is, the more important 


T 
Fig. 4. The A-line calculated from eq. (18). 
Xcorrespond to the experimental values due 
ey eatin ES Wwitks ean large polygons which is sensitive to 


becomes the contribution to the par- 


tition function from a graph with 


the density variation. For »,=0.9 
the pressure increases considerably with decreasing temperature just below the /-point, 
showing the possibility of the existence of negative thermal expansion coefficient. 

As we have omitted the attractive potential from the beginning, numerical values 
of pressure can not be compared with experiments. Neglect of certain types of F. G. 
makes one underestimate the value of P less and less as the temperature is lowered below 
the /-point. This will be one of the main reasons why the values of specific heats in Fig. 5 
are smaller than those of experiments. 

Finally we note that the formulation in this paper has a certain similarity with Feynman- 
Kikuchi’s paper.””” The interpretation of the transition is just the same, and actually 
we owe our calculation in § 3 to §5 much to Kikuchi’s paper. The main difference lies 
in the reduction of the partition function. Feynman introduced the effective mass m’ 
which is a complicated function of density and temperature, and he separated the part 
‘of the partition function that is not essential for the transition. Our calculation will 
correspond to the estimation of density and temperature dependence of the part left out 
of consideration in his theory, thus enabling us to see qualitatively the phenomena 


depending on density. 
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3 
0.8 C pe 
v cal/gr deg f Pi=0. 90 
0.7 - 2 
0.6 4 
0.5 
0.4 3 | 
0,3 
0, 2 
2 = 
0.1 
4 tity el ioe eed 
i 1.0 1.5 2.0 Zonk 
1 
Fig. 5. Specific heats at constant volume derived Fig. 6. Isopycnals of liquid helium calculated from 
from (22) and (28). (23) and (29). 
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We investigate the Lee’s model which is modified in such a way as the V’ state is in the unstable 
mass relation. A renormalization recipe is proposed, which reduces to the conventional one in the 
stable case but is essentially different from the latter in some respects. The result obtained by this 
method represents certainly the unstability of the V state. However, its decay character is more 
complicated than the ordinarily accepted exponential time-dependence. Some new features introduced 
by our method are discussed. 


§ 1. Introduction 


Quantum electrodynamics has made so great progress that it is not only nearly 
complete in its form but also it gives satisfactory results in comparison with experiments. 
In its course of development, it has been the guiding principle that the theory must be 
formulated in a relativistically invariant form and that it is sufficient to treat only 
observable quantities. Further, quantum electrodynamics plays an important role as model 
in analysis of the phenomena in which so-called elementary particles take parts. The 
present field theory thus constructed, however, still involves many unsolved problems, and 
some of them seem to compel us to introduce some new concept or to reconstruct the 
field theory from somewhat different standpoint. It has so closed a form that any 
partial modification destroy the theorys at all. Therefore, it might be necessary to re- 
formulate the theory from the beginning by introducing a new idea. 

Let us now take out the following two questions from those which we bear in mind. 

i) Although the quantitative agreement between theoretical calculations and experi- 
ments is very surprising in quantum electrodynamics, meson theory is still nothing but 
a phenomenology in spite of its qualitative success. Why is this the case ? 

ii) The field theory has succeeded in quantum electrodynamics to a certain extent, 
but at the present stage it owes the finite results to the ee method of renormali- 
zation. How should we treat this problem in future step ? 

Here we may remember the fact that the present field theory (especially the second 
quantization and renormalization) has been constructed on the ground of the stable 
particle image. If we could reconstruct field theory in such a way that it would contain 


the conventional field theory as the limit where all concerned particles are stable, the 


interpretation of the first problem would become clear. That is, nucleons and mesons 


are more or less unstable in contrast to electrons and photons, and, in addition, meson 
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theory must be very closely related to unstable heavy particles and isobaric states (if they 
are present). Of course, as is ordinarily thought, we may start with the smallness of 
the coupling constant in quantum electrodynamics, the peculiar character of photon, and 
the analysis of high energy phenomena. At this point, we may emphasize that if we 
consider this problem as that of approximation method it means the inadequacy of the 
model for nucleon or meson, and we must interprete why e°/hc is such a small quantity 
eset 137. 

On the other hand, very interesting consideration with regards the second problem 
is the investigations by Stiickelberg and his collaborators.” The divergences occuring in 
the present field theory are due to the requirement of microscopic causality even to the 
two world points at the same time. To the points in such a relation, however, causality 
has no correspondence-theoretical meaning. If the theory could be reconstructed upon 
the basis of unstable particle picture, its mass might have a width due to uncertainty 
principle. Therefore, the time of creation and annihilation might be extended, and it 
would result in extending the vertex effectively. Non-local field theory and theories of 
non-local interaction have been proposed to smooth out interactions and studied by many 
authors. However, apart from the reasonableness of these models, it is a critical defect 
of them that no self-consistent calculation method has been constructed. If a non-point 
interaction, in any sense, is introduced, it must not be done merely formally, but auto- 
matically upon physical background. Then, their physical background would lead to a 
self-consistent method of calculation. 

From the points discussed above, it would be very interesting to reinvestigate the 
problem of unstable particle, although our present field theory is practical enough to 
estimate the lifetime of unstable particles. 

Now, it is not clear whether the renormalization method can be used successfully 
for unstable particles, because it was constructed on the basis of stable particle image. 
If it is possible, the modification which becomes necessary under the special situation of 
the unstable case might give some clue to the problems mentioned above. 

Peierls?) has investigated properties of a particle with metastable isobaric states, as- 
suming that its Green’s function should have poles in the lower half of the complex 
energy plane. This idea is based on the Weisskopf-Wigner’s perturbation method, and 
it is clear that such a characteristic form of Green’s function can be obtained only by 
an. appropriate approximation. Taking account of this situation, we will develop the 
theory in a quite different form. 

In this paper we investigate the Lee’s®) model in the case in which the mass of V- 
state is in an unstable mass relation, and propose a procedure to renormalize divergent 
quantities so that unstable particles* decay certainly. Then we take care particularly of 
the physical meaning of the procedure and notice to discuss a general features without 


use of the special character of the model. 


* Here the word “unstable particle” means a particle which has larger mass than the decay products 


and interaction describing the decay. 
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§2. Preliminary calculations 


In this paper, from the view-point that the decay of an unstable particle is essentially 
a non-stationary phenomenon, we solve the time-dependent Schrodinger equation directly, 
using the Arnous-Zienau’s’ formalism which is a very skillful field-theoretical rearrange- 
ment of the Weisskopf-Wigner’s method. 


According to this formalism the solution of the time-dependent Schrédinger equation 
j-8.0(t) /dt= (Hy +H) 200) (1) 
is given by following expressions when the given initial state is described by 9%; 


Q(t) = R(t) % ’ 


a 1 "UE. iE 1 ee ean EET E A(E = 
Ae ahd fin Cary evar We) 


A(E) + =E—H,+i/2-T'(E) +ie, 
P(E) =2i{H+ H(E—H,+i€) “U(E) } as 
U(E)= {QQ —HE=A 446) “(Hs X) yeas 


X(E) = [1S HEHA Fie) yal Lt AE gt te) las 


where { |, and { },,,.. mean diagonal and non-diagonal part of the concerning operators, 


with respect to the complete system of eigenfunctions of H,. We may call attention 
here to the situation that {R(t)},’s are the Green’s functions of corresponding states 
and U(E) is a non-diagonal operator, so each element of iA(E) is a Fourier transform 
of the Green’s function. 


In the Lee’s model, Hamiltonian is given by 


=. t ’ i 
Hy=myaydy+mydyay +>) Wpdhedy, 5 

ke 

1 LJ t } i » | (2) 

A= >} (20,2) -"" (apayay, + dyayaj,) +Oma)ay, 

' f ° A tee ‘< , 

where dp, dy 3 dy, dy 3 dy, dy ate creation and annihilation operators of V,N, @ with 
Jas 3 : 

momentum k (energy w,= V k'+/"), respectively, and m,, my, 4 are observed masses of 


these particles, and 0m is a counterterm due to self-energy of V. The unstability of 
V state is described by the relation my >my-+/4. 


Taking |V > (bare V state) and aj,|N> (the state where an N and a @ with 
momentum fk exist) as initial states, the necessary matrix-elements of U and /” are easily 
calculated by elementary matrix calculation. Here we write down only the results (The 


sufhx I|V, for example, indicates that it is the matrix element between |V> and aj|N>). 
Un) y= Hoy =9 (204) -"2, 


Up y= (20,2 Sas, 
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where 
M=N+9? (20,2) —'(E—m, +ie) “1 (E—E,+ie)“, 
N==1— (m+ 9?>) (2,2) “(E—E, +ie) “) (E—my +ie), 
E,=my+o,, 
Upp =9? (20,2) -*? (20,2) 29M," (E—m, +e), 
= 2i(0m+ 9° >) (2w,2) ~ (E—E, +i€)), 
that is 


‘ al g 
La p= ot Om og Pp i 
al : : “20, 2E—E, 


Re Ip, p=27g°D) (20,2) 10 (E—E,), 
9 [2n- V (E—my)?—/26 (E—my—f). 
Here — means the limit when 2 tends to infinity, and 
(1, if x>0, 
Q (x) == 
| 0, ae SO 


Moreover, if we use straight cut-off with cut-off momentum K, we obtain 


Re Py 92/28 Bam =F (0 (E—my— fl) —0(E— my —0p)}. 
Finally 
[peu ee) Mi my Pre) 
There is a simple relation between /j,, and App 
Inn (E) = M,(E) 7 (EE, tie) (E—m, tie) rv (BE), (3) 
which follows directly from 
N=1+i/2-1’,,,(E) (E—m, +ie) 7. 
Now, if we expand (t) with respect to eigenstates ob Figas 


2 (t) =, bajo (t) i TO, ? 
b’s are given by 
Ba (t) og =| dE eH} (E) ‘ 
2 J —2 


ponte ya ae ; A 
b 40 (é) ape dE Ci aie = = a ela (Ee Ayo (E) > ( ) 
DG —o E (2 


where A0. 
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§ 3. Mass renormalization 


For a stable particle, the physical requirement to determine (m is expressed as follows 
in our formalism: “When the bare particle state is taken as the initial state, 2(t) must 
have time dependence of the form e~“"" as t->00”. This is equivalent to require that the 
Fourier transform of the Green’s function must have a pole at E=m. 


If we impose a similar requirement for an unstable particle, 
Ay» (E) =[{E—m, —4Im Py (E)} +1/2- Re Dyip (Ey i (5) 


must have a complex pole at E=m,—i/2-7 (y >0). However, if we put the denominator 
of eq. (5) equal to zero and then put E=m,—i/2-7, we obtain the following equation 


to determine 7; 
r{1+97>) (20,2) =i | (m, —E,)*+1/4- ry) "} =0. 


This equation, however, has no solution except 7=0. This result is inconsistent with 
the above requirement. However, as will be explained later, V decays in spite of the 
absence of complex pole, and the decay character is very much complicated than 
exp(—1/2-7t). This method is to be considered to determine my, as zero point of 
Re A;\p after all. 

As the usually accepted method to determine 0m failed, we must impose another 
requirement. Now, we require that the energy spectrum of @ particles, which emerge in 
V-decay, must have a maximum point at E=my. 


The energy spectrum is given by 


T(o,) = [bpp (©) Peps 
where (/,, is the density of the final states. Using the relation 
_ (1/271) lim ee 1/(x+ie) =0(x) 
and | 
Pp= (27) “2-4rpw, , 


we get 


I(w,) a4 vo P _ . 
; 4n° \E,—my—4dIm Ip, (E,) }?+ {gRe [yy (E,) }* 


Our requirement is expressed as 


dl (,) /du,| op=myr-my =0. 
After some calculation, we obtain 
dm=0m,— (py'/m) (1/Z,) A— V1 + (9/162) 2? (w*/p2) (6) 


where 


OU=my—my, p= Vo? — 2, 
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ae pol a p 


rd 
20,2 Mp —E, 


Zi=i+gy_! ee) 
20,8 (m, —E,)? 


Seal 1 d 1 1 
Here 2S). — — is defined by ———D5} 
5 y D> | 
20,82 (m, —E,)? dE oie E—E, K=m,, 
sion, the term 9/'/167°-Z;w,?/p,? under root symbol originates in Rel’), (E,). There- 
fore, if m,</4-+my, it vanishes and 0m reduces to 0m,, the value in the case of stable 


V state, as it must be so. 


In this expres- 


Of course, in order to determine Om, it is sufficient to impose only one physical 
requirement, and the requirement used above is merely a possible one, and not unique. 


For example, if we require* that 
Re he v (E) Ses at b=. 


we obtain Om=0m;, and the arguments of subsequent sections hold as they are. How- 


ever, our requirement seems to be more physical than others. 


§ 4. Charge renormalization 


If we use the expression of 0m obtained in the last section, A,,,(E) becomes definite. 
However, it still contains a divergent integral. To remove this divergence, we must 
renormalize the coupling constant. 

In the stable case, charge renormalization is performed by defining Z as probability 
amplitude of the bare V state in the physical V state. But, in the unstable case, 
physical V state changes every moment. So, we must seek another method to determine Z. 

Now, we consider an eigenstate of total Hamiltonian, in which the configuration of 
@ field corresponds to the standing wave condition. We write this state as |E, >. Then 
we define Z as probability amplitude of the bare V state in this state,**” that is 


(H,+H)|E,> =E, 


1G. 


: — 1 2 : (7) 
ees = mel > +4 Se ae 7 aN >} . 
| poe va | g 21 / 20,82 ie E, hel 


Accordingly, E, is determined by 


EJ 4-8 Pee a (8) 
pamy + om+9 2 oF Ee, 


* This alternative can be considered as such an approximation in which w,-dependence in Upiy (E,) 
and p, are all neglected. The difference between two methods is the order of half-width, numerically. 

** Z-1 given under eq. (8) has a definite value and a definite meaning, if we stay in finite volume. 
But in the limit of 2>c0o, we must use a technic shown there, and the physical meaning becomes ambiguous. 


We have not yet any definite method to treat virtual level when @->0o. So, we must be content to use 


such a temporal technic. 
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and Z is defined by 


Zit tS eee ca 53 
20,82 (E,—E,)’ 


where Zi (20,0)- “Es Ej) ~2 has the same meaning as before. 
Now, we introduce renormalized coupling constant //, by 
Ge=Zy. (9) 
If we express Z in terms of y,, it becomes 
Ze Gea ae eel (10) 
20,2 (E,—E,)’ 
and here we face to a well-known difficulty”. Therefore, to perform the above process 


consistently, we must introduce a cut-off so as to satisfy 0 eB 


Using these quantities, we obtain 
yyy (E) = =E-—m, +1/2 ‘Py (E) 


=Z-E—my— E—my) 9 P >i- 
y ( my) D 20,82 (E,—E,)? (my —E,) (E—E,) 


Phas 
5p) EE +4] 


Oz, 00 


+ iGo >) 
where 


2 / 1 2.5 
d==a Po err ee: Zo. Ee 1; 
Wy Goth?) th," 


aes x =14+9 3) “a, E,—my +2E,(m, —E,) 


a 20,2' (E,—E,)?(my—E,)? 


Further, using eq. (8) and eliminating J, we obtain 


App (E)=Z AP (EB), (11) 
Py (E)-1= (E—E,) {1— (E-E,) gf DS : 
2042 (E,—E,)?(E—E,) 
pie et al 
+izg,>}——~ (EE, \. 
50,0 FEW (12) 


vee : ; 
Here 4Y), is the renormalized propagator and contains no divergent integral even if 
momentum cut-off is removed. 


After the renormalization process is performed, 6’s become as follows : 


beh CO ead? bie | dE ely, (BY , (13) 


27 


— 
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bry (¢) = Zl Ie 518 dE &(h,-™t a er 0. 
oh A 20,2 ail . Pebaiie CL (E), (14) 
by in (t) Sen, (t), (15) 
by Kk (Oe =~" pene Je = eal 2 eF,, ae 4 1 i. oe A© E 16 
khke Wes LP Dre) — (E—E,+i€) (BASE 46 €) Ay ( ); ( ) 
by. 4, (t) =] 4. lim br (t) 5 (17) 
kl >k 


Similarly to the case of Om, the definition of Z is not unique, but we have San 


the above definition because of mathematical and physical simplicity, that is, in 2,, 4 


is eliminated and E, appears instead of m,. E, will turn out to be a resonance energy 
of #-N scattering (this fact will be shown later), and this is consistent with the con- 
figuration of @-field in |E,>. Further, Z reduces to Z, when the V state is stable. 


$5. Properties of b,, 


According to the results in preceding sections, by... and by Contain no divergent 
quantity, but 6,.,, 6), and 6, have a Z factor, respectively. At first sight this fact 
seems to show that our recipe is not sufficient, but we can see that these factors are 
necessary for b,; to satisfy the initial condition and the conservation of probability. 
This section will be devoted to show these matters. 

For the sake of simplicity we calculate in the case of “=O, and use a straight 
cut-off *, but the general features are not affected by these simplifications at all. In this 


case, we have 


Sh ear 1 | (E—my)logh "xt , 
2,42 E—E,, 472 E—my 
(18) 
— Le _?p gE | == {1 ee eel : 
20,2 (E—E,)? 4r? yee Kae B Eee Ki 
Using these relations, 4‘, (E)~' becomes 
E,,—my E,,.—my 
fo) =e one 1 p+ #1 N | l & LEON 
My (Eb) = ( ) CERI cot tar, ) 


9 i ant | 
+ (E—ms) flog” eS [+ ie (0(E—my) —8(E—ma—K) )| 


\ —mn 


(19) 


r§ 


— (E,—my) “log 
4n? 


* Strictly speaking, the straight cut-off causes a difficulty due to the discontinuity at the cut-off 
momentum, that is, Ay)y‘°) (EZ) becomes to have a pole in the range E>my+K. If we use a sufficiently 
smooth cut-off function, this pole disappears. Therefore, we may use the straight cut-off and neglect this 


abnormal pole. 
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Now, consider a function of aor variable 


F(E) =(E— E,) {i+ f ene = oe log 


J. Vio I. r My 
— (E—my) -9*-log "> _ + (E,—my) 1 (20) 
te ine nal eA A a 


with branch-points at E=m, and E=my+K, and a cut* indicated in Fig. 1. It is easily 
seen that F(E) is equal to 242, (E)~' on 
the real axis, so that the former is the 


analytic continuation of the latter. When 
the multiplicative factor of /{)(E) in the 
integrand of 6, has no pole on the real 
axis (for example, eq. (13)), the above 
cut can be taken along the real axis 
(E>my). Then, as explained before, 
F(E)~' has no pole. Taking a contour 


indicated by the dotted line in Fig. 1, we obtain the following results:** 


er yh yy, (t) ma | dEe'D(E), (21) 
© EDR p(t) SEV by p(t) 
P —-tH pt Laie D(E) 
— Zi ie —_{ val dEe 7s , 
V 20,2 F(E,) ae E—E, (22) 
1 1 ef ee ae 


byriye(t) = 2 9e of 
ee 2 apo QE Ex F(Ew) (Ex—Ew) F (Ex) 


i tt ale 1 
vif dE et Fx! E)t ’ r Pe Die) , oe 
ait (E—Ey) (E—E,) 3) 
byvn (t) 7 il -+ lim byrne (t) ‘ (24) 
klok 
Here, D(E) is the jump of F(E)~' at the cut, and {,dE means integration along the 
cut. 
We now examine the initial condition. As by, (t), by,(t) and byr).(t) have a 
‘ee EM Bo) cera e such a cut is not proper to our special model or simplification. The combination of 
| 
log, IN | and iz{0(E my) —0(E—my—K)} comes from 64(E—Ex) =i/22-(E—E;,+ie)-. This 


E= 


paantiny can be expressed by ,log(E—E;,), with understanding that we have a cut in the lower half 


1 
; 2x dE 
plane from the point E=E,. It is a general character, and essential points of our discussion are due to this 
fact. 

** In eqs. (22), (23), and (24), cut must be shifted from the real axis so that F(E)™ may have 
some poles in the lower half plane. In these equations, contributions of those poles are not included, but 
even if they are taken into account, final conclusions are not changed. 
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factor of the order E~! besides F(E)™, respectively, by,,,(0), byyy (0) and byr7,(0) can 
be evaluated by elementary contour integration. Owing to the facts that the usual in- 
finite semicircle in the upper half plane makes no contribution, and that F(E) has no 
pole in the upper half plane, we obtain immediately 

bi: y (0) =by7,(0) = bir. (0) =0. 
For by;;(¢) and by.,,.(£), using eqs. (21) and (29), we obtain 


byi-(0) =Z* | dED(E), 


by, (0) =1. 


We shall show in Appendix that the relation 
=| dE D(E) =Z" (25) 
2c 


holds. Therefore the initial condition is completely satisfied. From the above calcula- 
tion, it turns out that the factor Z in eg. (21) is necessary for the initial condition to 
be satisfied. 

We show that the factor Z'” in eq. (22) is necessary to the conservation of 


probability. From eqs. (21) and (22) we get 


4 1 1 
by (00) P+ >3[beiy (00) P=Z9e 33 —— 
bry (oo) A Silbriv (P= 2G 23 Oo Tee BP 


and the right-hand side of this equation is just Z+| dEDE). Therefore, owing to 
Tdc 


eq. (25), we obtain 
[byiv (00) P+ 3) [bir (00) P= 1. 
Next, to explain the physical meaning of E,, we calculated the cross-section of 6-N 
scattering. The result is 
do /d2= (47/k*) |sin 0’, 
tan 0= (9,/47) k/Re F(k). 
From these equations and eq. (8) it turns out that E, corresponds to the resonance 


energy of (-N scattering as mentioned before. 
Finally, we make some remarks concerning the stable case. In this case, the function 


which corresponds to F(E) in the untable case is 


ape) ay Gin eS | aeceee || 
F(E)=(E my)| + 2( a toot one hy Sere ) 


My —my—K 


aa Go tog tw EB 
oe) 472 icy 5 
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L | my—my, | 


ih Tr. | pee D 
ae (m,, my) 4n2 as elt geri 


and it has a zero point at E=m,. So we get 


ety bon (t) =Z,( er! +1 | dee“"'DE) ) > 


t 


—{mM_ 
etPet hy (t) = 1/2 Ie E } 

eiv ee a 
20,2 E—E, 


+ (right-hand side of eq. (24), where Z is replaced by Z,). 


Therefore the part of R(t)|/ > which contains a factor e‘”"v‘ is just the physical V 
state. Hete, D(E) is the jump of F(E)~', and satisfies, in stead of eq-5425)5 


eI +4| dE D(E). 
2TJc 
Comparing these two (stable and unstable) cases, we see that Z factors appear in 
by.;y and 6,\; in the same manner. These factors correspond to the renormalization of 
initial and final lines in the Feynman graph. 
The unstability of the V state is expressed by the fact 
lim er Sib, ¢(¢) =O 


t> oo 


in contrast to the stable case, where 


by (co) =Z, 40. 


§ 6. Concluding remarks 


It is now clear that we can obtain finite and physically meaningful results for such 
problems as involving unstable particles. Our recipe to remove divergent quantities was 
to renormalize mass by considering spectrum of decay products, and then to renormalize 
charge by refering to the probability of the bare V state in the virtual level state con- 
cerning resonance scattering. This method reduces to the conventional recipe for the 
stable case, but it is not unique as mentioned before. Charge renormalization is not 
unique in the conventional renormalization method, but there mass renormalization is 
unique. In our case, even mass renormarization is not unique according to the treatment 
of imaginary part of the Green’s function. This situation is concerned with the uncertainty 
property of energy for decaying particles. 

A remarkable feature in our results is the fact that the time-dependence, which 
characterizes the unstability, is not expressed in the form exp(—7/2-t), and has a more 
complicated character. This situation is not changed in the alternative treatment mentioned 
in section 3. This is not surprising, because the time dependence exp(—7/2-t) was 


got only in an asymptotic expression in the case of the excited state of atom, where 
renormalization was not performed." 
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Here it may be a question, at first sight, that we gave a bare state with mass m, 
at the sharp time ¢=0. But, we can see that this assignment corresponds to take as 
the initial state virtual section of the Feynman’s diagram where the clothed particle be- 
comes temporarily bare, as will be understood by analysing the method of Arnous-Zienau. 
It is nonsense to take as the initial state such an eigen state as |E, >, because it is 
stationary. One may take as the initial state some wave packet instead of the pure 
state. But the width thus introduced is essentially different from the one treated in 
this paper, and we can not expect for decay character such as exp(—7/2-t) to be recovered. 
If it might be so, it would be equivalent to give the width from the beginning. This 
is a kind of renormalization of half-width. 

A further point to be mentioned is the situation that we used 6, »(co) to determine 
Om instead of b,\,. It makes the procedure very complicated, and we could carry out 
the program owing to the simplicity of the Lee’s model. We have no good idea at 
present how we could perform the approximate calculation in practical field theory. But 
we might find a more elegant method by noticing that 4,,) plays an essential role in 
byy(t) and A,\, is the Green’s function. 

Finally, it is noticable that we have one resonance level for each unstable particle 
and the level is shifted from the mass of that unstable particle. This shift is of the 
order of half-width. If such a situation is established experimentally, our method will 
become more significant not only in the academic point of view but also in the practial 
use. 

The most interesting point is what we can learn from the fact that a renormaliza- 


tion method in such a mode does exist. This problem will remain for future discussion. 


Appendix 


Integrate F(E)~' along the contour indicated in Fig. 2. As F(E) “' has no pole 


inside the contour, we obtain 


d= | : dE +| 1 de+| d dB Wee = 
2mi \ JeoF(E) aF (E) iE) eer ae 
Ke Co. 
R A Yy 
25 Ls YE \ ED(E)} . / < 
ey) cof (E) mn» / if \ 
So we get i \ 
7 Mn Cy 4 
1 (“aeD@)=—1 og = os ia 
ani) my 21) «oF (E) \ i 
As F(E) behaves like ZE as Eco, when \ / 
we make R tend to infinity, we obtain ty ws 
=| dED(E)=Z"'. Raat ast 
271 Je a3 gee, peer a 


ML his ist eq. (25): Fig. 2. 
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By using the method of the quantum mechanical description of collective motion, the relation be- 
tween the collective model and the individual particle model with configurational mixing is discussed 
on the basis of the following postulates: (I) The wave function of the nucleus, as a system composed 
of actual nucleons, implies strong correlations, so that the Hartree approximation makes little sense. 
Consequently, the method of configurational mixing currently employed as well as the shell model may 
not be usable without altering the representation: (II) The strong correlation gives rise to collective 
motion, chiefly the surface oscillation at low energies. The individual motion of nucleons which remains 
after subtraction of the collective motion is only weakly correlated, so that the shell model is a good 
approximation to the individual motion. 

Leaving aside the essential problem of proving this statement, we reach the following conclusions 
concerning the relationship between the collective and the shell models of nuclei. i) The individual 
particle model with configurational mixing does in fact hold in the case of small nuclear deformation, 
provided that the individual particle motion in the “collective represention” can be treated by means 
of the adiabatic approximation. ii) The effective inter-particle force responsible for the configurational 
mixing consists of the following two parts, one arising from the exchange of surfons between an extra- 
particle and a particle in the core and the other arising from a direct inter-particle interaction. iii) 
As far as the quadrupole moment is concerned, the collective model and the method of configurational 
mixing do not show any essential difference. However, there exists an essential difference in these two 


methods for the interpretation of the magnetic moments. 


$1. Introduction 


There have been proposed a number of nuclear models that can, at least in part, 
explain various nuclear properties. Among them the success of the shell model is well 
known.) The shell model is, however, to be modified in the following two ways in 
order to interpret the detailed behaviour of nuclear moments.” One is the method of 
configurational mixing,” in which single particle states in the shell structure of a core 
are mixed through the perturbation caused by extra-particles.* The other is the collective 
model, in which the particles forming the core undergo a collective motion which may 


couple with the motion of extra-particles. The purpose of this paper is to make clear 


the relation between these two points of view. 


*) Of course, the mixing of states of extra-particles may be caused. In this paper, however, we are 


rested in the relation between the method of configurational mixing 
two inethods 


thar inte and that of the collective model 


so we shall focus the discussion on the behaviour of the core in these 
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Table I. Calculated and observed values of quadrupole moments in 107~4 cm* 


awit | Proton —_ Single ain Hydro- — j Configu- Collec- Observed 
Nucleus (neutron) | particle | dynamical rational | tive ies 

configuration | model — | model — mixing model _ Oe ie ca 
ee eae Kista | 0.37 0.16 
aT Alig (1d5/2) 7 0.062 0.24 | 0.16 
37, Clog 1dz/» —0.051 —0.25 —0.08 —0.087 —0.062 
59,,Coga (1f 5/2) 7? 0.12 0.90 | 0.19 0.30 0.5 
69,,Gasg | (2p3/2) 7? 0.08 0.52 | 0.15 0.20 0.23 
1.0 | = 14 
ie Gar nemlne C2psiey 0.08 | 0.52 0.15 | 0.14 0.1 
M159Prg. | 2ds/2 =O12 aly) | —0.30 = 055 —0.05 
S002 Bises wl Lho/s —0.30 52 0,53 —0.55 —0.4 
17,0, | "dg, —0.0013*) —0.14 —0.04 —0.031 —0.004 

= = — 0.064 

33, Sin 1d3/5 0 —0.20 0.09 0.054 0.06 
3556919 (1d3/.) 7} 0 | 0.20 0.09 0.036 0.045 
SsoGexy 1go/2 0 | =1.1 —0.43 —0.11 —0.2 


a 


*) The motion of the center of mass is taken into account. 


The method of configurational mixing worked out by Arima and Horie” and the 
collective model calculated by Marumori et al.” are found to have a common origin in 
accounting for nuclear quadrupole moments in the sense that the nuclear core is perturbed 
through interactions with extra-nucleons ; the interaction in the former method is ascribed 
to a nuclear force between a nucleon in the core and an extra-nucleon, while that in the 
latter is due to the deformation of the core induced by an extra-nucleon. The fluctuation 
in the values of quadrupole moments from nucleus to nucleus essentially depends upon 
how strongly the excited states of the core particles are admixed to their ground state. 
As this situation holds for both methods, one can expect similar values of quadrupole 
moments to result. Indeed, as shown in Table I, these values are quite similar as far as 
comparison can be made, and reproduce observed quadrupole moments fairly well in most 
cases, except those in which the deformation and hence the quadrupole moment is large. 

Now we will ask why these two methods predict nearly the same result, although 
their starting points seem to be different. First of all, we notice that in the method of 
configurational mixing an inter-nucleon force is introduced which is assumed to be nothing 
but the one giving rise to the pairing energy.) It does not seem to be justified that 
such a force is equal to the nuclear force acting between two free nucleons, but should 
be rather regarded as an “ effective” inter-nucleon force acting in a nucleus. 

The origin of the effective inter-nucleon force seems to have an important bearing 
on the validity of the shell model. The nuclear force observed in the two nucleon system 


is so strong that a single particle orbit can hardly persist for a sufficiently long time, if 


the same force exists between nucleons in a nucleus. In this connection, one might em- 


phasize the importance of the Pauli principle which could effectively diminish the inter- 
nucleon force.” This is certainly correct qualitatively, but quantitatively the free nucleon 


force is a little too strong to account correctly for the absorption of a nucleon in nuclear 
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8) ,9),10) : : : . - . 
matter. However, there is some indication that the effective force is actually weaker 


than the free force. Vogt'’ has shown that the imaginary part of the optical potential 
may be reduced when the nucleus undergoes deformation in correlation with the motion 
of an impinging nucleon, otherwise the imaginary part is found to be too large’ to ac- 
count for the shape elastic scattering of neutrons." 

Such an analysis together with the partial validity of the shell and collective models 
leads us to the following view of nuclear structure. Although the nuclear force is so 
strong as to give rise to a strong correlation between nucleons, the strongly correlated part 
contributes mainly to the collective motion and the remainig part is indeed weak enough 
for the shell structure to hold. We have not been able to prove this statement, but 
in the present paper regard this as a postulate. On the basis of this postulate our sup: 
position may be described as follows. 

(I) The wave function of the nucleus as a system composed of actual nucleons 
implies the strong correlation, so that the Hartree approximation makes little sense. Con- 
sequently, the method of configurational mixing as well as the shell model may not be 
usable without altering the representation. 

(II) The strong correlation gives rise to collective motion, chiefly the surface oscil- 
lation at low energies, the individual motion of the nucleons which remains after subtrac- 
tion of the collective motion being only weakly correlated. Thus the shell model is a 
good approximation to the individual motion. 

The picture of (II) is described in a representation which results by means of a 
unitary transformation from the representatation used in (I). Hence the “ nucleon” 
described in (II) is different from the actual nucleon described in (I) and is subject 
to a kind of constraint conditions. However, owing to the transformation function being 
symmetric with respect to the nucleon coordinates, an essential feature of the nucleon, 
namely the Fermi statistics, is maintained. The symmetric character results in the irrotational 
flow of the collective motion. Thus the ‘“ nucleons” can be regarded as very similar to 
actual nucleons and, as a first approximation, may form a shell structure. 

As discussed in our previous paper,” cited as M-S-Y, the separation of the collec- 
tive motion by means of the adiabatic approximation is carried out for the system of 
“nucleons ” forming a core. The “ nucleons”? which form the core are then described 
by a product wave function in the Hartree approximation. An extra-“ nucleon” perturbs 
the shell structure of the core through collective deformation. This can be described in 
such a way that a collective quantum, a surfon, is exchanged virtually between the extra- 
“ nucleon”? and one of the individual “ nucleons” in the core. This results in a force 
between them that may be responsible for the configurational mixing of the shell states 
In addition to this force there may exist a weak direct force between “ nucleons”. 

Thus it becomes evident why nearly identical values of quadrupole moments are 
obtained by the configurational mixing method and the collective model. The inter-nucleon 
force assumed in the former is nothing but the force caused by the exchange of a surfon 
and the additional direct force. Moreover, as will be shown in a separate paper, the 


pairing energy, which is assumed due to the inter-nucleon force, can be accounted for in 
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terms of the exchange of a surfon between two extra-nucleons and also of the direct force 
between them. 

As far as the quadrupole moment is concerned, it is not easy to distinguish between 
the surfon exchange force and the direct force, because the quadrupole moment arises 
from the second order deformation caused directly by the collective motion. The situa- 
tion is different in the case of the magnetic dipole moment. Here, the direct force 
seems more effective than the surfon exchange force because only the former contributes 
directly to the magnetic moment, while the contribution of the latter appears only in 
higher orders. In analogous ways, one can estimate the respective contributions of these 
two kinds of forces when various nuclear properties are to be considered. In the present 
paper however, we shall be concerned only with the nuclear moments mentioned below 


and shall leave other cases for later consideration. 


§ 2. Method of configurational mixing and its underlying assumptions 


In this section we shall first give a review of the method of configurational mixing’ ” 


and try to clarify our supposition (I). 
According to the method of configurational mixing, the wave function of a nucleus, 
P rivers 18 expressed by a superposition of those shell states which have a common total 


angular momentum and the same z-component of angular momentum. Thus, 


es P, ain ae Bn P,, (2 } 1) 


where , corresponds to the ground state configuration and %, to the excited states. 


The amplitude for a mixed state, /2,,, is given by means of the perturbation theory as 


B= (0. Sie Oe iE aE.) > ate) 
ack 


where E, and E, indicate the energy levels of the ground and excited shell states respec- 
tively. V,, is the interaction potential between the i” and k” nucleons. 


The expectation value of any physical operator, O, is given by 
OD cat O D niced) a (,, O P,) 
+ {3} 8*(%,, O %,) +comp. conj.}, (2-3) 


n 
in which the second term on the right hand side is added, as an effect of configurational 
mixing, to the first one which is the expectation value in the perfect shell model. It 
has been suggested on an intuitive basis that the correction term corresponds to the effect 
of the core deformation in the collective model.” Leaving this problem to later sections, 
we shall recall the assumptions employed in the method of configurational mixing. 


We start from the Schrodinger equation for a nucleus composed of A nucleons, whose 
positions are X,---, X4, respectively, 


(E—H ,) O(x,,-+-%4) =0, (2-4) 


with 
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A 
Jog >) TEV Gon). (2-5) 


i=1 
In this representation the kinetic energy of the system is expressed as the sum of that of 
an individual nucleon, T;, and the potential energy, V,, is a function of the positions 


of A nucleons. By introducing a Hartree potential U(x,), (2-4) may be rewritten as 


(Aj S) D=ED, (2-4’) 


where 
Ho=SMT AU (H)), Hoge =Va (04-284) — SUH). (2-6) 


U(x;) is chosen in such a way that MH im, is ineffective in the ground state : 
(D,, I int P,) =0. (2:7) 


The validity of the configurational mixing lies in the fact that not only the diagonal 
elements but also the non-diagonal elements of H ine are small enough to justify the expansion, 
(2-1). Actually, in view of the strong nuclear forces, the non-diagonal elements are 
expected to be considerable. 

This difficulty may be overcome, if we follow the argument given by Eden and 


Francis.’” 


According to them, the shell model is valid in a representation, which is dif- 
ferent from @ that obeys (2-4). The new representation is attained by a model operator 


M which leaves quantum numbers unchanged : 
L=M®9, (2-8) 


In this representation the nucleon no longer maintains its original nature, but is trans- 
formed into something which may be called the “ particle”. Interactions between the 


? 


“particles”? are now weak enough to ensure the validity of the shell structure of the 
“ particle’ system. 

However, the physical content of this way of thinking is not specified unless a par- 
ticular form of the model operator be chosen. We should prefer that model operator 
which results in a representation in which the expectation values of as many as possible 
physical operators defined in the original representation are as close as possible to the ex- 
perimental values. As will be shown in what follows, if the choice of the model operator 
be inadequate, the expectation values of some of the operators defined in the original re- 
presentation may differ from the experimental values. 

Suppose a nuclear state of configurational mixing, like the one in (2-1), be given 
by a model operator defined as in (2:8). Then the expectation value of an operator in 


this representation is 
(F,MOM"P)=(¥,0¥)4+(2,[M, O|M~ FP). (2-9) 
On the other hand, the expectation value in the configurational mixing method is usually 


calculated by (Y, O ¥), similar to (2-3). These two expressions are not in general 
identical ; if (2-3) can give agreement with experiments, (2-9) may fail. Keeping this 
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fact in mind, we shall in a later section introduce the model operator that gives the 


collective representation. 


§ 3. Collective model 


Our supposition, (II), will be discussed along the line developed in our previous 
work, M-S-Y.") Firstly we consider the case where A nucleons form a core. The Schro- 


dinger equation, (2-4), is transformed by a model operator, 
A 7 
M=exp|i(m/b) S16 (x,) |=exp|i(m/b) Joe) 9(x) de (3-1) 
t=1 


which is U given in (2-3) of M-S-Y. Here m is the nucleon mass and (x) the 
_density operator; (x) = (x—x,). (x) corresponds to the velocity potential of an 
irrotational and pron reeabie carrier fluid and is related to the collective momenta, 7,,,, 
through 

6 (x) = 27m Fi, (X). (3-2) 


The model transformation, M, yields the “ collective” state, 
P (xy--Xy @) =MO (x,---x,). (3-3) 


The extra-degrees of freedom, @,,,*’, thus introduced require the subsidiary conditions, 
A 

(Qin =>) F im (x) ) YL (x;,: i “Xa, a) — 0. (3 r 4) 
i=1 


Since the transformation operator M does not involve the momenta of the nucleons, 


only the kinetic energy 4} T,; in (2-5) is transformed, yielding the kinetic energy of 


D) 


the collective motion, m/2-{(x) (grad 6(x))*dx, and the interaction between the indivi- 
dual particles’ and collective velocities, m{v(x) - grad d(x) dx, as additional terms. On the 
other hand, the potential energy in (2-5), which is for the time being assumed to be 
a function of position alone, remains unchanged. In the collective representation however, 
owing to the subsidiary condition (3-4), there arises a dependence of V on a. As a 
rule, the a-dependence of V is given uniquely by the method developed by Tomonaga,™ 
but we shall not touch on this point in this paper. Thus we are able to write down 


the transformed Hamiltonian as 


A= Fig + Aya: 3 35) 


Hy=SVT+U(%y a) +" | (x) (grad 6(x)) "dx 


*) @im ate the expansion parameters of the nuclear surface defined by 


R(O, g)=KhL+ Dem Ndi ¢)) 
im 


where Ry is the equilibrium radius. 
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+m |e (x) grad d(x) dx, CREEY) 


A 
Fins =V (Hy-++%4, &) —D\U (x, @). (250) 
f=1 


With the above expression for the Hamiltonian, the Schrodinger equation in the 
collective representation is given by 


(H—E) ¥ =0. (3-6) 
In order to solve this equation we use the adiabatic approximation** as in M-S-Y : 

P (Xy-+°% 4, A) =P"? (w+ 043 &) Y (A). (327) 
fv describes the individual motion of the core for a given collective deformation a} and 
is the solution of 

[S(T +U, A) ) + Hing — E° (@) |G" (04043 @) = 0. (3-8) 


Moreover, because of the condition (3-4), ¢”* must satisfy the condition : 


eae SF im (x;) ger”) = Ain: (3-9) 
With the aid of (3-8) and (3-9), the Schrédinger equation, (3-6), with (3-4) is re- 
duced to the equation of motion of collective modes : 


im/2 fre" oxi"). (rad Ox) ) tax--E°™ (a) |v (a) == By (a) =. (341.0) 


Since we are interested in the case in which the deformation of the core is small, 


we expand > SUG, a) and Hy, (%1:-:-X4, @) in (3-8) around @,,=0: 


SU, a) = Cone (x,) +33 Ue (x, ) Lim + SU, Se a (&,) | im? :) 


i= in 


Flint (x,°° ‘X45 oe ms Ho (x,"° X4) =F pat sim * Ain i DS: Tn lin [Qin ee (3 : 1 1) 


Regarding S°S3U%? a,,, S>3U az,’ and Hin (%)"++%4, @) as small perturbation terms, 


fe im i lm 


we can solve eq. (3:8). We obtain 


Ho) + 


Bl iris 


papa 


in 


er (x, . X45 a) =, (x;,: . x4) +3) One Him (3 r We) 


om 0) __ 


ieee vanes phe 8 im Aim |fo) x Pn (x; - 'X4) > 


im 


Er (a) =E + SEQ ay, + DES 


im 


(3-13) 


eel 


*) As is shown in M-S-Y, A. Bohr’s model corresponds to neglecting Hj. 
**) As will be discussed later, if the suppositions (I) and (II) in §1 be correct, the tenability of this 


approximation may be significant for the shell model. 
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Here ¢/,,(x,:-:-%4) is the solution of the equation 


S(T, U" (8) $n (Ria) SEY Re a), (3-14) 
and 
Em =F, ES) (Dns H®) Ue) \2/ (E, —E,) ; G3- 15a) 
S h hy 
ead A Ay =21 (Po, >in (x; 2) lin ¢ by) +235 EO~ Eo —(¢ n> He beer! e | x 
im m 
X (uy SILSUB) + Haim | on Pn) (3-156) 


7 


STE bie |Xim| = > (Sop DU im (:) || *tho) FT 


n E, 0) pe 
x | (ns pa Da es Uf? ES: .) =e He ‘lm |- Hy, oy) is (3 15c) 
im j 


i 


provided that the Hartree potential > SUC, @) is chosen so as to satisfy the condition 


(fo, Fax" # X45 a) J) =0. 


It should be noted that ¢/, has a vanishing angular momentum because we consider 
the core to be a closed shell, and that the quantities @,,, lose their meaning if / becomes 
smaller than 2. Therefore, if we neglect the second term in (3-15b), which is a higher 
order correction to the first term, it is readily seen that the term linear in @,,, does not 
appear in E°’*(a@). 

Thus we have 


Eo a) = BO ES Nain (3-16) 


im 


By using (3-16) and (3-12), (3-10) becomes 


tm 


= 1 & 1 
Ss rep, | let? |x a) =(E—E")y(a), (3-17) 
=|- 2B,,, |z, 5 LO I ( ( If 


where 1/2-C,,,=E® and 


im 
Ly Die =| (4, 0 (x) f) \grad F,,,, (x) |?dx. 


B is constant in the adiabatic approximation, whereas the non-adiabatic contributions give 
rise to the dependendce of B on the core structure, as discussed by Inglis’ and by Bohr 
and Mottelson."” In the present paper we shall not consider the non-adiabatic contribu- 
tions. 

The collective surface motion, which plays a role in the deformation of the closed 
shell nuclei, is described by the Schrédinger equation, (3:17). This surface motion gives 
rise to energy >'nhw,, where w,= (Cim/ Bim) '' and n is the number of surfons excited. 


Thus the energy eigenvalue in the ground state of eq. (3-6) is equal to E™, provided 


\ 
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that the zero-point energy of the collective motion is omitted. 
It should be noted that E is the energy eigenvalue of the equation 


[Ss Cee se (%,)) +H? (%,+-°%4) QP" (%4:°% 4) 


SEN? (x04) (3-18) 


where 


f KO) Oh 
he (x, qi “X4) ts Po (x, i” “X4) ee —Vrn, (x, ‘ *1X4) © 
In the above discussion we have shown that the shell model should be a good ap- 
proximation, provided the collective motion be separated so as to diminish the inter-nucleon 
forces, although we have not been able to prove the ineffectiveness of H,,,.. This way 
of approach should be distinguished from that in Section 2, where no possibility exists 
for making vas ineffective. On the other hand, we have found a device for making 
Ai,,, small, so that the shell model is indeed a good approximation. Thus we are allowed 


to start from the Schrodinger equation for the shell model, (3-18), and to treat the 


non-diagonal parts as perturbation. This will be the basis for the following discussion. 


S 4. Interactions between the core and an extra-particle* 


We shall now discuss the behaviour of the nucleus consisting of the core and one 
extra-particle, the latter being the cause of the core deformation. The coordinates of 
nucleons forming the core are designated by the suffices 1,---N and that of the extra- 
particle is by the sufhx 0. Since we restrict ourselves to the case of only one extra- 
particle, the approximations we adopt, such as the perturbation or weak coupling treatment, 
may be valid and unnecessary complication can be avoided.**’ 

In this case our Schrodinger equation in the collective representation is given by 


| Heore + Hint + Ay.c + To + U,(%, a) | P (x,°-' Xy, Xo, a) 
EP (eis Ki, Kp, QL) (4-1) 


with the subsidiary conditions 
N 


[Gm — 21 Fim (x4) |B (x,-+- xy, Xo; a) =O) (4-2) 


*) For the sake of simplicity, we do not take into account the Pauli principle explicitly. 
**) The method of configurational mixing in the shell model is based on taking into account the effect 


of the core particles as a small perturbation. Therefore, it is clear intuitively that the weak coupling scheme 


in the collective model, in which the effect of the core deformation is treated as a perturbation, corresponds 
to the method of configurational mixing. This is one of the reasons why we consider the “ core one extra- 
particle” type of nucleus. In the case of the “core+several extra-particles”” type of nucleus, the situation 
may be more complicated ; we must take into account not only the collective motion of the core but also that 
of the extra-particles and the subsidiary condition (4-2) may have to be modified suitably. Furthermore, the 
weak coupling scheme may be unsatisfactory in many cases. ar 

For nuclei for which the configurational mixing method is successful however, the situation may, as a 


tule, be the same as that discussed in this section. 
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where H,,, represents the direct interaction between the extra-particle and the core par- 


ticles and is expressed by 
A, ‘a V, (x, Nyy Noy a) —% U, (Xp, a) - (4 i 3) 


In the original representation, V(¥,---Xy3 %) corresponds to the interaction potential be- 
tween the extra-nucleon and the core nucleons, and the a-dependence of V.(X,"""¥y3 Xo; 
a) in the collective representation can also, as a rule, be given by Tomonaga’s procedure. 
H.,,, and H,,, are the same as those given by (3-5a) and (3-5b), except for the change 
of the number of particles trom A to N. 

Since our interest in this section will be directed to the interaction between the core 
and the extra-particle, we shall hereafter neglect the effect of H,,,, having discussed it in 
the preceding section. 

As discussed in M-S-Y, the correspondence to A. Bohr’s model is made clear, if 


we neglect H), and expand U,(x,, @) around @,,,=0; 


U, (x) a) — U, i (x,) ar BOM OF (x,) Ap, =F — Mg (x,) | Qin e (4 ij 4) 


lm ye 
im im 


The parts depending on @ are to be regarded as an interaction between the extra-particle 
and the collective motion of the core. 

Now, according to our supposition, (II), we regard H,. as a perturbation term, and start 
from the unperturbed equation in which the interaction between an extra-particle and a 
core takes place only through the collective oscillation. Using the adiabatic approximation 


for the core part, the solution of the unperturbed equation, 


(H,—E,) ¥°=0, (4-5) 
where 
Hy = Hone +T +U)(% @), (4-6) 
is expressed by 
P(X Ky 5 My A) HP" (xy Ky;3 A) (Ky, @). (4 <2) 


Using the same procedure as in deriving (3-10), we obtain the equation for 7(x,, @), 
namely 


[m/2-\ (fe, o(x) ff") (grad 6(x) )*dx +E" (a) +T,+U,(%, @) ise 


KY (Koy eS Ey Ceerarye (4-8) 


Assuming that the core deformation is small, (4-8) may be rewritten in the form 


(Heung + Apart. + Hin) U(X %) = (E,—E) 7 (x, a), (4-9) 


where 
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(30h EAT ee ie hc 
SUP fam eel a [Tima ee nelle Eb ) > 
im 2 Wie 
Aart, = 
and 


re. ae + Ue (x)) > 


\ 

(4-10) * 
| 
| 
Hyy= > (E$) + Ure, (x,) ) Aim ap > OH a Xy) | ern | = 
Here E®, E®, and E® are given by (3-15a) 
should be noted that S} ES? 
obtain 


1%» a) = (Xp) %o (@) is (¢, ; 


Ui We @) < 
where @) = (2ZEO JB)". 


Then we 
~ Yims Bim Lo 3 
—h Toy 
energy eigenvalue is 


¢ (x) Yim (@) (4: 11) 
E®) =i tl : 


lm 


1, kim P) Hams Him Xo)! 


—hw, 
where E,, is the energy eigenvalue of the equation 


4 (Y, US: ¢) 


= esi Lil Lor (4: 19>) 
ghee, © (Xp) =E, © (Xp) 
We have omitted the zero point energy of the surface oscillation 


The second end third terms of (4:12) arising from the coupling with the extra- 
particle may also be amalgamated into > 1S Voie mag ha eae Ropes 
particle is not excited, and should contribute to the surface rigidity even though this 
ffect is neglected in M-S-Y as well as in A Boht’s model 
quantities 


lm 


provided that the extra 
Wee. Cri Aim | 


*= S11 Ein + ace (g, U 
and replace H. 


Sur 


Indeed, if we define the 


r) | ? | em 3 


Gide mee + (¢%, UY ¢ 
—be, 
wand, 24,4 in. (4; ie by 


0; ‘im ¥ 7 


(4-13) 


im 
Hons = SS (EY 


im 
ba 


Ss i +— + om | Binal | > 


(4: 14a) 
ap UY? HAZ (%)) ) Aim 
ar pa (On. (x) ie fh a 17/2 i Cin) x | Qin, 
lm 
respectively, the second and third terms of (4-12) vanish 
normalization of surfon frequencies, 


(4-14b) 


This corresponds to the te- 
*) This is nothing but the Hamiltonian of the collective model currently employed 


(3-15b) and (3-15c) respectively 
a,,, vanishes actually as discussed in the preceding section 
Now we shall solve eq. (4:9) regarding H,,, as a perturbation term. 


3 2 
Here, the extra-particle is assumed to stay in the ground state, 
y(x,), thus preserving the correspondence to the method of configurational mixing. The 
(Eo 


DS 


54 S. Hayakawa and T. Marumort 


O-——W, (4- 15) 


where w, is given by (C,/Bin)'”s Cin being defined in (4-13). Hereafter we shall use 
the renormalized surfon frequencies, @, so that H,,,,.;. and H,,, of (4:9) should be read 
as (4:14). ) . 

Up to this point, we have dropped the term, SIEWa,, in (4-10) or (4-14b) 
because this term vanishes as discussed in the preceding section. If we write formally 
the effect of this term to the first order of ES), (4-12) is expressed, using the renor- 
malized surfon frequency, as 


(= —E) =08 a2: (¢, U Sim (%o) g)* Elm < Yo ne Xo Sa (4- 16) 


im —bo, 
Using 
N 
ES ee (fo (x, sa “Xy) Ppa Oe (x,) Po (x, i -Xy) ) ? 
i=1 


the second term of (4-16) may be rewritten as 


N 
pl Ug. (x )° Us jdm (0) 4 
Cas yas ae 2 = Xo an Xo > vy 9) ’ (4 ; 17) 


Dn _— bur, 


where ¥,° means 
P= (%) Gh) (X1++*Xy). (4; 18) 


As is readily seen from its form this arises from the exchange of surfons between an 
extra-particle and particles in the core. If the collective motion is eliminated, we obtain 


the interaction, 


N 
(SU in )- U hin (%o) ) x 
yen (X,0Xy 5 X,) Sy BS: i= 7 ~ Xo» Him Xo = - (4 % 19) 
um ba, 
In fact, (4:16) with (4:17) shows that in so far as the energy eigenvalue of the 
ground state is concerned, we can reduce the Schrodinger equation, (4:5), to that for 


the individual motions of the particles : 
N 
{>} (7; ae Mi (x;) ) i Ty+ Ue (%5) ae (x, "9 Ry 5 X)) \ Pe Air, x: *Xy) 
4=1 


SEU? (Xo, %1°14Xy) - (4-20) 


Although V“ (x,-:-x,3 x,) has no effect upon the energy calculation, it may become 
important for the calculation of the expectation values of physical operators such as the 
nuclear moments. 

Thus we are led to an approximate solution of unperturbed equation (4:5). For 
the real case we must take account of H)., which represents a very complicated interaction 
owing to the fact that all variables are contained. In the decomposition : 
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Fh ¢(X4°- + Xy ? Xo, &) =O Ni (X1°+°Xy 5 Xp) +A” (Xy0°+ Ky 3 Xp) Lim 


O.e;lm 
im 


we presume that H{? is the most important one, because the nuclear deformation, a, is 
supposed to be small in our weak coupling case. Neglecting the effect of the a-dependent 
part of H).., the Schrodinger equation (4:1) can be reduced effectively into 


N 
12 (13+ oie (x,) ) ar $y ae Uae (x) at tp Ne! (x, 29 Mapes xy) 


a iNo (x, Ry 5 Xy) } ye (Xo, xy °° -Xy) =i (Gos. xy: *Ky) ; (4 : 21) 


provided that the adiabatic and weak coupling approximations are valid. This is nothing 
but the Schrédinger equation currently employed for the method of configurational mixing, 
and Y*(x,, x,:--Xy) is given by 


LP? (xo, Ny Ny) = Pi (Xq,%j"**Xy) =e 


0) 1 ed, ys 
Ei dl IB A eae io) 
PAE 


_ (ps 
+3} (Pa54 


” 
where 
P= Y (xy) Pn (x,: ye xy) a, 

The two interactions, V“” and Hj"), correspond to the “ effective inter-particle in- 
teraction” which cause the configurational mixing. In M-S-Y, only the effect correspond- 
ing to V“” is taken into account, while in the current method of configurational mixing 
the sum of these two effects is regarded as though it were identical with the force be- 
tween two nucleons. 

Thus one can see the correspondence between the method of configurational mixing 


and the collective model. 


§ 5. Expectation values of operators 


As mentioned in Section 2 an operator, O, in the original representation undergoes 
a transformation 


MOM-!=0+[M, O|M~' (5-4) 


in the collective representation. M is given by (3-1). Since M depends only on the 
positions of the nucleons, but not on their momenta, the operator involving only positions 
will commute with M and only the first term in the right hand _ side of (5-1) will 


remain. This is the case for the quadrupole moment, but not the case for the magnetic 


*) It should be noted that the averaged potential Uy (x, a) in (4-1) and (4-3) must be chosen so 
as to satisfy 
Choe, Foe Yo") =95 
moreover because of the condition (4-2), the shell model wave function ¥*,, must satisfy a condition, which 


will be discussed in a later section. 
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moment. 
For use in later applications we shall calculate the commutator. In most cases the 
operators of interest are expressed as a sum of those, each of which involves coordinates 


of each nucleon. 


O=>) O; (%:, Pi)- (S23 


We essume that in O, the momentum p, appears linearly. Hence we have only to know 


the commutators for x, and p,: 
[M, x,|M~-'=0 
| M, p|M-'=m|0(x—x, grad 6(x) dem grad 0(x,). (5-3) 
Thus we obtain the commutator for O, as 
[M, O,(x, p,) |M-'=0,(x, m grad 6(x,)) =O,(x, 7%). (5-4) 


Thus, one has only to replace p; by mgrad@(x,) or m>)zj,,-grad F,,,(x). 
lm 


Thus we arrive at 
[M, OJM-'=S10,(x,, m grad 6(x,)) =| (x) Ox, n®) de. (5-5) 


Since 7,,, are the collective momenta conjugate to @,,,, this part can be regarded as re- 
presenting the dynamical effect of the collective motion. This effect cannot arise from 
the shell model, in which the core is assumed to behave as if static. Therefore, the 
correspondence between the method of configurational mixing and the collective model is 


strictly true only for the case 
MOM~*=O. (5-6) 


As discussed in Section 2, in the method of configurational mixing currently employed 
the expectation value of an operator, O, is given by 


Ce rine O eres a (%%, O f°) 
+[S32,(25, O F%) +comp. conj. |, (S=7) 
Pn Cer V or (Xo; Xy°° ‘Xy) Ps) i (E,—E,,) : 


On the other hand, using the adiabatic approximation, the expectation value in the 
collective representation is given by 


(Lo a), <P" (Hy ty 5 @), MOM fi"? (x,y 5) > (ay @)). (5-8) 


If O satisfies (5-6), and if we drop the direct interactions H,,,, and A, discussed in 
Sections 3 and 4, (5-8) is expressed as 


Y 4 i " > MOM : er ” Y) = (% ae wes, oye = Y) 
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ie 


SUL (x,)-U%,, (x) 
=O Five (SSS fare aye NBER, 
tb? 0 “n \ im =, bo, 
x (< Yims Him Xo > ye vi) (F> O Y's) -+- comp. con). (5 2 9) 


by using (3-12), (4-11) and (4-18). Comparing (5-9) with (5-7) these two are 
equivalent if one chooses the effective interaction to be 


N 
Un (x ) 3 GAS (x)) 
Voip oy °y-*-Xy) =2> yey, at, (5-10) 


im —hu, 


(5-10) is nothing but V@ (x, ; x,---xy) given by (4-19). 


§ 6. . Electric quadrupole moments 


In the original representation, the electric quadrupole moment operator is expressed by 


Q=S2 Bei) =S¥4. 8-1) + gia —n), (6-1) 
where 
g,—0 for a neutron, 
and g;—1 for a proton. 


Since this operator does not involve momenta, the last term of (5-1) vanishes and for- 
mulas (5-7) and (5-9) can be used. 


In the collective model of Bohr and Mottelson,”” 


the quadrupole moment operator 
is given by 
Q7 "= Qoore + Qo= (3/ V5) ZRo Any + Bo (3%0 —10") , (6-2) 
and the expectation value by 
Lo %), QP (Hy @)) = B/ VST) ZRF (ZL (%o, @), ay Y(%, &)) 
| + (Lm ®), @xGw 2). 63) 


In order’ to justify the equality of (5-9)-and-(6-3), we rewrite (6-1) as 
Q= 3/ VSR) NRE Py (,) +59 3zi'—12), (6-4) 
by taking into account the fact that 
SF (8) = 48/3N) S20/R)'Yin Os $0): 


According to the condition, (3-9), the expectation value of (6:4) in the core particle 
state, f°" (x,---Xy3 @), is given by 


(agit Q rr’) — (3/ V 57) Ree Cin + Q, = ee (6 . 5) 
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so that 
Va Q wa Ss Y) — 67, oy va) . 


This demonstrates the equality of (5-9) and (6-4). In fact, it should be noted that 
if we use the expression (3-12) for 9°”, but neglecting H,,,, the condition (3-9) becomes 


(Yns > ya bi (x, ) uy) 


N 
eh Cy 2 F, 2 x; be 
amg Te ie (4 n> > lu ( )s ) 
+comp. conj.=1. (6-6) 


Inserting (6-6) into (5-9) and using the expression (4-11) for 7(%), @), we can easily 
see that (5-9) reduces to (6-3). 

Using the expression on the right hand side of (5-9), the expectation value in the 
collective model is found to correspond to that in the method of configurational mixing 
as given by (5-7), provided that V,,;, used in (5-7) is taken to be that given by (5-10). 
The similarity which is shown in Table I between the values of the quadrupole moment 
calculated by the configurational mixing method” and by the collective model” is based 
upon such a procedure. 

Although these two ways of calculation are similar in forms, there exist some discre- 
pancies between them. Firstly, in the configurational mixing method the perturbation 
interaction, V’,;;, is assumed to be independent of the structure of the core, the shell 
structure being implied only in the energy denominator of /7,.. In the collective model 
however, V,,; is dependent on the structure of the core through the collective eigen- 
frequencies, w,. This provides us with an explanation for the differences in the quadrupole 
moments of some isotopes.” 

Secondly, the summation over n in (5-7) is usually carried out only for the main 
terms, and the applicability of configurational mixing is restricted to the case of small 
perturbation. The same restriction holds in the collective model, in so far as the weak 
coupling approximation is employed. However, the adiabatic and weak coupling approxi- 
mations we have used in the foregoing discussions are only for the purpose of showing 
the correspondence to the configurational mixing method. One may forego such approxi- 
mations and choose suitable ways for the consideration of real nuclei. In this respect the 
collective model has wider applicability than the method of configurational mixing. In 
fact, we have shown that the configurational mixing is valid as a special case of the 
collective model. 

Thirdly, our method is different from the current collective model of A. Bohr.” 
In the latter case w, is determined on the basis of the hydrodynamical model, whereas in 
our case «, is obtained from the collective motion for a given rigidity which depends 
strongly upon the structure of the core." 


S$ 7. Magnetic dipole moments 


In the original representation the magnetic dipole moment operator is expressed as 
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= (ch/2mc) S: (g; U: +7; 8;)-, (7-1) 
where 

7:= — 3.826 for neutron, 

jo 87 for proton. 


In the collective representation this is transformed into 


Mp.M~" = he [M, L.|M~ 


=p, + = ln, Gx) ir Sn grad gi wi ds (7-2) 


Se [rn (2) R(x) dx, 


2mc 
where /,(%) is the density of protons and 
R(x) =r Xm grad ¢(x) (7-3) 


represents the angular momentum arising from the collective motion of the core. 

The first term in the right hand side of (7-2) represents the magnetic moment 
due to individual nucleons, so that its expectation value can te evaluated by (5-9). 
However, the Y%, which give non-vanishing matrix elements of (VY), 4. Yi), do not 
satisfy the collective deformation condition; if Veyp in (Yi, Very Vi) is expressed by 
(5-10), these matrix elements are found to vanish for such Y}. The non-vanishing 
elements appear in the next order, if Y%, are restricted to that owing to the collective 
deformation. Nevertheless, the first order term in (5-7) has an effect owing to the 
direct interaction H,,. This is what is considered in the current method of configura- 
tional mixing. 

We shall now discuss the dynamical effect implied in the last term of (7-2), which 
can not be taken into account in the configurational mixing method. In order to obtain 
the expectation value of the last term of (7:2), we first note that by using the density 


operator of the core particles the condition (3-9) may be rewritten as follows : 
(geer’, a(x) f"*) = (1/2) ry 1+ (ROG) —1)}- (7-4) 
Here p)=3N/42R,° and 
RO, 9) =RLL+ Dim Yim Os 9) | 


represents the nuclear surface. €(x) is expressed by 


% = ale 50) 


1h, m=O: 


€ (x) = 


|x| 


Therefore, the dynamical part is reduced to 


60 S. Hayakawa and T. Marumort 


<9" . \rn) R, (x) dx YP" >) 
2mc 
= a) - G4 (1/2 Poo) Ro 0 (Ry—1) >3 Bim Yin. (x) dx ”~) i 7 : 6) 
2mc Bi: 


This is simply the expression derived by Bohr and Mottelson.'” If this is to be com- 
pared with the method of configurational mixing, it will be necessary to retain at least 
the second order terms in V°”. Therefore, the equivalence between the collective model 
and the configurational mixing holds only to first order in V““. In the collective model 
currently employed, if higher oder effects are neglected, not only the dynamical part, but also 
the static part arising from the mixing of single particle states will disappear, leaving only 
the magnetic moment due to the unperturbed extra-nucleon. The magnetic moment thus 
calculated is the same as in the single particle model. 

The above circumstances are in contrast to the case of the quadrupole moment discus- 
sed in the preceding section. In the latter case the enguler momentum states of the 
core particles to be mixed are the J=2 states, both in the configurational mixing method 
and the collective model, while in the case of magnetic moments the states to be mixed 
in first order are of J=1, which cannot occur by the collective deformation. Thus the 
configurational mixing due to the direct interaction, H,., seems to play a significant role 
in accounting for magnetic moments. Therefore, we may infer the possibility of analyzing 
the contributions from V“° and H,,, by the quantitative studies of quadrupole moments 
and magnetic moments. For this purpose it is advisable to refer to as many nuclear 
Properties as possible, such as the pairing energy, the optical potential and so forth. Studies 
along this line will be made in subsequent papers. 


§ 8. Coneluding remarks 


In the above discussion we have considered the relation between the collective model 
and the individual particle model with configurational mixing on the basis of the supposi- 
tion (II). The effective inter-particle interaction is, according to our supposition, shown 
to be of collective origin in part. Such an effective interaction is presumed to be weak 
enough to justify the success of the shell model. Leaving this essential problem unsolved, 
we reach the following conclusions concerning the intimate relationship between the collec- 
tive and the shell models of nuclei. 

i) The individual particle model with configurational mixing does in fact hold in 
the case of small nuclear deformation, provided that the single particle motion in the 
collective representation cen be treated by means of the adiabatic approximation. 

ii) The effective inter-particle force responsible for the configurational mixing con- 
sists of two parts, one arising from the exchange of surfons between an extra-particle and 
particles in the core and the other from a direct inter-particle interaction. 

lit) As far as the quadrupole moment is concerned, the collective model and the 


configurational mixing method do not show any essential difference under the conditions 
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adopted in i). The difference lies in the effective interaction responsible for mixing 
single particle states. In the collective model the interaction is due to the exchange of 
surfons, while in the method of configurational mixing it is due to the direct inter- 
nucleon force. The former depends strongly on the structure of the core, but the latter 
does not. 

iv) There exists an essential difference in these: two methods concerning the inter- 
pretation of the magnetic moment. In the collective model the dynamical effect of the 
core rotation is important, while in the configurational mixing formalism the direct interac- 
tion plays a significant role. The latter effect can also be taken into consideration in the 
collective model, but the dynamical effect cannot appear in the configurational mixing 
formalism. 

v) For large nuclear deformations the configurational mixing method is no longer 
valid, but the collective model remains tenable, provided that the strong coupling ap- 
proximation is used. 

The above conclusions seem to provide the basis of the results obtained by Blin- 
Stoyle” through his extensive analysis of empirical evidence. Namely, the configurational 
mixing method is successful in interpreting the nuclear moments of nuclei except for those 
in which 150<A<190 or A>225. In the latter case the nuclear deformation is be- 
lieved to be considerable. 

As an example in which the current collective model fails, we mention the magnetic 
moment of **Bi. This nucleus is composed of a closed shell and an extra-proton. Hence 
the collective deformation is not so large that the deviation from the Schmidt line may 
be accounted for only in terms of the dynamical effect. Thus one must take account of 
the configurational mixing due to the direct interaction. On the contrary, the magnetic 
moments of “'Eu and “Eu cannot be explained in terms of the configurational mixing 
method, but the collective model predicts the moments in good agreement with the 
observed values. This is because these nuclei are deformed strongly, so that the dyna- 
mical effect alone play a dominant role in the deviation from the Schmidt line. 

In conclusion we should like to notice that our method of dealing with the coupl- 
ing of the collective motion to the shell structure is similar to the method developed by 
Inglis’ and Araujo”. Inglis treated the collective coordinates as time dependent. This 
can be obtained from our formalism by transforming our Schrodinger representation of the 
collective coordinates into the Heisenberg representation. Inglis, Aratjo and several work- 
ers in Copenhagen noticed that their theory of collective motion cen describe the mo- 
ment of inertia in relation to the shell structure. This effect is dropped in our theory 
because of the adiabatic approximation.” In the present paper we are rather interested 
in the relation between the collective and shell models and leave the discussions of such 


problem to a forthcoming paper. 


*) The implication of the adiabatic approximation was carefully examined by Tomonaga,"!) who suc- 
ceeded in describing the moment of inertia in relation to shell structure by means of a method similar to ours. 
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It is shown that the exact Bethe-Salpeter equation does not determine higher excited levels of the 
hydrogen atom in principle, by analyzing the asymptotic behaviour of two-particle amplitudes associated 
with photon co-ordinates at large distances. In connection with this analysis, however, an approximate 
method of treating the problem of excited states is given. Some related problems are also discussed 


briefly. 


§ 1. Introduction and summary 


It is the purpose of the present paper to see whether the Bethe-Salpeter equation’””’””” 


is able to determine higher excited levels of the hydrogen atom in principle. 

As Gell-Mann and Low” have shown field-theoretically, the Bethe-Salpeter equation 
is the eigen-value equation for the whole rest mass of the composite particle. The whole 
rest mass, M=(—P,P,)'”, is real by the definition that P,(i=1, 2, 3) and P= —i1P, 
are eigenvalues of hermitian operators, the momentum and energy of the system. When 
the Bethe-Salpeter equation is applied to the problem of the hydrogen atom, it is ex- 
pected that it will at least determine the ground level.* It is not self-evident, however, 
whether it determines also higher excited levels. Even if it could determine excited 
levels, they would not directly correspond to the actual excited states of the hydrogen 
atom, metastable states. So it will be conceivable that such levels would rather correspond 
to the resonance scattering states of photon by the normal hydrogen atom. Such a 
conjecture is, however, denied in this paper and it is concluded that the exact Bethe-Salpeter 
equation cannot give any higher excited levels of the hydrogen atom. 

After some preliminaries (§ 2), we assume in § 3, first, that the exact Bethe-Salpeter 
equation can give some higher excited level. Under this assumption the covariant Fock 
amplitudes, containing as arguments not only co-ordinates of the two particles but also 
photon co-ordinates, are obtained with the aid of Gell-Mann and Low’s limiting process. 


* According to reference’), the Bethe-Salpeter equation for two fermions have not, in the ladder 
approximation, any solution which can be connected with the non-relativistic one. This is due to the 
highly singular character of the kernel of the integral equation. It is an open question whether such a 
singular character of the kernel is weakened in the exact Bethe-Salpeter equation by virtue of the higher 


radiative corrections. If it is not weakened by such an effect, some modification of the kernel, corresponding 


to some cut-off’ procedure at high virtual momenta, will be needed. 
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Then it follows thet the asymptotic expressions of these amplitudes are composed of only | 
outgoing photon waves leaving the hydrogen atom in the lower states in spite of the fact 
that stationary states are being considered. This means that the assumption taken at the 
very beginning is incorrect. Thus it turns out that the exact Bethe-Salpeter equation 
can determine only the ground level of the hydrogen atom. However the Bethe-Salpeter 
equation with a suitably approximated kernel may give the corresponding approximate levels of the 
excited hydrogen atom in a similar fashion to the case treated by Wick") and Cutkosky” 
who solved the two-boson system interacting through a scalar photon field in the ladder 
approximation. They showed also that such an approximate equation has some extra 
solutions that have no correspondence to the non-relativistic ones. It seems to the authors 
that the appearance of such extra solutions is due to the change of the kernel by the 
ladder approximation. In § 4 it is shown that the coefficients of the asymptotic expressions 
of the two-particle amplitudes associated with photon co-ordinates, when good solutions of the 
approximated Bethe-Salpeter equation are substituted in those expressions, give the matrix elements 
of the spontaneous optical transitions. In the last section a few problems are discussed 


briefly in relation to the problem treated in the preceding sections. 


§ 2. Preliminaries 


1) Definition. of Covariant Fock amplitudes 


We define, after many authors", a set of covariant Fock amplitudes as follows : 


Fay ee x ly, vs +++ |X, x; + /y, y, -++|z, a s+) 
COIN) EC) DE) FOE ER) 
+h? (9) Gh (9) +A, (2) Ay (2') ++) [PY (1) 
Here |) is the vacuum state and |%) is the state to be considered. N means the 
normal product of operators to be taken in the parenthesis. We adopt as the definition 


of the normal products of the Heisenberg operators the one proposed by Freese', Polkin- 
ghorne™, Kristensen’? and Maki!” : 


T(ABC:.-Z) =N(ABC:::Z) +3) €(2|T (AB---K) |Q)N(L--Z), (2) 


where T is the time-ordeting operator in Wick’s sense’. The sum on the right-hand 
side of equation (2) is taken over all ways of dividing the factors between the T-products 
and N-products, and € is +1 according to whether the permutation of the fermion 
factors induced by T is even or odd. In equation (1) ¢° and ¢” are the electron and 


the proton field respectively and ¢/° and ¢” are their adjoint operators. A, is the electro- 
magnetic four potential. 


2) ethe-Salpeter equation for the hydrogen atom 
As is well known the Bethe-Salpeter equation can be derived, by applying the Gell- 
Mann and Low’s limiting process”, from the equation of the two-particle (an electron 


and a proton) Green function K (x, EMR nis 


K(x, v3 x, y) — — Sz (x, x) Sh(y, y) 


im 
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=: | atx! dy Se (x, x) Sh(x, WG, 5 x’, YW) K(x, ¥' 5 x, 9). (3) 
Here 


K(x, y3 % ¥) =CQIT (6 (x) f(y) &* &) F" )) 2), 
Se (x, x) =(2|T (f(x) (| 2), (4) 
Sey, ¥) =C2(T (f(y), $?G)) 12), 
and G(x, ¥;x, y) is the function* describing the interaction between an electron and a 


proton, the lowest approximation (ladder approximation) of which is given by the 
following : 


G(x, 95%, Y) towesw=%eMpule Dr” (x, ¥) 0 (K—x) 0 (Fy); 


Here 7 and 7, are the charge of the electron and the proton respectively. D,'” is the 
photon Green function in the system without interaction and is discriminated bye 
superscript (0) from D,,,, 


Day (% 2) = 2\T (A, &) 4, @’)) | 2). (5) 
Now by applying the Gell-Mann and Low’s limiting process to equation (3), the Bethe- 
Salpeter equation can be derived : 


FO (xly||) =| - fate 758, 2) S20, HER, 3x, EPC). ©) 


F (x|y|||) is the two-particle Fock amplitude of a stationary state with the energy- 


momentum four vector, P{”. In equation (6) was used the following relation, 
F@ (x|yi[[) = CLIN GF (x)  () [FM = BIT (KOLO) |F™), (7) 


which is valid since (2|T (( (x) ¢”(y)) |2@)>=0. 


When there occurs degeneracy, we must take additional care. We use a superscript 


a(a=1,2,-:-) to discriminate those degenerate states. Then we have in general, 


instead of equation (6), the following equation, 
OSG) Das) 
= [atx SEG, x) S?(y, y’) G(x’, y’ : x y’) (es, Feo (x']y’| | ED) . (6') 
where (Dj?) is a hermitian matrix given by 


Dee 2s | fee hicae a) (7 of i 8) (7 0) f (8) 


* Equation (3) can be obtained from the corresponding integro-differential equation in Schwinger’s 
formalism?) by making use of the positive frequency condition implied in the definition of the Green 


function. 
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Here 
f(r) =exp(—iP™ X) -F™® (x|y|| |), (9) 
and 
X,=1/2: a Sy AP TX — Vue (10) 


In general D{? may be non-diagonal in spite of the ortho-normal condition of /% *’, 


since this condition can be represented only by the relation involving many other amplitudes 


I) 


as well as two-particle amplitudes. We can find, however, a unitary matrix, U%?, which 
transforms D,") into a diagonal matrix 0,,D{", since Dj)? is hermitic. Thus equation 
(6) is valid for those states which are obtained by applying this unitary transformation 
to "©. For the sake of brevity, we drop from now on the superscript @. 

3)  Expresstons of the Green functions K,,...(x, ¥3 x, YZ, 25 **') 

In this subsection expressions are given of the two-particle Green functions which 
involve photon co-ordinates also. The method developed by Nishijima'” is very useful 
for this purpose. 

We consider for convenience a system laid in the classical external source fields, J, (z), 
and discriminate the quantities of such a system from those of our system without external 
sources by the superscript J. Then the following relations are valid between the Green 


functions Kesauae (eeavd FV ee errs 


CKyye 95% 15S Sy) SIL CK, (x, 5G, )7\/0J, (2) (11) 
where 


NG Ree (Ce Nes os y >% z's vee)? =(Q|T (of (x) of” Cy) (x) hb? (y) A, (z) A, (2’) 402%, 


(12) 
C==(0,|T [exp(—i| deHiG@)]|%), (13) 

and 
Hi =i74eN P73) Ay tity N E729”) Ay ty Aa — Heorroncres- cy 


Here |%,> is the bare vacuum and H,,’, is the interaction Hamiltonian density of the 
J-system in the interaction representation. Now in the J-system the two-particle Green 


function satisfies the equation 
K(x, 93%, ¥)"=—Sp(x, x)"SP(y, 9)? 
i | e \d'a!d'9'SE, x) 7SP(y, y') 7G (3%, y/ : x’, VW) 7K (x, y ; x, y) 7, (3)/ 


By multiplying the equation (3)’ by C, differentiating with respect to J, and then 


putting J, to be zero, we obtain the following equation; 


K, (x, y> x, y I | i atx dW SE(x, x") Shy, 7) Gre. y > x! BY EMC y’ > x, V 3K) 
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[te 


tad 


== 7: Peodt US EU’) BC a: Baa EL G45 X) Davy (2, Z)SE(y, ¥) 
—a9\ laty’... enya GH yey, y! : Z)SE(y’, y) Dee (z', z)S2(x, x) 
+r 5 [dte’---d'e' Spy, x) 18 (x, ol ; 2) SE (x, x’) 

X Dry (2, OSB, Y) G(X", 975 x, K(x", 5% 9) 

+p] [dt d*e! S209, PLE, ¥ 5205269") 

X Dry (2, DS5 (x, 2) GK, 9” 5 x,y") K(X, 9" 3 %, 9) 
= | late'---d'2' Se, x VSELy, VGH, 73 Hs 9 52) Dale’, ORC, yf 3%, 9) 
ai (15) 

The vertex functions I's, ['? and G, are defined by the equations 


iO S£ (x, x) oe Be (z) | r=0 


S| al fated '2'S5 (x, x) Pe, x; zy Se (x! Dat (z', Zs 


Reith yolk. (16) 
BO SEs) 1/0 Jun (Z). | rep 
= 1»): |dty'---d*2' S2(y, ie iy 2 SEV. 9) Day (Cans 


FOG, Fox, ¥)"f0 fe (z) [som fa'e’ 6G, Wy ae) pa eee (17) 


From the equation (15) we have, by making use of the equation (3), 


Ky (%) 93% 95 2) 
=| [a taloed 2 KC, 95, FILE, 25 )SE09, D Dyn (2 9 
ty] [dtyleoed*2 KG 95% FPL, 91 5) SEO, 5) Dory (2 9 


= f |ataleod*2’K (x, 93%, VQ, WS, 5 2) Dry (2, DK, 5% 9) 


(18) 


where 


Oi CESS enue z) =1| fare de, Gea) SAG cera e) MO ea dee 
+p [diy dy" 1 TOY eos On TOY e,D 


BG Nyy ARIZ) (19) 
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It should be noted that the arbitrariness of adding any solution of the equation, 


dix! --.d*S3(x, X)SE(y, PGR, 73x, YX, 5% F32), 


ray nike Ye) = 


to the right-hand side of the equation (18) is eliminated by the positive frequency 


condition implied in the definition of K,. 
In the similar fashion we can obtain an expression of K,, and so forth, 


Rate x, eae) — Khe Vea 7) eee ee 


=n| Sled * 2 RUS 5 PPS) Ley KER Oe ee) Sheen ey 


+144 Jat ed 82K (x y : x’, y) ine (x’, x! ; 2", zl!) 


OF tae x) Dye (2g z) D pov (73 a) 


; fata die" K (x, y3 x! Wyle. x! ; Zl) Se(x', x!) | ik (x!’, x"! ; Zz!) 
X55 (x, X) Dapy (2"; 2) Dray (2/5 2’) 


tml [atyndterK, (x, v5 X, y/ : rag WE (9, y’ . z")SB(y’, )) |B (2", z) 


+m lat ytd" 2” K(x, 43 Xp La, Gomer) 
MOE, WD este eile) 
tif (dtd 2” KG 95% FILE, 91 52) SEO HOLL 9" 52°) 
MORO) Diana (2s 2) Drew 20) 
— |. aw. dig Kalcey.3 et, We yz') ON, Ft see se) 
MDa tee ee SR 
— |: a's rd RAR SS Rs YO) as hy Fae te tee 
K Dy (29S) Day (eo, ee) 
=|. fated te" (x, AD ORL CUR weeny a!) 


K Dy py (2, DK, 3&9, 5 Zz); (20) 


7eé ’p . 
where 1", 1'% and Q., are defined respectively by the equations, 


eS Pie (ae ait Nal F ; 
10D, x5 2)"/OJ,(2’) loom [ater pa (Xs x3 % 2”) Dey (2, 2’) 
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OIG sty ) OIA) | an ate" PAG, de. DWE aed bar i (21) 
0. OL (xa ks Viz) /10Jo") seu |d'e" rai kys) 3 1) a Sie) Dray ete) 


§ 3. Two-particle amplitudes associated with photon co-ordinates 


In this section we assume firstly that the Bethe-Salpeter equation (6) gives not only 
the ground level M,,. but also excited levels M,,,(n=1, 2,:+). We refer this assumption 
to (A). The corresponding stationary states with energy-momentum P,” (Pj? P{) = 
—Mq)) we denote by VY. Under the assumption (A) we shall obtain the expressions 
of FS... (x|y|||z, ¢, +++) of these states / and then examine the validity of this 
assumption, (A), by analysing their asymptotic behaviour at large distances. 

Ly Fe” ly|ilz) 

The assumption (A) means that the Bethe-Salpeter equation has non-zero solutions 
F“ (x|y|||) (w=1, 2, ---). Accordingly we can make use of the equation (18) in order 
to get an expression of F)"’(x|y|||z) by Gell-Mann and Low’s procedure. Consider the 
equation (18) in the case when Koy Yor Zo X= Fo (=H, multiply it by 7,°7PF™ Gly|||), 
perform the integration over x and y , and take the limit of t-— oo in the Gell-Mann 
and Low’s sense. As t->— 0, the regions of integration in which time variables of 
integration in equation (18) are earlier than ¢ give vanishingly small contributions to the 


integrals. Then we have 


D” F™ (x|y|}|z) =I, (xly|||2) + 
—p| dix de! K(x Vreey Ov xa Voek Veal) 


SD nin (Zao) ee Ce yh), (22) 


where 


Ty” (xlyl Iz) 


= 1 x|) 


t>-—o 


d'xt diz dxd°7 SOIT (ff (0) f(y) & GD [my Cm] gf? (9) | 2) 
7,m 


x Pe, 5B ODD AEG) 2)Diw @ OTTPE™ GF) 


By in| |r bel Pedy 3 (QT GC) GD) ID LM G2) 


t>—© 


x PPG, 9 5) C21") ly Cf?) | 2) Dare 2, DATE E™ Cl Maia 


The sums on the right-hand side of (23) are taken over a complete set {|/>} and {|m)}. 
I (x\y|||z) vanishes, however, in the limit t>— co, since the sum of energies of states 
\L) and |m) for which (1h? (%) | 2) -and ¢m|¢? (y) 
the energy of Y. Thus we have the expression 


2 do not vanish is always larger than 
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FS (pli) =— | fate" OR xy yx YOM: Paks ee) 


X Dry (2, 2) F™ (%'|y'||[).- (24) 
F{ can be written in the form 
F, (x{yl| |<) =exp GP Z) “f(r, $) (25) 
by using the center of mass co-ordinates and the relative co-ordinates, 
Zp=1/3+* Sty +hu)s  Fy=Se—1/2- +94): (26) 


F ; ; : ; ( - 2 
We are interested in F\"” at an equal time x,=y,=z, and accordingly in f,"’ (ro, =0). 


In the center of mass system (p= 0, Pte a), 
fi (#0, 20)" 
ee | |x’ ae Kid, Vom, oe). . wee ay oe) 
> Gi MLS. 
KD nlie kOl LO OREN Ie cs (27) 
The integral on the right-hand side of (27) can be divided into eight terms, 
) C.M 2a. M 
n > zZ Mal ES ey oe ” C2 z CMS. 
fails 6,20) * > fe ah 0, EO) yates (28) 
i= 
according to the division of the integration over time variables x)’, ¥,/ and z,’, 


| di | dy,’ 


a) 


d,'\ dz,/ Sper af | dx) | dy, | dz,/ 


eu 
dz! ra] | dx, 


==(I) +----+ (VIII). (29) 
We consider firstly the first term of (28). For the specified order of times, 
K (xo, 03%, ) = DALIT (x0) f(y 0) |n’> Cn! |T (f° (8) 2?) |2) (30) 


and 


Dry (x, zo) = 318 


A, (zo) |m) <m| A, (z’)|2). (31) 


ee 


Since Q, is translation invariant, it can be written in the form : 


Q, (x, y Xx, y : z) ae (27) a : | dtkd*h dB (RW Re) 


X Qu (ky RR) exp i(RX ER RIX ER LR) . (32) 
Furthermore f)" can be divided into two terms, 
fr? (Fo, Fo) TS =f (Fo, Zo) PM* + £ Fo, F0) SMS. (33) 
according to 
“ Radars =; a) ™) = co (1/2)|r 07} — 
| ft 49 =| dil | : dX) +| an dX,/ 
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= (A) + (B). (34) 
Then from equations (30), (31) and (32) it follows that 


Fara EM — (any t SY Ab BA. ME, TBO — Mn th) 


M (ar), Al Gn) J — © 


x 0 ( % Min) an |p” if FF 139) exp (Gp™ aN) ENN ee | 


K fF 0) SM [ PO), Pom 5 poy, (35) 
where | 
ag” | P| = exp (—iP™ z) (2A, (z) |m), 
au le exp GP Vz) Cm Aske) |2), 
FO? 7) Sexp (—i PMX) C2|T (F ) )) |n’), ci 
f°? @) = exp GPR) n'|T (F(x) # (y)) (2) 
and 
Some ay Pe pm ; ee 
=|. |e" kM dahl de d4r fO (7) a [P™ ]Q, (P™, P™, PO, RI”, kM") 
K exp i(k Ekr) bf (1) (37) 
with 
Po po sa ae WP see, P,@ =Mey—hy, 
Pere Pe ee Pee ny. (38) 


In equation (35) the sum >) means to sum over degenerate states with fixed P’”” 
Mat, M wn) 
A (m)z 
and P® and then to sum over M,,, and M,,. The asymptotic form of exp(ip'’E) at 


a large |2| is given by the formula: 


exp (BZ) ~ (27) |B "Z| OVO) Vn(2O)) 


é|—1/2: G+1)z)}], G9) 


x [exp i([B™ ||] —1/2- G+1)*)} +exp{—7(/B™ 


where 2(v’) is the solid angle of a vector v. If (39) is substituted in (35) and the 


is performed, then we have for a large = 


. . A (mm) 
integration over |P' 


(CON asa 2 ,)C-MS. (Oy: 8S) Ss 
fe (ro, 50) 14 es: (27) Fe saeaos 


x ‘ dk,’ ‘ Rit 0 : ( V Men + (&!)?— M;, nm Mwy aie BS) 


M (mm) 


x [z|t exp i” = MS 1-1/2: G+ D7} @? Yoel (2) {we@on) 
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K aim PO] FO) Fo) 5 omen pe pe) Pe (2pm) ); (40) 
with 


> : ’ ! 
po po — = —M;, ')» fine ra =P oe fae Ne ny — hy ? 


Pm pm — —Me,, Pm=k/,  |B™|= Vv (k!)?—Men- (41) 


The expression (40) arises from the contribution of |p| for which the argument of 

0.(¥Mé,+|p|?—k!) in the integrand of (35) vanishes. In order that this argument 
oe : 

vanishes, &,’ must not be smaller than M,,,. Next performing the &,’-integration, we 


have for large 


fi? Fo, Bo) EM ~ — (2m) 3) Sho (Myn) “* My —hy) BB| 


GE Myrt 4 Gn) FS 
x exp {i(Y (ky)? —Mgy|2| —1/2: G+1)7)} - @7Y54(2@)) 
x Jd2(p™) ayr| P™ yett tro) S =e -Oip Pye : Po iY. e™) ) : (42) 
with the condition (41) and 


k! as =(2Mg,) (M + Mi; (m) — Me }: (43) 


In the expression (42) the prime attached to 4’ means to sum over those restricted 
M,,,, and M,,, which satisfy the condition 


Mw + Mon = M,,. 


This restriction arises from the requirement that the value of &,’, for which the argument 

(VY M2,—Mé)+ (ky’)°—M,, +k,’) vanishes, must not be smaller than M,,,). Those 
states of which the value of M,,, satisfies this condition are restricted to photon states, 
since any difference between two levels of the hydrogen atom, M,,,—M,,,, is smaller 
than the mass of the electron. Furthermore only the contributions from one-photon states 
can give the terms of the order |=|~' at a large |=|, because for many-photon states the 
sum over M,,,, must be in fact replaced by the integration over M,,,. and accordingly 
= 


this integration gives the terms of the order higher than |= 


S$ 


at a large |2|. 

Ae Kiger vil 

In a similar way we have analysed fi" (ro, 20){y' and >} fi (Fo, 20)°™*:, with 
—1 


> 
= 


the result that they are of the order higher than 


~ 
= 
> 


at a large (For n=0 they 
describe a part of the virtual photon clouds surrounding the hydrogen atom in the ground 
state.) Thus we finally get the asymptotic expression, 

“(n) (2 2 CO.M\S, rom 3 \ ‘ ) md 

ta (ro, =0) Benin (27) PS. > > (Mw) "(Mn —Wyren) Maren 


Ik aoe M (n) howe 
polarization 


X [F171 exp {i nrenlZ]—1/2- G+) 7)} (2; 4(2) |d2 (B™) 


Xam[Per] fe Co) Shim PO Died; ey RCO y (44) 


where 
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peat . es Rais 
Pe po yen —Mgr p° By — p< , Peo =Miay — Wrens 
PO P™ cout P (a) —— —1 2 2 (45) 
oe he are 0, 0 =Wrlens Wrlen— (2M 2) (Mi) — May) 0 


The asymptotic expression (44) is composed only of outgoing photon waves leaving the 
hydrogen atom in the lower states. 


oer yizez") 
By noting the relation 


(PING &) f(y) A, (2) 4, (2')) |) 
=(QIT YF) oy) A, () AQ) [P= COIT (YF (2) 4? G)) | P>Dayy (&, 2) 


and by applying the Gell-Mann and Low’s procedure to equation (20), we have 
FY (lyllle ¢) =3} FY Glylllzs 2) (46) 
Picreur., (xl yi \z,.2') (sl), IIT) are given as follows ; 
Fu? Cxlyl lz, 21 =F (xlyl lle, On 
=|. fate" KG, Dir sey) yh tay Az) K (Key ez, yD (ae) 
OMe oe ie Vas Dea Se kr Ax 
Ry (x|y| I]z, 2’) unr 


BAILS (47) 
= =|: atx de" KG, LA OW Sed Rue siren a aay i) 


x Drow A) rete “a ke 2 (x/ly’| | De (48) 
where 


levees tha Pe hn 
Kaokes Vas igs. Fe arr 4 ) 


=. d' x! dq! ie (x’, x/! ; z!!!) NEMO x’) Q, (x, y’ ; x!, y ; z!") 


gh [dy dG EB Gs 5 LSE) Qe RH 5H 52) 
OREN ae SR Ye <i ae (49) 
By using the co-ordinates 
Lay AV eee ees 
eee 2 (A eg Sn ee 1 2" Re) (50) 
Ty =X — Mu 


F{ can be written in the form 


111 y 
FS (elyl|lz 2) exp (PZ) DI fOr & 2 (51) 
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(n) 


. . > 2 M.S. . . 
In a similar manner to f,”, we get for iy (FO, 29, 2/0)" the asymptotic expression at 


large |2| and |2’ 


tg Gro, 2 2 zo, ig) crc i (ro, é Zo 0, Foyn 
On) (StS Os Sh tS) dee ree 
AR 4k M (nes) <M (a) a <M (n) phovor ytons A 


polarization 

X (Wyren 6084) (VY My + Wyren)?— Warren) Warren) May (My — Water) Maren 

% [ZINE 71 exp fi (Mare l2’| —1/2- G7 +1) 7} - exp {i (mw eal? |—1/2- GG +1)2)} 

GY PY (QE) Yun(2 Sr (Pa (PF) Gra) 

Vy (2 Pe yy a Ge (Pe 0 ae LP ee 
Se SOG < OF pork POO. pre 5a) 
where 

Pers me — Min, p@ = =p, Ps) =—M 


(a) Wrre ns 


(m) PQ) — Wn) ai 2 
PS ES =0, Ps # =Wrlens Wilen— = (2M) (MG — Mar) > 


Ch) p@ ha = 2 5 (ntl) __ a (am) Pim) (ntl) / 2 4 
PS es ae Mian, P a (P =f oe Dis P,“ ’= Man ie (Waren) rd 


nilen's 


(mm!) Pow!) — enh) = — 
ia Ire me 0, Py z =Wrttents Wattent =| 2 (Waren cos ye 


+ % : M2, + (Ware Se) ie (Min — Mn) ‘ (35) 
7= (angle between PP” and Pp’). 


a (ro, = 0, zt 2/0) ea 


SS = Sj (m) ryy (OM on AE at) CA ny) 
Dee (OR | ea Ft ae S) (doem) Jaze ) \, dP,™ 
Sik SR My yy <M (Gy) polavizations « 


% PA (My — Py — Py")! (My — Py +P, cos 7) Py 
JE] 1E"|7* exp (i (P, 


E|—1/2- (j+1)z}exp {i(P,™|2/| —1/2- (7 41) 2) 
X DPE Y, (2) Vy (2 EY) a [PO] ale Pm] Fm) Go) 
x Ya (BM) ) Vy ap (2 (BON) ) Serine’ nil pela pind) pie per (54) 


where 


(nlmmten)| Plat) (wm) u 
AS [I " , Pw K po ) We hic 


=| |dirdird'k® di k® pues (r) rl po |ag”| P? } -exp i(k 7 +k 7) \ 


Maples, po, po Pp, k™ aad Sa Cs (55) 


Ryo (x, y x y 3% 2’) —) (zr) = atk. di 1 k® go 4 (RD +. p°) +h) — k) 
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X Reo (R, +, R exp {ih X +R tRPL—kYX FRM ERM 2) I, (56) 


and 


nm!) p(n!) __ 2 7 (nl) Fy (mr) 5 (al fy ee. 7 m 
Pe Ig =—Men, pr fag (Pp ae es peed Ma Ne lg oO 


0 


ad ie Pr — 0, Ae) = [2 (Mn) a Pee ar Bo cos ”) lee 
x (My) — Mi, — 2PM), (57) 
ieee (angle between p? and po”) ; 


Thus f,1? (ro, 20, ’0)°™* are also composed only of outgoing photon waves leaving the 
hydrogen atom in the lower states. 

3) We can continue such an analysis to the two-particle amplitudes associated with 
more and more photon co-ordinates F({"). (x|y|||z, 2’, z’-:-), with the consequence that 
they also contain only outgoing photon waves and no ingoing photon wave at large dis- 
tances. It is essential here that they contain no incident wave, while the appearance of 
outgoing waves is natural since we are dealing with causal functions. Such a consequence, 
however, contradicts with the fact that those states we have considered are stationary 
states. This contradiction originates from the assumption (A) taken at the biginning of 
this section. In fact, if we abandon this assumption, (A), at the outset we have only 
an identity 0=O instead of (23), (46) and so forth, and have no contradiction. Thus 
we are led to the conclusion that the Bethe-Salpeter equation in its strict sense is unable 


to give any higher excited level of the hydrogen atom. 


34. Approximation 


Since it is very difficult in practice to solve the Bethe-Salpeter equation (6) exactly, 


A : Y 5)6)7)16)17 
its approximate equation has been treated by many authors.”)”))!"” 


Such an approximate 
equation may give the corresponding approximate excited levels in spite of the conclusion 
stated above. In this section it is shown that the coefficients of the asymptotic forms, 
(44), (52), (53), etc., when such an approximate two-particle amplitude given by such 
approximate equation are substituted in them, give an approximate knowledge on the 
spontaneous optical transition probabilities. 

As an example we consider the ladder approximation and then take the limit of the 


proton mass M,->0o. In the ladder approximation equation (6) is reduced to 


. (0) (0) _ ’ : 
1m © (x|y| | » (ladder) =1%»\| dex! d‘y’ Sy (x, ) Sf (y, y’) nn ge Cay, Di ) jah ; (x! | y | | |) (ladder) + 


(58) 


. . 5 
Furthermore in the limit M,—>co we may, according to Hayashi and Munakata”’, put 


‘ie wy (x|y| | 1) eae ) =O (x) g? (y) ° (59) 
Myr 


Then yg (x) satisfies the equation 
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0 (2) = ef ta'S5 (a, XV 7EAP GW), (60) 

where 
AP (x) =i|d"yDp(x, )j2 (9), (61) 
jP O) =i? ree"). (62) 


In the limit of M,—<o, we may take the static approximation to 
js) =i4,0G), 7) =0. (63) 
Then it follows that 
A, (x) =in./ (47|%|), A(x) =0 (64) 


and g(x) is an eigen-solution of the Dirac equation of the electron in the Coulomb 
field (64). Now let us consider the coefficients S| P"?, P’”? ; P| in the expression 
(44). It is easily shown from (32) and (37) that 


(27) 494 (p™ + pe i PO) Stato) PO? pm : pe) 
=|. fate--d*2Fe” (ayl ||) (ml, (2) |2Q)Q. % 93% 93 DE ™ (xly||I) 


=f, (65) 
Here Q, is the function defined by (19). The lowest approximation of Q. is given by 


(0) wo) 


Qu (x, ¥ 3% 95 Z) cowest) = He M9 (X—z) O(¥—y)7ES8 (x, x) TTP De (x, y) 
(0) (0) 
eM Ox z) 0 (Sx) PP SEY ree Dax, wy) 
=O (2, 43% V3 z) (lowest) = Q? (x, y >*%, 5 2) (lowest) * (66) 


Accordingly we get for the lowest approximation of S 
Sematen a | \a'x d'z F ie (x|¥| | | ) (ladder) a” (z) 


x Q., (x, y 3 x, y) ; z) fgwastye ~ (x|y| | |) (ladder) » 


where 
are (z) = ‘ Pr rwn| A, (z) | ?,». (67) 


In the limit of M,->co we may neglect the contribution from Q!qoyest). Then we have 


S (oan =|- feta dF” GPIIN) caaery A (0) 
My 


M,,> 0 i 
Pp ¥ v yr eo 


x Qu (x, y 9% V5 z) tineraun ie (x|y| | |) (iadder : (68) 
My 


pre 
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By virtue of (59), (62), (61) and (60) the expression (68) can be simplified as 
follows : 


2 ery, i. oa (0) 
S ( ladder\ — —ne| \d'xd'x'g n') (x ya” CO» aCe x) ee A®) (x) g™ (x) 


Mypy?o 
— ne d's' po (x’) a” (x’) neem (x’) 7 (69) 


This expession (69) is just the matrix element of the spontaneous optical transition from 
the level (n) to the lower level (n’) in the ordinary treatment. 

Thus we can read the asymptotic expression (44) of Fi" (x|y|||) as follows: It is 
the sum of terms, each of which is a product of a two-particle amplitude f”, an outgoing 
photon wave ai”? emitted on the occasion of the transition from the level (n) to a 
lower level (n’) and the matrix element S’”*” of such a spontaneous emission. We 
can read the asymptotic expression of Ff? (x|y|||z, 2’) also in a similar fashion. It is 
composed of two terms of different types, (52) and (54). First the expression (52) 
corresponds to the transitions in which two photons are emitted stepwise on the occasion 
of the transition of the hydrogen atom from the level (n) through an intermediate level 
(n') to a lower level (n’’). On the other hand the expression (54) corresponds to the 
transitions in which two photons are emitted at one act! on the occasion of the transition 
of the hydrogen atom from the level (n) to a lower level (n') without passing through 
any intermediate level. Smm'<” is the matrix element of such a transition. 


§5. Concluding remarks 


1) The level shift and the life of the excited level 

From the preceding arguments, especially from (24), (44), (65), (47),9 (52) 8 G8), 
(55) and (56), we can see that the function Q, (x, 93% 3%) Plays the role of the 
interaction between the hydrogen atom and a photon, Ry (93%, 93% @) plays the role 
of the direct interaction between the hydrogen atom and two photons, and so forth. 


Accordingly we can calculate the “ self-energy of the hydrogen atom” dE, by the 


expression 


0 (P®” =p) AE wy 
2 a |. fdtendte Fe CzIFI||) Qu & 75% 75D Daw @ 2”) 
XK Oy 32, VV 5%, YEO TID 
+f faten-dte"FO? GID Qu 75% 75 DP awl 2 
YES yf > x’, y’) QO, (x',y" 3 ce y! 5 Z)K (x, y/ ; ty rie) Qa(x"s yl! > de y'") 
X Dass (Zi, ZY RAK TS af! : eu yl") Q. (el y" ; xis wf" ; zi!) Fw Ca a ||) 
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-+ . fata dte"” F (xly| ||) Q, (x, y 5 x, y 3 Zz) Drgts zi’) 


, = = = Pf 2 aap ee 3 

K(x, 935 1) Ov es FOR 5x PO, 77 52, 32) 
: yt 

BOD we (z', gill!) K (xt, yl! ; xi! yl") Oat”, je ; yitt yt ; zitl) Fw (x!”"|y / ||) 


r-* | [dix dg" FO (x|¥| ||) Ruy (x, yy 5 Xx, je 3% gw) Dro (2% Fig tN en (25 gy 


K(x 95.2 P) Rr Rs Hs 9925 UV E™ (ely) 
pe acty (70) 


The level shift and the life of the approximate level (n) are given by the real and 
imaginary parts of JE,,) respectively. This problem will be discussed more fully elsewhere. 

2)  Heisenberg’s theory 

Recently Heisenberg" has proposed an interesting attempt in which various elementay, 
particles including a photon are derived from a single primary interaction of Reps EYPS 
by a new quantization method of non-linear field. This theory involves many interesting 
ideas on the structure of various interactions of elementary particles, though it is question- 
able whether the mathematical scheme of the theory has inner consistency.”’ In this 
theory mass spectra of elementary particles are determined from Bethe-Salpeter type 
equations which can be obtained in the “ N-approximation”’, a sort of a modified Tamm- 
Dancoff approximation. If viewed from our present understanding, higher mass levels thus 
obtained must correspond, unless forbidden by selection rules, to unstable excited particles 
which decay into lighter ones. The structure of decay interactions in Heisenberg’s theory 


may be able to be treated along the line of the thought described in the present paper. 
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Electric quadrupole moment of the deuteron is calculated by the formalism proposed in the first 
paper”) of this series and with the meson theoretical wave function of the deuteron. The result ob- 
tained agrees with the experimental evidence within the inevitable ambiguity involved in the present 
meson theory. The mesonic correction part of the quantity is found to be essentially due to the recoil 
effect, and therefore the calculated value is 1eliable only in a qualitative sense. However, the numerical 
calculation shows that this part amounts to only a few percent of the total value. This seems to be 
a further support to the discussions of Iwadare et al.) on the applicability of the mcson theory of 
the nuclear force in the low energy region. 


Sl. Tatroduction 


Recently, Fukuda, Sawada, and Taketani,” and Sato and the present author’) have 
pointed out the importance of the normalization condition for the wave function in the 
meson theoretical treatment of the two-nucleon problems. For example, when one investi- 
gates the problem using the Tamm-Dancoff amplitudes, he must modify the customary 
formalism so as to take account of the normalization condition. In the calculation of 
the nuclear potential operator, etc., such a modification yields a new multiplicative factor 
corresponding to the dissociation of the constituent nucleons into the bare ones and the 
meson cloud. The nuclear potential operator based on such an idea (F-S-T potential) 
has already been derived.” In the paper I, Sato and the present author have also consi- 
dered the interaction of the deuteron with the external electromagnetic field along the 
same idea and given the formulas for the magnetic dipole and the electric quadrupole 
moments of the deuteron. According to these formulas, the deuteron moments are given 
as the sum of the “customary”? and the ‘‘ mesonic correction” parts. The latter part of 
the quadrupole moment has been calculated in that paper using the T-D amplitudes 
as the correction to the value given by Brueckner and Watson." However, those calcula 
tions were carried out taking into account only the S-state contribution, since the reliable 
information on the D-state amplitude of the deuteron was not available in those days. 
Therefore, the calculated value of the paper I cannot be taken seriously, but only as an 
example of the calculation. But the further developments have since been achieved in the 
domain of the meson theoretical analysis of the two-nucleon problems in the low energy 
region and nowadays it seems possible to draw out rather concrete information on the 
quadrupole moment of the deuteron from the meson theory. 


In connection with the motivation of this research, we want further to notice the 
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following situation. In spite of the various defects of the present meson theory, it can 
also be expected for several reasons that this is still useful for certain problems. In fact, 
it proves to be sufficiently useful for the two-nucleon problems in the low energy region. 
It has been pointed. out by Iwadare et al.” that if the hard core in the nuclear potential 
is assumed at /r~0.2 and if the coupling constant is chosen as fi /47~ 0.08, the nuclear 
force derived from the meson theory is capable to explain the features of the various ex- 
periments on the low energy nucleon-nucleon collisions, or, at least, any fact which seems 
to be inconsistent with the meson theoretical nuclear force has not yet been found ex- 
perimentally in this energy region. Especially, they have shown that the numerical solu- 
tion for the deuteron wave function can actually be constructed in this case and it leads 
to the quadrupole moment value which agrees excellently with the experimental deta. 
However, it must be noticed here that, in their calculation of the quadrupole moment, 
the customary formula has been used so that the “ mesonic correction ” part was entirely 
omitted. Thus, the smallness of the latter part is necessary for the validity of theit 
conclusions on the usefulness of the meson theoretical nuclear force. 

On such a stand-point we calculate, in the present paper, the mesonic correction part 
of the quadrupole moment of the deuteron using the wave function of Iwadare et. al.. 
As will be shown later, the mesonic correction part is essentially due to the recoil effect, 
so the result cannot be reliable in its quantitative details. However, the result of the 
calculation seems to show, at least, that the mesonic correction part is very small (only 
a few percent of the “customary” part) and accordingly it supports the conclusions of 
Iwadare et al. 

In the paper I, there have been derived two equivalent formulas for the energy shift 


€, of the deuteron due to the external electromagnetic field, namely, 


= (Yo U %)/ Yo P Yo), (I-2.10) 
and 

eG ela UEP GAG) (z2= 16) 
with 

Po=P™ Yo 


In these two formulas, 7, and ¢, have quite different physical contents: 7, is the T-D 
amplitude corresponding to the (unphysical) state where only two bare nucleons exist and. 
is not normalized to unity, while ¢, is normalized to unity and can be properly interpret- 


ed as the wave function. Thus, the quantity 


Ceo (Or ao) 


is the probability for finding only two bare nucleons in the physical cokers le) state 
described by %. Since the aim of the’ calculation in I was to obtain the correction to 
the value of Brueckner and Watson for the quadrupole moment, the formula (I-2-10) 
[with the amplitude of B-W substituted for y,| has been used ete maa in the 
present paper we treat the wave function corresponding to F-S-T potential, hence we 
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must do with ¢,, and therefore the formula (I-2.13). 

In the following sections, we shall present the outline of the calculations and their 
results (§ 2) and several comments on our subject (§ 3). Notations are the same as in 
the papers I and/or ref. 5), in which the reader will find also the details of the 


derivation and the calculations of the basic equations (10)~(13) of the present 


paper. 


§2. Outline of the calculations and their results 


When an external electromagnetic field acts on our system, the Schroedinger equation 


to be considered is 
(«e—K—H,— H— He) ¥ =0, (1) 


where € and H, are the energy eigenvalue of the system and the Hamiltonian of the 
free pion field, respectively. As for the interaction Hamiltonian He between the system 
and the external field, it is sufficient for our purpose to take only the one between the 
nucleons and the electromagnetic field, and treat both of the proton and the neutron as 
the particles possessing the electric charge e/2"”. On reducing the Hamiltonian to the 
non-relativistic form by the Tani-Foldy transformations, we get the following expressions 
for the interaction Hamiltonian H between the nucleons and the pion field and the 


kinetic energy operator K of the nucleons : 


H=H,+ H,+H, (2) 

and 
K= (p> +p) /2M= (P*/4M) + (p?/M), (3) 

where 

He=— (F/I. 0 90), (4) 
H,=—(1/2M) (f/1) S.{(p-5), (0D), (5) 

and 
A= (1/2M) (f/#) "2m (r,)*. (6) 


For the calculation of the quadrupole moment, an inhomogeneous electric field is intro- 


duced as the external one, so that 


He= — (ea/4) (3r2—r’), (7) 
where r is the relative coordinate vector between two nucleons. 

From the results of many investigations on the pion-nucleon problems, it seems now 
reasonable to introduce the extended model for the nucleon as the substitute for the 
various unknown effects such as those of the new unstable particles, etc. As the most 
reasonable model we choose here the source function of Gaussian type which has also 


been adopted in the derivation of the F-S-T potential by Inoue et al.” That is, in 
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the actual calculations, we introduce the following cut-off factor C(k) [in the momentum 


representation] into the interaction Hamiltonian H between the nucleons and the pion 
field : 
C (k) = exp ( a Lied apts ) > Roe = 6/. (8) 


Let us assume that, corresponding to eq. (1), the Schroedinger equation for our 
system in absence of the external field is 
(€,—K—H,—H)¥,=0, | (9) 


then the energy shift €, of our system due to the external field is given by” 


€;=€—€)= (%, | etl ty OAM ce Lo) (10) 
where ¢, is the correctly normalized wave function of our system (deuteron) in the case 


of no external field. The operators P and U are respectively given by 
P—2b*(¢,)b(€,) > (11) 
and 
Ule= = b* (e,) Heb (<,) > (12) 
where the notation < > means the expectation value in the meson vacuum, and 
6(€,) =[1— (€, -H,—K) “"(1—v) H}"’," G3) 


v denoting the projection operator to the meson vacuum. The conventional formula for 
the quadrupole moment of the deuteron, 


One (2) v2 /10)| "2? uwdx — (1/20) |" w dx], (14) 


_ corresponds to eq. (10) with its right-hand side replaced by 
(Po, He $0). (14°) 


(14) is the equation derived by taking into account merely the existence of the D-state 
admixture in the deuteron ground state, and the difference between (10) and (14’) can 
be interpreted as the mesonic correction. 

Now, it can easily be seen that this mesonic correction part is essentially due to the 
recoil effect: When the recoils of the nucleons are entirely neglected, H reduces to H, 
only and also K is omitted. Therefore, 6(€,) becomes commutable with He and thus 


U= He P=P He*” 1) e= (0, He’ ¢,) 


That is, in the static approximation, the mesonic correction to the quadrupole moment 


vanishes independently of the power series expansion in the coupling constant. * 


*) For the case of the magnetic moment, this does not generally hold, since He is then spin-dependent. 
Thus, also in the static approximation, the spin-flip effects still remain. However, in the approximation, 
where the fourth and higher order terms in the coupling constant are neglected, the static approximation 
yields eventually the vanishing correction to the magnetic moment. At any rate, the mesonic correction parts 
are due to the higher order and/or the recoil effects. 
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Because of such a circumstance, it is not permitted to neglect entirely the recoils of 
the nucleons in our calculation. In this paper, following I, we shall regard the order of 
the magnitude of K as corresponding to f* and therefore H, and H,, to f oad ey ere 
pectively. In the actual calculations, we shall expand U and P up to the terms whose 
orders of magnitudes are regarded, in such a sense, as corresponding to ef' and f', res- 
pectively*’. 

Though the operators U and P do not involve any divergences owing to the intro- 
duction of the cut-off factor C(k), it would be yet reasonable to perform the renormaliza- 
tion procedures. In this paper, we shall follow the prescription proposed in the papers 
brand tet:m oo. 

The calculations are quite straightforward. The expression for P has already been 


given in ref. 4). The resulting form of U ‘is 
U= (172) 4 he Py =U; ({hietri—o' 7, (15) 
and therefore, we get for the quadrupole moment Q of the deuteron 


Q=Q 72 (16) 

with 
Qo= — (1/ea) (Go, He $0) (17) 

and 
Oj; Sea) (ere Onee elke (18) 


The operator Po!” U, P~'” is calculated by the method of the paper I, and the expres- 
sion of U, will be given in Appendix. 
According to ref. 2), the numerical wave function of Iwadare et al. (which corres- 


ponds to the F-S-T potential) can be excellently approximated by the functions 


u=1.039 exp (— 0.328 x) —1.392 exp (—2-360 x), 
w= 0.02624 {1+3/(0.328 x) +3/(0.328 x)*} exp (—0.328 x) 

— (1.298/x*) exp (— 0.962 x) for the region x1 (19) 
the quadratic functions which join smoothly to the ones given above at x=1, and 


vanish at x=0.2 for the region 0.2 <x <1. (x=p\r|) 


*) There would be another method of approximation where, for example, the operators are expanded 
fust up to the terms of the second order in the coupling constant, and next up to the first order in »/M. 
However, this approximation method also yields almost the same numerical result as ours. The formulas 
(15) and (A-1) of the present paper still hold formally for this case. 


**) Provided it concerns only the renormalization of the coupling constant, the prescription (1+ 24— P,/) x 


f’=f,° of the paper I is effectively the same as that of Chew®). Also, it must be noticed that the mass 
renormalization procedure of I has no effect on the present problem. However, as a whole, these two me- 
thods are slightly different from each other, and the method of Chew leads to Q\~3 x 10-°9 
(21) of the text. But, such a small difference between the results of these two meth 
for the present problem, and our conclusion is unaltered at all. 


cm” instead of 
ods is quite unimfortant 


Electromagnetic Properties of Deuteron, II 85 


Here, u and w are the S- and D-radial parts, respectively : 


Py (%) = A/V’ 4m ) (1/x)[u(x) + 1/8) Sis (x) V1, (20) 


%u being the spin function. This is normalized to unity within an error of the order 


< 1%, and leads to 
Qo 2.70 X 107** cm’. 
(The normalization integral 


J] eo (x) |* dx 
is somewhat larger than unity.) We use this analytic forrn for the wave function 


and obtain the following result : 


Qiw~4 X 107” cm’. (21) 


‘ 


“e ° . > 
Thus, the “ mesonic correction” part, Q,, amounts to only a few percent of the “ custo- 


mary’ part, Q. 
§ 3. Discussions 


First, we should notice the difference of the T-D amplitude and the wave function in 
the usual sense. As F-S-T® have pointed out, the ‘‘ potential operator” term in the 
Schroedinger equation for the T-D amplitude 7, in eq. (I-2-10) is not guaranteed to 
be hermitian, while this is the case for @. Hence, it is not reasonable to substitute 
the usually accepted wave function for the T-D amplitude 7). When the calculation is 
carried out aiming to test the meson theoretical wave function corresponding to F-S-T 
potential or the phenomenological one corresponding to the hermitian nuclear potential 
(in its proper meaning), not the quantity 7, but ¢y, must be used for the sake of con- 
sistency. 

Next, we have seen that the mesonic correction part Q, of the quadrupole moment 
is essentially the recoil correction. In the problem of the recoil effect, the behavior of 
the meson cloud, etc., near the nucleon core plays an important role, which cannot yet 
be treated properly by the present meson theory. As for the nuclear potential or the 
wave function, no device is known more reasonable than representing phenomenologically 
the behavior at small distances by the hypothetical hard core, while, in the strict sense, 
the calculated operators such as dissociation probability, etc., are valid only for x >0.5~ 
0.7. Therefore, we cannot assert the quantitative validity of our result for Q,. However, 
in so far as it concerns a subject such as the quadrupole moment in which the effects 
from comparatively large distances would contribute to a tolerable extent, our calculation 
would be useful for the qualitative discussions or estimation of the order of magnitude 
of the quantity in question. Hence, our very small value for Q, would be satisfactory 


in the sense that it supports the validity of the analysis in ref. 2) on the usefulness 


of the meson theoretical nuclear potential in the low energy region. 
For checking of the meson theory of nuclear force, it would also be interesting to 
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investigate the magnetic moment of the deuteron. Thus far, the D-state probability pp 
of the deuteron ground state was taken to be about 4%. This value is, however, the 
one derived to explain the magnetic moment anomaly of the deuteron by supposing it 
entirely due to the existence of the D-state admixture. Therefore, it cannot be taken 
seriously and would change to a certain extent by introducing the mesonic correction term. 
For example, in the wave function of Iwadare et al.”’, py is 6.4% and this of course does not 
necessarily mean the break-down of their wave function. For completeness, it is necessary to 
test whether or not their wave function gives the correct value for the deuteron magnetic 
moment. However, since the considerably large part of the magnetic moment would be 
affected by the behavior of the wave function at small distances, the situation is much 
more complicated and ambiguous than in the case of the quadrupole moment. It would 
be impossible or insignificant even to estimate the order of magnitude of the magnetic 
moment at the present stage of the meson theory, and accordingly we did not touch 
upon this problem. 

The problem on the magnetic dipole arid electric quadrupole moments of the deuteron 


7) .9) ,10) ,11) 


has been investigated by several authors. Among them, the works by Deser and 
Villars” will not be mentioned here, since they have already been criticized in the paper 
I. Sugawara" has investigated the magnetic moment using the T—D amplitude and con- 
cluded that the D-state probability of the deuteron ground state is less than 420. However, 
for the reasons mentioned above, his conclusion can hardly be accepted. The present 
meson theory is too helpless about the small distance effects to draw out the reliable 
conclusions for such a delicate problem. Furthermore, it should be noted that he has 
used the phenomenological wave function for the T-D amplitude. Hence, even if this 
were eventually to be permitted, the quantity calculated by him is the D-state probability 
of the T—D amplitude, which is never the same as that of the proper wave function. 


) 


In the paper of Sessler" 


, the quadrupole moment is calculated up to the second order by 
means of the various meson theories and using the T-D amplitude. However, he has 
taken the conventional expression (14) for the quadrupole moment as corresponding to 
(7%, He 7) in our notations, and thus substituted the usual wave function for Yo teeSuch 
an interpretation of Q, would be inconsistent in the connection of the meson theoretical 
wave function with the phenomenological one for the reasons mentioned in the beginn- 
ing of this section. 

It would be interesting to take account of the effects of the new unstable particles, 
such as K-mesons, to the quadrupole moment. However, in the present paper, we have 
supposed that these virtual effects are included phenomenologically in the hard core and 


the source function (cut-off factor inserted to the interaction Hamiltonian) , and have not 
explicitly considered them. 


The author wishes to express his cordial thanks to Professor K. Nakabayasi for his 
kind interest shown to this work, and to Professor I. Sato for his discussions all over 


) Because of such an interpretation of Qo[Qpren in his notation], his definition of the “correction ” 
to the quadrupole moment is different from ours. 


' This is the reason for that, in spite of the static approxi- 
mation, his “ correction’? did not vanish. 
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this research. The author is also indebted very much to Drs. S. Otsuki, W. Watari 
J. Iwadare, and R. Tamagaki as for the wave function of the deuteron, and to Dee 
S. Machida and Mr. K. Inoue for sending to him the numerical tables of the operator 
P\|(P, J* JP.) in ref. 4) |, which was used in the numerical computations of this paper. 


Appendix 
U, in eq. (15) of the text is given by 
U,=|[ (37,?—r’) /r? | (4/2M) (ea/p") (f?/4%) (41° Te) 
x1 G,:95) {O/) fut G7?) Ga— 3/) fish 
+ {(G,-r) (6,-r) /r*} (9/2) fis— (9/) Goi— (4/9) fea F Gash | 
— (p/2M) (ea/p?) (fP/47) (TT) {(O1-17) (Fy-r) /r*} 
sans) fe B/*) ga Ge fa} Bree) 
= 19es— (1/%) fist | 
+ (4/4M) (eae/p2) (f2/42) (41-72) [(G1-4) o2./|r| + (6o-7) o1./|F |] 
x Gr,/|r|) [24/9 fat 3/2) 9— B/*) fia} —{9ee—- /O fix} |, (AD) 


with 
fins) = (2/n) eo { ce SP ETI cre) 
Jo (P+ yey”? 
and (AP2) 
Pelt aap cose RT| a ae 
dyn () = (2/7) # | gp cosckinl apy 
See eas © 


As the spin factor in the last term of eq. (A-1) is commutable with (6,-6,), the exis- 
tence of such a term does not» cause any difficulty in rationalizing” the operator Pa 
Trtthe-tase of absence of the cut-off factor [ie., the casetC (f) =1], this last term vani 


shes identically and the second term reduces to 
(4/2M) (ear/p2) (f2/48) (BrP) /?} (41°F) 
x [(G,-r) (y-r)/r?] {Jo—- A/9 fist » 
with the factors C(k) in Yo and fi, replaced by unity. 


U, involves only the functions ipgA DAG fn with even m. |P does involve those with 


odd m.|] These functions with even m can be obtained by adequate differentiations of 


the formula 


(= exp (—R/keax) dh= (VF /2/2) exp (2/bnac) 
0 Re ye 


x | exp (—pr) | exp (—v*) dv +exp (7) | exp (—v") do | ; (A- 3) 
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with 

EL Rts) 2 Ake eae 
and 

B= (4k) + Ce) tee 
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The decay events K,,3 and K,'s are investigated using the Lorentz invariance requirements as 
the restriction for the transition matrix, assuming that the weak Fermi interactions are participating 
in the decays. Fermi interaction concerned here is that realized among A(S), N, uw(e) and v. The 
study of the experimental data in the light of the present analysis shows that K,3 seems to have spin 
0 and the tensor type of Fermi interaction is necessary, while for K,3 we can not draw any definite 
conclusion at present. 


S 1. Tatroduction 


Amongst the newly discovered particles, there is a group of particles characterized 
as K-particles. These particles have peculiar common features; i.e., their masses and 
life-times are almost equal to each other. Nothing is known of their genealogy, for 
example it is not known which of these particles are indeed identical. Hence it would 
be necessary to systematize the K-particles in order to go further investigation of the 
new particles. 

The K-particles have a colorful variety of decay modes, and moreover some of them 
decay into leptons. They are christened according to each decay mode, but it is im- 
probable that there exist so many different particles as decay modes. It may be more 
reasonable, considering the observed equality of K-particles in life-time and mass, to think 
that only one or two different particles exist and that they decay in various ways. 

As to the weak decay interaction there have been observed several weak interactions, 
some of which possess a universal character to some extent.?”? They are phenomeno- 
logically termed weak Fermi interaction, weak Boson-Fermion interaction and weak Boson- 
Boson interaction. A definite conclusion has not yet been reached concerning which is 
the primary interaction in these weak interactions, or whether all or some of them coexist 
in nature as primary interactions.” Yet the weak Fermi interaction is the most promising 
one if we aim at a unified description of the weak interactions in terms of only one 


° . 5) 6 
interaction.” 


* Now at Department of Physics, California Institute of Technology, Pasadena, California, U.S.A. 
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For exploring the mutual relations among various K-particles, and also for the 
investigation of the whole scheme of the interaction of the elementary particles, it is important 
to determine the spin, parity and other attributes of each K-particle and to make clear 
the interaction of these K-particles. 

As for the spins and parities of the K-particles it is supposed at present that those 
of the z-meson are 07 or 2°,’ 0” being more likely than 27, and those of 4” particle 
are probably 0* but could be 1°.” As to other K-particles (K,., K,., and K,.) no 
attempts to examine their spins or parities have been presented so far. 

For the purpose of the spin and parity determination it may be desirable to use only 
kinematics in the Lorentz space and/or the isobaric spin space irrespective of the details 
of the dynamics. The investigation of the properties of K-particles through the strong 
interactions seems not so fruitful at present, partly because of the scantiness of experi- 
ments and partly because of the difficulties in the treatment of the strong interaction. 
Rather there happen the cases in which the study of weak interactions are suitable for 
such purpose. The study of weak interactions themselves is also a task which remains 
to be done. In the investigation of the interactions, weak or strong, it is desirable to 
use only the well established frameworks such as the Lorentz invariance requirement. 
This is just the way taken by Dalitz” in his analysis of 7(— 37). 

However, the Lorentz invariance requirements are generally not so restrictive for the 
determination of the interaction, and some view points or some models of the interaction 
are required to make the complicated situations simpler. 

We show in this paper that it is possible to obtain some information about spins 
and decay interactions of K,, and K,, by an analysis using the Lorentz invariance re- 
quirements under the assumption of primary Fermi interaction* for the decay interaction. 
K,., and K,, have been left untouched up to now, while the investigation of K,. and 
K,, might give the clues to surmount the present Nishijima, Gell-Mann and Pais'” 
scheme of elementary particles which does not include the lepton family.'” 

We investigate in the following the decay of K,, and K,, through the energy 
spectra of their charged secondaries. We can reasonably assume the decay modes: K,,. 
>ptv+n™ and K..>ety+n" for K,., and K,. respectively. Our interest here is 
in their spins and types of interactions participating in the decays. 

The starting-points which we take in this analysis are summarized as: 

(1) We use only the Lorentz invariance requirements as the restriction for the 
transition matrix (and gauge invariance if necessary). 

(II) For the decay modes of K,;, and K,,; we assume K,.—>f+v+7° and K,, 
—>e+v-+z7" respectively. 

(II) Regarding the mechanism of the decay we take the standpoint of the weak 


Fermi interaction,* that is, K-particles decay via baryon loops by the weak Fermi interaction 


(See Fig. 1). 


a ; : fig ‘ 
From the standpoint of the primary Fermi interaction for the decay, a particle decays by the coope- 
ration of strong interactions and weak Fermi interaction which acts once for all. 
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A(D) Pp H(e) 


K 

1 re 7° 
Fig. la. The diagram for the decay of Fig. 1b. One of the higher order corrections 
K,, (e)3. Fermi interaction is acting at O. which are omitted in the present considera- 


tion. The waved line denotes the photon. 


Under the above three assumptions we intend to decide the types of the interactions 
at point O in Fig. 1 as well as the spins of the K-particles by computing the energy 
spectra of the secondary particles. (The present analysis gives no information about the 
parity of the K-particles owing to the vanishingly small mass of the neutrino.) In 
the next section we derive the transition matrix for the decay process by using only the 
Lorentz invariance requirements, and in section 3 we give the energy spectra of the secondary 
particles calculated with the matrix elements given in section 2. Section 4 is devoted 
to discussions of the experimental results in the light of the present analysis. In section 


5 we examine the validity of our analysis developed in this paper. 


§ 2. Derivation of matrix elements 


In this section we construct the transition matrix for the decay process K,(@;—> 
p(e) +y-+7° depicted in Fig. 1. In general the transition matrix for this process can be 


written with the covariance requirements as 
M= (27)*0'(k—p—q—1) 9" (p) 0,9" (q) O* D P(k) AM, (1) 


where @,(k), ”(p), #”(q) and @(/) are the wave functions of K-meson, muon (electron) , 
neutrino, and pion respectively. The O,’s are expressed in terms of ordinary Dirac 
matrices. Here the A‘’s are certain functions of the four-momenta p, g and k with 
appropriate transformation property depending on the matrices O,;'s and the types of wave 
functions of the fields under consideration. The 4’””’s are the contribution from all the 
possible virtual states. We use the Fermi interaction to restrict the form of A. Then 
the four-momenta p and q of muon (electron) and neutrino appear in A, only in the 
combination p+q if we omit the contribution from some types of higher order radiative 
corrections such as shown in Fig. 1b, which gives small correction at least of the order of 
(e?/bc=1/137), since there is no strong interaction for the lepton family. 

For the expression A we can write as follows, taking O,=7;7, for the vector K— 


meson as an example : 
Se pa ree Fie px 
AD A IA pag) t 
r r(PVyt 
=Kp apy FTO + Ky PO a (2) 


In equation (2), the F >; must be the scalar functions of the four-momenta p, q, and k, and 


92 S. Furuichi, T. Kodama, S. Ogawa, Y. Sugahara, A. Wakasa and M. Yonezawa 


we call them effective coupling constants. They may be written as 
Fat (k,(p+q)./M)b+ > (3) 


where a, 6,--- are constants, and M is the baryon mass which appears in the Feynman 
diagram of decay via baryon loops. 

In the following calculations we approximate the expression (2) by taking only the 
terms of the lowest order in the momenta. This involves two kinds of approximation. 

a) F is approximated by a constant. 

b) When K, and K,’ depend on momenta in different manners, and K,, is of lower 
order in momenta than K,’, only K, is retained. About the validity of these approxima- 
tions we shall discuss in section 5, so we merely note that our interest in this analysis 
is not the absolute value of the matrix elements, but the energy distribution of the 
secondary particles, and this fact must always be kept in mind in discussing the validity 
of our analysis. In Table I we list the possible forms of K,F° which are of the lowest 
orders in the four momenta p, g and k, assuming spin 0 and 1 for the K-particles. We 
omit the possibility of higher spins for K-particle from our aesthetics on nature,* although 


some comments will be given in section 5. 


Table I. Possible form of K,, F“ 


TypeofFermi | = hae. oe, PS 
int. (O;) 
SC) V(r) ERG oe A(rs7 P( rs 
Type of tek TuTv) isan) | (75) 
K-meson © : a a 
s forbidden | forbidden | ky (p+q).F ne eetaviie bomen 
— _ | = = —- | - | — 
; | € ku (p+ 3 ra) | ; 
V forbidden pe, ; Dv b. Rrebsi Fria’ | dyy Fr ™ (ptgoypFIO 
= : sf oe r, | air 
ey iM uv ; PRD) an as ; 
S(S k, FPs(v) "y 5 va 
PS EONS) (p+q), FPS(V)! } k, (p+q), FPSM forbidden forbidden 
q 
: | 


\ 3. Energy spectrum of the secondary particles 


Throughout this paper we use the units b=c=1. The transition probability per 


unit energy range is easily obtained from the matrix elements by the well-known formula, 
P(E)dE=|M,,|"¢(E), 


where “(E) is the final state density. In this section we give the expressions for the 
energy spectrum calculated by the matrix elements in the preceding section. Generally 


A ; : 

If we made a substantial consideration about the structure of the K-particles such as composite model,!*) 
. : ’ 
it Boule appear to be unphysical that the K-particle with higher spin exists more stably than the one with 0 
or 1 spin, and there is a report’) which does not favor higher spin for K-particle. 
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speaking, the transition matrix may be a linear combination of the various terms tabulated 
in Table I, but for the convenience of analysis we give the spectrum for each of the 
terms in Teble I. The spectra are given for scalar and vector K-meson. The pseudo- 
scalar and pseudovector K-meson give the seme spectra. as those of scalar K and the vector 
K respectively, but the types of the Fermi interaction must be altered to the correspond- 
ing allowed types, and also a similar situation occurs if we take the parity of the muon 
(electron) opposite to that of the neutrino. 
The calculated spectra are : 


for scelar K-meson, 
PS (E) = (FS“"/167°) m,(m,1,—I,) W—E)? 
P&A) (BE) = (FS4"/167°) m3 { — (m,—2E) +1} (W—E)? 
PSOE) = (FO? /162°) m,m,? (m,1,—1,) W —E)* 
PRE a= (FP /1 62) men, LW —E)* 
—m,,{m,(W +E) —2m,2\ 1,(W —E)® 


(4) 


+m, {2EW —E?—m,°\ I,(W —E)?— (E?—m,?) I,(W—E)*] / , 
and for vector K-meson, 
PY (E) = (FY? /482°) m,[m,31,(W —E)‘*—m2 (W —3E+2m,} 1.x 
x (W—E)*+-m,{E?—m,? + (2m,—E) W—E)} 1x 
x (W —E)?— {E?—m,2-+ m,(W —E)}1,W —E)’] 
PY (E) = (FO? /487°) m, { (m, + 2E) L,—1,} W—E)?* 
PY (E) = (FP*/487°) m, | (4E—m,) L,+ 1} (W—E)?* 
PP’! (E) = (F'" /482°) m,[m21,(W —E)* ‘ss 
+m, {2 (m, + m,°) —m,(W +E) } 1,(W—E)* 
+m, {4m,E+2WE—4m,W —E* +2m,°} 1, Xx 
x (W —E)?-+ { —E?—2m,?+ 2m,(W —E)}1,(W —E)*| 
P’ (BE) = (FP? /482°) m3 [m2 I, W —E)'—mz {W —3E + 2m,} 1,W —E)* 
+m, {E?—m,?+ (2m,—E) (W—E)}1,W—E)* 
— {E°—m,?+m,(W —E)}I,W—E)’] 


As is seen in eqs. (4)~(5), P*”’ and P' can be given only by altering BES 
coupling constants of P*? and P'‘") respectively, and we omit Ges in the following 
discussions. We shall also give here the spectre due to the interference terms among 
the interactions in Table I for further study. 


They are, for scalar K-meson, 
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PS?) — (Re [iF 8 F8*]/82°) m2 m, I,(W —E)? 
P84) — (Re[iF SY F8"]/8x°) m,'m, | —m, 1, W—E)* 
+ (m,—E) I,(W —E)?—1,(W —E)*] (6) 
PSP) — (Re[F*? FS 1/82°) m2[m,? 1,(W—E)?* | 
+ (—m,E+m,*)I,(W—E)*+EI,W—E)*] / . 


P?® means the interference between the 6 and c type interactions for the a type K-meson. 


For vector K-meson 

PY PA) = (Re[iF ') FY") /242°) mm, [—m,I,(W—E)* | 
+ (m,—E) LW —E)*—1,W—E)*) 

PPP.) — (Re[F? FO) /242) m2[ —m21,(W—E)*® 
+ (mW —m,2) I,(W —E)*?—El,(W—E)?*| 

pr?! — (Re[F?® F" ©") /24x5) m,{ —m,3 1,(W—E)* 
+m, {m, (W —E) —m,?} 1,(W—E)*® 
+ im, E —m,°} El,(W —E)*—E*1,(W —E)*) 

PYCAT) — (— Re[iF’ F"©")/242°) m2 m, L,(W—E)* 

PY A:T)! — (Re [iF’O FY") /247°) m,[—m,m, I,(W—E)$ 
—m, (2m--E) I,(W—E)?+ 2m, I,(W—E)?| 

PY 9)" — (Re[ F?@ FPO" /247°) m2 [ —m21,(W—E)> 
+m,WI,(W—E)?—EI,(W —E)?®| 


(7) 


In the expressions (4) ~(7), m,, m, and m, are the masses of the K-meson, pion and 
muon (electron) respectively, and [,, I[,-:- are the functions defined by 


f= \\ (GP siin (dé / (m,—E+P cos@)"), 


0 


[,= 2 (E’—m,’)'” (m2 + m,? —2m,E)™, 
[,=2 (E?—m,2)'? (m,—E) (m2+-m,2—2m,E) ~, 
4= 3 (E?—m,*)'" (3m2 +4E*—6m,E—m,") X 
X (m,-+-m,?—2m,E)~, 
I,=2 (E*—m,”)'? (m,—E) (m2 + 2E?—2m,E— m,,”) X 
x (my mt — 2m, BE) 
and W is given by 
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W= (1/2m,) (m2+m,?—m,2). 


As noted before we cannot infer the parity of K-mesons in this analysis, by virtue 
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Fig. 2a. Energy spectra of the secondary muons for the scalar K, 5. The histogram indicates 
the experimental data by G-R-C. 
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Fig. 2b. Energy spectra of the secondary muons for the vector Ky 5. 
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Fig. 3a. Energy spectra of the secondary electrons for the scalar K,5. The histogram indicates 
the experimental data by G-R-C. 
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Fig. 3b. Energy spectra of the secondary electrons for the vector K, 3. 
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of the 0 mass of the neutrino. This may be a defect of this analysis. 
would not be 


But if the parity 
conserved in the weak decay process, this analysis still has its workability. 


The curves of these distributions are given in Figs. 2—3 with the mass of the K-meson 
965 m,. 


Table II. 


Experimental results by G-R-C and expected values from the theoretical distribution 


a. K 


w3 


Experimental results 
G-stack Ritson et al. |  Crussard et al. Total 
: No. of oe Sh Noe ysl) No ofa No. of | 
events @ events ae events | 4 events Me 
I (0-25 Mev) 1 20 6 86 2D iwianst0 9 53 
II (25-50) AT Sal 60 1 4 | > ee ee 5 29 
III (50-80) ely oe 0 Dia. 1 20 2 12 
IV (80-134) Gas | 0 0 0 lah c20 i 6 
Expected value from theoretical distribution 
7. oe eo ae ca i | density of 
S(P) Ae | SCE) V(P) V (A) V(T) Gia the final 
= | state 
Pe har eek We nea de | Piss aill ses Hava lene 
I (0-25 Mev)| 8 13 18 9 9 10 Hl 10 
II (25-50) 17 24 BI 20 | 18 21 16 20 
III (50-80) ery iy Palbnee) 15 Asie al | 20 Mir 31.9 Neos 30), gmees0 
IV (80-134) 45 30 46 43 43 38 47" ho 740 
b. Ke3 
Experimental results 
G-stack | Ritson et al. Crussard et al.* Total 
ir Wawot ins ce)  INo.cof ib og a/ Io nace day's No. of oy 
| events | wed events ve events | we events Mie 
I (0-50 Mey) (ne 0 0 0 | 0 1 10 
Il (50-120) | Beli, 560 t | 7100 5) 75 Y/ 70 
II (120-170) cae || en 20 0 0. | elt 0 1 10 
IV (170-230) 0 0 0 Oe iy Ne 1 10 
hernyet4 ° Expected value from theoretical distribution 
» a : THOTI ad density of 
S(P) S(A) SE) peel uae aD) V(A) V(T) VARY aes 
% ; % % % % % % g 
I (0-50 Mev) 2 Avinew i 8 4 2 3 it 3 
II (50-120) 22 SG cee ease Meir SOTO 24 oot gs 18 28 
III (120-170) 38 AGA wees Jy aera 39% s\irminso 39 37 
IV (170-230) 38 20 48 ee 30 42 32 


* There is one event (E,=250+60 Mev) in C. It is not clear whether it belongs to Ke3 or to Keo. 
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§ 4. Comparison with the experimental results* 


The only systematic experiments available for us at present are those by G-stack 
collaboration (G),'? Ritson et al. (R),’ and Crussard et al. (C)."” Besides these works 
a few data have been published which we do not use in the present comparison with 
the theory, for we do not know the conditions of each experiment.** Data by G- 
R-C are given in Figs. 2-3 and Table II. 

We discuss these data in each case of K,, and K,, based on the interactions in 
section 2. 

Kis 

Recently Crussard et al."” have summarized data of K,. from various publications 
and concluded that the energy distribution of //-mesons would be given by the final state 
density of the decay process K,,—>7'°++¥, if appropriate considerations were made 
to correct the detection bias of the high energy muon. The feature of the spectrum 
like this is always expected, because the density of the final state is a main factor for 
the energy distribution of the secondary particle. However it is premature to draw any 
definite conclusion about the detailed form of the distribution from scanty data accumulated 
so far under the situations where complicated biases are expected. 

For our study it is rather important to know how the actual spectrum deviates from 
the distribution predicted from the final state density. We should not understand that the 
role of the final state density is more than a convenient measure of comparison. 
In this sense, the present K,, data should not be taken literally, although we use them 
tentatively for the analysis presented later. The above notices should be kept in mind 
in reading the following. 

In analyzing the experimental data it is convenient to use such a quantity as to specify 
the character of the distribution as a whole. As such a quantity we use the relative ex- 
pected values in domains I, I, HI, and IV. The range of each domain is the same as that 
of Crussard et al. in their classification of K,, data. The relative expected values with 
no-bias (in percentage) are listed in Table II for various types of interactions. In Table 
III we give numerical values of the distributions for various types of interactions for 
future analyses of the experiments. 

In comparison with the present data, we emphasize the importance of the analysis 
at low energy end of the distribution, because in the region <_50 Mev we can expect 
the non-biased data irrespective of conditions under which the experiments are performed. 

Now es is seen from Figs. 3-4 and Table II, any one of the cases S(A)’, Sire 
and V(T’)’ does not seem to be probable. But since they can te mixed into other types of 


* In the following we treat Ky; and K,s as if they are scalar or vector particles. This analysis however 


gives information which can immediately be applied to the case in which those K’s happen to be ps or pv, 


merely by changing the interaction to an appropriate one with Opposite parity as noted in § 2. 
** Since we have not been able to get a detailed information about the data by Birge et al., which had 


been reported at Pisa conference (1955) and listed in the works of Ritson and Crussard, we shall omit them 
from our present consideration. 
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Interactions by a small portion, the coexistence of these interactions will not be rejected. 


If in the future the experiments give the distribution which is in agreement with 


Table III.* Numerical values for distribution 


a. Ins 3 


total eovey of BS) BSA BS BSW. Aye | BSW.2) BAD 
110 Mey 2.0 Mev—! 2.0 0.22 1.9 0.66 0.65 
120 4.2 3.6 0.34 3.4 Wel! ail 
134 6.7 Spi 0.36 4.7 1.4 = ih.23 
148 9.1 5.8) 0.29 5.4 ites) ale) 
162 ial 6.4 | 0.22 5.8 0.92 S=iat 
176 11) 6.3 ORL 5.8 0.28 AO) 
190 14. 5.6 0.19 5.) —0.59 —0.43 
204 14. 4.4 0.31 4.7 —1.5 —0.014 
218 ile 2.7 0.50 BS —2.1 0.31 
232 3.6 0.63 0.37 1.0 et 0.23 
tation *** 
up nce 1. 21 31. ee i = 
being 
aaa atey of BS) | BSA) BSD BSP. Ay® BSD) BS“.7) 
10 Mev 0.087 Mev—! 0.082 | 0.0084 0.0043 0.032 —0.19 
30 0.76 0.67 | 0.11 0.012 0.29 —0.52 
50 Zi Hey, OZ 0.019 0.67 —0.76 
70 4.0 BS) 0.28 0.025 lee —0.91 
90 6.4 4.1 0.28 0.030 d 1.3 —0.97 
110 SZ 5.1 0.21 0.033 We — 0.93 
130 1 Si 0.10 0.035 ive —0.83 
150 ihe}: 5.8 0.055 0.035 0.20 —0.62 
170 17, DZ, 0.11 0.033 —0.91 —0.30 
190 We 3.8 Ons. 0.027 —2.2 0.020 
210 U1. 1.6 0.71 0.015 —2.7 0.23 
220 4.6 | 0.49 0.53 0.0059 —1.5 0.15 
normalization*** | | 26 39 =~ a = 
constant 


* Here we only give the values for scalar K,,(¢)3 particle. 
** The distribution for the mixed interaction is given as follows: Taking the case of mixing S(P) and 
5(T)as an exeample, the energy distribution can be written as 
P(E) = PSP) (E) + PS) (E) + P82) (E) 
= (FS(P)2/16 73) mz, BSP) + (FS@?/162°) mz> BOO + (Re(FS(P) FS@)*) /875) mz" BSP 7), 
#4 Tn the above table the functions BS(”), BS(4),---are given. Multiply this normalization constant to the 


values in the column when the curve with the normalized area (normalized to S(P)) is wanted. 
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the distribution due only to the volume of the phase space (i.e., the density of the final 
state), the mixed interaction of S(P) and S(A) is probable for K-meson with spin 0 
and V(T)’ for K-meson with spin 1. Or when the situation occurs where the experi- 
mental distribution has a very steep rise (roughly speaking, steeper than the one for 
§(A)), possibility of spin 1 for K,; is small. In this case the mixed interaction of 
S(T) with S(A) or S(P) is perhaps the interaction through which the decay process 
takes place. 

It is noted that the existence of tensor interaction is determined by the distribution 
from 70 to 134 Mev, and if there exists a plateau or a second peak in that region, this 
will be a strong indication of the existence of the tensor interaction, for any combination 
of the interactions without tensor type cannot lead to the above characteristic feature of 
the distribution. It is also noted here that most interactions which contribute to the 
decay K,, cannot make any contribution to the decay K,, on account of odd parity of 
pion wave function, if K,, and K,, are the same particles. 

In comparing the experimental results with the theoretical predictions it must be 
remarked that there are two main origins which bias the results. One of these is the 
scanning bias. However, this kind of bias has little influence at low energy (regions I and 
II), mainly because of the easiness of the scanning procedures in the analysis, while this 
kind of bias brings a large effect for the events with the energy ranging from about 
50 Mev to maximum energy. And it is the distribution in this region that has a serious 


significance for our analysis. 


Another type of bias, or more strictly speaking, the contamination by the other 
events is expected. It is the contamination by K,. and radiative K,,. The Kx» 
contamination can be readily removed, if we use only the data which are accompanied 
by the decay events of their charged secondaries. The contamination by radiative K,. 
cannot be removed in contrast with those of K,,,, but it may be very small. In the radiative 
m™—>tt-+-¥ decay which is the analogue of radiative K,., the observed data can be explained as 
that the process with large contribution is the one with infrared catastrophe’ (Fig. 4b) and 
not the one indicated in Fig. 4a, and it is also known that the decay 7—>e+v+7 is 
not yet established, though beta decay of the nucleon allows the latter mode. 

These situations are also expected to occur in the case of radiative K,., so we 
consider the contribution only from the diagram in Fig. 4b. This catastrophic transition 


process gives a little contribution above the maximum energy of K,,, but below it the 


vy v 
Meson Jokes 
Meson K(e) 
i 
Ba 
Fig. 4a. Diagram for the radiative meson Fig. 4b. Diagram for the radiative meson 


decay. decay. (Infrared Catastrophy) 
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Fig. 5. Enery spectra of the secondary muons for the radiative K,» and fermion K,, 3. 
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Fig. 6. Energy spectra of the secondary electrons for the radiative K, and Michel’s 
curves for fermion K,3 (2 e+v+v). Notations are same with those of Michel’s. 


contribution is very small. Thus this contamination is practically negligible. The curve 
for this process is given in Fig. 5. With regard to radiative K,, we would like to make 
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a comment ; although radiative K,, may give the information about K,, the spectrum 
is overwhelmed by the event K,., in the major part of its range, and the analysis of the 
kind proposed by Eguchi") in the case of 7—>e+¥+7 seems to be very difficult. 

Kes 

Contrary to the case of K,, the analysis of the data of K,, shows in some degree 
what is going on. With the present data it is clearly seen that there is a hollow in 
the middle region of energy distribution. This strongly indicates that the K,, is spin 0 
and there is a tensor interaction, and even if mixed with other interaction the main part 
of the interaction must be occupied by the tensor interaction S(T). It may seem 
dangerous to emphasize the character shown with so few data. However in the experiment 
of K,., the bias is very weakly dependent on the energy in the region of importance, 
although at extremely low and high energy regions experiments may be strongly biased. 

The decrease in the number of events above 100 Mev is realized only by the existence 
of the tensor interaction in the case of spin 0 K,., and no other interactions. Even if we take 
account of their mixing or their higher momentum dependent terms, we cannot obtain the distribution 
shown in the experimental results.* Not only the distribution as a whole, the analysis of 
the distribution at the low energy region also gives a strong support to spin 0 and tensor 
interaction for K,,.. 

For the contamination from the radiative K,, which might exist, the discussions 
given for K,, are valid. In this case the process K—>e+¥-+7 is expected to occur as 
the diagram in Fig. 4a, for there is no established evidence for the existence of K,.. 
The curve of energy distribution for this process is given in Fig. 6. 


§ 5. Validity of the present analysis 


The validity of the analysis in this paper is dependent on several conditions. In 
the following we examine each of the conditions. 

1) The validity of the assumption of the Fermi interaction. 

For this problem no definite arguments are possible, and it depends on how the 
weak Fermi interaction can correctly describe the phenomena realized in nature in unified 
manner. The conjecture rests on the possibility that all weak interactions can be described 
by the universal Fermi interaction, collaborating with the strong interaction on which 
some characteristic features” seem to be settled. We should also note that though the 
assumption of the Fermi interaction is used in this analysis, it results in that the four 
momenta p and q always appear in the combination p+q, and_ this assumption merely 
imply, in this sense, to confine the interaction between muon and neutrino to an one 
point interaction. The lack of the strong interaction in the final state may favor the 
present treatment. The same condition for p and q is given under ‘the assumption of 
the weak Boson-Fermion interaction,” but in this assumption some of the types of interac- 


tions in Table I are absolutely forbidden. (They are S(T) for spin 0 K-meson and 


* The second maximum (at~200 Mev) of S(T) can be reduced to any height by appropriate mixing 
with S(P) or S(A) without destroying the feature of the first maximum. 
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V(P) for spin 1 K-meson.) The fact that experimental results on K,, seem to be 
explained by S(T) scheme may indicate that the weak Boson-Fermion: interaction plays 
no essential role in K,, decay, if it exists, and gives support to the superiority of the 
Fermi interaction as a universal interaction. 

2) The assumption of the decay modes Ky, 3 #+y+n'and K,,>e+v4+7°. 

Some events which may confirm the existence of the assumed decay mode are found 
about K,5, and from the observed symmetry of the electron and the muon in the 
four field interactions (beta decay of nucleon and nuclear absorption of muon, and also 
beta decay of muon), K-decay with the mode K->e+v+7° seems to be probable. The 
modes K>p+y+y and K>p+ty+y may be enchanting. However, assignment of all 
of the observed K,,, data to the radiative Ky,» is not possible, because the radiative K,, 
must be very tare events compared with Ky» so the observed ratio K,,/K,~1/20 is 
inconsistent with the calculated value ~1/1000. The assumption of fermion Kieu 
+¥-+» may also be excluded from the analysis of the energy distribution. To check the 
possibility of this decay mode the energy distribution of the scalar Fermi interaction is 
given in Fig. 5. (Scalar interaction gives the distribution mostly shifted to the low energy 
end. This is the reason for taking the scalar interaction to check the possibility). At 
the low energy this curve is quite well fitted by the final state density distribution curve of 
K,;, so the analysis in this region cannot reject the possibility if K,,.¢+»+y decays 
by the scalar interaction, but we could expect more events than the distribution due to 
the final state density in the region IV, and this is inconsistent with the observation. 
Further if we take the coupling constant between the four fermions equal to that of the 
beta decay, the calculation gives 10~” sec for its life-time. This is a little shorter than 
the observed life-time of K,., 10“ sec. However it is not possible to deny the existence 
of fermion K,.—>4+¥-+¥» with very small abundance in the observed K, particle. 

For K,, these situations are quite same as in K,,, and even the analysis of the 
distribution at the low energy region rejects the possibility of fermion K,,;—>e+»-+¥». 
We give the Michel’s”” curve for fermion K,, in Fig. 6. 

3) Approximation used in § 3. 

This approximation has a direct connection with the final conclusions. To scrutinize 
the approximation used in calculating the matrix elements is not easy, since we have not 
yet established the plausible methods to handle the strong interaction. This is also the 
reason for us to adopt such a treatment as developed in this paper, basing on the 
covariance requirements. The fact that there is no strong interaction between the particles 
in the final state may also be favorable for the present treatments. For the contribution 


from the intermediate state we use the approximation such as 
F=a-+ (k,(p+q),/M’) 6+ yes > 


where k, p and q are energy momentum four vectors of the K-meson, muon (electron) and 
neutrino, and M is baryon mass. We have no way to know the magnitude of each 
terms of this expansion, hence as a rough estimation of magnitude we have tentatively 


calculated these terms from the loops by using the conventional perturbation calculation, 
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taking only the lowest order terms of the Feynman diagram in Fig. 1. 
For example the calculation gives for scalar K-meson, except some common factors, 


a’“”) ~ (1/60) M~' (30 —8 (m,/M)*— (m,,/M)*), 
bs = (1/60) M7 

gm (1/12) 

pe ee 


In the calculation we have assumed 1 and 7, couplings for ANK and NNz, and made 
the approximations : 

(1) Hyperon mass=Nucleon mass = cut-off parameter. 

(2) £+4, a denominator of integrand in a parameter integral, is replaced by some 

average value M?, where t=k(1—S,) +/5,(1—€,), J=MP—R + (P—=P)EFPEE 

and parameters €,, ¢, take the values between 0 and 1. 
As is seen in the above the relative magnitude of the first to the second terms is con- 
siderably large (k(p+q)/M? 1/10), so the result of perturbation calculation may be 
regarded as to support our approximations. The appearence of secondary particles with 
energies higher than their rest masses does not matter to our present expansion, because 
we have used the expansion by four momentum, while some portions of the higher 
momentum dependent parts are reduced to constants by virtue of the equation of motion, 
and this makes us to expect a better situation. 

In concluding this section we discuss about the cases of higher spins and _ higher 
order terms. They show similar behaviors to the present analysis. Generally speaking those 
higher order terms give a curve which takes more after the final state density curve than 
those given the lowest order term. So if the distribution of experimental data deviates 
largely from the curve of final state density it may indicate the higher order term is 
not dominant, and this is the same circumstance as in the case of K,.. 

Though we have not extensively investigated the case of higher spin for K-particles, 
a tentative examination of the case of spin 2 and our experience in the study of spin 0 
and spin 1 cases seem to indicate that the higher spin K-particles give the distributions 
which are very much similar to the final state density. The reason is because the interac- 
tions are summed and averaged over their each component, and the main feature of the 
distribution is completely governed by the final state density. The situation is well informed 
by the comparison of the curve in the case of spin 0 K-meson with that of spin 1 K- 
meson. If the data deviate largely from the final state density such as in K,., the 
possibility of high spin can be rejected. 


S 6. Concluding remarks 


We have attempted in this paper to determine the spins and decay interactions of 
K,,, and K,,, and obtained some knowledge about them.  K,. particle is likely to be 


spin 0 particle, and the weak Fermi interaction of tensor type is required to explain the 
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features shown in the experiments, while it seems a little eatly to make any definite 
conclusion for K,,. We have investigated those K-particles to fill up the blank in our 
knowledge about them. The methods taken here may be orthodox and elementary, and 
this treatment of the problem can be applied to other cases, especially to K’>yp(e) +y+7° 
which may be the neutral counter particle of GE 

Besides the analysis of energy spectrum of the charged secondary, the analysis of the 
angular distribution of the secondary particles (44(e), 7) may also contributive to the 
affirmation of the conclusion given by the study of energy distribution, though the ex- 
periments on these angular distributions seem to be an extremely severe task. 

We have investigated one aspect of K-particles, the weak decay interaction, and 
another important one is the problem of strong interaction of K-particle. There may 
appear several difficulties in the investigation of strong interaction of K-particles. Apart 
from theoretical difficulties inherent in the treatment of strong interactions, there is an 
experimental difficulty in treating the K-particle. It is experimentally impossible to 
separate each K-particle beam from a flux of K- particles, if there exist more than two 
kinds of K-particles. And the information of the genealogy of K-particle accumulated 
from the study of weak interaction may lend some help to simplifying the complicated 
situations in analysis of the strong interaction. 

The authors wish to express their sincere thanks to the members of Sakuma Laboratory 
of Hiroshima University and Tati Laboratory of Kanazawa University for their valuable 


discussions. 
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Note added in proof 


1) Some accumulated data of K,, and K,y3 were reported by Crussard at 6th Rochester Conference. Our 
study on these new data in the light of present analysis will appear in Nuovo Cimento vol. V, no. 1. 
2) In the eqs. (6) and (7), the relative phases of the effective coupling constants are remained arbitrarily. 
Some invariance requirments such as time reversibility will fix the above arbitrariness and conversely the 
study in our course may provide the examination of the validity of the invariance principles. 

Recently A. Pais and S. B. Treiman have analysed the angular correlation of the charged secondaries 
in the neutral K,s-and K,s-decay from the view point similar to ours and given a comment on time 


reversibility. 
We thank Prof. A. Pais for his sending the manuscript prior to its publication. 
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The possibility of extending the concept of iso-spin to leptons produced in the lepton reactions— 
the K-meson decays (K,0, Ky; and Ks decays), pion decays, muon decays, f-decays, and nuclear 
capture of muon—is investigated. If we assign the iso-spin one half for muons and electrons, and 
zero for the neutrinos produced in the K,». decays, we can find out a suitable selection rule which 
allows all the well established lepton reactions and forbids all the unwanted ones. This method is 
applied to the K-meson decays in which the lepton reactions coexist with the boson-boson decays 
(t>37, 0-27). 


$1. Tntroduction 


By using the concept of iso-spin for strange particles, Gell-Mann and Nishijima” 
have recently proposed indepedently a theory of strange particles which accounts for their 
stability (weak interactions) and copious production (strong interactions) in terms of a 
new concept, viz. the conservation of strangeness. In this scheme it is proposed that the 
strong interactions are invariant with respect to arbitrary rotations in the iso-space (charge 
independent), while the weak ones are not (charge dependent). 

In this paper we investigate a possibility of extending the concept of iso-spin to leptons. 
As is well known, the charge Q of each nucleon which has a definite iso-spin is connected 


to the third component of the iso-spin I, by the equation 


In the theory of Gell-Mann and Nishijima the above relation between the third com- 


ponent I, and charge Q of each nucleon is extended to the following one, 
Q=L,+3(N+5), Cr) 


for each strange particle having strangeness quantum number S. N in (1-1) is baryon 


number. 

Now, if we pay our attention to the above relation (1-1), we can see a remarkable 
fact that the orientation of the third axis in the iso-space (isotopic-spin space) is characterized 
only by the existence of the electromagnetic field. On the other hand we know that 
the electromagnetic field has the famous universal interaction not only with the charged 


baryons and bosons (we call both K and 7 mesons as bosons) but also with the charged 


leptons, such as 
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ej, A, (+e-term for bosons) , 


where ej, is the current of the charged particle and A, the four potentials. It 1s therefore 
natural to assign the iso-spin for leptons. In that case we modify (1-1) such as N 
stands for lepton number. Here we must remember that there is a large difference 
between the reactions in the baryon-boson system and those accompanied with leptons, 
viz. the former has strong interaction, while the latter has no strong one. As far as we 
know from the results of experiments, the lepton process is always accompanied by at 
least one neutrino. These character- 

LEE istic features of the lepton interactions 

give a key to dissolve the universal 
weak interactions into two groups, viz. 


one is the weak interaction in the 


rag) baryon-boson system, the other the 
weak lepton interaction. In the 
following sections, we will clarify the 

aoe relation between the two groups. 


In this section we will present 


some outline of our idea concerning 


the weak interactions. For convenience’ 
sake, we divide our discussion on the 
nee practically observed lepton processes 
without real photons into two steps, 
(1) we neglect the self energy effects 


due to the electromagnetic interactions 


lepton reaction 


and those caused by a newly introduced 
weak interaction ** L-field”’? (which is considered in our 


< ===> strong interaction model to reduce the rest mass of 


each neutral lepton to the rest mass 
of the observed neutrino———the nature of the “‘ L-field ” will be clarified in section 5), (2) 
we then introduce only the virtual effects of the electromagnetic and L-field interactions 
which were neglected in (1). Then we can usefully apply the concept of charge inde- 
pendence to the lepton reactions in the first step which in practice do not correspond 
to the lepton phenomena observed, but taking into consideration the virtual effects of the 
electromagnetic and L-fields in the second step we shall get the practical reactions which 
show a large deviation from charge independence. The very nature of this lepton reaction 
in the second step shows that the lepton interaction is sharply distinguished from the 
strong interaction in the boson-baryon system where the charge independence holds in a 
good approximation even when the virtual effects of the electromagnetic field are considered. 
Thus we can distinguish between the strong and weak interactions in the reactions observed 
in experiments according to whether charge independence holds in a good approximation 
or not when the virtual processes are taken into consideration. 
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é If the iso-spins of elementary particles are restricted to be 0, } and 1, it can be 
shown that in the first step in the lepton reactions there is only one charge independent 


formalism*” ® 


which has consistent correspondence with the experiments. The iso-spin 
assignment in this case is given in Table 1, where iso-spin of baryon and meson 1s assumed 


to be the same as that of Nishijima and Gell-Mann. 


Table 1. Iso-spin assignment of the elementary particles 


ee ee a“ poe | I Ts Q=14+4(N+S) is U=N+S . Tee properties 
oe es 2 42) & 8 fo, =2| fh} |-2| 1 | 2nd kind isospinor 
Favor Perea PED Sie | 1 | 1, Dar 1 birt hag Lt | ; 0 Ect eree . 7 
| Ao | 0 | 0 | 0 ae |~1 | Far iso-scalar Tin Lee heel 
| 12 IN) y | Foe LEO alle Tee ge | ci i. a i (et ad Se ING y ae ie 
ray. Kt, Ko I y oto : ils ©) | bth 2 | jae ; | Ase pind iso-spinor ; 
| nt, 2°, m— 1 |1,0, —1)1,0, —1 Ts 0 0 iso-pseudovector 
Yea | | ae] 0] mad || 2 | tse kind isospinos 
Lepton a e— =~ Oates) | 0, -1 ie 4 : 2 | a 1 ~ | 2nd a eee : 
es 28) Wr le oe usin Nt, <0 a -iedcale ph ee 
: ne 0 r 0 pity ) | A taal 0 | e605 cae 
= = —_— |—— =| —— 2 : 
| Ts 0 0 0 He) eo) 0 iso-scalar 


In Table 1 the positive muon //* and the electron e~ are taken as the normal 
particles, and p/’, e” are respectively their neutral counter parts. The observed rest masses 
of p°, e’ and »’ are vanishingly small because of the self-energy caused by the “ L-field”. 


ec fore! we can) calluallrof 92°, ¢) and’ »\ by the same name “neutrino”. Although 


the transformation properties of //", e’, and L” in the iso-space are different from each 


other, the neutral leptons cannot be distinguished by experiments. 

Such a characteristic property that there is no process without neutrino in the lepton 
reactions results at once in the following remarkable fact: in the case of the boson decay 
the parity of the decay parent cannot be determined 


which belongs to the lepton reaction, 
gives no effects on the value of the 


through this process, because the existence of 7, 
It is this circumstance that has inspired us to take the lepton 


transition probability. 
nt of unifying the interactions of elementary particles. 


reactions as a starting poi 


actions by M. Cini and A. Gamba.) The 


* The iso-spin formalism was first applied to the lepton re 
But their schemes have defects more or less 


similar line of investigation has recently been tried in Japan.” 


inconsistent with experiments. Cf. section 4 and references (2) and (3). 


110 S. Goto 


§ 2. Allowed lepton reactions 


First of all we will consider the following well established reactions : 


po +P>N+¥ (-capture) , (2-1) 
pet—et+2y (1-decay) , (2*2) 
N>P+e +i (f-decay), (2-3) 
mt» pt+y (7-2 decay), (24) 
Kt ptt (K-decay) , (2-5) 


where the conservation of fermion number is assumed. Since the matter stability 
assures the conservation of baryon number, this is equivalent to the assumption of the 
conservation of lepton number. Moreover, the difference of the transformation properties 
of the neutrino in the iso-space is not considered in (2-1)~ (2-5). 

Now performing the iso-spin assignment according to the table 1, and neglecting the 
virtual effects which are caused by the electromagnetic- and L-fields, all the reactions 


(2-1)~(2-5) satisfy the following selection rule ; 


( 4IN (baryon) =0, JIN (lepton) =0, 
(a) 
| Al==0,. aS=0, 


viz. the conservation of baryon number N(baryon), lepton number N(lepton), total iso- 
spin I, and of strangeness S. It is clear that (@) assures the conservation of charge 
because of the relation (1-1). By clarifying the difference of the transformation pro- 
petties of neutrinos in the iso-space, the reactions (2:1)~ (2-5) which are allowed by 


the selection rule (@) will be rewritten as follows : 


bho PN ait (2-6) 
pr—s>et+2>', (2-7) 

3 Saal “le (2-70) 
N->P+e +e", (2-8) 
m* > pt +7, (2-9) 
Soi aga (2-10) 


For the decay events, K,, and K,., we assume the following decay modes” : 
K? —>p* +394 72°, (2-11) 
Kt et 44-2", (2-12) 


Then the reactions (2-11) and (2-12) are also allowed by the selection rule (@). 
According to the selection rule (@), not only the reactions (2-6)~(2-12) are 
allowed, but also the following reactions are not forbidden: 
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m* yet +e, (2-9') 
K*—>et+r", (2310) 


These reactions are derived formally by putting e* instead of f* in (2-9) and (2-10). 


Moreover there are several allowed reactions in which at least a hyperon is contained : 


A +>P+e4+1, (2-13) 
A —>P+p +r, (2-14) 
S+>P+e&4+, (2-15) 
oe eA ee a ee, (2-16) 
E->M+e- +. (Gait) 


As regards the allowed lepton reactions (2-6)~ (2-17) we have written only one 
representative reaction mode in each reaction type. 

Next we examine whether the reactions (2:6) ~ (2-17) are consistent with experi- 
ments by setting the following assumption : 

(I) The strength of weak interactions is universal but the type of coupling is 
different from process to process. __ 
Under this assumption (I) we will begin with the investigation on the reaction (2-9). 
It is known experimentally that branching ratio ( for the alternative decay mode (2-9’), 
relative to the normal pion decay mode (2-9), is very small G5 X10) el favre 
use PV coupling in both (2-9) and (2-9’), we can obtain the following ratio which 


is consistent with experiments :” 


as w(z—e+¥) wee: y( Me Wey Nees S10 ae (2-19) 
w(m>p+Y) My iy, 
Similarly we get 
e— w(Ke+y) =(— y( ae | —— LOS, (2 x 20) 
w(K>p+y¥) 1,7 Stn 


if we also assume PV coupling for both (2-10) and (2-10’). This is again not 
inconsistent with experiment since even one example of the decay mode K*—e* +" has 
not been found up to now. 

Nest we veonsider the reactions (2-13)~(@-17). Taking S—1--P combination 
with the universal coupling” f=1.4X10~" erg cm® for each reaction (2:13) ~ (2:17), 
we get the following lifetimes for decay modes A> N+»+¥, 3° »N4+y+4, 32 
4y4%, 2° 5/A°+v+4%, which have the largest available phase space volume for (2-13) 
~ (2-18): 

CCA? Neve) 16 Xx 10“ sec 
c(S*5N+y +74) ~1.3 X 10 sec 


: Z : Caray 
t(S°5 A +y+¥) = 0.85 X 10™ sec 
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t(S 3A + p+) 20-77 X10 sec. 
If we take for the main decays of hyperons the following lifetimes ; 


t(A>P+77-) =3.7X 10~™ sec, 


c(S*>N+2*)~10~ sec, (2*22) 


‘ t(S-35A°+2-)~10™ sec, 


we obtain 
w(MON+Y+Y /w(“>P+2-) 2X10", 
w(S°5N+947) /(S*ON+47*)~10~, 


Wn VEN e Ne) 0 
w(S° > ++) /w(S-> M2 +7-) ~10™. 


(2-23) 


These results mean that the three body decays of hyperons due to the universal Fermi 


interaction are infrequent as compared with the respective main hyperon decay modes by 


a factor less than about 1/100. So we may consider that there is no contradiction with 


the experimental fact that only one case of /?-decay of (perhaps **—>e*-+N-+»)” has 


been reported till now. 


For the sake of later discussions we list here the interaction Hamiltonians corresponding 


to the reactions (2:6) ~ (2-12) which are all scalar in the iso-space.* 


H(NN yp!) <9] {P* P+N*N} {ut * et +p" 1") 


+S {P*Np* pt +N* Put * pe! — 4 (P* P_N*N) (et —p* 1) | 
eS 2 


(2-24) 


H(tter’v’) A {u e~ — pt" e" yo* 4 hc, , (2-25a) 
H(p- pee) =9 oa oem an + po {e* e+ e-* en} 
ih, peek yl pe 20 0% p+ (0 2— ul bk py t 0% ,,0 0% 0 re 
Ppa (ntti er Relat pat fat et griena alin at maint PKG ete any 


(2-25b) 


* We can bring the various coupling constants appearing in (2-24) ~ (2-30) into the same dimension 
with the use of the appropriate powers of c, # and A=h/mxc~10-!%cm, the Compton wave length for pion. 


For the Fermi coupling constant g~10~“ erg cm® in (2-22)~(2-26), we obtain 
g? (1/bce)24-4~10-4 

and for the coupling constant g~10-29 erg'/? cm'/2 in (2-27) and (2-28) 
g° (A/c) A-2~10-14, 

Similarly we get in the case of (2-29) and (2-30) 
9° (1/bc)24-4~10- 7% 
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A(N Nee) =9| © {PF P=-N*N} {e* e+e * en} 


+o (SF ial ou (P* P—N*N) (een are)| |, (2-26) 

Happ) =g {er pom $y pt am $2 (ee pt — pp) 2 , 227) 
V2 

H(K pv!) =o {eK + KY Eh, (2-28) 


A(K pv) =9 {Kt* port KO ptae + 2 (K** et — KX 1) 2 O* Bc. , (2-29) 
“VV 


H(Kenr) =9 {Kt &at*— Ke n-* 4} (Keb +K*e)m*yo* + hie . (2-30) 
/S2 


Corresponding to the decay modes (2-13)~ (2-17) we can also easily write down the 
interaction Hamiltonians which are scalar in the iso-space, but all of them are omitted 
here since they are not needed for our later discussions. 

From the iso-scalar interaction Hamiltonians, we can see at once all the processes 
included in them, for example, ‘the Hamiltonian (2:24) contains, besides the normal 


process of /~-capture by proton 

pf-+PS5N+%, (Qed) 
the following new types of reactions : 

pt +PrN+p, CxEy)) 
and 

Ht +P>P+P, 


p+ NoON+p, 
Oss) 

fP+P>P+/’, 

P+N>ON+p". 


All of them may be at present far beyond the possibility of experimental detection except 
the well established ~-capture (2.31). 

Similarly we can easily see that although numerous modes are included in each of 
the 4nteraction Hamiltonians (2:25)~ (2-30), the superfluous modes except the well 
established ones are far beyond the possibility of experimental detection at present. Finally 
we will make a few remarks on the K,,- and K,s-decays, which are contained in the 
interaction Hamiltonian (2-29) and (2-30) respectively. The reaction modes included 


in (2-29) and (2-30) are as follows : 
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(Kt pt pate DR pi brea? 
—»7+* + 94-9 | 7+ +7 
| — = 0 0 0) - art 0 (2 ‘ 34) 
| K7> po +2 4y | > po tatty 
| ~() ) 
>a +e +r, > +7 + 

K* — Ee" 7? ey? ' RK’ > e* arp? 
| { 
yey Soe ey > 7 +¢°+y 
- — 0. 0 | yo a oa (2+35) 
| K Se tn°+r K’>Se4+27*+4 
\ Srey \ =e ve 


From (2:34) and (2-35) we observe that a part of the anormalous three body decay 
of V’"-particles may be interpreted as the alternative decay modes of K,; and K,;. Experi- 
mental observation of the processes such as K’->7°+ y+", x! tety; K°-5n° + 7 +", 
m°+e°+2" which are included in (2-34) or (2-35), will be very difficult. Moreover 
our scheme contains the following decay modes : 


v9 . (2: 36) 
K-27 +7°+v or Tee aay (2-37) 


Kt ey ni +p +7" or rae 


As will be shown in section 6, relative to the normal K,; and K,,; decay modes, the 
respective branching ratios of (2-36) and (2-37) are nearly equal to one, so in our scheme 
(2-36) and (2-37) will be permitted to be realized in nature with nearly the same 
frequency as the normal decay modes. However the decay mode K'—>7*+y+2" or 
m+ +e°+v* may not in practice be distinguished from 7c/*->7*+27°, since even 


7/* has not been identified directly as yet. We note here that there is a 


one case of T 
method of clarifying the difference between c/*->z*+27° and K*>2*+p°+) or 
a*-+e'+v", The method mentioned above is to investigate the energy spectrum of the 
sah charged pion 7* in each of the decay modes 7/*-2*+27° and Kt7* +2», 
Since Q value of the decay mode K'->z* +2» is greater than that of c/*—>72' +27", the 
kinetic energy of the emitted positively charged pion 7‘ in the former case may, in some 
case, be greater than the maximum one of 7° in the latter, though such affirmation has 
not yet been attained. 
In concluding this section we will add a few remarks on the allowed lepton reactions 
not mentioned in the above discussions where we have made restriction that the decays 
occur only into two and three particles. If we remove this restriction, we obtain the 


following reactions which are allowed by the selection rule (a); 


Ktapet4+v4+rt+a-, (2-38) 
Sires ig heehee (2:39) 
S73 MW +e7 4+ 47°, (2-40) 


and their counter parts. Of course we do not here consider the cases where the real 
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emission of photons is concerned. If we consider (2-38) and (2-39) as the two 7- 
mesonic decays of (2-10) and (2-10’) respectively, and (2-40) as the one 7-mesonic 
decay of (2-17), the available phase space volumes for (2-38) ~ (2:40) become smaller 
than the respective ones of (2-11), (2:12) and (2-17). So the existence of the 
allowed processes (2-38) ~ (2-40) leads to no conflict with the fact that only the normal 
K- and =-decays have been observed. 


§ 3. Forbidden processes for lepton reactions 


In this section we will shortly describe the main reactions which are not allowed by 
the selection rule (@). In particular we investigate the first forbidden processes which 


are forbidden by (@) but are allowed by the selection rule: 


AN (baryon) =0, JN (lepton) =0, 
(7) 
[atl—=4; JO=0. 
Here we make assumption that the coupling strength in the first forbidden reactions is 
about 10~' (dimensionless) times as small as that in the allowed lepton processes. 
Therefore in the lepton reactions the first forbidden processes are in general far beyond 


the present experimental affirmation. The typical processes in this category are given as 


follows : 
} po+P5N+7, (3-0) 
feet aay, Porte a) (3-2) 
N>P+e"47’, Pe 
Ee en) a A ae ie 
Ktspt pt, pte, et +p? or) e* +e", ay 
to pea aun, 6-6) 
Kiem por veer Ce) 
| al ike Al 8) 
Ktoet+eit+nt4az. G2) 


Here we have neglected all the lepton reactions in which hyperons are included. Finally 
we add a few important forbidden reactions which do not belong to the first forbidden ones : 
ee PS Psa 
| AN (lepton) | =2. (3-10) 
ptoettette, 


§ 4. Comparison with other models'” 


(1) Case of I(p-meson) =1 


We consider here the case where the muon is assumed to have iso-spin one. This model 
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has recently been proposed by K. Senba et alee 


Table 2. Iso-spin assignment of model (1) 
2 
ice Sel l ; : 
Particle | I | Is | Q=hh+h(N+ SDN oy |, cdr Seed Bis ep idoey sagen 


pt, , wo | 1 | 05 — 1 HOE = 1 TI, —1 a 0 eg fag ween GSS ; 
sas Ay i) | | 0 | In+4 o | 1 1st kind iso-spinor 
= _ — |— — = — ~ — - _ ‘ _ — _ —o =< 
yo | 0 | 0 0 I; —1 (0) iso-scalar 


Their model contains the several defects which arise from the assumption of the iso-scalar 
interaction Hamiltonians describing the decay processes: in the first place, as is seen 


from the iso-scalar interaction Hamiltonian describing the K,»-decay, 
H(Kpe) =9 {Kt * opt 4K et p+} (Kt ¥et KS) pw} thc. (4-1) 
WE 


Kj +e* must be allowed with the same rate as the normal mode K’—>f2' +e’. The 
former mode has not yet been detected although it should be easily identified, while the 
latter is the main mode of K-decays. Next, several unwanted processes become to be 
allowed when we consider the three body decays of K-meson. According to the iso-scalar 
interaction Hamiltonians corresponding to the K,, and K,, decays, the following modes 


of decay are contained in them : 


K*>a pe +e? +2" oc no R> pe +42 oc yes 
eS eg ne, (4-2a) 4 >e+e+7 (4- 2b) 
‘tetta- ¢, no [ ET eR Gs yes 
/ Kto@+e+n* C Yd, pe +e Toe C1 no 
| Be AS eee gS oe Casal ca mR es eA teaah 
| >f tet+tat o/V2 no — A et" c./ ato ves 
| ttet+a- ¢/V2 no , >pite+a7 ay eae) yes 
where c,, c,,:** are constant and mean the coefficient ratios between the reaction modes 


included in the iso-scalar Hamiltonian. We express by “ yes” or by “no” whether the 
reaction mode under consideration is consistent with experiment or not. The reaction 
modes with no mark should be understood to be obscure whether they belong to “ yes” 
or “no”. There is no remarkable difference in the phase space volume, between the 
decay processes K'—>/i' +e°+7° and Kt>jfi- +e'+2*, so that the two processes will be 
expected to occur with probabilities differing at most by a factor of order of unity. 
However in experiments no cases for the latter has been found while for the former 
about 30 cases have been reported till now. Thus we can conclude that, even if we 


consider only three body decay of K-mesons, the model used here is inconsistent with 
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experiments. 

(2) Case where the iso-spins are not assigned for any one of leptons. 

In order to allow all the well established lepton reactions, we must assume the 
following selection rule : 


| AN (baryon) =0, dN(lepton) =0, 
(7) 


|41|=|41,|=0,3,1;  4Q=0. 


As is seen from (7), the allowed lepton interaction Hamiltonians become in some case 
iso-scalar, and in other case iso-spinor or iso-vector. Therefore we cannot unify the 
interactions of the elementary particles by using the transformation properties of the 
interaction Hamiltonians in the iso-space. Moreover in this case the unwanted processes 
such as 
Ktortt+ett+e, Ktorttye se, 

(4:4) 


() + _- 
Rope, 


still remain not to be forbidden by the selection rule (7). It will be very difficult to 
forbid all the prosesses (4:4) by some appropriate devices. 


$5. A possible example of giving the mass difference 
between the charged and ineuiral leptons 


In the investigation of the lepton processes we have made the following assumptions 
besides the assumption (I): 

MiG? 512), 4", & ) cand v are all taken as the normal Fermi particles, and 
have the iso-spins 4, $ and 0 respectively. Moreover the rest masses of y’ and e°, which 
are respectively the neutral counter parts of #* and e~, are vanishingly small in the 
practically observed lepton reactions. Therefore ps’, e’ and v" are a kind of neutrino 
though the transformation properties in the iso-space are different from each other. 

(III) For the lepton processes we set the following selection rule: 

AN (baryon) =0, 4N (lepton) =0, 

(@) 

Al=0,- . .ds=0. 
By using the above three assumptions we have been able to give a unified interpretation 
for the lepton reactions. In this section we will try to analyze the assumptions we have 
made, especially the assumption (I). Analysis of the assumptions (1) and (II) will 
be made in the next section by connecting them to the universality of the weak 
interactions. 
Speaking in a word, the assumptions (II) and (III) are another expression of the 
fact that at least one neutrino is involved in the lepton reactions. At first sight the 
assumptions (II) and (III) may seem to be contradictory to each other since the 


assumption (III) implies the charge independence, while the assumption (II) results in 
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the charge dependence. We show here a possible way of reconciling (III) with (II) by 
rough calculation. We introduce a neutral bose field which has nonzero rest mass and 
interacts only with the neutral leptons. We will call this field as the L-field. To make 
the discussion simple, we assume the L-field to be scalar and take the Hamiltonian 


describing the interaction between neutral lepton and the L-field as follows : 
Hee ae (5-1) 
ies 


where M means the rest mass of the L-field, and / is the coupling constant. We will 
take [?/hce~1/137. The L-mesonic self energy of the neutral lepton is given by the 


perturbational calculation as follows (b=c=1): 


2 P re 
eae EL E | : dp 


872 M2 Jo vp +m vp + M? 
v \ = 
x {( tae tS See eee —)(p+ M2) + 
V ptm? + Vp + Mm Vp m+ Vp + MP +m 
q 1 9 
te — = ) "+ MP 
( Vp tnt -+ vp + MP — V ptm +. VetMttm | i } 


(5-2) 
where m means the mechanical mass of the neutral lepton, and P a cut off momentum. 
Since 0m is negative, the rest masses of neutral leptons (/” and e’) may be reduced to 
zero, the mass of neutrino, if an appropriate cut off momentum and a sufficiently large 
mass of L-particle are assumed in (5-2). 

In concluding this section we give a short remark on the observability of the 
L-particle. According to our assumption the L-particle interacts only with neutrinos, so 
that creation of L-particle occurs only through the neutrino-neutrino collision. But the 


detection of L-particle will be far beyond possibility. 


$6. Tnterpretation of the universality of the weak interactions” 


It has been remarked in the previous section that the neutrino is considered to be 
the source of the weak interactions in the lepton processes. In this section we will try 
to unify both of the weak interactions realized in the baryon-boson system and in the 
lepton reactions by using the first forbidden processes defined in the section 3. 

In the first place we will consider the K-meson decays which consist of the K—7 
decays (7-37, 527) and K—» decays (K,», K,, and K,, decays). G. Wentzel' has 


recently noted that the selection rule 


|47| =3 (6-1) 
accounts for showing the long life of @* relative to that of @” and the frequency ratio 
4-1~4-6 for 7° to 7/*. In accordance with G. Wentzel we assume the selection rule 


(6-1) for the K—z decays. Thus we get, on the one hand, 
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tionattatta, (6-2) 
and, on the other, have 
mT >pt +p, (6-3) 
Ale. 
rset +e, (6-4) 


We will notice here that the reaction (6-2) can be derived formally from the first 
forbidden lepton process (3-8) ((3-9)) by putting 7° instead of pt +p (et +e) in the 
_ tight-hand side of (3-8) ((3-9)) by using the relation (6-3) ((6-4)). Therefore we 
can consider that the first forbidden process (6-2) in the baryon-boson system corresponds 
to the first forbidden process (3:8) ((3-9)) in the lepton reactions. Moreover owing 
to the above substitution the lepton disappears from the first forbidden lepton process 
(3-8) ((3-9)), and at the same time (3-8) ((3-9)) is transformed to the process 
(6-2) without neutrino. As mentioned in the previous section, the neutrino is considered 
to be the source of the weak lepton interaction, so the disappearance of the neutrino 
changes the coupling strength (~10~%) of the first forbidden lepton process (3-8) 
((3-9)) to the coupling strength (~10-'*) of the process (6-2) which is 10 times 
larger than 10°” and is the same strength of the allowed lepton processes (C105 2 )r 


Similar discussion can be made for the process 
Otsat 42°, | 41|=3, (6-5) 


and for the first forbidden lepton reactions (3-6) and (3-7). Analogous discussion is 


also true for the hyperon decays, for instance, 
A->P+nx-, |41\=4, (6-6) 
corresponds to the first forbidden lepton reactions such as 
A>P+po +P, (6-7) 
[40|=3. 
A> P+e +e", (6-8) 


In short we may say that the source of the universality of the weak interactions realized 
in nature is on the one hand neutrino (4J[=0) and on the other the selection rule 


|4I|=3 when neutrino is not concerned. 


$7. Application to the K-meson decays* 


In the following discussion we assume that K-meson has zero spin and odd or even 


* After this calculation has been finished, we knew about the similar investigation performed by Huruiti 
et al. from the lecture made in the annual meeting of the Physical Society of Japan, held at Sendai, in July, 


1956. 
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parity according as it shows c- or #-mode of decay.’ For the seke of simplicity we will 
call the respective K-meson with even or odd parity as K, or K_. As was already 
mentioned in section 1, in the case of K,»(K..) decay the difference of the parity of 
parent has no effect to the decay life observed, so that it will be natural to assume that 
both K, and K_ have the same transition rate for the K,»(K.2) decay.”” 

Now as is well known, the 7-decay is the important phenomena which give infor- 
metion about the spin-parity of the K-meson, but also the K,;- and K,;decays supply the 
knowledge on the spin of K-meson though nothing is said about the parity of K-meson. 
Hereafer the K,;- or K,;-decay will be considered respectively to be the 7-mesonic decay 
of the K,.or K.-decays. Since we have used the gradient coupling for the K,»- and 


K,»-decays, we take for the K,;- and K,,-decays the following interaction Hamiltonian : 
H=9' (F174) (0,P)d* +h.c. , (7-1) 


where ¥, ¢', Y and @ denote respectively the muon or electron, neutrino, K-meson and 
m-meson. I’ takes 1 or 7, according as is scalar or pseudoscalar, if we assume V and 
gy have same parity. Since y’ has dimension, it will be transformed to a dimensionless 
strength. 

According to (3-1) the transition probabilities in the rest system of K-meson for 
the decays K'> 2" +2°+7" and K*’—>e'+»"+7" per unit time are given by the pertur- 
bational calculation as follows : 


i 


w(Ktoptt+P4n7) = y M ye 


27 


a ° 
x +a} —ai—28)*(aj-+é—2&) (@—af) "(1 -aj—26) “dé, (7-2) 
oy, ‘ 


pp 
q’= 
w (Kt e' y+ 7°) Gg fhe 


27 


a Oo 


: 
x| G+a2—ai—28)*(a2 46-28) (@—a2)""(1-+-ae—26) “dE (7-3) 
Xe 
. . . ; ag if ee 1 °o 
with abbreviation a, =m,/m,, @,=m,/my, A,=m,,/mp. a, and a@,° are defined by 
0 a ,2 ,2 

a=t+dai—daZ, (7-4) 
a,=h+ia2—haZ. (7-5) 


m,€ means the energy (including the rest energy) of the charged secondary pz" (e"), so 
MQ (mM A@,") is its maximum value. The integrend of (7-2) ((7-3)) gives the energy 


spectrum of the emitted charged particle #‘(e’) in the K.3(K..) decay. These results 
are shown in Fig. 2 and Fig. 3. 


Remembering a, = 0.001, we get from (7-3) 


D 
w(K! 5 * 09 47") 5 Y me 


T 
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il 1 ae va 1 
(ean ls, Fee Se Gs Bh ed le 
| a ; (1—2a,)a te ae =) ees 2a) | (7-6) 


9 


with a=i(1—a;). (7-7) 


For the K,:-decay with gradient coupling we have 
o(K' > pt 40") Hh gma? (1—a)?. (7-8) 
Therefore we obtain from (7-6) and (7-8) 
i Kegeee Copritacion \p eK bie) 5" ga, 9": (729) 


Taking ¢(Ke—> +) =12X10-° sec, my=966m,, m,=273m,, m,=207m,, we get 
g°=5.3X107" and so obtain the following relation, 


40 


w (Kt et +9 +2") /w (Kt wt +0) = 0.1, (7-10) 
provided that the coupling constants y’ and y are connected by 
SOU i =9 5.3% 105. (7341) 

On the other hand 

w (Kt pt 4-0-2") /w (Kiet + +2") =0.8 (7a12) 
is true if the same coupling constant is taken for (7-2) and (7-3). Combining (7-10) 
and: 712), 

w (Kt pt +0 42°) /w(K' pt +0") = 0.08 (7-13) 
is derived at once. The results of experiments (Table 3) are not inconsistent with (7-10), 


(Tag) cand (7.513). 


Table 3. Observed branching ratios for decay of K mesons produced and observed 


under different conditions!” 


Observer | Rochester (Hoang et al.) Berkeley (Ritson et al.) Paris (Crussard et al.) 


mean modulation time 2.1 X10—* sec 1.5 10-8 sec == 5G Omusec 


Ercdacion mode 2.9 Bev protons 6.5 Bev enter 6.2 Bev protons 
Kuz 59% ; i : 57% : 54% ; 
Kuz 21% 29% 26% 
T 5.2% Agee © 7.5% wih 7% 
Kis 3.5% ‘ te 355), at eer, eae | 
3 4, 


Also the following relations ‘are easily derived : 
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w (K* >t +p +7") =—y(Kt>2*+e°+) = 2m (K*t>e* +472"), (7-14) 


where factor 2 in the right-hand side of (7-14) comes from the iso-spin consideration. 


1 


Theor. 


Exp. (19 Cases) 


Exp 
(24 Cases) 


0.2 3 0.4 0.5—-€ 


2 == 4 0.1 12 3 0.5 —« 
j 30 100 150 0 Sa 100 150 200 250 
——» —> 
kinetic energy of w+ (Mev) kinetic energy of e+ (Mev) 
Fig. 2. The energy spectrum of y* in the decay Fig. 3. The energy spectrum of e* in the 
Kt yt +7°+79 decary K*+->et+°+ 7° 


Now we consider the results of Fig. 2 and Fig. 3. The energy spectrum of the 
secondary /#* in our calculation agrees pretty well with that of experiments. In the 
case of K,,-decay agreement is very bad, especially in the energy interval 80~200 Mev, 
but this will not be vital if we consider that the data are very poor. Theoretically it 
is difficult to expect that the energy spectrum of the charged secondary in the K,,-decay 
has a very different nature from that in the K,, decay, for the effect of the secondary 
m’ covers that of #¢" or e’, so the characteristic nature of “* or e' does not contribute 
very much to the decay nature of K,, or K,,. At any rate it may be too early to derive ° 
any definite conclusion on the spin and type of coupling of the K-particle from the K,,- 
and K,,-decay events. However in the decays Kyo, Ky, Ke, K-meson with zero spin is 
not inconsistent with experiments, and its coupling type is favourable to the gradient 
one. 


§ 8. Conclusion 


We have shown in this paper that the lepton reactions (which have been excluded 
in the frame of Nishijima-Gell-Mann’s theory) can be consistently understood in a unified 
way under the assumptions (I), (II) and (III). In that case the assumption (II), 
which introduced the three kinds of neutrinos, played the most important role. In fact 
it is this assumption which makes possible to distinguish the lepton interactions sharply 
from the strong baryon-boson interactions and to unify the weak interactions. 


In conclusion the author expresses his sincere thanks to Prof. S. Tomonaga for his 
interest shown to this work. 


1) 


2) 


3) 


4) 
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Letters to the Editor 


Elastic Scatiering of 24.6-Mev 


Alpha Particles by Au 


Sin-iti Igarasi and Torahiko Takano 


Department of Physics, Tokyo University 
of Education, Tokyo 


October 5, 1956 


The differential elastic scattering cross 
sections of medium energy alpha particles 
from heavy elements have recently been 
calculated by several authors.“ Wall, 


"have calculated the cross 


Rees and For 
sections of 22 Mev alpha particles, using 
the Blair model" as well as the fuzzy 
Blair model.” In the Blair model, which 
was proposed by Blair in order to  suc- 
cessfully explain the energy dependence of 
the cross sections of alpha particles, it is 
assumed that 7, the amplitude of the 
outgoing wave with orbital angular mo- 
mentum /, is e*’ for />/', where o, is 
the Coulomb phase shift, and is zero for 
[<I',. The critical value /’ is assumed to 


be given by the relation 
E= (#/2M)l' ('+1) /R°+2Ze?/R. 


Here E is the kinetic energy of the 
incident alpha particle relative to the 
nucleus, M is the reduced mass of the 
relative motion, R is the interaction radius 
set equal to the sum of the radii of the 
nucleus and the alpha particle, Ze is the 
charge of the target nucleus. In the fuzzy 
Blair model proposed by Wall, Rees and 


Ford, the amplitude 7, with /=/’ is assumed 
to be e*’°/2 rather than to be zero, and 
the other 7,’s with //' are assumed to 
be the same as in the Blair model. The 
results of the calculations with these models 
showed the 
backward directions which have not appeared 
Other  cal- 


using the same model also 


diffraction oscillations in 
in the experimental data. 


culations* * 
showed 


these models are not suitable to explain 


similar features, revealing that 


the experimental data.’)°~” 


N. Oda and K. Harada* have recently 
calculated the angular distributions of alpha 
perticles, using the continuum theory and 
the Coulomb wave functions calculated by 
In this 


calculation, they also used the Blair like 


the WW cee approximation.” 


cut-off procedure to the summation over / 
in the partial wave analysis. However, 
they have mistaken the sign of A/,, in 
eq. (2-6) in their 
misprinted in Blatt 
textbook.” 


paper, which is 

and Weisskopf’s 
Not only N. Oda and K. 
Harada, but also the other authors have 
not indicated how the penetration factors 
reduce with increasing / values, so that it 
is not clear whether their cut-off at I’ for 
the summation over / are reasonable or 
not. 

In order to see how various partial 
waves contribute to the cross section, the 
differential elastic scattering cross section 
of 24.6 Mev alpha particles from Au is 
calculated by the exact partial wave method. 
The calculation has been carried out by 
using the continuum theory? for the 


interaction between the incident 


alpha 
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particles and the target nucleus, because 
the compound nucleus formed by Au after 
the capture of the alpha particle is supposed 
The values 


of the Coulomb wave functions and their 


to have many open channels. 


derivatives necessary for in the calculation 
have been obtained by using the recurrence 
relation of the Coulomb wave functions.” 
The values of the s-wave functions are 
tabulated in reference 10. This table can 
only be used in the case of kR=27, where 
k is and 7 is the 
Coulomb parameter.” If the interaction 
radius’ R is taken to.be 9.36 X 107 cm, 
the above cited table of s-wave functions can 
be used under the condition kR=j=20. 

In the Table 1, the values of the 
penetration factors v,) of the /-th partial 
As one 


the wave number, 


wave ate tabulated up to /=14. 
sees, the penetration factor does not fall 
off rapidly, so that one could not neglect 


the contributions from the partial waves 


up to (=Hi13- 


Table 1. The value of the penetration factor Vz 


l 0 1 2 3 4 
v1 0.2321 0.2263 0.2149 0.1979 0.1758 

l 5 6 7 8 9 
VI 0.1496 0.1206 0.0910 0.0633 0.0401 

en 10 11 12 13 14 


Vi 0.0229 0.0117 0.0053 0.0022 0,0008 


In Figure 1, the differential elastic 
scattering cross section of 24.6 Mev alpha 
particles from Au is plotted in the ratio 
to the Coulomb cross section. The solid 
curve represents the cross section calculated 


by the exact partial wave analysis with the 


For the purpose of 
the comparison with Oda and Harada’s 
calculation at 22 Mev incident energy, the 


cross section obtained by taking into account 


continuum theory. 


van 
No 
wn 


only the contributions from the partial 
waves with [<4 is also plotted by the 


dotted curve. 


dc 
rep | 


ihefey 


1.4 


2a 


1.0 


sat 


0° 30° 60° (90° +120° 150%, 180° 


Figure 1. 

The differential elastic scattering cross sections 
of 24.6 Mev alpha particles from Au are plotted in 
the ratio to the Coulomb cress section. Solid line 
represents the cross section calculated by the exact 
partial wave analysis with the continuum theory. 
The dotted line shows the cross section calculated 
by the Blairlike cut-off procedure at /=4. These 
calculations are done by using the square well 
potential with depth of 20 Mev and the interaction 
radius of 9.36107!* cm. 

The dot-and-dashed curve represents the ex- 
perimental result of 22 Mev alpha particles. 


Although, in the present result, the 
diffraction oscillation does not appear in 
contrast to the calculation with the Blair 
or fuzzy Blair model, the ratio does not 
fall off rapidly at backward angles as 


compared with an expected experimental 
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data at 24.6 Mev, which would be similar 
to the data at 22 Mev’ represented in 
Figure 1 by the dot-and-dashed line. 
Agreement with experimental data might 
probably be improved by adopting a complex 
potential with tail. Then, because of the 
reduction of the potential barrier at the 
smoothed-out nuclear boundary, we may 
expect the smaller elastic scattering cross 
section, and hence the smaller ratio to the 
Coulomb cross section which is very small 


In fact, by using a 
11) 


at large angles. 
diffused potential, Woods and Saxon" have 
succeeded in reducing the ratio of the 
elastic scattering cross section of 22 Mev 
protons to the Coulomb cross section at 
large angles, which was too high in the 
calculation with a square well optical 
potential'”’ as compared with experimental 
data. The detailed study of the effect of 
this diffuseness is now under way and will 
shortly be submitted to this journal. 

The authors would like to express 
thanks to Professor T. 
Miyazima for his kind interest and en- 


Thanks are also due to 
M. Nagasaki for valuable discussions and 


their sincere 
couragement. 
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On the Effective Normal Fluid 
Density of Solution of He® in He' 


S. K. Trikha and V. S. Nanda 


Department of Physics, University of 
Delhi, Delhi, India 


November 8, 1956 


Recently, Pellam” has reported meas- 


“normal fluid ”’ 


urements of the effective 
density in a 3.3% (by mass) solution of 
He® in He* over a fairly wide range of 
temperatures. In the present note we have 
made use of a model recently proposed by 
us”? to explain the observed data reported 
by Pellam. 

Assuming that He* atoms partake in 
the motion of the normal fluid, the density 


vp, of the normal fluid can be written as 
Pn = Pin + Pen = Pan +s (44/m,) ; (1) 


where (,, is the density of the normal 
part of the He* atoms in solution while 
fs, is the contribution to the normal 
density due to the presence of He’. 


Following Pomeranchuk”, we write 


Pan = P's (44/ms) > 
where /« is the effective mass of the He? 


atoms in solution while m, is the actual 


On 0.70 
(*") 
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Fig. 1. The effective “normal fluid ” concentration (on/p) for 3.3% (by mass) 
solution of He* in He’, as a Capctioneoks il) tine Lames the 
j-temperature of the solution. 

Curve I: Present Model, Linear Expression for Gy. 
Curve II: Present Model, Quadratic Expression for G4. 
Curve IIL: de Boer and Gorter’s theory”. 
Curve IV: Mikura’s “ Modified. B. E. Liquid” Model®). 
Curve V: Mikura’s “ Revised B. E. Liquid” Model”. 
@ : Smoothed experimental results of Pellam! (corrected for the 


skin depth effects). 
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mass. Thus the expression for the effective 
“normal fluid”? concentration in a solution 


of He® in He* can be written as 
Pn/? Se8 (1 —X;) +X (44/m,) > (2) 


where x is the fraction of the total number 
which constitute the 


x, ( =:/ 0) is the 


of atoms of He’ 


fluid, while 


normal 


concentration (by mass) of He* in the 
solution. 

We have calculated the _ effective 
“normal fluid” concentration in a 3.3 


percent (by mass) solution of He® in He’ 


on the basis of our model by making use 
of the linear and quadratic expressions” 
for G, and using /4/m,=2.17, as required 
to explain the second sound velocity 
measurements in solutions.” The results 


thus obtained are compared with various 


theories,” using eq.(2) with #=m,, 
and the experimental results.’ It is evident 
from Fig. 1 that the present model 


describes the observed behaviour better than 


all the other theories. 


Our grateful thanks are due to Pro- 


fessor D. S. Kothari for his interest in 


this investigation. 
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ERRATA 


Energy Loss of a Charged Particle Traversing Superconductors 
S. Hayakawa and K. Kitao 


Prog. Theor. Phys. 16 (1956), 131 


originally should be read 
p- 132 @ : 2) Ou (Z,e/27c) ate DS (Z,e/27c/3) Bree 
pr 133 (2-6b) A (Ze Pi) ee) as AS (2,68 (ee) 
perios, «1e.6 6, and and A,, d,, and A, 
dW | r dW r 
133 (2-9) HA reeled 5 2 me eG ead | yak 
" dz, |>2 cP Ee i dz |> 28 ae 
dW dw 
Sone DRS aie ee Sis pe es 
AZo <r F dz, Sr F 


Energy Loss of a Charged Particle Traversing Ionized 


Gas aad Injection Knergies of Cosmic Rays 
S. Hayakawa and K. Kitao 


Prog. Theor. Phys. 165:41956)4139 


originally should be read 
140), laaks, auroral particles, coronal particles 
1tAD le toi ncrease to increase 


143. Fig. la (upper figure) must be turned upside down. 


- 10 Q §)10 
£48 #1, 197 in the corona”? in the corona®"” 


es ease bacatees 


fis reference!) a | Physianev. no (1954), 191 Phys. Rev. 94. (1954), 440 


A New Formulation on the Electromagnetic Field 
T. Ohmura 
Prog. Theor. Phys. 16 (1956), 684 (L) 


The title in CONTENTS on back cover, Vol. 16, No. 6, is to be replaced by 


the correct one, mentioned above. 
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This paper contains some observations regarding a type of non-static solution of Einstein’s field 
equations in “strong” form. Denoting the coordinates by xz, xm, Xn, x, a Static field Juv with 
components involving the coordinate x; is made non-static by changing xz into xz+&x; where € is a 
constant. For the spherically symmetric case we find that such a solution of field equations is generally 
transformable into Bonnor’s solution for the static field. When, however, the field components are 
all functions of (xz+€x;) only and the field is not spherically symmetric we obtain a non-trivial 


solution. 
S$ 1. Introduction 


In this part of the paper we propose to investigate into a new type of solution of 
Einstein’s field equations in the “strong” form in continuation of the simpler types 
considered in the first part." Adopting the notations and abbreviations introduced there- 
in and using general indices k, m, n, / as before we start with the fundamental non- 
symmetric field-tensor 7, having the following structure : 

The components 5;;, 5, 4y(=—4,) are functions of (x,, x,) only, while each of 


the “components Sm, Suny 4mn(=—4nam) is. the product of a function of (x,, x,) and a 
function of x,, of the type 


Sim — Gor (Xp, x)) aye (oe) > 
Snn = Beam (Xz, x;) CA, (x,,,) py e! fs iN) 


Ann = Mon (Xz, x;) Past ,) . 


On introducing polar coordinates x,=7, x,,=4, %,=0, x,=t this will yield solutions of 


field equations for a non-static tensor field. 
For the calculation of the /”s and the construction of the field equations correspond- 


ing to the tensor field (1-1) we make use of the general formulae given in one of my 
earlier papers.” For a spherically symmetric field, which is included in (1-1), these have 
already been obtained by Takeno, Ikeda and Abe,” Mavrides,” Rao” and others. As 


regards the solution of this complicated set of equations very little progress has been 


made so far. With a view to introduce simplicity we assume that all the functions of 


(x,, x,) which occur as components or as factors in the components of the tensor Jy, 
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in (1-1) are functions of the argument (x,+€&x,), where € is a constant real or imaginary. 
We characterize such a field as having a ‘wave’ form.” The resulting set of field 
equations has then been tackled by a new substitution method which finally yields the 
result that for a spherically symmetric field such a solution is transformable into Bonnor’s 


1) 


solution discussed in my previous paper." A new solution is, however, obtained having 


this ‘“‘ wave” character for the tensor field y,, in (1:1), all of whose components are 


functions of (x,, x,) only and of the typical form f(x, +€x,). 


§ 2. Expression for the /’ and the general field equations 


Referring to my earlier paper”) we note that out of the 12 quantities A’s, B’s, H’s 
only 7 survive with respect to the tensor field (1-1). We write them in the following 


from Aa = (Vreno nn Neato bile a oak) 
By = (Ymmno— Yanna) / (1 — nce) 
tp E =e (Vere se Vlas 2Y na) y (i-= cc) 
TT, = Verma 1 Yawn a? Sina 1 aka) & 


eZ (kil. (an 


. : Soe nN che E 
In the above, symbols like y,,,,,.,, Ya, denote respectively k, —# while symbols like 
s ay 


mm 
k m / 
Cin Sn stand for yy / Shh decay sat 


The non-vanishing /”s can now be written in several groups as follows : 


(i) 5 groups of 4 each* 


7m __. 1am ym __ i 
n= 30, B, kn — $0.) B, > 
a kin 


, __ "4 ? 
/ kn= 4c.A, l kin = 4A,, 
Vv 


; S 
| bom poe —4 “mm (A, +c? ¢ mB Baye 


mC 
Shh 


(ii) 4 groups of 3 each 


Cy k Ly L de 
i= 4H, Pu=4 Yam t+ hat A, , (2-2) 


Vv 


Thee 7 hie Sy Lk 
/ khk— 9 Vikk ip (4 Vik ol 9 9 H,) , 


Sheps 


(iii) one group of 2 only 


*k Ann 
/ on See 4 : (A,+ B,) . 


v BY kk 


* 
‘ The unwritten members are to be obtained from a particular J” by suitable interchange of indices 
such as 


k—— 1, mn, km 
al 
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For the existence of the above solutions we assume further 
1—Gc} # 0, Loc 4 0, 
Cl 4g )o4ag Cha Gnee) 240, (2-3) 
ea Gna) tone, (Lc) oa 0) 

As for the field equations R,y,=0, Ryy=0 only 6 survive in the present case. These are 


R= 0, R,=0, Rium= 0, Ry=0, Noga Rin = (2-4) 


the explicit forms of which in terms of /”’s follow from the general formulae.” 


Further, the equations /’,=0 contribute 
J =0, =o; [e==0 


yielding the relations 
H,=24,, (o=k, l) (2:5) 


H,,=0. (2-6) 
Referring to (2-1) we notice that the condition (2-6) is satisfied by the field components 
ime ak) iF 

ipa. = a ies = (2 ‘ 7) 


It is to be observed that 


fe) 2 2 1/2 
Ale = 9 - log (Om == ®inn) a 


Xo 


A, = ae log (1 a a 
Ox, \ i 


Dia 
and (2-5) has the integrated form 
See SU — dz 1 —c(GrimtGim) | ? (2:8) 


where c is an arbitrary constant. 


$3. System of modified field equations in terms of field components 
Let us first consider the equations R,,=0, R,=0. Combining them in the equation 
Rie (Sx/Su) Ru=0 


and making proper substitutions from (2-2), (2-5), (2-6) we obtain after a straight- 


forward calculation 
qa cor cc;) E A,,, k “i tA, +3 2 Aen By Ae Any nak 


— SH = —A,, +44 +3 cncnB; + Ayu |=0. (3-1) 


Si 
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Next we take the equation R,,=0. This readily reduces to the form 
Vv 


Ay, x A, (Varn =, Varn) +¢4 3A,— cncn By) 
= Shh [A,, +4, (Yim — Yur) +4 (34;—cic'B;) ]J=0. (3 t 2) 
Si f 
From (3-1) and (3-2) we derive the equation 


A, (by ux - cc} Ay) = 2 (4 ee SA = 14, i cc By) : G3 ; 3} 


Si 
After some easy reduction using (3-3), (3-1), (3: 2) in the process the equation R,,=0 
becomes 


(ene Bi— $A +dd A) +“ Gener Bi— $A + 4A) 


me Lb 
Su 


=3 ua Ez +3 yu ue — Yann) + a {yenre + Vans (Vane — Yuu) } | : (344) 


2 ° 
Ap a 


The equation K,,=0 gives 


i= cc) (—Ay, +4,¢A,A, ate SAY px =e 4 Ayn. =< 3A,A, a 4ci.cn B,B,) =0. © : 5) 


tas (oe Sa : : : 
Eliminating 4, ,+—“ 4,, and B,,+— B,, in succession between the equations R,,,,,=0, 
Suu Su 


R,,,,=90 we obtain 
Vv 


@ =o) | Bea B.A tee) =F B, (A— AV erk +> ay uK + cc A,) 


i as {B, Le Bi —~ CG.) AP B,(A,— bu + Saxe + ccf A,) | a 254 f@%,) ’ (3 x 6) 


Si 5 


mm 


CE Sata | Ae +A, (Ay —A yaa t dyn td Ap) 


ai _ {4,,+ 4, (A, — Yui =F bye +c.) } | oe Zins fn) ? G 2) 


Sy 5 


mm 


where f(x,,) stands for the expression 


3 | Yunmym —* Beam Gy eee — Vit) | ® e : 8) 
Using (3:2) in (3-7) we finally arrive at the equation 
(A+ eset Bi) + (Aj + enenBi) = — Ain Fm) (3-9) 
Si ’ ( Liem cy Pa Simm 


The system of 6 equations (3-1), (3-3), (3-4), (3-5), (3-6), (3-9) thus replaces 
the original system (2-4). In equations (3.6) and (3-9) there is a part F(x) We 
which is a function of x,, only while the rest are functions of X,, x, and therefore, for 
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consistency, we must have the auxiliary equation 


4 fn) =A¢,,, me > (3 E 10) 


where / is a parameter which can take negative, positive or zero values. For A340 it 
has been shown” that in the expressions for 5,,,,, 5,, in (1:1) we must have 4¢,,,,=1, 
Pnn=sin’x,, ot sin h2x,, according as / is negative or positive. When 4 is negative the 
representation of ,, in (1-1) is spherically symmetric. Later on in our final solution 
we shall discuss two cases 40 and J=0, in the latter the field components being 
functions of x,, x, only. 


mm 


$4. Simplified set of field equations and the solution 


In accordance with our simplifying assumptions let us now impose the conditions 


Yami | Yon mk — Yat! Yank — Ynna/ Yn a vi! Yea = Yat Vern =E€ (4 $ 1) 
in the field equations written above, remembering also 
A,/ A, aaa B,/B,, = An a/ Arn =E, Ay | An» = By 1 / Br, = (4 : 2) 


which follow from (4-1). We indicate the equations thus treated by putting a dash 
over their respective numbers. The equations (3-1’) and (3:5/) are now equivalent by 
virtue of the relation (2-5), that is 


Vithe bY pi 49. A,(1—a). (4-3) 
We have then a new set of 5 equations to consider and for their solution we adopt the 
following substitution method : 
Introduce two new variables P, Q defined by the equations 


? 2 2 1/2 2 42 2 2 1/2 
== A (inom t Ginn) y= fA, Gn m + Ginn) M (4 , 4) 


Paddy 7 "QU 4d) 


kk 


so that 
& (Sin / Su) = OVP. (4=3)) 
By logarithmic differentiation of (4-4) we obtain 


Vick — 2Av See - 7 26,0 A > 


A, 
(4-6) 


2A k 
Vl = ——te = A, “c ° == 2ch¢/ ho 


where we have omitted the commas in P,, Q,, denoting differentiation. Making use of 


‘ 


(4-3) we get also 


Vik — ase lke 165 nh ie . (ae7) 
ke 
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r 
Performing the above substitutions in the equations (3-1), (3-3/) we find that the 


equations may be replaced by 
Aga dd tA + 8) + beac B= 0, (4-8) 
(P+Q) (cect Ai — Benen’ By) +34. (Pr + Qu) =0; 2) 


which in conjunction with (4-7) yield 
ote 


2 ¥en — 2 te +A, + +2¢.cA,=0. (4-10) 
We also note that (4-8) can be written as 
— Ar + Anynn+d (Ag+ ci.c7 B.) =0. (4-11) 


In view of (4-8) we rewrite (4-6) in the simpler form 


Verk = Qy/ = Cnn» Be/ Ay, 


(4-12) 
Yur = P,,/P— One n+ B,/ A,. 


We shall next prove that the equation (3-4’) is identically satisfied by the above sub- 
stitutions and in consequence of the equations (4-8), (4-9). 
Substituting for yur, yux from (4-12) and simplifying, the righthand side of (3-4’) 


can be written in the form 


pe Z a BaQ)Pte eee DH]. aay 


Using (4-9) and carrying out the differentiation the above takes the form 


©) mS aN AT 1 1.2 V Pei Ry 
(4 Q)ae-z0-ainatva(s- V2) 
Using again (4-8), (4-9) we reduce the above to 

(1+ 2 )Qercrs—sai+ dea, 

P 
which is equal to the left-hand side of (3-4/). 


Consider now the equation (3-9’). Making use of (3-10), (4-4), we write it in 
the form 


2 nom Ayo 
(P+Q) (Ai +c c'Be) = — rnd ° ae 4 
(1 =~ dct ) (¢;,, m + Dn) i) ( ) 


Integrating (4-10) we have 


} ee 
(P+ Q) (1—dd) = : : k # 4-15 
4G, &y Ban + Gan)? Can) 
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where c, is an arbitrary constant. Using (4-14) with 440, we get from the above 
40.9 nm = A+ CnCn' By 5 (4-16) 
where @ is put for cA. Referring to (4-11) we therefore write (4-16) in the form 
Ay p— ALY — — 2b nm - (4-17) 
Again, using (4-9), (4-11), the equation (3-6’) becomes 
AG nm 
Sh cd) Pmt Pee) 


On putting B,= (9,n/Pmm) B, and making use of (4-14) and (4-16) we get 


UE Ue Q) [ B,. A B; (1—c,cr) — B, Vert | = 


By x— Brisk =2AG un Fin : (4-18) 


For the final solution with 240, besides the equations (4-16), (4-17) and (4-18) 
which involve @,,, $n, and a, we shall require two more involving 5; 5, also. One of 
these is evidently the integrated form of (2:5), viz., 

Speke St — dy {1 —C(Biam + Gn) \ ~ (4 z 19) 

The other one is obtained as follows : 

From (4-4) we have 

1, &_ C+Q0-de) 


2 (2 2 y1/2 
Shoke Su A, (¢,, m ar Dinn) 


Using (4-15) we express the above as 


de presto Maulty Es, (4-20) 
Skk Si 4c, Dy (Gin m ar Dinn) 


The 5 equations written above give the solution of the field components apparently as 


functions of x,+&x;. 
Consider now the transformation 


X=, + Ex, x, = (Xe; x) 5 (4-21) 


where 
06/Ox,= = E544/ (E7544, + Su) > 09/Ox,=5y/ (E7Sn t+ Su) 3 
then the above solutions may be presented as involving only one variable x, and are of 


Eehe same form discussed in the first paper.” 
When A=0 the field components do not involve x,,. From the equation (4-14) 


we find that either 
G) Ai Bi S08 on. Ui) 2 O20: 


The relevant equations of the first case are then given by 
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Ay n— An Vin =, By x — B, Vuk, 


with (4-22) 


Sk 59 —_ jy { Loc (¢;, m 46 Pian) } ? 
Lippe 1 


DE ee 
Sick Si 4c qj, (¢,, m = Din) 
The transformation (4-21) applies to this case also and the solutions involve one 
) 


: 1 
variable x), and are of the same form as has been discussed before. 


When P+Q=0 we have also P,+Q,=0, hence 


1/ Set /su=0, Yur=Venn « (4-23) 
Out of the equations (3-1!), (3-3, G-4), G-6), G-9’), only (3-1) survives, 
others being automatically satisfied since P+Q=0. Further we assume $..m=Pmn so that 
B,=0, then equation (3-1/), ie., (4-11), is integrable and we get 

dy = (Az / bm) : const, (4 : 24) 


where 4, is given by y,,.4- 
The equation (4-19) gives now 


Ost = dey (1 — 2CPinm) « (4-25) 


The final solution may be presented as follows : 


Let « denote an arbitrary function of (x,+€x,). Then setting @,,,,=u° we have 
(Verte Pavey ah 
Equation (4-24) then gives 
pas 
u* Ox, 
where c’ is an arbitrary constant. 
Also (4:25) gives 
ip : . Ou (1 —2cu*) "/?, 
& af Ox, 
and consequently 
su =— cca (1—2cu') 
u> Ox, 
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Charge conjugation is studied in a different form from the usual one, and the assignments of 
the eigenvalues of the isotopic spin operator tz; for antiprotons and antineutrons are discussed. As 
an illustrative application, the annihilation process of a nucleon and an antinucleon is dealt with. 


$1. Introduction 


The eigenvalues of t,, the isotopic spin operator describing protons and neutrons, 
are usually taken as 1, —1, respectively. There seems to be two possibilities in the 
corresponding assignments for antiprotons and antineutrons; that is, +1, —1 or —1, 
+1. This arbitrariness has recently been argued by Lepore.” He has shown that one 
of the two alternatives is ruled out if one demands that the theory be invariant under 
charge conjugation. It is to be remarked here that Lepore’s approach does not seem 
quite satisfactory since it rests upon Dirac’s one-particle theory.* We shall therefore 
reformulate these considerations, basing ourselves on field theory. In § 3, as an illustra- 
tive example of the present formalism, we deal with the annihilation process of a nucleon 
and an antinucleon.” There are few new results, but the point of view of representation 


is new. 


§ 2. Formulation 


The operator describing the nucleon and the antinucleon is 


hy (x) 
fy (x) 
h(x)= 
PON 5) 
hs (x) (2-1) 


$e (X) = 4 | dp m/\E,| > {b (p) u" (p) &* +d * (p)v" (p)e~?*}, 


or 


dy (x) = | dp m/\E,| D3 {6 (p)«"(p) eve +.dQ* (p) u" (ple? }, 


(aa ae 


* This defect has been pointed out by Sugawara, too.” 
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1 
bp (x)= ; 
$7 (an) 
1 
h=, eh sess 
x(x) (2m)*?. 


un(p) —clo(p) F- 


v.(p) =clu(p) | 


\ d°p)/m/\E, 


or 


or 
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D1 {di (p) ui (p)e”* +8. * (p) ue (pe ?*}, 


u(p) =c[0.(p) |’, 
v(p) =clu.(p) |’ 


Here c is the usual charge conjugation operator. 


momentum +p and v(p) is a negative energy spinor of momentum —p. 


t 


U=U Fa 


[ apn/m/\E,| S3 {a Cp) wep )e* +62* (p)ve(p)e”* 


u(p) is a positive energy spinor of 


b,.(p), 4,(p) 


are destruction operators and 6; (p), d, (p) are creation operators, and they satisfy the 


usual anticommutation relations. 


characterised by operators : 


9h OG 
1000 
NAGS Gr 7 
rote 
0010 
Jom Oro 071 
1000 
0100 


The following assignment is adopted : 


Pp > (t,=1, A=1), 


Pp > (t3=1, A= se 


0-10 0 er Oe O 
teOur0 70 0-10 0 
§ wero —; Pa io of 10 
(OY Coa a) 0 0 0-1 
0 0-—:0 1 402080 
omg 943 O FG % 0 
A, = 
ky Oy abe 03 0 0-10 
Os On 0 070 3707— 1 
n—>(t=—1, A=1) 
n—->(7,=—1, A,=—1). 


Then the wave equation in an external electromagnetic field 4, is* 


The charge operator Q is given by 


From (2:4), one can construct the wave function of its charge conjugate as 


[7.(0, +ieQA,,) + M | ¢h(x) =0. 


Q=[(1+7,) /2]A,, 1= 


* The notation for the Dirac matrices is that of Schwinger.) 


LEORORO 
Us TORO 
OR OREO 
OSOROR 1 


Each row (or column) of g(x) (or ¢=¢''7,) 


(2-2) 


(2-3) 


(2-4) 


(2-5) 
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chp (x)” $7 (x) 


cpy (x)? hx (x) 
P.( = = — 
Ol Vesies tela Carey 
cpy (x)? dy (x) (2-6) 


The equation for ¢,(x) is 


[7.(9,,—1eQ4,) +M] q(x) =0, 
where the relation c'y,c=—7* is used. 


If we define the matrix C in terms of 
f(x) =CY(x), 
we get 
OSORIO 
OF ORORL 
ib fey (6) (0) 
ui exe) (2+7) 


Next we deal with pseudoscalar mesons. Assuming the pseudoscalar interaction and 


the charge independence, the wave equation is 
(7,9, +ieQA,) +iffrsletrde +M]yh(x) =0. (2-8) 
The I, matrices are the isotopic spin matrices and given by 
Me Ae ee loa aCe er l= T aha (2:9) 
From (2-7), the equation for ¢, becomes 
[rn By —ieQA,) +ifrslFAba + MV ex) =0, (2-10) 
where I[* is the complex conjugate operator of [,. 


If one now demands that the theory be invariant under charge conjugation, then 


the nucleon field equation remains unchanged provided that 


91> 91, bP. > — He $; > ds. (2-11) 
Further consider the interchange of proton and neutron. The equation for 47 becomes 
[a (A, +ieQA,) — ifr sls Aba + M | fr (x) =0, (2-12) 


dx 
Cp i= na ir, FO=| t,)/ 2; (2-13) 
— Pp 


The charge symmetry requirement of meson-nucleon interaction is followed if 
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$:>—$,, $27, G7 —-9; (2-14) 
under T-transformation. Summing up the results so far, we have 
GSGTe 4 (2715) 
for nucleon field and 
(¢,+i6.)/v 2 


rp d, 
Pea (,—i8,) [WZ 
0 oO-—I!1 —10 0 
ede cecr=( 0-10 }. 
0, 0-21 tar tes 


| 


for meson field. Lee and Yang used this operator ‘‘G” and derived interesting selection 


oro}, T= 
100 =10 0 


rules concerning a nucleon-antinucleon system.” 


The rule for composition of isotopic spin is 


T,= >) Ty. (2-17) 


a 


This is assured if one observes that under a rotation through angle € about the 3-axis 


in isotopic spin space ¢/ transforms as 
oh > eft? 20° 


Thus one sees that if a state involving particles and antiparticles is constructed by 
operating on the vacuum state with appropriate creation operators, such a state transforms 


as 
—4/2-D1,%€ 
F 8 


VT Se 


under a rotation about the 3-axis in isotopic spin space. Similarly we have 


T= TP, T,=>) TS. (2-18) 


Finally, let us consider the following unitary transformation : 


Pp TOs ORO 
De 
ih as (Jolene | es | at gaa Y el 0 
hx Ovor0"4 
— Pz 0 0-10 (2-19) 
Then we get* 
L=Up Uschi aie st aeag (2-20) 


ba U1,U=t 3, Ur,U=t, Ut3U= tad. 
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The wave equation turns into 
Lip (Ou +ieQ’A,) + iffst aba + M |p! (x) =0 (223)? 
Q’ =U 7QU= (1/2) - (4,+7,)- (Za5)) 
Further, we easily obtain 
Ci Us CU aA6 
te Ule IeUieapess 
G=0 GU=i,, 
The equation (2-5)’ is the formula for the charge of a nucleon proposed by Gell-Mann 
and Nishijima.” 
§ 3. Application 


As an illustrative example of the present formalism, we deal with the annihilation 
process of a particle and an antiparticle.” We have no new results other than those 
given by Lee and Yang,” but in this formulation the operator “‘ G” is easily understood 
in terms of the product operators of charge conjugation and the interchange of proton 


and neutron. 
The total isotopic spin T=0 state of a nucleon and an antinucleon (pop, na 8; 


pn, n+p) is given by 
T,=0 = Wey = (1/2) {(piPot mite) + (Pipe mine) } (ea) 
and the T=1 states are given by 
P= ee (1 v2) pits Ee; pe) 5 
T,=0  : P#,=(1/2) {(piPo—mity) + (Pip2— tims) } 5 (3-2) 
T,=—1 9) Vt, =(1/ 2+) (Pite= rife) - 


Hete the suffices 1 and 2 distinguish the coordinates of two particles. One of the two 


alternatives in (3-1) and (3-2) is ruled out by the Pauli principle. The upper sign is 
and the lower to the states °S,, 'P,,...etc. 


appropriate to the states ES ee hie Pay ets 
From (2-15), (2-16) and (2-19), we note that 
Gp=—9, Gp=—n, . \Gn=p, 
Gn=p, Gp= =n. 
G,G,Pt,= +2, G,G0*.=F Vi, 
G,G,¥t,= + FF, G,G,Ut, = + PE. 
Thus we can easily write down the selection rules given by Lee and Yang.” 
I would like to thank Professors R. Utiyama and S. Takagi and Mr. T. Goto for 


their illuminating discussions. 
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A new method of calculating electrical conductivity is presented. The method is based upon the 
theory of relaxation function or after-effect function, from which the general formula for the electrical 
conductivity is obtained. Taking into account a time required for an observation, we introduce the 
irreversibility into the theory and investigate the relaxation behaviour of the process, by which the 
electrical conductivity is calculated and the practical expression is obtained. In the perturbation ap- 
proximation the result is the same as the expression obtained on the basis of the Bloch theory. 


S$ 1. Introduction 


The object of this article is to present a method of calculating the electrical con- 
ductivity, an outline of which has already been given in this journal.) Also the more 
details have been reported in Japanese,” and studies were made by a few authors on some 
problems concerning the present method.” It is a quantum-statistical method based upon 
the linear theory of irreversible process. This method is possible to be applied to any 
system without requiring any special consideration, if only a few generalizations are made 
in some details. To these generalizations we refer only a little in the appendix and the 
detailed discussions will be continued at the earliest opportunity hereafter. 

A little after H. Takahasi made investigations on the theory of thermal fluctuations 
in classical system,” R. Kubo and K. Tomita generalized his theory to quantum-statistical 
systems for the purpose of discussing the problem of magnetic resonance absorption.” We 
make use of the same procedure in order to investigate the phenomena of electrical 
conduction. 

Based upon the equation of motion of the density matrix we can find the relaxation 
function of the electric current, that is, the function of time which gives the density of 
electric current of a given system in the presence of an impulse of external electric field. 
The function is expressed in terms of the Hamiltonian and the operator of the current 
density and represents essentially the whole properties of response of the system to the 


electric field. By superposing the relaxation function appropriately we obtain the density 


of electric current placed in any time-dependent electric field, from which the formula 


for electrical conductivity is obtained. This is the formal aspect of the present method 


and is explained in § 2. Since this formula is not practical, we introduce, in § 3, the 


nto the theory by taking into account a time required for an observation 


irreversibility 1 
pression of the electrical conductivity and its perturbation 


and obtain the practical ex 
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approximation. Based upon this formula we calculate in § 4 the conductivity of metal 
in which electrons make collisions with the thermal vibrations and other irregularities of 
the lattice of ions, and obtain in the perturbation approximation the same result as that 
based upon the Bloch theory." The general formula obtained in § 2 is used again in 
§ 4 for the system of free electrons in the presence of uniform magnetic field. Finally 
some remarks are presented in § 5 concerning the generalization of our method to other 


irreversible processes and the investigations of detailed mechanism of conduction phenomena. 


§2. The formal theory, relaxation function and general formula 


for conductivity 


In the first place we investigate the response of the system to the applied electric 
field in the scope of the linear theory of quantum-statistical mechanics. It is sufficient 
to find the response to an impulse field because the response to any applied field is 
obtained by superposing appropriately the responses to successive impulses. We denote 
by the Hamiltonian of the system in the absence of external electric field. As far 
as we do not give any notice, { does not involve any external magnetic field. The 
motion of the system in the presence of an impulse field is described by the Hamiltonian 
S—c'j- A(t), where j is the operator of the current density and the vector potential 
A(t) is the step-function of time 

CaCy) dtyanforststyd 
Alt) = 
0 toner eesti 
corresponding to the impulse field by the familiar relation F(t) =—c'dA(t)/dt. The 
Hamiltonian of the system as a function of time is therefore 


O—Jj-F(t)dt, for tS, 
(1) 


H Pots Con far. 
The density matrix ((t) of the system for tt, can be written as 
((t) =exp| — (i/b) (t—t,) O] p(t.) exp] (i/b) (t—t,) H] (2) 
or its equation of motion is given by 


ib (A(t) /dt) =(9, p(é)], 


where (t,) may be assumed as the canonical density matrix of the system with the 
Hamiltonian {)—j-F'(t,) dt,, because this has been the Hamiltonian of the system all the 
time from t=—oo to t,. Then we have 


((t)) =exp[ —8 {S—j- F(t.) dt} |- {T,exp |—P {9 —j- F(t.) dosh his sinh) 


mien use of the expressions (2) and (3), the value of the electric current density at 
t— t, is written as 


J(t, ty) = i. le (7 | oe dt Le (tj (t— ty) | > (4) 
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where j(t) is the operator of the current density in the Heisenberg picture 


J() =exp (i/h-tD) j exp(—i/b-t), (5) 


which follows the equation of motion 


6/1) Oj () /2t=[H, J]. 


Expanding (3) into the power series of F'(t,) and leaving the zeroth and the first order 
terms, we get 


8 


¢(t.) =exp(—8S) -[1+ ja e4® (j J.) - F(t,) dte—*®]-[T,.exp(— 8 8) J"! 


0 


B 
=Poil +dty| di eA® (j—Jo) F(t) me) ? (6) 
where 
po=exp(—2.) /T,exp(—B) cea) 


is the density matrix for the canonical ensemble of systems with the Hamiltonian §, and 
Jc=T,, (Pep) (6b) 


is the average of the density of electric current over this ensemble or the value in thermal 
equilibrium. Substituting (6) in (4) we have 


8 


Je £) = Jord | di ik {ocet® (j—Je) ; F(t) e 07 Ce i) i . (7) 


0 


Since any spontaneous current does not exist in almost all systems, we neglect J,. Then 


Eq. (7) is written in terms of the orthogonal components : 


Jats ty) =i, Sane) Os ati) CZ or Y=x, y> Be (8) 


where ¢,,,(¢) is the relaxation or after-effect function 
8 


Pru (t) = | AT {poet j,e~ 19), (9). (9) 


On the basis of the superposition principle in the linear theory we can obtain the 
expression of the density of electric current J(t) at time ¢ of the system in the presence 


of an external electric field F(t) as 


Je) = | tiolat, ) = DAF C2) Pu). (10) 
The frequency-dependent complex conductivity o,,(@) is therefore given by the Fourier 


transform of the relaxation function $y, (¢), 
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fo) oo 8 


Feat) ==! EO AE) oe == | dre | GAT, {0ce® j,e— 497, (0)}. (11) 
If we denote the eigenstates of by m, n and so on and the corresponding eigen- 


values by E,,, E,, and so on, we can rewrite the relaxation function as 


’ 1 —pEye — PE 
Py, (4) — 22 : z 


™m a E E 
m a 


vexp (i/o :t (En En) 1) Griese) (12) 


n 


Ki, [ (m|j, |n) (n \ju |) 7 


where §R,|---| means the real part of the expression in the bracket. 
The properties of electrical conduction of the system are essentially condensed in the 
relaxation function. As shown in Appendix 1 the relaxation function satisfies the equa- 


tions which relate to the microscopic reversibility of dynamics 


Gur (t) =P (—) =u. (13) 
By substituting them in (11) we have the Onsager reciprocal relation 
ops (00) =O, (co). (4) 
The static conductivity o is 
00 o 8 
aad | deen, (= | bh \4i T, {poe je 9}, he (15) 


If we make use of the expression (12), we can rewrite (15) as” 


o = (th/kT) ‘De, =8,) 6 | (m|j,,|n) |*- (Sye7 En) -1, (15a) 


m n 


§ 3. Irreversibility and the approximate procedure of 
calculating conductivity 


As the general formula obtained in the preceding section is not practical, we re- 
formulate it in the following, introducing the irreversibility by taking into account the 
fact that a time is required for a measurement. We can then obtain the tractable ex- 
pression of electrical conductivity. 

The density matrix at time tt, of the system to which the impulse of electric 
field is applied at ¢, is now assumed, in a certain stage of approximation as shown in 
Appendix 2, to be written down in terms of an “ effective vector potential” A (#, #,) 


as follows 


((t) =exp|—B{S—c'j- A(t, &)} |/T, exp|—B{G—c"j- A(t, t)}], 
where 
c'A is ty) =F (t,) dt, : (16a) 


We can trace the change of A(t, t,) with time t>>¢, by making use of the equation 
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of motion of p(t) in the form (2), by means of which we have for t-+dt>t>t 
exp[ —B{G—c"j-A(e+ 4, ty) } | 
=exp(—i/b- dt) exp| —){O—c'j- A(t, &)} |exp(i/b- dt). 


0 


Now we expand both hands of this equation with respect to the effective vector potential, 
multiply them with j, and take their traces. We get to the first order in the vector 
potential 


ec ae eee (t, ty) . 


Ss 
a dt 


Ay = ee Ce ty) Dig 5) (16b) 
where 


B B 
a | AT, (proe'®je~49j,.), by = (AAT, [poet8j,e 78 {j,—j, (4) }/4)]. (66) 


wv 
0 0 


If the time interval Jt is of the same order of magnitude as that required for a measure- 
ment, the difference quotient may be regarded as the differential quotient in the left- 
hand side. Furthermore we can rewrite 6,, in a more practical form, as is shown in 
Appendix 3, as follows, 

by, =h-*| dT’, {Pcl jv» LD, Ju (t) | |} ae) al {Pol }v> Leal : (16d) 


0 


Then the equation (16b) can be written as 


DALEY di = SNA, (65) qe, ; (16) 
where 
Cu pede daa (16e) 
P 


with the use of the inverse matrix a) of a,, given by (16c). We can find the 
expression of 4, (t,t) by solving eq. (16) in the initial condition (16a). 
In the case in which the applied field is not an impulse but is expressed as F'(t) 


as a function of time, 
t 
A(t) = | dt, A(t, ty) (17) 
appears instead of A(t, t,), and it is clear that the same equation as for A, (¢, t)) 
dA, (#) /dt= — D4, (icn (18) 


is fulfilled for A,(¢). With the use of A,(t), we get the average value J, (¢) of the 
electric current density at t, as follows 


Ju (t) =c' Sj4, (4) dws (19) 
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By making use of the transformation matrix 5,, which transforms c,, to the diagonal 
form as 


\ at ) 
DI Ds Sup “ps Sop = Cv Pvp » 
pP 6 


we can get the solution of Eq. (16) in the initial condition (16a) as follows 
hae? ty) =cdt,'> Fy (to) >I; eats a ie (20) 
v p 


Then we get by Eq. (17) 


Aud) =e Sirs Co Ss tena) =¢> Fe" (c+10) rs F (21) 
v p v 


in the case in which the applied field is the trigonometric function F, (¢) = -e Ww © 


then obtain the density of electric current J, (t) at time ¢ 


LQ = SHR ab Hi) dha (22) 


Accordingly the frequency-dependent and complex conductivity tensor o,,(@) is given by 
Oy (w) =| (ba! +iw) a), (23) 
with the use of (16c) or (16d). The static conductivity tensor is 
oy, = (ab Pa) Ge (23a) 


We now investigate an approximate procedure of obtaining the concrete expression 
for conductivity tensor from the formula (23) or (23a) on the assumption that the 


Hamiltonian is the sum of the two terms, the unperturbed , and the perturbation 


or the collision term )/ and that the density of electric current j is commutative with 
). The commutativity is satisfied in all cases except in the presence of external magnetic 
field. We further assume that §)’ has no diagonal element in the scheme in which §, 
is diagonal. As we shall see in Appendix 3, we can get approximate but more concrete 


expressions of matrix elements of a and 6b by making use of the perturbation calculation as 
follows, 


[oa] 


a! i/b° dw/w <| [ Je 5 Moke | ‘ ; i | |» Fi (16 2) 


ow 


—o 


The conductivity tensor obtained by substituting (16f) in (23) or (23a) is a little 


complicated and we do not write them down. In the system of spherical symmetry the 
conductivity which is equal to o,,, is expressed as 


o =h’/tkT : ‘eda ad {| he ? Di] [9.3 > Jul? |w=o ’ (23b) 


and the non-diagonal components of the tensor all vanish. In (23b) 


(gp = Tye Feta) /T, Ce Pah) (24) 
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is the average value of g at thermal equilibrium of the unperturbed system, and 


ao 


OD, yan: a OU) ert” (25) 


is the Fourier component of /(t) = elt o/b H/ @—i#Do/b | 


$4. Some concrete calculations 


As one approximation we shall calculate on the basis of our formula the conductivity 
of the degenerate gas of electrons swimming in the field of crystal lattice waves (a typical 
model of metals) . 

We make use of the method of second quantization. The Hamiltonian of the 
system is expressed as 


H=H+H', (26) 
Do= DECK) aie ae + Dd jho (ke) by* by , (26a) 
e K k 
9’ =7 >) > ko (hk)? (agin tn by bak 4xsnbe™); (26b) 
K Kk 


where ay and a, are the creation and annihilation operator of electron in the state of 
wave number K, and 6,* and 6, are those of the phonon corresponding to the normal 
mode of wave number k. Further €(K) is the energy of the electron with wave number 
K, w(k) is the frequency of the normal mode of wave number* k and 7 is a parameter 
which represents the strength of the electron-phonon coupling. The operator of the 


density of electric current is 


ji.=-— ye cos an AK - (27) 
BD EKO) eOK} 


As we shall see in Appendix 4, we have for such system 


dy = yy = (e/b)? (40°) | 45 grad é|7__ _—_, (28a) 
Ore 


, 3 
barby = (er)? 6 bx KT) ~ || d8 | (de | grade & [1 ae, EK +h) EU} | 


v 


Qe V 
ea fe(K +k) —&(K)} {er 1} 1 {1 —e een 1. 
K, 
3( SOS Hath) ). Bes 


* We call 2 times the true wave number and frequency by the names of wave number and frequency. 
The use of the same letter for the wave number of normal mode as for the Boltzmann constant will not 


cause any confusion. 
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where dS is the element of Fermi surface 2, in the wave number space of electron over 
which the integration covers and dk is the volume element in a simple unit cell V of 
the reciprocal lattice over which the integration covers. By substituting (28a) and (28b) 
in (23) or (23a) we get the conductivity tensor. 

We shall further develop the calculation in the case of spherical symmetry that 
€(K) and w(k) do not depend on the directions of K and k respectively but only on 
the magnitudes K and k. In this case, as we shall show in Appendix 4, we have 
dy,=b,=0 for vA p and 


a,,=[e/mh- (0&/AK,) K,P/3 , (28c) 
buy = (67/kO) (veN/b)*(T/O)°J,(/T) (28d) 


where K, and (d&/AK), are the values of K and 0€/9K at the Fermi surface of electron, 
is the Debye temperature, and further 


he) = |e 


5 


Substituting these in (23b), we get 
_ ekOn (JE/OK) y Ko es 
182° N82 (T/4)*],(6/T) 


o— 


where n and N are the numbers of electrons and lattice ions per unit volume respectively. 
If we use a concrete expression of 7 

7 = (26C?/9NM)‘”, 
where C is Sommerfeld-Bethe’s coupling constant,” we get 


pamela aig (29) 
47°? C?(T/0)*J,(0/T) 
where s is the sound velocity in the crystal and k, is the wave number of phonon 


corresponding to the cut-off frequency. The asymptotic forms of this expression for low 
and high temperatures are 


‘ en M sk, Ky (9E/9K) ” 4 y for ae < 0 (29a) 
480(d}mr*)aepece ST 
i m=1 
en Msk, Ky (d&/OK) 0 0 
a OK) 0 
\ the? aa ica ei 


The expressions (29) and (29a, b) just coincide with those obtained on the basis of 
the Bloch theory.” 

If the Hamiltonian has two different kinds of collision terms, ’ and >’, the 
resistivity of the system is equal to the sum of two terms which represent the resistivities 


in the cases that the collision term is respectively {)/ and {’’ only, as far as $/ and 
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9’ are independent of each other. The independence of 5’ and $/ means that any 
eigenstate of $, cannot return to itself by any successive transitions due to $5’ and $9’ 
or the product §’ §” has no diagonal element in the scheme that , is diagonal. This 
fact is usually believed and it is true in the case that the system is of spherical symmetry. 
It is, however, not true if the system is not of spherical symmetry, as is seen from 
(23a) and (16f). With this reason we should like to stress that the sum rule of resistivity 
is not satisfied in the system of spherical asymmetry even if the independence of collision 
terms is fulfilled. 

Now in the following we investigate the system of spherical symmetry. The resis- 


tivity of the system can be written down as 


Go! tg, i (30) 


/} 


where o’, o’’ and o are conductivities respectively in the cases that the collision term 


is 9’, 9” and both of these. The interference term J is given by 
A= th jul} 2AkT (OD. jullie On) |a=0 - (30a) 


If ’ and ” are independent of each other the interference term 4 vanishes. These 
discussions can be straightforwardly generalized to the cases that three or more kinds of 
collision terms are present. 

In the case in which §9/ is the term corresponding to the collisions of electrons 
with the phonons of lattice vibrations and 5’ is the term corresponding to the collisions 
of electrons with the lattice irregularities, for example defects, impurities, disordering in 
alloys and so on, the sum rule that the interference vanishes is known as the Mathiesen 
rule, where o’ is given by (29) and o” will be given in the following. With the use 
of the Fourier component U(K) of the irregularity potential for an electron we have 

9" =>) U(CK'—K) ag ax . (26c) 
KK 
The condition of independence is fulfilled in the present case. The conductivity o’’ due 
to ” is found in Appendix 4 to be 
x 


gll= (2e/3xb) (GE/OK), - | ( a0 sin (1—cos@) U(@) |", (29c) 


where U(@) is equal to U(K’—K) in which the magnitudes of K’ and K are both 
equal to K, and the angle between them is 4. If the system is not of spherical symmetry, 
the interference term appears and the Mathiesen rule is no longer satisfied. 

We investigate lastly, as an example of application of the original formula Cia); 
the free electron assembly in the presence of uniform magnetic field of magnitude H. 
If we take the direction of the magnetic field as the z-axis, the eigenstate of one electron 
is indicated with the set of three quantum numbers, n, y, and /, which we represent by 


. . od 10) 
a single letter, g. The Hamiltonian of the system is expressed as 


H=>d\(nbo,+?/2m) a,* a, , (31) 
7 
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where 


w= eH/me (31a) 


is twice the Larmor frequency, and a,* and a, are the creation and annihilation operators 


sity are 
of the state g. The operators of the components of electric current density 


j= — (e/m) SIS3G| pet mony |g!) ay* ay 5 
q WV 


(32) 
jy=— (e/m) S134 | Py 9) ag* ary j2= — Ce/m) D131 | Pel 9) 40" 
“7 a q 9 
in terms of the matrix elements of the one electron problem, which are null except in 


the following 


(q|p.lq)=—mory, Glylg) =r Gl P19) =4, 


(i ¥ mh «/2 Vn+1 for q’=(n+1, y%, 4), \ 

Ly 

leg i Vmba,/2 Vn for q’=(n—1, y, 4), 

a  ¢g=(2,%, 4). (32a) 

(¥b/ (2me) Vn+1 for q’/=(n+1, yo, 4), | 

(q\y1q) Bika aes o 
b/(2mm,) Vn for q’=(n—1, y, 4), 


With the use of (32) and (32a) we get from (9) after a short calculation 


Y y(t) = —¢,, (£) = (ne?/m) sinayt, Pre (t) =Cy (ft) = (ne?/m) cos aot, 


cedars) 

MAORI OD ROIS AOR ari 

From these we obtain the static conductivity tensor, which components are 
6,25 —0,,—nte] Ay tao = Go. O.. 07040 (34) 


On the other hand o,. is not finite, and it is necessary to take into account the collision 
terms to get a finite result. 


$5. Concluding remarks 


We have investigated a method of calculating electrical conductivity based upon the 


quantum-statistical theory of irreversible process. It has a feature fairly different from 


usual Bloch’s theory which is based upon the Boltzmann equation of transport phenomena, 
and the applicability of the former is not so limited as the latter. The present method 


is useful indeed in discussing different kinds of relaxation phenomena as we shall see 
later at the earliest opportunity. 


The method is formally developed on the basis of the relaxation function, but the 


formula for the relaxation function is hardly of practical use in order to investigate the 


conduction phenomenon in actual systems. We have to introduce the irreversibility of 


the phenomena into the theory and then we can get the practical expression of the 


conductivity. In the preceding papers'”) we made an approximation of the relaxation 


function of the actual system according to Kubo-Tomita’s method”) on the assumption 
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that the relaxation function is asymptotically equal to an exponentially fading function 
determined by the perturbation, in which it was not so clear how the irreversibility was 
introduced and accordingly the generalization to a wider application was difficult. In the 
Present procedure we have discussed in § 3 that the meaning of irreversibility is fairly 
clear and the generalization is quite easy to include the effect of the displacement of the 
phonon distribution which we shall show quite soon. We shall further be able to develop 
a general theory of irreversible process, on which some authors have made investigations )''" 
and we also shall investigate according to our procedure. 

The author wishes to express his cordial thanks to Professor K. Ariyama, the 
members of Physical Institute of University and his colleagues in Department of General 
Education for their kind encouragement and valuable discussions. He wishes also to 
acknowledge with sincere thanks the kind discussions of Professors R. P. Feynman and 
R. Kubo. Finally he is greatly indebted to Dr. T. Yamamoto and Dr. S. Nakajima 


who read the manuscript and gave him many valuable advices. 


Appendices 


1. The symmetry properties of the relaxation function. 
The equation (13) can be proved on the basis of the properties of the current 
density operator and the Hamiltonian. Wéith use of the variable //=/—/, we have 


T,, {e A888 fe 18, ()} =T fe“ PHD), () e- #9), 
= Thien eee ier ae (aay ye 
Substituting it in (9) and changing the integration variable / for /’, we get the equation 


vy (t) = Py (—t) : 

In a certain representation operators are real, purely imaginary or complex, though 
they are all hermitian of course. In the representation that the coordinate x is diagonalized, 
the coordinate itself is real and the momentum p=h/i-0/0x is purely imaginary. The 
Hamiltonian § is real in the absence of the magnetic field as it is a quadratic function 
of momenta of electrons and others. The current density proportional to the total momentum 
of electrons is purely imaginary. Representing the conjugate complex by the superscript 
bar, we have 


ju (t) =exp (i/b- £9) j, exp(—i/b- tO) = —j,(—4)- 
By substituting it in the conjugate complex of (9), we obtain 
Puy (t) =P. (—4). 
On the other hand ¢,,(t) is real, of course, as we can in fact verify from the equations 


B 8 
[AT {eA AP eH} #= | AT olin eel e“ A} 


0 
B 


= | da 7, fe PP el j,e- 8}, O}, 


0 
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where the asterisk represents the Hermitian conjugate matrix. Then we get 
%,, (t) =0,,(——)) . 


The equations (13) have been all proved. 
In the presence of external magnetic field the Hamiltonian )(H) is not real and 


the electric current density j(H) is not purely imaginary but both are complex, and 
j(H) =—j(—H), (FE) =9(—4). 
Accordingly we get, instead of (13), 
Pu(t, D) =Pr(t, —H). (13a) 


2. The expression for the density matrix after applying an impulse field. 
It is possible to express any operator of a given system in terms of operators which, 
as a whole, form a complete set of operators of the system. Accordingly, writing operators 


in a complete set as x,, X), °°, X we can express the density matrix p(t) or its 


ye CFs 


logarithm logy(t) at any time ¢ in terms of these operators as 
logo (t) =const +S) X; (£) «x; . 


We have therefore 
p(t) =C-exp[>)X;(¢) a" 


where C is the normalization constant. 

We must next take into account that the problems under investigation is not simple 
quantum-mechanical processes but the thermodynamical (irreversible) processes. In other 
words, we do concern with the thermodynamical states and not with the simple quantum- 
mechanical states. Therefore it is sufficient to make use of the set of gross or coarse- 
grained operators” instead of the complete set of operators in the quantum-mechanically 
exact sense. Thus we must regard x,, x), °°, X;, -** as the set of gross operators instead 
of the complete set of operators. It must be determined from the physical viewpoint 
how many and which of gross operators are to be taken. In the present paper we have 


expressed the density matrix after applying an impulse field at ¢, as 


p(t) =C-exp[—F{H— SIA (¢, tj} ]- 

If we take further B,(t, t)) which is the intensive parameter conjugate to the total 
momentum of the whole system of lattice vibrations, we can take into account the state 
of affairs that the distribution of lattice phonons is displaced from that in thermal 
equilibrium. If we take, instead of a single effective potential A, (¢, t,), A, x(t, t) of 
different K which is conjugate to the part of electric current contributed from the electrons 
with wave numbers in the vicinity of K, we can make calculation which takes into 
account the dependence of the collision time upon the wave number of the electron. 


3. The symmetric properties of the matrices a,, and b,,, the calculation of them 
and the perturbation approximation. 
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We shall show in the first place that the expression of 6,, in (16c) can be re- 
written as in (16d). We have first 


6 At 
by = a (4t) i ja aT, {pcer® jye— 40 dj, (¢) /dt} 
0 0 


At 


8 
—— (ibdt)-! (a2 | a T, {0cf,8},, (¢-LibA) /B2} 


Ae 
= (ibd) {ecli, iO 
further this can be written as 
At 
by, = (ibdt)~"\ de | de T, Apel ins din (©) /de]} +)" T Apel jos inl} 
and by changing the integration variables ct, ¢ for t, c/=t—t in the integral in the first 
term we get 
At At—t 
by = (ibdE)—" | de de! T, Apel ns din (5) /461} + GD) T Atel jon fel 


0 ( 


At 
=? | de(dt—z) T, Wel jos Lin), SI + GA "'T. (relies fal 
0 


It will be possible to assume that the trace appearing in the integrand in the last ex- 
pression is going to fade rapidly as T goes beyond a certain value t, which is perhaps 
much smaller than Jt of the same order of magnitude as a time required for a measure- 
ment, and therefore we can rewrite as (16d). 

Next we show that a,, and b,, are both the real and symmetric matrices. That 
they are real is trivial. The properties of symmetry are also immediately verified. For 
the matrix a,, the symmetry is a direct consequence of that of the relaxation function 
because ay,=Q,(0). We have for b,, from (16d) 


eS —9*| de Aye {Pol fv ? Ue (t) ? H]}} — (ih) > ie {Pcl fv» Hells 


=—6\ dtT, fod jv, [iu(—9, SI} — GH) "Te tecliv» dul 


0 


=-— pf” isle foalijs(t) > lias $]]}} + (ib) Es La {Cel ju» pul 


0 


oe maak T,{Pcljv» L©s OI} + GA) 7T. Lecl jes jul} =Pyv 
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by making use of the relation j,(¢) =—j.(—*), H=H. In the case of the presence 


of magnetic field, we have 

b,, (H) =b,,(—H) 
because j, (¢, ©) =—j.(—t, —D), OCH) =§(—H). These symmetry properties are 
the direct consequences of the same properties of the relaxation function, if we rely on 
the original expression, (16c), which is rewritten as 


b= Puy (Jt) — Pvp. (0) 
vy 
Jt 


in terms of the relaxation function. 
Now we shall further find the perturbation approximation in the case of absence of 
magnetic field. By substituting the perturbation developments, 
2 
jn in + GA)" \d Lins OO) 4, 


exp 3 (+8) =exp(—F&,)[1— | dieloGe~ M4], 


in (16d) and retaining the lowest order term only, we get 


ss. \ai | deceit 


‘9 jole—4%of 7, 9’ (4) )) 


By substituting the Fourier decomposition of /(t) in this expression and making use 
of the integral formula 


| dt exp (iwt) =70 (w) + 1/@ F 


we get the expression (16f). We shall not need to explain about deriving the pertur- 
bational expression for a,, in (16f). 


4. The conductivity of the system of free electrons and lattice vibrations or lattice 
irregularities of other kind. 


Using (27), we have 


age i Og Oe’ 
¢ u =( ; ) pa ax ax >) * c, al 
Jv] > b (> OK, KEK <1 AK,,' andy ) 


ss ge Ss O&€ 0€ wa 2 = e 2 : 0& de Of 
( b s OK, OK, (fx fr) ( -) aD 3 23K, aK, A . 


where 


fr =a ax) =f(E(K)) =[exp { (€(K) =i) Rie a Liles 
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is the function of the Fermi distribution in which € is the Fermi energy, and where 
the use is made of the abbreviations € and &’ for €(K) and €(K’). The summation 
over K can be replaced by the integration over K. Taking into account the spin 
degeneracy and taking the curvilinear coordinates on the surface €(K) =const. and along 
its normal, the summation over K is replaced by the integration 


np Q 


2(27) ~\ fax, dK, dK,=2(22)~ | dell eadgeetes \| We 


and we get (28a). 


Secondly, by making use of the commutation relation 
lax aK1, ager ann |=aK ani Onn — an a OK > 
we have 
Liv» Qal= (e/b)7 3) (eK +b —e(K) -o(k) = Lhu) ROCK)" 
- (0/OK,) {€(K +k) —€(K)} (0/0K,) {EK +k) E(k) } (at vn ta be — 4K A+ bn™) , 


where the summation is taken over the values which satisfy the equation €(K+k) — 
&(K ) —bw(k) =bw and —bo respectively for the first term ape.4-44 6, and the second 


term ajfax.)6,*. By substituting it in the second expression of (16f) we have 
by, = (72/6) Sw (k) | (0/0K,) {E(K +k) —€(K)} (0/0K,) (E K+k) —E(K)} - 
{fiir —fic) «(ae +1) +f fic 0c) 8} lb-1fe K +k) — 2 (K)}—0(k) =0 
= 2m (e7?/b*) >)R w(k)'-9/0K, {E(K +k) —E(K)} - 
-0/OK, {E(K+k) —€(K)} (fix —fic +n) te x +1) [6-1 fe K +k) —2(K)}—0(k) =0 
~ 27 (272/6°) SR (0/AK,) {EK +k) —€(K)} (0/9K,) {EK +k) —E(K)} - 


- (9 f/9E) me. |\p-1f6(K +k) —e(K)} —o(k) =0, 
where 
nj, = (b,,* by.) =n (w(k)) =[exp tho (ke) /kT} — le 


is the function of the Planck distribution. If we replace the summations by the integra- 


tions, we get the expression (28b). 
In the system of spherical symmetry €(K) =&(K) and w(k) =o(k) =sk with the 
use of the sound velocities independent of k, we have 
OE Coe aks 


-€|=|0&/0K ‘ a — ; 
| grad x, | | / | OK, OK K 


and the integration in (28a) can be calculated as 


esig7 Kenn Ar a 0& _ 9 
1 = aK | =) Oss 
|) 45 9¢/aK | (98/aK)? Ao Hy = AE Ke) 
Lp 
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which gives (28c). The integration in (28b) is calculated as follows 


i ds | dk | dcos4 | det 96 /AK |~! (06/AK) ~*hyk, K~2 (e***— 1)". 


S (ime cak) 'a(o- 1k eos = —sk) == TED | dk (eel) le eee 
OK 3 “0 


where @ is the angle between K and k. Substituting it in (28b) we get (28d). 
Taking the collision term (26e) we have 


(62, Allie’ OLD low=(+) 51 )UK-KO are 


fs (hes fre) le-1{e(K’) —e(K)}=0 : 


which is, with the use of the integrations instead of the summations, 


kT mo eral Cee Ae 
4m h ie | 45" grace] | grade'| Ca sey 
i” Ane 
BPE AE Oa ne 
AK,’ OK, 


In the case in which €(K) is a function only of the magnitude of K, we have further 


kT 


32 ral \\4s || as” K, —K,)°K>| U(K'— K)|?-dy, « 
T 2, ve 


Qyr 
With the use of the angles 7 between K and K’, © between K and the /axis, 4’ 


between K’ and /-axis and ¢ between the plane containing AK and /-axis and that con- 


taining K and K’, we have 


kT 


i K,"\ dd | U(@) |? sin@ (1 —cos@) 
67° b ‘ 


where use has been made of the relation cos#’=cos# cos 4 +sin@ sin cosy. Substituting 


this and the expression for ¢j,°)> above obtained in (23b), we get (29c). 


Note added in proof 


We must correct here the wrong estimation of the time interval Jt in eq. (16b) 
we have made in this paper. To do it some investigation of the slowly varying property 
of the gross variable is required. The gross variable of the macroscopic system, such 
as the current density of the system of a great many electrons as in metals, is slowly 
varying in time. Although every piece of current density due to a single electron 
fluctuates very rapidly, the total current density of the system varies only very slowly 


because the sharp fluctuation of every piece of current is cancelled one another in total. 
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The condition of slowly-varying of the gross variable has been formulated by N..G. Van 


9) . . . * .* 
Kampen.” According to him this condition for a quantity x is given by 


Axes > XxX: vide > (N1) 
where JX,,,, is the inaccuracy in the observed value of x and Jt,,, is a time required 
for an observation. On the other hand, the difference quotient appearing in the left 


hand side of (16b) can be regarded physically as the differential quotient, if the time 
interval Jt is of the order given by 


Aye t)/ dt). At 2A Pie.) ade (N2) 


On account of the relation (19) the same condition as (N1) is fulfilled for A, (t, t)) 


viz. 
AA, Ets) ona | Gay Estos! dbl Stone « (N3) 
Comparing (N2) and (N3), we get 
At > Atys. (N4) 
Instead we have written in the present article as 


Atm At (NS) 


obs 9 


which is a wrong estimate. It is indeed because Jt satisfies (N4) and not (N5) that 
we can replace in the expression for b,, the upper limit of integration dt by co and 


neglect ¢/Jt compared to the unity when we calculate b,, in Appendix 3. 
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The method of one-center expansion of molecular wave function is applied to the calculation of 
electronic energies of lower excited levels, °S),+, %'S),,* and * Il, of H,. As for the ground !3),* 
level the present author has already reported some calculations where he stated to have obtained the 
best value, 3.8 e.V., as the electronic dissociation energy. Unfortunately it was later found that there 
were mistakes in numerical calculations. An alternative ‘best’ value, 3.28 e.V., will be reported in 
the second section of the present paper. As a whole, the results of the present calculations may be 


said moderately satisfiable. 


S$ 1. Introduction 


The problem of lower excited states of H, has been treated by many authors. 
Kemble and Zener’? and Guillemin and Zener” employed the Heitler-London method. 
Hylleraas” constructed the wave functions of the excited states of H, from the wave 
functions of H,'. Present’ and James, Coolidge and Present” used the variational method 
which proved to be very successful in the treatment of the ground state of H,". These 
authors treated only the so-called two-quantum states, namely in the current notations, 
Iso2so *S),', lso2po *S",,", "S',* and lso2pz “JJ, ‘TJ. One of the reasons for 
this limitation is, undoubtedly, the well-known difficulties in calculation: when we attempt 
to include higher quantum states, using the wave function with two reference centers 
(two protons in this case), integrals of electron-electron interactions create troubles. 

Besides the above calculations, the work of MacDonald” is noteworthy. In his treat- 
ment the wave functions of H, are built up from the functions associated with one ele- 
ctron in the normal state of H,' and with the other in an n-quantum state of the hy- 
drogen atom located at the middle point between two nuclei, together with interchange. 
This idea was suggested by the facts that many excited states have the equilibrium nuclear 
distance of about 1.0 A which is the one of the normal hydrogen molecule ion H,' and 
the levels of the outer electron of H, are spaced as is expressed by the ordinary Rydberg 
formula”. This appeals to our intuitive imagination and, for a molecule as closely bound 
as hydrogen, it is expected that the method of MacDonald will be more effective than 
the Heitler-London method, especially for higher excited states. In fact MacDonald 
treated three-quantum states of H, successfully by his method. Now let us consider the 
potential field for an electron due to two separate attractive centers. In Fig. 1 Z,, Z, 
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are two nuclear charges and R,+R, is the 
nuclear distance. M is the center of mass of 
two’ charges)’ namely “2, Rs=Zz Rp. The 
position of an electron, e, is expressed by the 
spherical coordinates around the origin M. The 
potential field V(r, 0, @) is expressed as follows ; 


eG. a, ¢g) ar CA =a (Zz/Tr) ’ 
V/ra= 21 (7/RA") Ps (Cos @), RR Ra, 


= (Ra/7°") Pr (cos 0), re Rall) 


1/rp=DVP/RG)P, (eos 0) CL 1) ar SRE 


Fig. 1. 


=S1(Ri/P)P,(cos #) (—1)', Re, 
eee eee ahe becendre Polynomial, “Then fSer >? Ra Ry 
V(r, 4, g)= = SZ (Ri /?) + (—1)’Zp(Ri/1'*')} P, (cos @) God) 
= — (Z4+Zz) /r[1+ 1/ (Za 4+Zn) >) {Z,(Ra/1)’ + (—1)’Za (Ra /1)} Pr (cos 4) |] 
Pe tthe cue ol Zi 22 and Re Re” 
V(r, 0, ¢) =—(2Z/r)[1 +33(R/1) * P, (cos 6). (1-3) 


Here the second term shows the degree of deviation from the spherical potential field 
(—2Z/r) due to the charge 2Z located at the middle point M and it is seen that the 
deviation falls off rapidly for the outer region, r>R. Then it is natural to expect that 
atomic wave functions around the middle point M offer reasonable approximations for the 
electron which moves in outer regions. This is especially the case when the bare nuclear 
field is screened by the inner electron and the outer electron moves in the screened field. 
However, for the inner region, r<R, a notion like this does not work at all. Thus, 
MacDonald adopted the following function designed by Guillemin and Zener’ for the 


normal H,* as the wave function of the inner electron of H,: 
MCE, yy =C ee coshp Ry, (1-4) 


where C, @ and ff are constants, 2R is the nuclear separation and € and 7 are spheroidal 
However, MacDonald’s manner of constructing wave functions of H, suffers 


because his wave functions contain three reference centers (two 


coordinates. 


a serious disadvantage : 
nuclei and the middle point) the integrals of electron-electron interactions are extremely 


difficult and he had to resort to tedious graphical integrations, Nevertheless, this disad- 
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vantage is not inherent in MacDonald’s original idea. If we have a good wave function 
having its coordinate center at M also for the inner electron, the difficulty of three-center 
integrals disappears at once and the whole calculation will become a very easy matter. The 
present author attempted an examination of this possibility in a preceding work" (here- 
after called I). The conclusion was that the situation is not necessarily hopeless and 
with this in mind a calculation has been made on several of the two-quantum states of 
H, along the same line of reasoning as in the paper of MacDonald, as is reported in 


the following. 


§ 2. Calculations on lower excited states of H, 


In this section an analytical version of MacDonald’s calculation is described. The 
point is that we use, in place of the two-center function (1-4), the following one-center 


function for the inner electron which was obtained in the previous calculation ;'” 


$;, = 0.6614319| (1so ; 1) +0.5126091(4sc; 3) +0.2707095 (4do; 3) |, (2-1) 
(nso; €) =N(n, C) re" e-* Yo, 
(ndo ; €) =N(n, €)r™™" &*" Yon, 
Nine =(20 0 eee 


where the electron coordinates are measured from the middle point between two nuclei. 
This function yields —1.074755 a.u. (atomic units) as the total electronic energy of 
the normal state of H,*, while the exact value is —1.102625 a.u."”, the nuclear distance 
being 2.0 a.u. For the outer electron we adopt a single term of atomic wave functions, 
the center of which is located at the middle point between two nuclei. Thus our wave func- 
tion has a form: 


¥ (1, 2) = (1/V2) [Gin (1) Bow (2) + Bout (1) Gin (2) J, (2-2) 


where 9,,, is the approximate wave function for normal H,* given by (2-1) and 4@,,, is 
an atomic function to be chosen properly for each case. The plus sign stands for the 
singlet state and the minus sign for the triplet state. Our problem is to calculate the 
expectation values of the following Hamiltonian (expressed in atomic units) and to mini- 


mize it with respect to an effective charge parameter 7 contained in 4,,,,: 


1 
H(1, 2) =—— (4.4.4) — (4+ 44) +4, (2-3) 
Yr 


Y 4 Tp Y 49 Tro 12 2R 
Eq) =(%,H ¥)/(%, ®). (2-4) 


In the following calculations the strict minimization of E(») with respect to 7 is not 
attempted and, instead, six discrete values of MOS Oi pa0 75610 pel 2 5eandials sare 
examined. Actual calculations are performed only for two-quantum excited states: Iso 
Zor MR en tag2pan2 >) ty JD dan Iso2pz *[],, ‘[],,, but the advantage of the 
present method over others will be more prominent in the treatment of higher levels. 
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Strictly speaking, the notations such as lso2so, etc., are not adequate in the present 
scheme but we shall use them for convenience. 


(a) RCN SS al esa 
For the first “>},* state, we assume for Pout the following form, 
Pou = (280 ; 4) =N(2, y) re” Yy. (2:5) 


The calculation is performed at a fixed nuclear distance 2R=2.0 a.u. Because the *5},* 
function is automatically orthogonal to the ground '>},* function we can freely perform 


the variational calculation. But if we use the plus sign form of (1, 2) in (2,2) we 


Table I 
state v7) E(a.u.) 
0.25 — 0.679027 
cpa 0.5 — 0.699134 
0.75 — 0.629125 
1.0 —1.011309 
15+ 1.25 — 1.029406 
1) — 1.017308 
Table I 
state N E@.u.) 
0.75 — 0.804265 
5+ 1.0 —0.821220 
1.25 | — 0.769867 Fig.2) 
0.25 —0.669988 merely obtain a crude approximation for 
IS1,+ 0.5 — 0.705872 the ground *53,*. For the ground ‘>}," 
0.75 0.687671 a separate discussion is found in sub-section 


(d). The results are shown in Table I. 


The electronic energy —1.029406 a.u. (7=1.25) for '>),* means the electronic dissocia- 
tion energy D,=0.8 e.V. at 2R=2 au. 


(b) lso2po eS habs a edt 8 


There is no particular reason to calculate the energies of these two states only at a 
fixed nuclear distance 2.0 a.u. The experimentally known equilibrium nuclear distance 
of the lowest 'S},* state is not 2 a.u. but about 2.5 a.u. and the lowest *5},,* state is 
Our assumption is 


unstable. Let us, however, calculate them and see the outcome. 


Vout = (2po; n) =N(2; n) rene Yyro (2 4 6) 


and the results are listed in Table II. Contrary to the case of >},, the triplet state has 
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lower energy than that of the singlet state. This corresponds just to the situation in 
the helium atom where (1s)? 'S is the ground state and 1s2s °S lies above, while 1s2p 
8P is lower than 1s2p 'P. 
(c) lso2p7 AUD lle 
For these [[ states there is a two-fold degeneracy if we neglect rotational motions 


of the molecule. The outer electron may be described by 
Sou = (2pt; 1) =N(2, y)re-™ (1/2) (¥1,-1 9, 9) + (—-1) KG, 9) J, (2-7) 
Y1,.41(6, 9) =F VW3/4 sin 0-e*?/V 7. 


The results of calculation are displayed in Table III. 
Again the triplet state lies lower than the 


Table Il singlet state, in agreement with the ex- 
] . - 
state n E(a.u.) periment. 
0.25 — 0.668623 (d) isa lee Ss 
“I, 0.5 —0.706030 oP 
0.75 0.686257 This is the ground state of H,. In 
= — the above we have discussed some excited 
0.25 — 0.665847 ; : 
states in which the outer electron has a 
1, 0.5 — 0.678971 Arse ; 2 
ve fu 
0.75 0.662441 wave nction sprea out into the outer 


space and then we have expected that a 
single atomic wave function offers a good 
approximation. We cannot, however, expect this for the ground state because here two 
electrons must be moving rather closely around two nuclear attractive centers. Nevertheless 
it will be interesting to see what happens if we use the same type of approximation also 


for calculating the ground state energy. Thus, our wave function is 
P (1, 2) = (1/V2) [in (1) Gow (2) + Gone (1) Gin (2) J, 
bm=d (Iso; €) +e (4so; C’) +A(4do; C’) ], (2-8) 
Pru = (Iso; 7) =N(1, ne“ Yo, 


where €, ¢’, 7, c, « and A are variable parameters. The calculation is performed at a 
fixed nuclear distance 2R=1.4 a.u. which is approximately the observed equilibrium 
distance. ¢,, is almost the same as the wave function for H,* at the nuclear distance 1.4 
a.u."” With parameter values €=1.1, €'=4.3, 7=0.8, c=0.489949475, «=0.524208 
and A=0.273048, the electronic energy is E=—1.107194 au. (2R=1.4 a.u.) which 
means the electronic dissociation energy D,=2.92e.V. This result is compared rather 
favourably with the values D,=3.14 e.V. (2R=1.645 a.u.) of the original Heitler-London 
theory and D,=2.68 e.V. (2R=1.61 a.u.) of the: naive molecular oribital method, if we 
consider that the present method requires only little labor for calculation. The values 
of € and ¢/ are the same as in the previous calculation on H,* at the same nuclear 


distance and c, « and A are determined through the Ritz procedure, 7 was fixed through 
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several trial calculations. Now let us try to go one step further and introduce a wave 


function which is able to include the so-called left-right correlation of two electrons. The 
whole wave function is 


PL, 2) =a (1/2) [Gin (1) Gout (2) + Gout (1) bin (2) J+eo(2po ; €) (2p; §), (2-9) 


where the first term is just the same as given in (2-8) and the second term is newly 
added one. By varying the parameter ¢ with an interval of 0.1, we find that the best 
energy value is obtained at $=1.6 (see Table IV). Then we determine two coefficients 
¢, and c, by Ritz procedure to be +0.4877954 and —0.09366858 respectively. 


Table IV 
£ | F(a) | Deets Pe DREV) 
fe —1.1202602 0.1202602 | Ss yaifiee) 
1.6 —1.1205660 0.1205660 | 3.2806 


1.7 —1.1203778 0.1203778 | 3.2755 


| 


D,: electronic dissociation energy. 


In I the present author stated that by the method of one-center expansion of molecular 
wave function he could obtain the electronic dissociation energy of 3.8e.V. Later it was 
found that some mistakes were made in the numerical calculation and the wave function 
given there could provide only a very poor value, D,=2.8 e.V. at best. In this respect 
we should like to express our gratitude to Dr. Joy for his kind information about this 


point. 
§ 3. Discussions 
Table V 
Ay=|"Eoqi— Ponte I> 4p=|Ecat—Eots (X)!l, 42=| Epa —Loos (X))| 
state Fag? (atts) 4, (cm!) A, (cm™!) As (cm) 
Cane — 0.678971 96919 108695 100058 
a Sa — 0.699134 92494 104270 95938 
@ Nl, —0.706030 90980 102757 95744 
Bud ph —0.705872 91015 102791 (91690) 
pas — 0.821220 65699 77475 (66500) 
> Ge yas —1.1205660 0 11776 0 


The main subject of this section is to discuss possible implications of the present method 
for calculations of excited states of molecules and the related problems. In Table V we 
display the experimental matters and the results of the present calculations. The 
observed data are taken from the appendix of the text-book of Herzberg”. J indicates 


5 A = 
energy differences between the higher energy states and the ground state in cm™. In 
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observing the figures in Table V we cannot say that the results of calculations are suf- 
ficiently satisfiable. However, our labor spent on calculation here is very small compared 
with other elaborate calculations and there is a good chance to improve the present results 
if we are not forced to confine ourselves within poor facilities of numerical calculations. 
The lowest *S1,* is unstable and the value 66500 cm™’ in 4, is obtained from a rough 
estimation from Fig. 1 of Hirschfelder and Linnett!”. The calculated position of >1’,,* 
is too high but it might reflect the fact that the electronic energy curve of this state has its 
minimum point at the nuclear distance 2.5 a.u., not at 2.0 a.u., the adopted value in 
the present calculation. It is to be noted that the approximations for wave functions 
described in the previous section are in very preliminary stages and we can improve them 
in many respects. In the present calculations we are concerned with the states automa- 
tically orthogonalized to the ground 'S)},* state, which permits us to perform variational 
calculations very simply. But this does not mean that the present scheme of calculation 
is not suitable for the discussions of higher states, being not orthogonal to the ground 
state. If we use approximate wave functions in the form of linear combinations of several 
configurations for the outer electron and solve the secular equation for the coefhcients, we 
can obtain a better result for the lowest state together with the ones for accompanied 
higher states of the same symmetry, orthogonalities between them being secured automa- 
tically. In the present method wave functions of all states are expressed in some series 
of one-center functions and this makes the whole calculations very easy. The method 
will be suitable also for calculations of various physical quantities other than electronic 
term values. In the near future we shall treat the problems of coupling between electronic 


and rotational motions and the fine structure of the spectra of H, molecule. 
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—— Fe-He Repulsive Potential 
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The repulsive potential between two normal He atoms is calculated by the method of one-center 
expansion of molecular wave function. The calculation is performed at smaller internuclear distances 
where the discrepancies between the experiment and the existing theoretical estimations are very large. 
At an internuclear distance of 1.0 a.u. the present calculation gives a better result than any of the 
calculations hitherto performed. The implication of the result is discussed. 


§ 1. Introduction 


The problem of theoretical calculation of the repulsive potential between two normal 
He atoms has received considerable attention from many physicists. This is because the 
He-He repulsive interaction presents a simplest and typical case of the interaction between 
two closed shell systems. Slater’? treated this problem by the valence bond method 
using a rather elaborate wave function but he neglected higher order permutations in 
the reduction of the energy integrals. Rosen” adopted a simpler atomic orbital and he 
also calculated the interaction by the valence bond method. He took into account all 
permutations. In the infinite separation Rosen’s wave function for a He atom is 
exp (— Z,r,) exp (— Z,r5) +exp(—Z.r,)exp(—Zyro) with Z,=2.15 and Z,=1.19 (the 
normalization constant omitted). This function yields —2.8754 a.u. (atomic units) as 
the ground state energy of a He atom. Griffing and Wehner” (G-W) started with 


a still simpler atomic orbital, 
Wak (4) s exp (2 i a) Aan 16, (1) 
and constructed two molecular orbitals, 


$:=N, Yat %) 3 Ons 
(2) 
2=N2(Ya— Xo) > Ou, 

where N, and N, are normalization constants. Using these molecular orbitals they 
calculated the He-He interaction energy by the antisymmetrized molecular orbital method. 
The corresponding atomic wave function for an isolate He atom is exp| —Z(r,+1.) | with 
Z=27/16 and this gives —2.84766 a.u. as the ground state energy, a little bit inferior 
to that of Rosen. It is easily seen that, so long as we use an atomic orbital of the 
form (1), the antisymmetrized molecular orbital method is just equivalent to the simple 
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Heitler-London theory. Comparing the results of the above two calculations with each 
other, we notice a rather curious fact: Rosen started with a wave function for an isolate 
He atom better than the one of G-W and the result is that his energy curve lies con- 
siderably above the curve obtained by the simpler calculation of G-W. This is shown 
in columns (1) and (2) of Table I. 

Recently Sakamoto and Ishiguro’ (S-I) have performed an interesting calculation on 
the present subject. All of previous calculations before S-I did not explicitly take into 
account the deformation of atomic orbitals due to the approach of another atom. Sakamoto 
and Ishiguro have attempted this by making use of the modified atomic orbital of Inui” 
and Nordsieck", which was successful in the treatment of the ground state of H, molecule. 
The repulsive interaction energy of the He-He system obtained by them is lower than 
any of previous calculations at all values of the internuclear distance but it must be 
mentioned that the difference between the results of the simple calculation of G-W and 
of the elaborate calculation of S-I is rather small, namely within 1 e.V. over nearly the 
whole range of internuclear distance in discussion. Further, if we compare these theoretical 


results with the values experimentally obtained by Amdur and Harkness,” 


we find a very 
large discrepancy which amounts to about 30 e.V. at the internuclear distance of 0.5 A 
(see Table I of the present paper and Table V and Fig. 1 of S-I). If the experimental 
result of Amdur and Harkness is reliable, the situation must be said to be very challeng- 
ing. In this connection the present author has attempted a united atom treatment of 
the problem and the result obtained here seems to indicate the breaking down of the 


simple Heitler-London approach at small internuclear distance. 


§2. A united atom treatment of the He-He interaction 


The notion of the united atom is very useful for the qualitative understanding of 
electronic structures of molecules but it has generally been believed that the united atom 
treatment of molecules offers only poor approximations for quantitative calculations. 
Matsen” was the first who showed by actual calculations the usefulness of the method 
for the calculations of excited states of H. molecular ion. The present author has extended 
his method and applied it to the discussions of the ground state of Hy, and the ground 
and excited states of H,.” Tien Chi Chen" is making calculations on polyelectronic 
molecules along the same line. Carter!) has applied successfully the method of one-center 
expansion of molecular wave function to methane and silane. 

One might say, however, that a united atom treatment of the He-He interaction 
would be nonsensical because two electrons on each atom form the so-called closed shell 
and the electron cloud acts as something like small rigid sphere. The following simple 
calculation will tell us whether it is true or not. 

As the first step, we calculate the He-He repulsive interaction energy at smaller 
internuclear distances by using, so to speak, a single term apporoximation, the meaning 
of which will be self-explanatory in the following description. In the united atom point 


of view, two electrons of the He-He system occupy (1so) orbital and other two occupy 
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(2p) orbital (see Fig. 1). If we denote 
9,= (Ise ; & =N(1, €) exp (—Cr) Yoo Ty, 


3 
Y= (2po ; n) = N(2, n)t exp Gert) Yan 0 ag 


where N(n, €) = (20)"*%)/[ (2n)!]!2, then these just correspond to ¢, and %, of G-W 
in (2). The wave function of the He-He system is 


b= (1/24) oe (—1)*P,[ (¢,@)* (¢,8)? (G2) *(¢.8)*], (4) 


where P, is the operation permuting 
the superscripts which denote electrons, 
and @ and ( are the usual ortho- 
normal spin eigenfunctions. The 


operator for the present problem is 


Hes H+ S3(1/") + (4/2R), 
ret w>v=l1 
where 


H* = — (1/2) 4, — (2/tay) —(2/Toy)- 


According to Roothaan™, the total 


Bical. 


energy for the system is 
B={ Hide =2H,+2Hy+ Jy +4fiatJa—2Kyot (4/28), (5) 
where 
A,= \v gr dr’, 
J =| 8 31/1) gigide™ , 


=| pres /™) ggiae™ 


The internuclear distance 2R and the energies are measured in Hartree’s atomic units 
(a.u.). We are going to compare our results mainly with the ones of G-W and S-I in 
which E,-. is assumed to be —5.69531 a.u. Then it is natural to define the inter- 
action potential energy in the present calculation as the calculated total energy E minus 
the approximate value of energy of two He atoms, —5.69531 a.u. 

The use of ¢, and @, of (3) makes calculations very simple and_ straightforward, 


and the analytical expressions of formulas are 
= (€2/2) — (2/R)[2— (2+2RO) exp (—2RE) J, 
= (77/2) — (2/ Ry) | (6 +2R7) 
— (6+12Ry+14R7? +11 Ry? +6 Ry! +2 Ry’) exp (—2Ry) |, 
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Iu=5C/8, 
Jn= (y/2[1— {BE +9) /C+n)"}], (6) 
Joo= 5017/1280, 


Ky.=280°7?/3 (€ +7). 


a 


If we assume £=7 for simplicity, we have 
E(R, €) =20°— (4/R)[2— (2+2RC) exp(—2RE) | 
— (4/R°@)| (16 +2 RC") 
— (6412R6+14RC +11 RO +6RG + 2RC) exp(—2RC) | (7) 
+2.6205729176+ (4/2R), 
and JE(r, €) /8=0 yields the formula 
C= (1/RC) [12 +24RE+-24RC+ IIRC +14 RC + ORC +4RC) X 
Xexp (—2RC) —12]—0.6551432292. (8) 


Solving this equation numerically for a fixed value of R, we obtain the best value of 
variational parameter € for the value of internuclear distance. The calculations are 
performed at three fixed values of internuclear distance, 2R=0.6, 0.8 and 1.0 a.u. It 
seems that the simple assumption €=7 is good enough for the present purpose at 2R=0.8 
and 1.0 a.u. The results of calculations are listed in column (4) of Table I in which 
the set of parameter values (=2.0 and 7=1.85 at 2R=0.6 a.u. are not exactly the 
best but are probably nearest to the best. In Table I we also display other data for 


comparison. The values of the column (3) is calculated by the formula, 
V (R) =15.02222 exp | —2.36478(2R) |a.u. (R in a.u.), (9) 


which is given in (11) of S-I’s paper. In the present paper the internuclear distance 
is 2R. It is remarkable that, already at 2R=0.8 a.u., the simple and very crude united 
atom treatment gives a result better than that of the elaborate valence bond theory of 
S-I. Even at 2R=1.0 a.u. our result is definitely better than that of Rosen. This 
is rather an unexpected situation and it may not be unreasonable to infer that at the 
internuclear distance of about 1 a.u. the Heitler-London method becomes quite inadequate. 
In order to confirm this view, let us proceed to the next stage of the united atom 
approximation. The refinement consists in taking 


$,=¢,(1s0 ; €) +c,(4s0 ; €’) +0,(4do ; C/), (10) 


where 


(450 5’) =N(4, C')r exp(—C'r) Yio, 
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(Ado ; €') =N(4, 0')r° exp(—C'r) Yop 


The first approximation described above is the case of C:=¢,=0, which corresponds to 
Matsen’s original treatment of ground state of H). The present author attempted to 
extend Matsen’s method by taking three terms instead of one, just like in (10)”. Now 
we repeat the same for, say, He; ** problem. The calculation is performed at a fixed 
internuclear distance, 1.0 a.u. The values of variable parameters € and ¢/ can be loosely 
assigned through guess-work and are fixed to be 1.75 and 6.25 respectively in order to 
use the numerical table of A,(@) in KAS’s table’. The ground state of He}** is 
given by H, in (5). The single term (1s0;1.75) gives H,= —3.8621409 a.u., while 
three terms approximation of (10) yields H,= —4.2659549 a.u., a significant improvement 
which amounts to 0.404 a.u. or 11 e.V. The values of coefficients c,, c, and c, are 
determined to be 0.68241138, 0.32284165 and 0.16923435 respectively by the Ritz 
method. Thus we obtain an approximate wave function of one electron in He, ** and 
we are going to use this function as the molecular orbital of two inner core electrons of 


the He-He system, the outer orbital being the same as in (3) ; 
(= 0.68241138 (1so ; 1.75) +0.32284165 (450 ; 6.25) +.0.16923435 (4do ; 6.25), 


(11) 
$.= (2po ; 7). 


Again we assign a fixed value 1.5 for 7 by guess-work. The calculation is simple and 
goes on just the same way as in the first single term approximation. Since the whole 
wave function is expressed about a single coordinate center, the energy integrals of the 
electron-electron interaction can be performed very easily. Useful formulas are given in 
Appendix. The result is E=—4.42012 a.u. This means that the He-He interaction 
energy at 2R=1.0 a.u. is 34.698 e.V. which is 3.7 e.V. lower than that of S-I, 38.414 
e.V. It is clear that the wave function used above is a very crude one-center expansion 
of the real wave function of the He-He system. The fact that the elaborate wave 
function of S-I and the present one-center wave function gives about the same result at 
the internuclear distance 1.0 a.u. tells us that both are equally far apart from the real 
wave function and further efforts are required for theoretical side in order to diminish 


the existing large discrepancy between theory and experiment. 


§ 3. Discussions 


Applying the method of one-center expansion of molecular wave function to the 
He-He system, we have obtained some interesting results which indicate that the present 
theoretical investigations of the interactions between two closed shell systems remain in 
a rather unsatisfactory stage. We have to make efforts to improve the current approxi- 
mations. A further refinement of one-center expansion may be one way but it does not 
seem so suitable for covering the physically most important range of the internuclear 


distances. Here the current two-center description will be preferable. Before concluding 
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this article, let us try to look for possible improvements of calculations on the He-He 


repulsive potential. 

First we examine the approximation used by Griffing and Wehner”. They used the 
molecular orbitals given in (2). The essential point is that the effective charge Z is 
the same for both y,+7, and 7¥.—7, orbitals. In this connection it is instructive for 
us to remind that in the H, ion problem there exists a remarkable difference between 
the manners of variations of effective charges for 7,+7,(715) and 7¥,—7%(o%*15): for 
shorter internuclear distances the value for o1s rises up steeply and the one for o*1s 
falls down rapidly. This is shown, for example, in Fig. 4.6 on p. 85 of Coulson’s text 
book." In addition, for the present He-He system we must take account of the ex- 
clusion effect of the Pauli principle and this reinforces the requirement of separate vari- 
ation of effective charges for ¥,+7, and 7¥,—7,. If we assume a common effective charge 

Z for both of them, the necessary 
deformation of the electron cloud 
V (R)in e. V., is suppressed entirely. It is re- 
ported in G-W’s paper that the 
409 variation of Z from the value 
27/16 produces no significant 
improvement. This is probably 
due to the cancellation of the 
80 effects of opposite directions on 
ao, and o,, orbitals. On the 
other hand, the unexpected success 
of the method of one-center ex- 
60 pansion may be due to its flexi- 
bility of separate variation of the 
effective charges of both orbitals. 
In the calculation of Sakamoto 
and Ishiguro’ there are two 
40 
variable parameters for the de- 
formation of the electron cloud 
but unfortunately they cannot 


produce the deformation required 


20 


in the a iscussion. 
06 08 ies es n bove discussion. As for 


' the work of Rosen” more careful 
Fig. 2 He-He repulsive potential in small separation meets: : 
examination is necessary but a 
conjecture is that, if we proceed with the molecular orbital method, instead of his 
valence bond method, in constructing o, orbital from two inner atomic orbitals and 
©, from two outer atomic orbitals, we shall get a better result. A calculation based on 
the molecular orbital method using different effective charges for AatYA%n(,) and 
Yu-—%(C,,) orbitals is now in progress. 


One-Center Expansion of Molecular Wave Function, II 


175 


Table I. Interatomic potential for He, (in e.V.) 
2R(a.u.) (1) (2) (3) (4) (5) (6) 
0.6 8 | 98.874 86.110* 
0.8 61.618 |  61.457** 
0.889 72.955 51.843 49.944 | 10.959 
1.0 56.235 38.414 50.942*** 34.698 9.011 
1.186 36.530 24.862 24.783 6.647 
(1) Rosen 


(2) Griffng and Wehner 
(3) Sakamoto and Ishiguro 
(4) Single term approximation of the present paper 

mec 2.05 p= 1-85 F* 67 ORR y= 157 
(5) Three term approximation of the present paper 

C=1.75, .0/=6.25,. p=1.5 
(6) Experimental result of Amdur and Harkness (according to Table V of S-I) 


(according to Table V of S-I) 


Appendix 


In the method of one-center expansion of molecular wave function the molecular 
All of the integrals are familiar to us in atomic problems 
and it seems to be almost unnecessary to describe the details of the calculations. The 
following formulas are presented for those who may find them useful. The most tedious 
The integrations 


integrals offer no troubles. 


are, of course, the integrals of electron-electron interaction energy. 
over angular variables are straightforward, leaving the radial part integrals which reduce 


to the following type of integration ; 
1,(M, a|N, 8) =|"\" (rz/18!")rifexp (—ar,)1..exp (— Bra) ntdrr dr 


Using the following 


where r- means the smaller one of r, and r, and ry the larger. 


relation between binomial coefficients, 
SI FON ENE ae 
Fane l [T+n+1/’ 
we can easily arrive at the next useful formula : 


I, (M, a|N, 8) =[(M—p+1)!(N+p+2)1/arr? (at Ayr] 


ai M+N+4 
ae GeENap +3 


Oe EG: 


4[(N—p+1) (M+ p+2)!/B?? (a+ Byer’) 


WPT M-PN-4AS\ pnapeict2 
. 2 (emp)? 2 


i=0 
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Especially in the case of M=WN and ge 


2M+4 


eae | het de 
I(M, a|M, a) =[(M—p+1)!(M+p-+2)!/2"a"] 3) (ya Th 5). 
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Note added in proof. The calculation mentioned in the last sentence of §3 has been completed. The 
result is summarized in the following approximate formula : 


V (2R) =8.58817 exp[—2.16097(2R)] au. (2R in au.), 1< 2R<2. 


At 2R=1.0 this gives 26.92 e.V. as the repulsive He-He interaction energy, which is about 12 e.V. lower 
than the corresponding value of S-I. 


Erratum: 


R in Fig. 2 should be read as 2R. 
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The magnetic properties of antiferromagnetics, FeO and CoO, are investigated from the standpoint 
of the one-ion approximation. In their crystalline field of cubic symmetry the orbital degeneracies of 
Fe++ and Cot+ are not completely removed and the residual orbital angular momenta play an im- 
portant role through the presence of the spin-orbit coupling and through the direct effect of the 
orbital magnetic moments. After deriving the effective Hamiltonian for these degenerate cases, which 
corresponds to the Hamiltonian derived by Pryce for the non-degenerate case, we discuss the para- 
magnetic susceptibility, the Néel temperature and the state of each ion at absolute zero. We can 
give a reasonable quantitative interpretation of the susceptibility of CoO in paramagnetic state and 
obtain a good agreement with experiment for the magnetic moment of CoO in antiferromagnetic 
state. For FeO, sufficiently reliable data to compare with theory are not available at present, but a 
preliminary comparison is made. Further, in connection with the investigation of the validity of our 
theory, the origins of the crystalline field are discussed and it is pointed out that the covalent effect 
may make an appreciable contribution to the crystalline field. 


§ 1. Introduction 


Iron-group monoxides are known to be antiferromagnetic substances”. Their powder 
susceptibilities? show typical behaviours of antiferromagnetism and their spin arrangements 
have been determined by Shull, Strauser and Wollan® by neutron diffraction. They all 
have the structure of NaCl type except for a slight deformation” which takes place below 
the Néel temperature. The purpose of this paper and the succeeding one is to make a 
theoretical investigation of ferrous and cobaltous oxides from the standpoint of the one- 
ion approximation which seems to be appropriate when applied to these ionic crystals. 

Each metallic ion of these oxides can be regarded as being placed in a strong electric 
field arising from other ions. Above the Néel temperature this crystalline field has cubic 
symmetry. Below the Néel temperature there is a crystalline field of a lower symmetry 
produced by a deformation ; however, as will be discussed fully in the next paper, this 
deformation is caused mainly by magnetostriction and has a smaller effect on the energy 
levels than the spin-orbit coupling energy. A particular situation with ferrous and cobaltous 
s as compared with manganous and nickelous ions is that their orbital angular momenta 
are not completely quenched by the Stark effect due to the cubic field. As shown in 


Fig. 1, when a cubic field is present, the ground orbital states of the free ferrous and 
respectively, of which the lowest 


ion 


. . . 5 
cobaltous ions are split into two and three sublevels”, 
ones, 1’, and /’,, respectively, are triply degenerate. Therefore, the residual orbital angular 


momentum plays an important role for their magnetic properties through the spin-orbit 


178 if Kanamori 


coupling and directly through the orbital magnetic moment. ae 
Néel® and Anderson” dis- 


cussed the  antiferromagnetic 


Fet+ Corm 


T's ' ; ‘ 
ordering of spins in these 


substances. Extending Anderson’s 
calculation, Smart” has however, 
SS Bf found a difficulty in interpreting 
“i the paramagnetic susceptibility of 
CoO, as will be referred to in 


o 


r, $4. These treatments do not 


Fig. 1. Orbital level schemes of Fet++ and Co*+ in the cubic take into account the presence 


electric field. of the residual orbital angular 


momentum. 
Measurement” of the absolute intensity of the neutron diffraction in antiferromagnetic 
state shows that, in CoO, there is a significant contribution arising from the orbital 
angular momentum. However, the data could not be interpreted quantitatively” by the 
simple classical picture that the spin and the residual orbital angular momentum of each 
cation are parallel with each other. This difficulty can be removed by taking account 
of the spin-orbit coupling energy quantum-mechanically, as will be shown in § 6. 
Recently, Li” has analysed the neutron diffraction data of iron group monoxides and 
discussed the relation between the magnetic anisotropy and the deformation below the 
Néel temperature, but his discussions indicate nothing of the origin of the magnetic 
anisotropy energy and of the mechanism of the deformation below the Neel temperature. 
We shall give in this and the next papers a reasonable interpretation of the sus- 
ceptibility, magnitude of the magnetic moment of each cation in antiferromagnetic state, 
magnetic anisotropy energy and deformation of these two oxides by considering the pre- 
sence of the residual orbital angular momentum. In § 2 of this paper we discuss the 
form of the effective Hamiltonian of the spin-orbit coupling energy and the Zeeman 
energy for the degenerate orbital levels which corresponds to the Hamiltonian derived by 
Pryce" for the nondegenerate case. The paramagnetic susceptibility is discussed in § 3 


and § 4; the effect of the orbital angular momentum on the Neel temperature in § 5 


ve 


the state of each metallic ion at the absolute zero of temperature in § 6. Finally, in 
§ 7, we discuss the origins of the crystalline field and thereby investigate the validity 


of our theory. In the next paper we shall discuss the magnetic anisotropy energy and 
deformation below the Neéel temperature. 


§ 2. Effective Hamiltonian for the lowest orbital state 


10 : . . . 
Pryce’ derived the effective Hamiltonian for the non-degenerate ground orbital 


state, assuming that the energy separations between the ground orbital state and upper 
ones are so large that one can treat the spin-orbit coupling energy as perturbation. We 
shall here derive the corresponding effective Hamiltonian for the degenerate orbital state 
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under a similar assumption that the energy separations caused by the cubic field are so 
large that other terms of the Hamiltonian can be treated as perturbations. 


The Hamiltonian of each metallic ion consists of the following terms : 
He = (potential energy due to the crystalline field) 
-+ (exchange energy) +AL-S+y,H- (2S+L). (1) 


Here we assume that the so-called crystalline field can be represented by the electrostatic 
potential which depends on one-electron coordinates. This assumption will be discussed 
in a later section (§ 7) in connection with the theory of the origin of the crystalline 
field. Further, we assume cubic symmetry for the potential energy. Leaving the dis- 
cussion of the exchange energy to later sections, we calculate here the effective Hamiltonian 
of the L-S coupling and Zeeman energy for the degenerate ground state by using the 
perturbation theory. 

In (1), we have neglected the internal spin-spin coupling because of its smallness 
and also the orbit-orbit interactions between the cations (which are not necessarily small) , 
because they make no contribution in paramagnetic state where the orbital momenta of 
the ‘cations have random orientations. The detailed discussion of these interactions will 
be given in the next paper in relation to the calculation of the anisotropy energy in 
antiferromagnetic state. We shall treat the ferrous ion and the cobaltous ion separately. 

The ground state of a free ferrous ion is °"D. We denote the orbital magnetic 
quantum number by M and the corresponding orbital function by ¢1,. The three orbital 


wave functions which are degenerate in the cubic field are given by 


f= a CEy, 2) (%,—$-1) 5 {y= (iy Vv 2i) (Po— G-») and j= (i/ A 2) (YQ, + 9_1) : 
(2) 


These functions give the representation /’, of the octahedral group. The other two wave 


functions, which belong to /’,, are given by 


f= (1/V2) (G2+9-2) and $5=%r (3) 
The matrices of the orbital angular momentum with respect to these 4; are 
[fo 0-70 0} PO ut) 20 ela ves 5 
Fo = omar: 1G; ) Peyr ge) sai 0 | 
L=| @ 0° 00/0 | and L,+il,=L*=| 01 0 ENT We 4) 
0—2 00 0] cot OP tine O-tanG 
‘0-0 00 0] E7380. 75). 0 20 


The submatrices of L in space of /’, are therefore connected with the matrices of the 
. . 11 
angular momentum operator I of magnitude 1 by the relation ph 


L==k (5) 


Using (5), the first order terms of the spin-orbit coupling energy and Zeeman energy 
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for the ground orbital states are written as 
WI-S(W=—A) and 4,H(2S—l). (G)5, (27 


The second order terms are produced by those matrix elements of L which connect 1’, 
and /’,. Using the perturbation theory, the second order term of 7L-S can be expressed 
by the following matrix of the /’, space : 


2S tse SUSE 
6,=2(#/4E)| SS, —252 SS, |, 
SiS IY Saran, 


where JE is the energy separation between /’, and /’;. In operator form this matrix 
can be written as 


= — (422 /AE) -S(S+1) + (22/4E) 
% 13.0757 +28? +L? S,") — (h.S)— (hs) > (8) 
Similarly, the cross term of AL-S and 4,H-L gives rise to 
I= (8|4|/4E) «te (H-S) — (2|A|/4E) ttn 
x [6 (H,128,+ H,l,?S,+ H.125,) — {(H-D (U-S) + (U-S) (H-D}}. (9) 


be corresponds to the (7—2)-tensor of the non-degenerate case. The second order 
perturbation /4,,H-L is given by 


Ho ,= — (4 42 H?/dE) + (243/4E) 
x (3(H2I3 + Hil? 4+ W212) = (BD: (10) 


This corresponds to that term of the non-degenerate case which gives the temperature- 
independent susceptibility. 


For cobaltous ion, the situation is a little more complicated, because the ground state 
'F of a free cobaltous ion is perturbed by a ‘P state through the cubic crystalline field. 
For the time being, we neglect this effect ; however, the effect can be taken into account 
by a certain multiplicative factor as will be shown a little later. The ground orbital 
state of “F in the cubic crystalline held is given by 


— (1/41) \ vA 5 (Ys ‘r Y_3) - Na 3 (Y TT ¢-1) } ’ Yx=Po; 


{= — (1/4) { xe 5 (Ps—P_s) — v3 (Y, —_1)} . (11) 


They give the representation /’,. The triply degenerate state, which gives the repre- 
sentation /’, and is separated in energy by JE from the ground state, is given by 
' 


= (1/4) { V3 ($,—9_s) aL /5(,—9_1)}, 
$,= Ci / 92) (Pot G_.), 


Pu= (1/41) {—V 39,49.) +¥5(9,+¢_)}. (12) 
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The highest non-degenerate state is given by 
$= (1/ 2i) (G,—9_2). (13) 
The matrices of L with respect to ¢; are 
0 0 —3i/2 ~“15i/2 oO 0 o | 
0 0 0 0 0 0 0 
3i/2 0 0 0 0 —V15i/2 0 
Lo —-9 154/20 0 0 0 i/2 0 
0 0 0 0 0 0 —2i| 
0 Cues 55/2 he / 2 0 0 0 
{: 0 0 0 0 2i 0 0 | 
0 3i/2 0 0 V15i/2 0 Om 
—3i/2 0 §—3/2=—~15/2 Qh Ws 153/290) 
| 0 3/2 0 0 —Vv15/2 0 0 
ea 0 Saiey 0 0 —1/2 0 2s MeL) 
| sie Or 17d, hy 2 0 —i/2 0 
| 0 0159/2, 0 0 i/2 0 —2 
ia 0 0 0 2i 0 2 WES 
The submatrices of L in the space of J’, can be expressed by I of magnitude 1 as 
L==(3/2)1L (15) 
Corresponding to (6), we obtain the first order energy as 
U.S = — (3/2)4) and p,H(2S— (3/2))). (16), (17) 
Corresponding to (8), (9) and (10), the second order energies are given by 
= — (15/4) (#/4E) {2252 +62524125,2) — (L-S)*}, (18) 
I= (15/4) (Al te/4E) {4 (ALPS, +0675, +E 17S:) 
—(H-1) (1-S) — (U.S) (H-D}, (19) 
Ho j= 5 (4) (eR 4E) (2 EPL A ES) EE )”} (20) 


We now calculate the effect of the hybridization of ‘P into the ground orbital 
sublevels. Attaching a prime to the wave functions of “P, we define ih,’ by the relation : 


$= (i/V 2) (+e), $= and gy’=— C/V 2) (Yi-94). (21) 
The symmetry property of these wave functions is the same as that of ¢, ¢., $y 
Therefore, we obtain the wave functions of the ground orbital state in the form, 


P =a; + Pd! (22) 


(a? 4 @=1,1=1,-2,3)- 
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Since the matrices of LL in the space of ‘P are the same as those of 1, (15) is modified 


to 
L=— (3/2) 1+ Pl=— (3/2) 1+ (5/2) FL (23) 
and (16) and (17) now become 
A= — (3/2) (1— (5/3) 8)4A and pt, H{2S— (3/2) (1— (5/3) BU}. (24), (25) 


Furthermore, since (18), (19) and (20) operate only on 4, each of them must now 
acquire a factor (1—/%) each. 
If we adopt the one-electron approximation, the energy matrix of the cubic crystalline 


field potential’ constructed between ¢/;(t=1, 2, 3) and ¢,/(i=1, 2,3) becomes 
—(3/4)4E’ —(1/2)4E’ | 
—(1/2)4E! dE" 


(26) 


where JE’ is now the energy separation between /’, and /’, of ‘F and JE’ the separation 
between ‘F and ‘P of free ion. JE” is about 14,800 cm~' according to the spectroscopic 
data.» From (26) /? is given, in the first approximation, by 


pA (27) 
dE" + (3/4) 4E’ 
and the true separation JE between /’, and /’, is given by 
4E=(1+ 8/2) 4E’. (27') 


In actual calculations, 7, though small, cannot be neglected. 


$3. Theory of the paramagnetic susceptibility 


In the paramagnetic state above the Neel temperature the energy levels of each ion 
are determined mainly by the first order spin-orbit coupling energy (6) or (16), and 
they are specified by the magnitude of the resultant angular momentum j=I+S. In 
the case of CoO, there are three energy levels which correspond to j=1/2, 3/2 and 
5/2. Adopting the value —180cm™' for the coefficient A of the spin-orbit coupling, we 
obtain the separations of these levels as 


Esjo>—E,j2=405 cm™ and E,,.—E,;.=1080 cm. 


Here we neglected the effect of “P. Since the Neéel temperature of CoO is about 293°K 
or 204cm™'/k (k: Boltzmann constant), there are appreciable contributions from the 
higher levels to the paramagnetic susceptibility, and this makes the calculation rather 
complicated. A similar situation occurs in the case of FeO. 


For the exchange energy we adopt the molecular field approximation and write it as 


H oc =2JXS)-S. (28) 
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(S)> means the average vector of each spin. Since we have orbital degeneracy, it is in 
general open to question whether we can adopt the same form, (28), for the exchange 
energy as in the non-degenerate case. Above the Neéel temperature, however, the exchange 
field has cubic symmetry on the average so that the assumption (28), which depends 
only on spins, is justified. This problem will be discussed further in the next paper. 
The value of 2Jz alone cannot determine the Néel temperature, because the exchange 
energies among geometrically nearest neighbours are ineffective in antiferromagnetic state”, 
whereas they are effective in paramagnetic state and is included in 2Jz. Thus we take 
2Jz as an adjustable parameter and determine it by comparing the calculated paramagnetic 
susceptibility with the corresponding experimental data. 

We shall here discuss the case of CoO. The second order terms of the Zeeman 
and spin-orbit coupling energies (18), (19) and (20) have anisotropic forms of cubic 
symmetry and they produce a cubic anisotropy of the paramagnetic susceptibility. There- 
fore, in order to compare our calculation with the measured powder susceptibility, which 
is the only available magnetic data of CoO at present, it is necessary to take the average 
of the susceptibility over the direction of the external field. For the sake of convenience, 
however, we adopt the following simplified procedure which is correct in the first order 
of |/A|/JE and ,H/dE. We divide each of the Hamiltonians (18), (19) and (20) 
into two parts: an isotropic part and an anisotropic part. For the latter, we choose a 
form such that transforms under coordinate transformation in the same manner as the 
spherical harmonics of the fourth degree ; then this anisotropic part makes no contribution 
to the powder susceptibility in the first order, since it vanishes when averaged, and we 


can confine ourselves to the isotropic part. Thus, we write (18) in the following form : 
1 = — (15/4) #/4E)| (2 (L282 +125) +1252) 
— (2/5) (S(S+1)1+1) + (LS) +2(-S)*)} 
+ {(2/5) (S(S+1)L+1) + (U-S) +2 (1-S)?) — (U-S)*} ]. 


The first curled bracket is the anisotropic part which is constructed in the form of the 
spherical harmonic x‘+y'+z'— (3/5)r*. We can omit this part and also the constant 


terms. The remaining part is 
I = — (3/4) (#/4E) {2 (L-S) — (L-S)*}. 
In the same way, we have for (19) and (20) the effective parts 
Hof = (|A|42/4E) {6 (HS) — (3/4) (CHD) (L-S) + -S) (HD) } 
and 
65! = — (3/4) (42/4E) (4H? — (H-D)*. 


The total Hamiltonian effective for the calculation of the powder susceptibility, including 
the effect of ‘P, is 
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H=— (3/2) (1— (5/3) P)Al-S+2Jx(S)-S+ en H{2S— (3/2) A— (5/3) PY 
+ (3/4) (1—#) (2/4E) {((U-S)?=2(1-S)} 
+ 1B) (|Aljtn/4E) (6 (H-S) — (3/4) (CH-D) (1-8) + (LS) (H-D)} 
— (3/4) (1-8) (122/4E) (4H? — (H-D*}. (29) 


In the following, we give the method of calculation of the susceptibility neglecting 
‘P; in our actual calculation we took *P into account. We also drop the last term of 
(29) for a moment, which gives the temperature-independent susceptibility. 

We specify the energy of each level by W,,,,, where the sufhx m means the magnetic 
quantum number of j. To the second power of H, W,,, is given by 


W jm=W yr 2JeS) Sm + fe AY ( +6(|4|/4E)) S.jm— eps +Gamt 
eeu) Li2Jx(S) + ((7/2) +6 (|A|/4E) ) eA} * |Sesjrml? 
Pes 
+ Py H{2Jz<S) sr ((7/2) + 6(|4|/4E) ) Pe H} (Dagrm Sestsm ES. 37m Y5rjm) is (30) 
where W,, is the energy for vanishing field and y is defined by 
g=— (3/4) (\A4|/4E) {L.-S) + -S)L}. 


First, we must determine self-consistently the value of (S)>. ¢S) is calculated by 


(sy=Te [88 eat freer 
0 (2JxS)) 


which becomes, using (30), 
ope CL Sy & POsNe 7S er TD eC S ote lay 2) GOAL ay) eet 
jum gsm 
x { (Sz jm/kT) sir 291 (1Sssgrm|?/ AW ys) } 
Sh 
= (3/2) He eh Oy m/k ict = 
Lr H{ ean Jim F ls) a TD jtim + 531m Szstym) [AW 5 5\ |. (31) 
From (31), the self-consistent value of <S) is obtained as 
(S\=—p, H| Die Volk? {((7/2) + (6|A|/4E)) ((Sosm/kT) +2 5% |S. sjrm|?/ IW 515) 
os IX 
a (37/2) (mS .5,/kT ) te (Sea Ijn/ kT) 
+ 25 Sejsrm Iyt3m + I yj Szgrym) [IW 5} | 
ae Vo Wog (kT _ VY a Wog(lkT 2 ‘ 2 2 
: | pay. I j Th r2Jz > e i ) kd VOSen/R I) +22 [Segre / AW 9 5} 4 (32) 
Defining C by the relation, 
(S)= (#2 H/2J2)C, (33) 
the susceptibility is given by 


oe oe Cr 4 
1= (N/A) Tr(— an muy Te (e-* Ry NS / 272 Oe (34) 
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We must have the second term of (34), because in the molecular field approximation 
we count the exchange interactions doubly. In the absence of any orbital angular mo- 


mentum (34) gives the ordinary Curie-Weiss law. More explicitly, (34) is written as 


ve (Nez/> e WoglkT) [> Smee A 72) ae C+6(|A|/4E) )? 


X ((Sejm/&T) +2 >) |S.yyrml?/ AW 513) 
Je! 


+2((7/2) +C+6(|A|/4E)) 
X ( (Seam Jim R Ties (Se s3m T3030 TO y3tm Seytin) /A W sys) 
I5 


—3((7/2) +C+6(|4|/4E)) (m S.4m/kT) + (9/4) (m?/kT) — Gro kiee | 
+ (NH 2/2 Jz) C°. (35) 


In our actual calculation we took into account the effect of *P and also added to 
(35) the constant susceptibility due to the last term of (29). The resulting susceptibility 
is a very complicated function of temperature, as already seen in (35), but numerical 
calculations give apparently the Curie-Weiss law above 500°K irrespectively of the values 
of the parameters, 2Jz and JE’, contained in (35). Roughly speaking, the effect of 
the residual orbital angular momentum manifests itself in two way: in the first place it 
gives rise to a change in the apparent /-value through the accompanying magnetic moment, 
and in the second place it gives rise to a change in the apparent paramagnetic Curie 
temperature 7 through the spin-orbit coupling. The latter effect makes 0 smaller than 
that would be expected from the value of 2Jz when orbital momentum is absent. The 
apparent ”-value depends mainly on the value of the parameter, JE’, which relates to 
the previously stated small correction terms of the second order. The apparent para- 
magnetic Curie temperature ( depends on both parameters, 2Jz and JE’. We can thus 


determine these two parameters by comparison with experiment. 


$4. Comparison of the theory of the preceding 
paragraph with experiment. 


The powder susceptibility of CoO was measured by several authors.?’")'' Their 
results are consistent with one another within experimental errors; we adopt here the 
result of La Blanchetais’”, whose measurements cover the widest temperature range, i. e. 
100-750°K. The susceptibility obtained by this experiment was found to follow the 


Curie-Weiss law 
Yui = 3.0546/ (T +280). (36) 
This corresponds to our 
Oi z—= 295cemp rand 4 B= 7560-eme-s (Si) e37') 


With these values it is shown that our calculation agrees with experiment within errors 


of 0.3 percent above 500°K. The results are given in Fig. 2 in which three curves 
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corresponding to different sets of two parameters are drawn for comparison. With the 
value (37’), §, the measure of hybridization of ‘P, is calculated to be 9=0.185. 
The usual simple molecular field theory, 


which considers only spins, gives 


6=2)25(S+1)/3k ~ (8) 


a).(6) 
pie And further, if we assume the spin-super- 
structure of the 2nd kind, which has been 
BUY supported by neutron diffraction experiments 

and in which the spins of the next-nearest 
5 neighbouring pair of atoms point in the 
opposite directions, while there are equal 
oh number of nearest neighbouring pairs with 
parallel and antiparallel spins, the Neel 


temperature is given by 


G Ty=2J,z,S(S+1) /3k, (39) 


Sih Maracas 8 ak where 2/],z, is the coefficient of the molecular 


TR field resulting from the nearest neighbours. 


Fig. 2. Susceptibility of CoO above the Néel The difference 2J,~%=2Jz—2J,z% is the 


temperature. coefhcient of the molecular field resulting 
Curve (a): experimental (after La Blan- 


from the nearest neighbours. Therefore, if 
chetais!)) ; 


i ae ee this simple theory could be applied to the 
294.6cm-! and 4E/=7560 cm-'; case of CoO, we would have to interpret 


curve (c): calculated, assuming 2Jz= 2J.z. to be negative (ferromagnetic) and to 
297.5 cm7! and 4E’=6000 cm™! ; 


curve (d): calculated, assuming 2Jz= ; f 
289.9 cm~! and 4E’=8300 cm7. 2Jiz, since O/T =280/293. On the other 


hand, this simple theory must be applicable 
to MnO and in this case the value of 2/J,z, was found to be positive (antiferromgnetic) 
and larger than 2J,z,. Smart’), comparing these two cases, remarked that CoO cannot 
be well understood by such a simple theory. However, our value of 2Jz, given by (37), 
is much larger than the value 180 cm™' of 2J,z, to be obtained from the Néel temperature 
(see the next section) and, therefore, our calculation suggests that 2J,z, is antiferro- 
magnetic and has a magnitude of (295—180=) 115 cm™', which is approximately epual 
to 118 cm™' of MnO."” 


The electrostatic potential of the cubic symmetry can be written as 


be much smaller in absolute magnitude than 


Dr): (+ y'+2— (3/5) +14). (40) 


If we assume the surrounding ions to be point charges, D(r) does not depend on r, 


since the potential satisfies Laplace’s equation. In several cases'”’'’) it was found that 


this model can give the correct sign and correct order of magnitude of the level splittings. 


In our oxides the magnitude of D with this model is given by. D=17,9,.22/a? 20), 
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where e is the elementary charge and a the distance between O~~ and the metallic ion. 


For CoO JE’ is then given by 


AE == (16/105) 7)-<r*), (41) 
where (r*) means the average over the density of the d-electrons. For FeO we have 
4E= (4/21) -D-<1*). (42) 
With these formulas and with the Slater function”” for the d-electron wave function, we obtain 
QE =0495 cm. for CoO (43) 
and 
ME=10885 cm" for FeO. (44) 


The value for CoO is very near that given by (37’). Abragam and Pryce assumed 
8800 cm! for JE’ of cobalt tutton salt in order to obtain a good agreement of their 
calculated g-values and hyperfine splittings with the corresponding experimental results. 
Considering these situations, our value (37’) appears to be quite reasonable.” 

For FeO, we have yet no reliable experimental data, presumably because this oxide 
is unstable at room temperature. Measurements of the powder susceptibility above the 


23) 


Néel temperature (of about 186°K) up to room temperature by Bizette™’ give 


Vani O22 4) (T +570) 5 


However, this value of the Curie con- 
0.8 4 ; 
= stant is unreasonably large. Mashiyama, 


Uchida and Kondoh*” obtained 
Xmo1 =4,60/ (T+ 190) 


Xmol 
< 10? 


for the temperature region between 
196°K and 460°K, and 


Ymo01= 2.42/ (T +190) 


for the temperature region between 
973°K and 1320°K. The low tempera- 


ture data which are not reliable are about 


1.5 times as large as those of Bizette. 


(b) 
0.1 2 =e 


Since we obtained approximately the 
Byifie © AU" SLABS SICLUP SELES SIE oe same value of 2J,z, for MnO and CoO, 


TK we may assume the same value of 2/J,z, 

Fig. 3. Susceptibility of FeO above the Néel tem- for FeO. Then, adding to this ie 
perature. j 4 ‘ 

Curve (a): experimental (after Bizette and Tsai”) ) ; value of 2/J,z, deduced from the Néel 


curve (b): experimental (after Mashiyama et al.” ); i ¢ 
curve (c): calculated. temperature, we obtain a value o 


* Note added in proof. Recently, the optital absorption experiment on a crystal of MgO containing 
Ni** has been performed and it shows that the energy separation between J, and I’; of 9F of Ni** is 
about 8600cm-!. (W. Low, Bulletin Amer. Phys. Soc. 1 (1956) No. 8, 398, S11) From this value, the 
energy separation between 1/5 and I, 4E’, of Ni** can be estimated to be about 6900m™'. 
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190 cm™' for 2Jz of FeO. With this value and with the simplified Hamiltonian 
HO! =H1I-S+2]XS)-S+p,H(2S—D, 


the susceptibility of FeO can be calculated. The result gives approximately the Curie- 


Weiss law: 


Yuoi=3-19/ (1 +332). 


As shown in Fig. 3, our results are somewhat below Bizette’s data at low temperatures 
and somewhat above those of Mashiyama, Uchida and Kondoh at high temperatures. It 
is hoped that more reliable data are published and a better comparison can be made. 

Finally, it may be mentioned that if a single crystal specimen were available and 
measurements of the anisotropy of its paramagnetic susceptibility could be made with it, 
we would be able to deduce the separation JE by applying our theory. 


§5. Influence of the spin-orbit coupling on the Néel temperature 


In this section we investigate the influence of the spin-orbit coupling on the Néel 
temperature and calculate 2J,z,, i. e. the exchange coupling constant effective in the antiferro- 
magnetic state, from the experimental data of the Neel temperature. The Neel temperature 
is defined as the temperature at which an infinitesimal antiferromagnetic molecular field sets 
in. It can be shown that the orbit-orbit interactions cannot affect the Néel temperature 
in the molecular field approximation, because the change of energies due to them is proportional 
to the fourth power of the antiferromagnetic molecular field. Then, if in (31) we put 
H equal to zero and attach minus sign to the left-hand side, we obtain a relation valid 


at the Neel temperature : 


(S)=2], aS) Deron { (S.m/kT x») +2>} Saat 
ym jej 


*/ AW 5 \ VL Se Wolk Pw), 
jvm 


From this we obtain 


= BW od eT A V—Wos/kT Nn yO Y 
2J, SS c be e pay ee AN { (Sejm/RT ) + 2 >) [Sesrm 
J,m jim IPs : 


*/ dW yj}. (45) 


Here we neglected the second order term of L-S coupling and also the effect of *P in 


the case of CoO. 
In the case of FeO, whose Ty is 186°K)”, we obtain from (45) 


2 1 521:=68.1 em=. (46) 


In the spin-only theory, 2/,z, is given by (39) and is 65 cm™. Therefore, we can 
conclude that the spin-orbit coupling lowers the Neel temperature a little. For CoO 
ew LEE Gay 2], z, is obtained as 


2 1.16059 Cn (47) 


In the spin-only theory we have 2/J,z,=162 cm~. 
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S 6. State of the ions at the absolute zero of temperature 


At absolute zero the spin of each ion is subjected to a strong exchange field and 
is oriented in its direction. The pseudo-orbital angular momentum I, connected with the 
spin through the spin-orbit coupling, becomes antiparallel to this direction. This is the 


classical picture of the ground state. Quantum mechanically, we have to start with the 
following Hamiltonian : 


I= —2J,%,(S)-S, +4 LS, (48) 


neglecting smaller terms.* In the case of CoO, we must take account of the effect of 
“P on 4’. (S) is the average value of the spin which we assume to point in the positive 
z-direction. The state given by S,=S and /.=—1, which corresponds to the classical 
ground state, is connected with the states given by S,=S—1, /,=0 and §,=S—2, l,=1 
through the x, y components of /’1-S. Therefore we must solve a secular equation of 
the third order and determine (S) self-consistently. Adopting the value of 2J,z, obtained 
from the Néel temperature and the spectroscopic data of /’, we calculate the wave function 


of the ground state to 


,=0.909 He, _1— 0.395 $19 +0.135 oo, for FeO, (49) 
f= 0.875 Ps/2,-1— 0.446 Pyj2,9 + 0.188 $12, for CoO. (50) 
Here ¢._; etc., mean the wave functions of the states S,=2 and /,=—1, etc.. 


In (48) the deformation of the crystal in antiferromagnetic state is not considered. 
Actually we must consider the influence of the deformation on the crystalline field and 
thus on the wave function. We shall develop the theory of the deformation in the next 
paper. Here, using the results of it in advance, we assume that, in the case of CoO, 
the effect is taken into account by adding a term —cl/.” to (48), where the constant c 


has the magnitude of about 100 cm. 


Then the wave function for CoO becomes 
¢,/ =0.900 Ps/2,-1— 0.401 P4/2,0 + 0.169 P_1)2,1- (50’) 


From the data of the forward scattering of neutrons by the ions we can deduce the 
magnitude of the magnetic moment of the ions. Using the wave functions obtained 


above, we can calculate this quantity, m), theoretically. For CoO, using (50’), we have 


my! = ftp 25, — (3/2) (A= (5/3) PV be) av.=3-69 ba 
More exactly, considering the small correction due to (19), we have 
my = ty (25 — (3/2) (1— (5/3) B) E+ 15/4) ([A|/4E) {45.121 U-S) — U-S)LS Dav. 
=3.83 fp. (51) 


If we use (50) instead of (50’), we obtain m=3.68/4;. From the experimental data 
obtained by Shull et al”. we have m,~3.7 My. The agreement is therefore very good. 


* The validity of neglecting the orbit-orbit interaction will be discussed in the next paper. 
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For FeO, experimental data are not available. Assuming the value of JE obtained from 


the point charge model and using (49) we calculate to m=4.44 yz. 


7. Discussion of the origins of the crystalline field 


Ze) 


We have hitherto developed our theory with the assumption that, except for the 
spin-dependent exchange energy, the influence of the surrounding ions could be represented 
by an electrostatic potential included in the one-ion Hamiltonian. Though this assumption 
seems to be generally acceptable, we have yet no conclusive theory of the origins of the 
crystalline field. It may, therefore, be worth while to discuss here the probable origins 
in some detail and thereby investigate the validity of our theory. 

Our estimation of the crystalline field, (43) or (44), was made with the assumption 
of the point charge model. However, this model is far from the reality, since it disre- 
gards the overlap of the electron clouds between neighbouring ions. In the first place, 
the overlap effect makes D(r) of (40) depend on 1, since the potential no longer satisfies 
Laplace’s equation, but it satisfies Poisson’s equation. Attempts to calculate this ‘ classical’ 


2) In the case of cubic symmetry, 


effect of the overlap were made by several authors. 
it reduces or reverses the level splitting of the orbital states obtained from the point 
charge model because of an imperfect screening of the attractive potential arising from 
the nuclei of the neighbouring negative ions. In particular, Kleiner*’ has shown in his 
calculation of Cr alum that the potential obtained from such an improved calculation 
gives the wrong sign to the level splitting, whereas the point charge model can give the 
correct sign and a correct order of the magnitude of the splitting. Recently, Tanabe 
and Sugano” pointed out that the non-orthogonality of the electron orbits belonging to 
neighbouring ions has an important effect to the level splitting of the orbital state. To 
the first approximation this effect could be understood as the Heisenberg exchange inter- 
action between the non-orthogonal orbits. Since the sign of this exchange integral is 
negative because of the attractive potential between the electron and the nucleus of the 
neighbouring ion, it works as a repulsive potential between the negative ion and the 
electron. These authors assert that in Cr alum the exchange part of the interaction of 
the electrons with the surrounding ions exceeds the coulomb part so that the level scheme 
originally obtained from the point charge model comes nearer to the truth. The cor- 
responding exchange integral in our oxides is presumably of the order of 1000 cm~', and 
therefore the exchange effect will in any case have an appreciable contribution to the level 
splitting. 
oe is og mechanism which will cause the splitting of the orbital levels. 
s pointed out that the weak covalent bond between the anion and the cation 
can explain ene discrepancy between the optical data and the magnetic data concerning 
aid level splitting of the cation orbital state of some hydrated salts. Also in our case, 
is well panei there exists a partial covalency between the anion and the cation which 
is an essential origin of the superexchange mechanism.) Since its degree depends on the orbital 


state of the cation, the energy arising from this effect will contribute to the level splitting 
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Its qualitative nature is the same as that of the point charge interaction and also that 
of the exchange effect mentioned above, because this effect lowers the energy of the state 
of the cation with the least overlap, since then there are vacant orbits which have large 
overlaps and available for electron jumps from the anions. As we shall show later, this 
energy amounts in our case to several thousands inverse centimeters. 

Therefore, the value of JE’ given by (37’) should be interpreted as the combined 
result of these complicated effects. It will be questionable whether we can treat these 
effects in the form of an electrostatic potential in the one-ion Hamiltonian as in the 
case we have calculated the effect of ‘P. In other words, we have to ask whether we 
can adopt the one-electron approximation for the effective Hamiltonian of these effects. 
If we can do it, we can write the effective Hamiltonian in the form (40) and determine 
the coefficient D so as to get the actual level splitting of the d-orbits. 

The effect of the non-orthogonality relates only to the energy of each d-orbit within 
the approximation of the Heisenberg model. On the other hand, the effect of the co- 
valency can be treated in the scheme of the perturbation theory which will give the 
relevant energy in the second order. The degree of the covalency depends both on the 
transition probability of the electron from the p-orbit of the neighbouring oxygen ion to 
one of the five d-orbits and on the excitation energy required for this transition. We 
assume here that the potential field which causes the transition is well approximated by 
the Hartree field which does not depend on the orbital state of the cation, or in other 
words, the multipole part of the potential arising from the cation electron cloud 
is negligible. Then, as we shall show explicitly later, the transition probability is 
related only to the availability of a specific d-orbit into which an oxygen electron can 
jump. So assuming that we can neglect the effect of the electron correlation on the 
excitation energy of this jump, it can be concluded that the effect of the covalency is 
represented by an effective one-electron Hamiltonian. The mentioned assumption is valid, 
if the excitation energy is large compared with the internal coulomb energy among the 
electrons belonging to that cation, which has the magnitude of about 1 ev.. On the 


other hand, the excitation energy is given approximately by the following formula : a 
dW = (4a—1)2/a+E-—I, (2) 


where a is the Madelung constant for the lattice of the NaCl type, a the distance 
between the anion and the cation, E the electron affinity of O-~, I the second ionization 


energy of the metal atom. Adopting the value of —9 ev. for E™, we obtain from 
(52) 
dW =14.3 ev. for both oxides. 


The actual value of JW would be smaller, since polarisation effects are not considered 
in (52). According to soft X-ray emission data”, JW for MgO is estimated to be 
10~15ev.. Considering that the second ionization energy of Mg is smaller by about 
1.5 ev. or 2.3 ev. than those of Fe or Co, it may reasonably be concluded that JW of 


our oxides is about 10ev.. Thus the difference in excitation energy due to the internal 
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coulomb energy and other effects for different orbital states of the cation may approxt- 
mately be neglected. 

An idea of the magnitude of the exchange and covalent effects can be got by making 
use of the theory of superexchange. Since the d-shells of Fe’* and Co*” are * more- 
than-half’ full, the mechanism originally proposed by Anderson™) works here most 


effectively, i.e., the exchange integral J, between the next-nearest neighbours is given by 
Ji= (/AW)T/ (2541), (53) 


where (¢/JW)* is the degree of covalency, ¢ the transfer integral, J’ the average exchange 
integral between the p-orbit of the oxygen ion and the d-orbits of the cation. If we make 


an approximate estimation of J’ by a relatation, 


= ES Se 
where s means the overlap integral, we can obtain a rough estimate of ¢ and thus of 
J' and #/4W (depression of energy due to the covalent bond formation) with the use 
of the experimental value of J, given in $5, the value of JW estimated above and a 
reasonable value of s. Assuming thus s=0.1 and JW=10ev., we obtain 


3000cm™' for FeO, 780cm~' for FeO, 
P/IW= j= (54) 

4100cm~' for CoO, 1200cm~* for CoO. 
Since both effects depend largely on the different degrees of overlap between different 
d-orbits of the cation and the oxygen orbit, the values of (54) themselves represent also 
the order of magnitude of their contributions to the level splitting. Thus we see that 
these effects are as large as those of the classical electrostatic field of the point charges 
and the finite spread of the oxygen electron clouds. In the following, we shall discuss 
in detail the different degrees of overlaps and the consequent contribution of the covalency 


to the level splitting. 
We define the five d-orbits, 6;(i=1, ---, 5), by the following symmetry properties : 


G,~ zx, Po~xy, ~yz, by~ 32-1), d~ (P?—9?*). (55) 


@; have the same symmetry properties as ¢/; of the ferrous ion. We consider a cation 
at the origin and an oxygen ion situated on the positive z-axis and denote its 2p and 2s 
orbits by p,, p,, p. and s. There are three kinds of the electron transition involved in 
covalency: from p, to @,, from p, or p, to d, or dy, and from s to ¢, Other transitions 
are small owing to their symmetry properties. We define ¢,, tf, and t, by 


t= (p.126|9,), t= (p.|26|4,) = (p,|96 |G), ty= (s|26|9,)- (56) 


If a relevant d-orbit is vacant, the energy of the covalency effect in the second order 
perturbation is given respectively by 


—t?/AW, —t?/dW, —t2/4W’'. 


Here we distinguish the excitation energy JW’ for the 2s-electron transition from that 
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of the 2p-electron transition, JW’. Since the promotion energy of the 25-electron to one 
of the 2p-orbits is about 15 ev.’ in the neutral oxygen atom, JW is larger by a factor 
of 2 or more than JW, given by (52). 


For the covalent effect with an oxygen ion on the x-axis, we notice that 


= (1/2) by’ + (%3/2)¢5',  b5-= (3/2) b,' — (1/2) 9s! (57) 


where the primed orbits are those which can be obtained from the unprimed orbits by 


replacing the z-axis with the x-axis and therefore ¢,/ and @,' are given by 
Gi Brier )ss bs’ (P= Z)s 


From (57) we easily see that the availability of 9, for the electron jump from the oxygen 
ion on the x-axis is 1/4 of that from the oxygen on the z-axis, since only ¢,/ is available 
for this jump. Similarly, the availability of 9, for the electron jump from the oxygen 
ion on the x-axis is 3/4. Therefore, if ¢, is vacant, the relevant total energy of the 


covalency effect with six oxygen ions surrounding the cation is given by 


Zite Altre 2 he Acs 
E(4) =—22-— (1/4 Xx — -=— 4-1/9) XS 
: IW (1/4) dW mm OY) dw! 
= —312/4dW—3t2/dW'. (58) 
If @, is vacant, the corresponding energy is 
Ate 4t.? Bets at 
E(@.) =— 3/4) Xe — G/4) X— 4 =-— 58’ 
$) =-G/4) x0 — 6/9) X= — ae a (58') 


As for the covalent energy for ¢,, $, and 9, we notice that 
$,=$;, %=6), G=9y. 
Therefore the total energy of the covalency effect of these orbits is given by 
E($,09) =—4te/IW. (59) 


In the case of FeO, only one of the five d-orbits is doubly occupied: in J’, one of the 
three orbits ¢,, 4, and 9, is doubly occupied, and in I’, 9, or 95 is doubly occupied. 


So the contribution of the covalency to the level separation between J’, and 1’, is the 
difference between (59) and (58), that is, 
JE= (3t2—4t,2) /IW +3 $7 AWAG (60) 


The case of CoO is a little more complicated because of the configuration mixing 
arising from the presence of *P. For example, the orbital wave function, ¢/, is obtained 
by antisymmetrizing the product, 


(2/5), (1) $5 (ID) + (1/5) 921) 90D) 5 (61) 


and the corresponding product for #, is given by 


6» (I) 6, (1D) . (62) 
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Here we treat the case of Co** as the. two-electron case. Then the energy of the 


covalency effect with an oxygen on the Zaxis is given by 


ie ous seeds ies ioe (63) 
eS (62/5) = A or the state given Dy bo, 
AW 2/9) iy dW’ 
and 
sik: ag 29 ys (64) 
AW 


The corresponding energy arising from the covalency with an oxygen on the x-axit is, 
using the relation (57), obtained as 


a fie fe 
7/90) ee 0) foe ae (65) 
CEI IO RS ee te Stan dap or 
and 
; 2 #2 es 
£3) 4) ee G8 foe (66) 
Bsa ap CM agen 8 


Using these relations, the total contribution of the covalency effect to the energy separation 
between /’, and I’, of “F is obtained as 
4g — 2 fi 168 a 12k 
5dW 5 dW’ 


Since the wave functions have the largest overlap for the transition given by f¢,, ¢, 
is probably larger than ¢,° by a factor of 2 or more. If the former is much larger than 
the latter and if the covalency effect with the 2s electrons, specified by ¢,, is ineffective 
in the superexchange because of a large excitation energy, we can identify ¢, with f given 
in (53). Then we see that the level splitting arising from the covalency effect has an 
order of magnitude comparable with those from other effects. 

Finally, one might question the validity of the fact that we disregarded in the cal- 
culation of § 3 the effect of the configuration mixing arising from our covalency effect. 
As Owen points out, this configuration mixing leads to a smaller absolute value of the 
coefhicient of the spin-orbit coupling, especially for the non-diagonal part of the spin-orbit 
coupling with respect to the levels split by the crystalline field potential. The latter is 
due to the fact that the non-diagonal parts connect the orbital states of different degrees 
of covalency. On the other hand, however, Tanabe and Sugano” obtained by a rigorous 
treatment of non-orthogonality a larger coefficient of the spin-orbit coupling, the ortho- 
gonalization making the effective weight of the d-orbits larger than unity. It is therefore 
difficult to infer a plausible value of the coefficient of the L-S coupling. We estimate 
that our JE and JE’, which are affected by the non-diagonal parts of the L-S coupling, 
have errors of about 10 percent. 

Another question is whether the residual orbital angular momentum is partially 
quenched by the covalency effect. Since the orbits used by the predominant bond specified 
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by ¢, are almost unoccupied by the electrons in the lowest sublevel of both Fe** and 
Co**, the three states can have an equal covalency with all the neighbouring oxygen 
ions. It can therefore be concluded that, even in the state in which an electron has 
jumped into one of these unoccupied orbits, the orbital momentum is still ‘alive’ and 


has approximately the same magnitude as in non-covalent states. 


§ 8. Summary 


In this paper we stressed the importance of the residual orbital angular momentum 
for the interpretation of the magnetic properties of FeO and CoO. In §2 we derived 
the effective Hamiltonian of the Zeeman and L-S coupling for degenerate orbital states. 
In § 3 and § 4 we discussed the paramagnetic susceptibility and obtained reasonable results 
especially for CoO. A difficulty pointed out by Smart in interpreting the relation between 
O and Ty of CoO have been removed. In §5 we discussed the Neéel temperature and 
in § 6 we calculated the wave functions of the ground states of the cations at absolute 
zero. Using these wave functions, we calculated the magnetic moment of these ions and 
obtained a good agreement with experiment for cobalt ion. Finally, in § 7 we discussed 
the origins of the crystalline field. 

The author would like to express his sincere thanks to Prof. T. Nagamiya and Dr. 
K. Yosida for many valuable discussions and continual encouragement during the course 
of this study. The present work has been supported in part by a Grant in Aid from 
the Education Ministry. 
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The origins of the magnetic anisotropy energies of the crystals of FeO and CoO in the state of 
antiferromagnetic ordering and the mechanism of the deformation they suffer when the antiferro- 
magnetic ordering sets in ate investigated from the atomistic point of view, following the line developed 
in the preceding paper. It is concluded that the most effective part of the magnetic anisotropy energy 
in the deformation-free state of the crystals originates from orbital multipole (or van Vleck’s orbital 
valence) interactions arising from both the coulomb and exchange interactions between cations. The 
deformation of the crystals, however, is caused mainly by magnetostriction arising from linearly strain- 
dependent terms of the crystalline field energies. It is shown that the theoretical determination of the 
axis and magnitude of the deformation, using the point charge model for the calculation of the 
crystalline field, can give results which are semi-quantitatively consistent with the experimental results. 
It is shown that in CoO the deformation-dependent anisotropy energy overcomes other anisotropy 
energies and determines the direction of the magnetization to be the direction of the tetragonal axis 
of deformation, [001], while in FeO therdeformation-independent anisotropy energies are predominant 
in determining that direction, which coincides with the crystalline trigonal axis, [111]. Discussions 
are also given for other kinds of deformations which do not depend on the orientation of the magnetic 
moments, that is, the volume striction and the trigonal deformation suggested by Greenwald and 
Smart. A brief comment is given to the magnetic anisotropies of MnO, MnS and NiO. 


§ 1. Introduction 


In this paper we investigate the origins of the magnetic anisotropy energies of FeO 
and CoO in their antiferromagnetic state and look for the mechanism of their deforma- 
tion below the Néel temperature. MnO, MnS and NiO will also be discussed briefly. 

FeO, MnO, MnS and NiO deform into trigonal symmetry’? below their Néel 
temperatures. In the case of FeO, the angle @ that specifies the fundamental rhombo- 
hedron is smaller than 60°, whereas for MnO and NiO a is greater than 60°. CoO” 
deforms into tetragonal symmetry and a contraction occurs along the caxis. X-ray data 
for this oxide show that the contraction takes place gradually from the Neel temperature 


with decreasing temperature and its magnitude amounts to about 1 percent at the lowest 


temperature of the measurements. 

According to neutron diffraction experiments,” the antiferromagnetic spin arrangement 
in FeO is that proposed by Néel,” Fig. 1 (a), which we shall call structure [A] after 
Li. This arrangement can be obtained by attaching alternately + spins and — spins 
to hexagonal close-packed layers which compose the cubic face-centred lattice of the 


cations. It has trigonal symmetry. In the following, we shall take [111] as the trigonal 
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(a) trigonal (b) cubic 
Fig. 1 


axis. The orientation of the magnetic moments in FeO was definitely determined to be 
[111] by neutron diffraction. For CoO, MnO and NiO, the neutron diffraction experi- 
ments with powder specimens could not decide whether the spin arrangement has structure 
[A] or another cubic structure |B], Fig. 1 (b). Li” showed that for structure | A] the 
orientation consistent with neutron diffraction data is [001] and for structure |B] the 
orientation cannot be determined at all. As will be shown in later sections, the tetragonal 
deformation of CoO can reasonably be interpreted as a magnetostriction originating in the 
effect of the crystalline field on the residual orbital angular momentum of Co**, so that 
it is highly probable that the orientation of magnetic moments in CoO is [001].* For 
MnS, neutron diffraction experiment’) determined the spin arrangement to be the structure 
[A| and the orientation of the magnetic moments to be in the (111) plane. In NiO, 
recent magnetic measurements indicate the orientation of magnetic moments to be likely 
in the (111) plane, as will be referred to in the last section. 

Theoretically speaking, we can distinguish between two kinds of the mechanisms of 
deformation : one is exchange striction which arises from the dependence of the exchange 
energies on inter-ionic distances and does not depend on the orientation of the magnetic 
moments ; another is magnetostriction which arises from the anisotropy energies and 
depends on the orientation of the magnetic moments. In structure |A|, the exchange 
striction can cause a deformation of trigonal symmetry, as well as a volume striction, as 
suggested by Greenwald and Smart.) In structure [B], it causes only a volume striction. 
The present investigation will show that, in both FeO and CoO, the magnetostriction 


predominates due to the presence of a residual orbital angular momentum. In FeO, the 


* Note added in proof. Recently, Roth has found by neutron diffraction that the orientation of 
the magnetic moments in MnO, CoO and NiO is probably in the (111) plane. (W. L. Roth, Annual 
Meeting, American Crystallographic Association, June, 1956 (unpublished).) His result for CoO is at 
variance with the conclusion of this study. However, the result of Singer’s*®) magnetic measurements on a 
single crystal of CoO is favourable to our conclusion. 
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magnetostriction elongates the crystal along the trigonal axis, overcoming the exchange 
striction which contracts the crystal along the same trigonal axis. 

So far, the studies of the origins of the anisotropy energies of antiferromagnetics” 
have been limited to the non-degenerate orbital case. In cubic crystals of FeO and CoO, 
however, the orbital state is degenerate. From a new standpoint, we can divide the 
origins of their magnetic anisotropy energies into four categories: 1. the magnetic dipole- 
dipole interaction; 2. the spin-orbit interactions; 3. the orbit-orbit interactions; 4. the 
anisotropy energy arising from deformation. 

In the first category, we include intra-ionic magnetic spin-spin interaction as well as 
inter-ionic magnetic dipole-dipole interaction. The latter was calculated for structure | A| 
by Kaplan’? ; it makes (111) the easy plane of magnetization. In cubic structure [B], 
it makes no first order contribution to the anisotropy energy. The intra-ionic spin-spin 
interaction in a free atom or an ion was discussed by Araki’? and Pryce'” ; modified by 
cubic crystalline field, it gives rise to an anisotropy energy of cubic symmetry. 

The spin-orbit coupling energy modified by cubic crystalline field was calculated in 
the preceding paper,* using the second order perturbation theory. Anisotropy energies 
of other origins, to be included in this second category are such as anisotropic exchange 
energy derived by Moriya and Yosida,” but they are negligible in our case. 

The anisotropy energies belonging to the third category were discussed generally by 
van Vleck’? for the case of ferromagnetism, but we shall attempt to make more specific 
calculations in later sections. These energies arise from that the cations act as multipoles 
on their surrounding cations which are also multipoles. In the case of degenerate orbital 
level, in which the residual orbital angular momentum drags the spin moment, these 
energies contribute to the anisotropy energy in the first order of perturbation. Classically 
they can be calculated as the multipole part of the coulomb interactions between the 
cations. In addition to it, however, there are contributions arising from the exchange 
part. Also, two cations intervened by an oxygen ion can interact via covalent electron 
configuration and this produces an anisotropy energy (§ 5). 

The magnetostriction is caused by anisotropy energies which depend linearly on strain 
components. The anisotropy energies belonging to the above three categories have parts 
which ate linearly dependent on strain components, but it can be shown that they cannot 
produce as large deformations as those observed in FeO and CoO. On the other hand, 
the crystalline field energy arising from deformation acts directly on the residual orbital 
angular momentum and produces spontaneous deformations of a right order of magnitude. 

Since the change of energy by magnetostriction depends on the orientation of the 
magnetic moments, it contributes also to the anisotropy energy. This anisotropy energy 
is important in the present case, particularly in CoO. There is also an anisotropy energy 
arising from a combination of the exchange striction and magnetostriction. These anisotropy 


energies are included in the fourth category. 
The calculations of the following sections are based on the molecular field approxi- 


* Cited as [I], in the following. 
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mation, or the one-ion approximation, in which the Hamiltonian of each ion is derived 
from the total Hamiltonian by averaging the operators relating to other ions. We mostly 
confine ourselves to the absolute zero of temperature, so that the average is taken over 
the zero-point motion of the spins. We treat the anisotropy Hamiltonians as perturba- 
tions and calculate their first order contributions using the wave functions calculated in 
§ 6 of [I] as the unperturbed wave functions. The orbital multipole interactions turn 
out to have the magnitude not very small compared with the exchange energy and spin- 
orbit coupling energy, and one might question if it is allowable to treat them as pertur- 
bations. It can be shown, however, that their non-diagonal elements are small within 
the scheme of the one-ion approximation and therefore this procedure is allowable. 

In performing these calculations, we meet difficulties for precise evaluations, and some 
ambiguities as regards the numerical magnitudes will inevitably be introduced. Never- 
theless, it is believed that all the conceivable important origins of the anisotropy energies 
and deformations are considered in the present paper and an essentially correct picture of 
the antiferromagnetic oxides is obtained. 

In § 2, magnetic dipole-dipole interactions and spin-orbit interactions are investigated ; 
in § 3, 4 and 5, orbit-orbit interactions are calculated; in § 6 theory of magnetostriction 


is developed; in § 7, calculation is made of the magnetostriction using the point charge 
model for the crystalline field; in § 8 exchange striction is considered; § 9 summarises 
the anisotropy energies including that which arises from deformation; the last section is 
a brief discussion of the magnetic anisotropy energies and deformations of MnO, MnS 


and NiO. 


Ze) 


2. Magnetic dipole-dipole interaction aad spin-orbit coupling energy 
> 


The contribution of the inter-ionic magnetic dipole-dipole interaction energy in struc- 


ture |A| to the total energy can be written in the following form of uniaxial symmetry ; 
E,»=T,(a,a,+a,a,+a,a,), (1) 


where @,, a, and a, are the direction cosines of the sublattice magnetizations in anti- 
ferromagnetic state referred to the cubic principal axes. According to Kaplan," “T°, ‘at 


absolute zero is given by 
Ty)= (114.82/a}) erg per ion, (2) 


where /4 is the magnitude of the magnetic moment of the cation, a, the lattice constant 


of the magnetic unit cell. 


For FeO, assuming the value 4.444, of 4 calculated in § 6 of [I] and 8.664 A 


for a,, we obtain 
T;,=1.5 cm™ per ion. (3) 


For CoO, using the value 3.7/2, of 4 deduced from the neutron scattering data and 
8.50 A for a,, we obtain 


Ty=1.1 cm" per ion, (4) 
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These energies stabilize the magnetization in the plane (111). 
The effective Hamiltonian of the intra-ionic spin-spin interaction in the Russel- 


Saunders scheme of coupling is given by 
Ke 5g = (LS)? 4.(1/2).(L¢S) }.. (5) 


According to Pryce, the value of ¢ * is 0.95cm™' for Fe‘tand 1.5 cm™' for Co**. 
We rewrite this Hamiltonian using the following relations between the orbital angular 


momentum and the pseudo-orbital angular momentum I in subspace /’, (for FeO) or 


12 (for*CoO)}m: 


eae ad tly (lair lols) ebc, tot reW) 5 (6) 
Pe 6 eb Ll — (3/2) (11, l,), .etc. for CoO. (CD 

Then (5) becomes 
H ss= +e[6 1282 +175, +1252) — (3/2) (L3S)\ 3 eS) ?| for FeO ; (8) 


H ss=—p| 15/2) L282 +175, +1282) — (3/4) (LS) — (3/2) (L-S)?] for CoO. 

(9) 
26 es gives an anisotropy energy of cubic symmetry, since I is antiparallel to S in 
antiferromagnetic state. In numerically evaluating the anisotropy constant, we average 


Jb xs using the wave function of the ground state, (49) and (50) of |I|, and assuming 


an arbitrary direction of the axis of magnetization. The part dependent on this direction 
can be written in the form, 
ER=K y(opagraj alt meas): 
Kgs is determined from the difference of Ess for the direction [100] and the direction 
[111]. The results are 
Kss=—1.9 cm>" per ion for FeO ; (10) 
Kss=0.78 cm" per ion for CoO. (11) 


Further, as calculated in § 2 of [I], the anisotropic spin-orbit coupling energy is 


given by the following Hamiltonian : 
H ps= (2/ AE) (6 175241757 +175,?) — (b.S) — (E-S) si tore be); (12) 


Vt GS) (/4E) (05/2) er pe AS) (15/4) (U-S)*] for CoO. 
(13) 
These have the same form as the intra-ionic spin-spin interaction. By a similar calcula- 


tion, the anisotropy energies are obtained as 


* As Pryce points out, these values of include second order effect arising from non-diagonal elements 


of the spin-orbit coupling energy between multiplets of 3d” configuration. This effect may be larger than 
Therefore, in the cubic field, the value of p will be somewhat 


the spin-spin interaction in Fe** and Cott. 
another modification 


modified due to the change of the energy separations between multiplets. In Co**, 


comes from the hybridization of 4F and 4P. However, we neglect these minor effects in the following 


evaluation of the anisotropy energy. 
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Eys=Ki3(afaf+e, aZtaZa,Z), 

with 
Krs=—1.85 cm™ per ion’ for FeO, (14) 
K,s=2.0 cm per ion for CoO. (15) 


In the actual calculations, use was made of the spectroscopic data of 4 in both ions, ex- 
perimental values of JE and /} in CoO and the value of JE calculated with the point 
charge model in FeO. 

If we evaluated Ks; and K,s by using the wave function corresponding to S.=S, 
|.=—1, we would have obtained considerably larger absolute values for them. Since the 
states S.=S—1, |.=0 and S.=S—2, /,=1 are mixed by spin-orbit coupling, the inter- 


ference effects reduce the values of Kx; and K,;s to those given above. 


§ 3. Orbital multipole interactions I: the coulomb interactions 


In this section, we discuss the coulomb part of the multipole interactions between 
cations. The coulomb interaction between two cations can be expanded in a series of 
multipole interactions, of which only the quadrupole-quadrupole, quadrupole-hexadecapole 
and hexadecapole-hexadecapole interactions appear in the first order, since the multipole 
clouds are formed of d-electrons. The dipole-dipole interaction gives the van der Waals 
force in the second order, which, however, can be neglected in our case since the polariza- 
bilities of the cations are small. 

First we derive formulas for the multipole interactions between two charge clouds 
which do not overlap with each other. We denote by 1 and 2 the lattice points at 
which the two charge clouds are located and specify by r, the position of electron i 
belonging to charge cloud 1, the origin being taken at the lattice point 1, and by r, 
the position of electron j belonging to charge cloud 2, the origin being taken at the 
lattice point 2. The coulomb interaction between these electrons can be expanded in a 
power series of r; and r;. The part proportional to the product r7r; represents the 
quadrupole-quadrupole interaction, the part proportional to rr,‘ or 1,477 the quadrupole- 
hexadecapole interaction and the part proportional to r,'r,' the hexadecapole-hexadecapole 
interaction. If we adopt the coordinate system whose zaxis is the line joining the lattice 
points 1 and 2, the general forms of these interactions are as follows ; 


the quadrupole-quadrupole interaction 
(e*r?77?/ R13) [6 Py (cosd;) Py (cos);) — (4/3) P| (cos 3,) P,' (cos) cos (Y,— ¢;) 
+ (1/12) P,?(cos#;) Py? (cos?) cos 2 (Y;—¢,) ] ; (16) 
the quadrupole-hexadecapole interaction 
(e'r?13'/Ri3) [15 Py (cosd,) P, (cos) —2P,' (cos 3,) P,' (cos,) cos (Y,— ¢;) 
++ (1/12) P2(cost?,) P? (cos?;) cos 2 (%:—¢,) | (17) 


and a similar expression with i and ; interchanged ; 


the hexadecapole-hexadecapole interaction 
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(e'r,'7;°/ Ri») [70 P, (cos,) P, (cos’?,) — (28/5) P,! (cos”,) P,! (cos¥,) cos (Y;—¢,) 
+ (7/45) P,?(cosd,) P,? (cos;) cos2 (¢,— 9) — (1/315) P,3(cos J,) P;'(cosi,) 
X cos 3 (Y;— Y,) 
+ (1/2016) P,*(cosd,) P, (cosd,) cos 4(Y;—¢,) ] . (18) 


In these formulas, R,, is the distance between 1 and 2, and e the elementary charge. 
To calculate the anisotropy energy, we rewrite the above formulas referring to the 
cubic axes and sum the results over all the pairs of cation. Further, we make the ap- 
proximation of molecular field, that is, we assume that all the cations have the same 
average spacial distribution of electrons around each of their nuclei. It is convenient to 
replace the spacial coordinates of a representative electron of each cation by the total 
orbital angular momentum of that cation, which in our case, is further replaced by the 
pseudo-orbital angular momentum JI, using relations (6), (7) and the relations connecting 
the 4th order polynomials of L with the quadratic forms of I. Details are given in 
App. I. In terms of the pseudo-orbital angular momentum I, all these interactions 
become effectively quadrupole-quadrupole interactions, since, in the lowest triplet, the 
hexadecapole reduces to quadrupole. Thus we obtain the following expression for the 


effective Hamiltonian of these interactions : 
Mpc ha labs ete ala ER /2) CL BUA) Chale + halia) 
ae (# La Pla i) (Lye Ls +l Lys) ar (La ba ar Lat L4) (L. Lo +19 Lo) | = (19) 


For the details of the calculation of «, and «, the reader is referred to Appendix I. The 
contribution from this to the anisotropy energy is obtained by averaging (19) with the 
wave function of the ground state. As easily be shown, we can replace the operators by 


the direction cosines a, of the magnetization through the following relations : 

(1?—2/3) = (1/2) (@+¢—26) (a,?—1/3), etc., and 

Ll +lle= (@ +0 — 26") ad, ay, (20) 
where a, 6 and c are defined by the relation, 

$=ays 1 + bfis_4 0 + cPs_o4 - 

The factor (a?+c—26*) represents the reducing effect of the spin-orbit coupling on the 
anisotropy constant. This factor tends approximately to zero for increasing strength of 
the spin-orbit coupling. This factor is 0.531 in FeO and 0.402 in CoO. 

In quantitatively estimating the anisotropy energy, however, we meet some difficulties. 
Firstly, the average values of r° and r‘, (r*) and (r*), which enter into the calculation 
through (16), (17) and (18), depend sensitively on the radial distribution function and 
in particular, on its tail at far distances from the ion core. Secondly, there are overlap 
regions of charge clouds between nearest neighbouring cations, which, though include only 


a few percent of the total density, give appreciable effects on the final results, since i 
and r‘ have large values there and thus formulas (16), (17) and (18) are not justified. 
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To take these features into account precisely is not easy. Therefore, in order to peut 
a semi-quantitative idea of these effects, we made two calculations: in one ives 
ignored the fact of the overlaps but still used in (16), iy oe ie) the va % re) 
<P) and (r*) of the free ion calculated with the Slater function’? ; in the other calcu- 
lation we cut off, for the interactions between nearest neighbours, the charge clouds 
outside the spheres of a radius equal to half the nearest neighbour aoa drawn aroun 
each of the lattice points, and assumed for other interactions the free 2 values ce cry 
and <r‘) calculated with the Slater function. These free ion values of <r°) and <r*) are 


>) = 9,903 A? hr DA ee 
” > for FeO, and ae for CoO): (21) 
f= 110 (r*) = 0.882 A’ 


while the cut-off values are 


re = 0,759 2 (r?),.=0.669 AX 
sa » for FeO, and i ° for CoO. (22) 
(1 ye= 0.853 A’ (rt), = 0.664 A 


The first calculation gives for the anisotropy constant 


K,,=—72.9 cm™' per ion for FeO, 
LE pe (23) 


K,,=—18.0cm™' per ion for CoO, 


and the second calculation gives 


Ky,= —33.7 cm! for FeO, 
(24) 

Ke 7—— lll cms stor Co©: 
As shown in Appendix I, it is found that in both oxides, the quadrupole-hexadecapole 
interactions make the largest contribution to the anisotropy energy. The quadrupole- 
quadrupole interactions favour the directions {100} in both oxides but they are overcome 
by the quadrupole-hexadecapole interactions which favour {111}. The hexadecapole- 
hexadecapole interactions make a much smaller contribution. 

It might be remarked that a contribution to the one-ion Hamiltonian for atom 1 
is obtained from (19) by replacing the operators having suffix 2 by their average values, 
but these average values have to be determined self-consistently since it has non-diagonal 
elements between those states which are determined from the one-ion Hamiltonian con- 
sisting only of exchange energy and spin-orbit energy. However, it can be shown that 
these non-diagonal elements are small compared with the unperturbed energy separations 
and therefore we can neglect them. A crude estimation shows that these non-diagonal 
elements affect the value of the anisotropy constant by about 10 percent. 

To conclude, we obtain from the multipole interactions a large anisotropy energy 
favouring the directions {111} and overcoming Ks; and K,s. This is consistent with 


the neutron diffraction result in FeO, but not so with that in CoO. The latter discrepancy 
will be removed in a later section (§ 9). 
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§ 4. Orbital multipole interactions Il: the direct exchange part 


In this section we shall investigate the direct exchange interactions between the 
cations. In [I], it was concluded from the analysis of the paramagnetic susceptibility 
data that there are significant exchange interactions between nearest neighbouring cations. 
Whether these exchange interactions are of the direct type or of an indirect type, similar 
to superexchange interactions, is a question to be settled before treating the anisotropy 
problem. If they arise by an indirect mechanism, we may expect that the magnitude of 
the exchange integral will change proportionally to the magnitude of the superexchange 
interaction constant between second neighbours when we go from MnO to CoO or from 
MnO to MnS."” In going from MnO to MnS, @ decreases from 610°K to 528°K 
and the Neel temperature Ty increases from 122°K to 165°K, © corresponding to a 
certain sum of the superexchange interaction constant and the exchange integral in question 
and Ty to the superexchange interaction constant alone. Thus the exchange interaction 
in question does not behave in the same way as the superexchange. It decreases with 
increasing interionic distance. As regards MnO and CoO, we concluded in paper [I] 
from the analysis of the paramagnetic susceptibility of CoO that the magnitude of the 
exchange integral in CoO is about the same as that in MnO, while the magnitude of 
the superexchange is at variance, the Néel temperature being 122°K and 293°K for 
MnO and CoO, respectively. One may therefore reasonably assume that the exchange 
interactions between nearest neighbours are mainly of the direct type. 

The exchange interaction can be divided into the spin-independent part and the 
spin-dependent part. We define the latter as —2J,S,-S,, where J, is the average exchange 
integral (J, has the opposite sign to that defined in |[I]). We shall first discuss the 
spin-independent part. 

We consider a cluster composed of one central cation and its twelve nearest neighbours 
(see Fig. 2), and denote the doubly occupied d-orbits of the central cation by sufhx /, 
those of the nearest neighbours by suffix », and the singly occupied d-orbits of the central 
cation by sufhx /, those of the nearest neighbours by suffix o. Then the spin-indepen- 


dent part of the exchange energy between the central cation and one of its nearest 


neighbours is given by 
ort, C72) > peas a DiJno— 2 idan U 
p,6 DY |, 6 7 


We have to pick up only the part of the exchange energy which depend simultaneously 
on the doubly occupied orbits, since the sum of the exchange integrals taken es all the 
dorbits of one of the participant cations depends only on the d-orbit belonging to the 
other cation and further when this sum is summed over the cations surrounding te 
latter cation, the result becomes isotropic, 1.e. independent of the Bis of pel d-orbit. 
Therefore the anisotropic part can be expressed as a certain sum of the interaction between 


one of the electrons in each /# and one of the electrons in each »: 


Cn — (1/2) . (T7 2) Duo (25) 
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where the factor 1/2 is inserted in order to get the energy per one ion. In ae only 
one d-orbit is doubly occupied, so we shall at first investigate this case in detail and then 
go over to the case of CoO, making use of the results obtained for FeO. 

We assume that the wave function of the doubly occupied orbit 4 is given by 


by, =a, 9, + dy Qy+ a. (26) 
and that of the orbit » by 
b, = 6, 0,’ +b,00! +b; 95’, (26’) 


where @, are the wave function given in § 7 of [I| and a prime is attached to the orbits 
of the surrounding cations. Then the exchange energy (25) between the central cation 


and one of the nearest neighbours is written as 


E,,= — (1/4) 3S) a, *a,b,,* b, (km | H6 | nl), (27) 
kl,myn 
where 
(kom | 36 | nl) = | 6,* CL) Bt ID) 26 6,’ 1), AD dedi, (28) 


v 


IC being the interacting potential. (27) can be written in operator form by the follow- 
ing relations : 


4;,* a= —ln ry ’ b *b,= —lolns ’ 


m (29) 
@ ag= 1-1. b *b =1—I,7 ; 


m m2 > 


k, [=1, 2, 3; m,n=1, 2, 3 and 1, 2, 3=y, z, x, where the suffices 1 and 2 of I’s specify 
respectively the central ion and the participant nearest neighbour. When the summation 
is taken over all the nearest neighbours, we obtain two different anisotropy Hamiltonians : 
one has cubic symmetry and is similar to that for the coulomb interaction, (19), and 
the other is uniaxial. However, lack of our knowledge on the magnitudes of the individual 
integrals forbids us to make a precise estimation. Here a rough estimate of their order 
of magnitude will be given. We first discuss the cubic anisotropy Hamiltonian. 

We consider the nearest neighbours in the xy-plane. The cubic anisotropy Hamiltonian 
represents effectively a kind of quadrupole-quadrupole interaction. Thus, integrals which 
do not change its sign when we go from the nearest neighbours in the first quadrant 
to that in the second quadrant contribute to it. The most effective integral in (27) 
will be (22|J6|22), because the pertinent wave function has the largest overlap, and 
the corresponding term in (27) will be — (1/4) (22| IH |22) (1—1.4) (1—15). Neglect- 
ing other integrals and summing this over all the twelve nearest neighbours of the cation 
1, we obtain for the total cubic anisotropy Hamiltonian 


Mio= — (22| 26 | 22) (LELS +43 + L313) , (30) 


the suffix 2 now indicating any representative one of the nearest neighbours. If we 
assume the magnitude of (22|2¢|22) to be about 6 times the magnitude of the average 
exchange integral, which can be estimated from the data of MnO and CoO, we obtain 
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1 


(22| #6 |22) =—30cm™.* Then the anisotropy constant K,, becomes about —4.2 cm’. 

The uniaxial anisotropy Hamiltonian represents a kind of dipole-dipole interaction. 
It comes from such integrals that change their sign when we go from the nearest neigh- 
bour in the first quadrant of the xy-plane to that in the second quadrant. In (27), 


terms which contribute to this anisotropy energy are 
— (1/4)[ (21 | 36 | 23) (as* ayb,* by + a,* ayby* b, +.4,* dyby* by + ay* a, b,* 5») 
+ (22 | H6 | 13) (ao* ayby* by + 5% dob, * by ta,* dyb,* by + ay* a, by* bs) | , 
which can also be written as 
— (1/8) [ {(21| 26 | 23) + (22| 6 | 13)} § (ay* ay +a,* ay) (b,* by +b,* b,) 
+ (a,* a,+.a,* a,) (b,* b, +5,*b,) } 
+ {(21| 26 | 23) — (22 | 26 | 13) } { (ay* tg—ctg* tg) (b,* by — Bg* by) 
(Git ay a,*a,) (6;* b, —b,* 8.) (31) 


The first term of (31) makes no contribution, because it vanishes when summed over 


all the nearest neigobours. The second term can be written in the operator form as 
+ (1/8) {(21| 26 | 23) — (22| 96 |13)} Girlie t+laly)- 


For spin-structure [A], this energy gives a uniaxial anisotropy, since, if we go from the 
nearest neighbour of plus spin to that of minus spin, the direction of I and the sign of 
the integrals are simultaneously reversed. Adding similar terms coming from the nearest 


neighbours in the yz and zx-plane and summing over twelve nearest neighbours, we obtain 
(1/2) {(21| 26 | 23) — (22 26 |13)} {atl +a) Lathe tbe) 
— (L,-1,)}. (32) 
Here we took the cation 2 in the first quadrant of the xy-plane as the representative 
nearest neighbour. In (32), the integral (21 | 26 |23) is much larger than (22| 6 | 13) 
in absolute magnitude and its sign is positive, since the pertinent wave functions, 9,/ and 
@, have different signs. Assuming that the absolute magnitude of (21| 36 | 23) is equal 
to that of the average exchange integral, we obtain the uniaxial anisotropy given by 
CLT (aia, a, oa, a). 
with 
T),=—4cm' per ion. (33) 
It is the present author’s opinion that this anisotropy energy as well as that obtained 


from the spin-dependent exchange energy to be discussed later are most important in 


* This estimation is based on the following consideration. If we define 44, ¢; after the definition of 
§ 7 of [I], the effective integrals contained in the average exchange integral will be (44|3¢ |44), (22|36 |22), 
(42| 36 |24) and (24| 36 142). Assuming that they are approximately equal, and considering the weight of 


the state, 2, in paramagnetic state, we obtain this value. 
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determining the favourable direction of the aligned magnetic moments in FeO, since, had 
we not these anisotropy energies, the strong cubic anisotropy derived in the preceding 
section favours four directions {111} equally and the weak magnetic dipole-dipole interac- 
tion, E,, calculated by Kaplan excludes the trigonal axis itself and leaves only the remain- 
ing three {111} as favourable directions, whereas the experiment shows that the magnetic 
moments are in | 111]. 

In the case of CoO, two of the three d-orbits, ¢,, 6, and ¢, are almost doubly 
occupied. If, moreover, the remaining one were also doubly occupied, there would be no 
contribution to the anisotropy energy. Therefore the anisotropic exchange interaction can 
be interpreted as the interaction arising from a hole which occupies one of the three 
orbits. Thus the Hamiltonian takes the same form as (27). However, the absolute 
magnitude of the anisotropy constants would be smaller than in FeO, because, for the 
cubic anisotropy constant, the factor (1/2) (@+¢—26°) is smaller in CoO and also 
because, influenced by “P, the electrons tends to occupy the three d-orbits equally in 
order to lower the internal coulomb energy. 

Next, we shall discuss the spin- 
dependent part of the direct exchange 
interactions. This part is usually 
considered as being cancelled out in 
antiferromagnetic state, since there are 
equal numbers of nearest neighbours Cation? 
with parallel and antiparallel spins 
(see Fig. 2). However, if the spin 
arrangement is of structure [A], there 
is a possibility that this exchange x 
energy gives rise to an anisotropy tae 
energy of trigonal symmetry. Qualita- 
tively speaking, this comes out in the 
following way. Since the pseudo- 
orbital angular momentum I points 
antiparallel to the spin, the shape of 
the cation charge cloud depends on 
the orientation of its spin, and since icas 
the lines connecting parallel spin-pairs a 
and those connecting antiparallel spin-pairs have different directions (the former being 
perpendicular to the trigonal axis and the latter oblique), the sum of the exchange 
integrals for parallel spin-pairs are different from those for antiparallel spin-pairs, this 
difference depending on the orientation of the magnetic moments. Further, since the 
exchange energy changes its sign for these two kinds of pairs, the total exchange energy 
is proportional to this difference and so it has trigonal symmetry. 

Quantitative calculation of this anisotropy energy is difficult, because it requires the 


knowledge of various complicated integrals. We attempt, however, to estimate its order 
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of magnitude by a crude calculation similar to that already made in this section. 
First we discuss the case of FeO. If J,,,, is the exchange integral between the k-th 
orbit of the central cation and the m-th orbit of one of the nearest neighbours and 


suffices #4 and Y mean, as before, the electron paired orbits, the average exchange integral 
Jy is written as 


Jo= (1/16) 1 > Yin = 2 Jum SJiw to} 5 (34) 


where the sums are taken over all the five d-orbits. The first sum does not contribute 


to the anisotroby energy, since it does not depend on the orbital states of the participant 
cations. 

The other sums can be expanded in a way similar to (27). When summing the 
exchange energy over the four nearest neighbours in the xy-plane, it is clear that only 
those integrals that change their signs in going from plus spin to minus spin give finite 
contributions. Such integrals, referred to the cation in the first quadrant of the xy-plane 


and the central cation, are 
(1m| 26 |m3), (22|26|13), (21| 4 | 23), 


and those integrals which become equivalent to these by interchanges of the indices. So 
the sum of the exchange energy over the four nearest neighbours in the xy-plane is ex- 
pressed as follows : 


The part arising from the sum, >}J,,,,, is given by 
(1/2) (S,-S_) (4;* a,+-4,*a,) >} (1m| 26 | m3), (35) 
the part arising from J,, is given by 
ia (1/2) (S; -S,)[ (12 | ne | 23) b,* by (a,* a,+a;* a,)+ (11 | 6 | 13) (6,* 6, +6,* 6s) 
X (a* a, + 4,* a1) 
+ (1/4) {(22| 96 | 13) + (21| 26 | 23)} 
X {(a* a, +4," dy) (b,* by+b,* by) + (a,* ay+-4,* a;) (b9* b, +6,* by) } |. (35’) 


In (35’) we have omitted the term corresponding to the second term of (31), because 
it cancels out at the summation. Also terms which are obtained from (35) and (35’) 
by interchanging a and 6 are omitted ; they make the same contribution as that of (35) 
and (35/) and can be dropped for the calculation of the anisotropy energy per ion. As 
before, we express a and 6b in terms of the components of angular momenta L,, I; and 


obtain the anisotropy Hamiltonian for the cluster in the xy-plane as 
— (1/2) (S,-83)[ {33 (lm | 36 | m3) = (12 | 26 | 23)} Cala + banter) 
+ £(12 | 6 | 23) — 11] 26 | 13)} Calan tbr la) be 
4 (1/4) {(22| 26 | 13) + (21 | 26 | 23)} {Cala Flala) Coles + leobye) 
+ (ya bes tober ys) Ceglaat Laoles) } J . (36) 
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In (36), the first term makes the largest contribution. Neglecting the other terms and 
adding to it two similar expressions with x, y, Z cyclically interchanged, we obtain for 
the total anisotropy Hamiltonian of the central cation 


Hin = — (1/2) (S82) {4 Cm | 46 | m3) — (12 | 26 | 23)} 


m. 


xX GGAGLFGEFEL+FEL Tk): (37) 


In all the above formulas S$, and S, are antiparallel spins. In order to estimate the 


order of magnitude of the anisotropy energy, we replace the sum {>} (1m | 36 | m3) — 


1 


(12| 26 |23)} by half the average exchange integral, J,/2, and use the value of —5 cm™ 


for J,. Then we obtain the trigonal (uniaxial) anisotropy energy as 
El =T! (a, +aye,+a,0,), 
T:,=—3 cm per ion. (38) 


The argument above contains quantitatively somewhat dubious points, but it can safely 
be said that the uniaxial anisotropy energies, (33) and (38), can overcome the inter- 
ionic dipole-dipole interactions. 

The case of CoO is much more difficult because of its more complicated electron 
configuration. Even the sign of the anisotropy constant cannot be inferred. Roughly 
speaking, however, the magnitude of the anisotropy energy obtainable from the spin- 
dependent part will be reduced considerably as compared with that of FeO. We may 
suppose that this anisotropy energy is not so much important in CoO to determine the 
direction of the magnetic moments. 

Finally, it may be remarked that there is a possibility that the second order perturbation 
energy, arising from the transition matrix elements between the ground state and those 
excited states in which an electron is transferred from the cation to one of its nearest 
neighbours, makes some contribution to the anisotropy energy. But this energy can be 


expressed in the same form as the exchange energy, so that the above calculation effectively 
includes this energy. 


§5. Orbital multipole interactions IT: the indirect interactions ; 
summary of the results of this and previous sections 


Under the heading of the indirect multipole interactions, we include those orbit- 
orbit interactions which are related to the covalent electron configuration between one of 
the cations and an intervening oxygen ion, as in superexchange mechanism. We consider 
for instance two cations intervened by an oxygen ion which is located midway on the 
line joining the cations. We take this line as the z-axis. Since the interaction energies 
are obtained in the third order process of the perturbation scheme, they consist of two 
quantities of which one is the degree of the covalency between the oxygen and one of 
the cations and the other is the interaction between the other cation and the oxygen in 
covalent state with the first cation, As discussed in S 7 of [I], the degree of covalency 
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depends on the orbital state of the participant cation via the magnitude of the excitation 
energy of the electron transfer, the availability of the bonding orbit and the magnitude 
of the transfer integral. The interaction between the covalently bonded oxygen ion and 
the other cation consists of coulomb and exchange interactions. Though precise calcula- 


tions are not feasible, we shall show in the following that these interactions make no 
important contributions to the anisotropy energy. 


In both oxides, the dependence of the covalent degree on the orbital state of the 
cation is considered to be small, since the predominant bond, specified by t, (see § 7 of 
[I]), can be formed almost irrespectively of the orbital state of the cation and also the 
dependence of the excitation energy on the orbital state is small. On the other hand, 
a large contribution to the interaction between O~ and the non-covalently bonded cation 
will arise from the coulomb interaction between them. We may assume that the de- 


pendence of the covalent degree on the cation orbital state is given by 
G/4W 2 +eh2) (wt) 


and that the interaction of the oxygen with other cation is given by ¢,/.5. Somewhat 
arbitrarily |c,| will be assumed to be 10 percent, while |c,| is roughly estimated to be 
at most 3000 cm™'. : 


anisotropy constant. This is negligible in both oxides. 


Then we obtain a contribution of about 1~2cm™' to the cubic 


Summarizing the calculations made in this and the previous sections, we obtain the 
following conclusion as to the origins of the anisotropy energy which are effective in the 
deformation-free state of the crystal. In FeO, a large cubic anisotropy energy arising 
mainly from orbit-orbit coulomb interactions favours the directions {111}, and a uniaxial 
anisotropy energy pertinent to structure [A] arising mainly from direct exchange interac- 
tions favours the trigonal axis [111]. The latter overcomes the uniaxial anisotropy energy 
arising from the magnetic dipole-dipole interactions, which favours the plane (111). In 
this way we obtained a result consistent with the experiment in the case of 1FeOvesin 
CoO, the cubic anisotropy energies arising from intra-ionic spin-spin energy and spin-orbit 
coupling energy in cubic crystalline field favour the directions {100}, but a larger orbit- 
orbit coulomb energy makes the directions {111} more favourable. The uniaxial aniso- 
tropy energy arising from the dipole-dipole interactions favours the plane (111), but it 
was not investigated in detail whether another uniaxial anisotropy arising from the direct. 
exchange interactions makes the direction [111] more favourable or not. The latter is 
possibly smaller than in FeO. However, we shall find in $9 that magnetostrictive 
anisotropy energy is most effective in CoO and that this energy deforms crystal tetragonal- 
ly in one of the {100} directions and makes the magnetic moments align along this 


tetragonal axis. In FeO, such does not occur. 


§6. Theory of the magnetostriction 


In the following sections, we shall investigate the deformation of the crystal in 


antiferromagnetic state. In the first place, we discuss the mechanism of the magneto- 


striction of FeO and CoO. 
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The magnetostriction is caused by an anisotropy energy which depends linearly on 
. * 17) 
the strain components of the crystal. Its general form for a cubic crystal can be written 


as 
Euc= B, (aie. ai mu Cvy ae ae 7) is B, (a, Ay ery cis a, Qa, lye = Qa, a, e. 2) > (39) 


neglecting terms of higher powers of the direction cosines, @,, %,, @., of the magneti- 
zation. One might suspect that the anisotropy energies discussed in previous sections 
would also make contributions to this magnetoelastic energy. However, the observed 
deformations of FeO and CoO amount to as large as about 1 percent, which requires 
that B, or B, is at least about 10° cm’ per ion, since the elastic constants have a 
magnitude of 10"~10" ergs per c.c. or 10°~10° cm" per ion. Such a large value of 
B, or B, cannot be expected from the origins hitherto investigated. We shall show that 
the crystalline field energy dependent on deformation is the predominant origin of the 
magnetostriction and that it can give the required mangitudes of the coupling constants 
B, and B,. The residual orbital angular momentum I of magnitude 1 of each cation 
can freely take any direction if only the cubic field acting on it is present and the ex- 
change interactions are neglected; a deformation will, however, remove the three-fold 
degeneracy and stabilize a certain direction or substate of the momentum, or inversely, a 
spontaneous deformation in a certain direction, a Jahn-Teller effect, will occur.* In the 
present case, however, the spins of the cations are coupled with one another by exchange 
interactions and each spin is coupled to the residual orbital angular momentum of the 
same cation. The crystalline field acts directly on this residual angular momentum. A 
deformation in a certain direction will here also stabilize the crystal and this direction 
will further determine the direction of the antiparallel magnetic moments. We shall 
show that this actually occurs in CoO, the axis of the deformation and magnetization 
being one of the cubic axes. In FeO, it seems that the deformation-independent anisotropy 
energy first determines the direction of the magnetic moments and the deformation then 
follows. 

Other conceivable origins, such as spin-dependent indirect exchange interactions, whose 
strength is anisotropic since it depends on the orbital state of the cation, or also certain 
complicated second order effects, are of minor importance, and we shall neglect them and 
focus here our attention to the crystalline field effect. 

As discussed in § 7 of [I], the crystalline field appears as a combined result of several 
effects which cause splittings of the orbital state. If we expand its potential equivalent 


in a power series of strain components, we can write its first order terms as 
Vi=K, (Cer tly +62) +Dy (Cre bey Fece) A +y'+2'— 3/5 +14) 
+A, {eee (3° —7?) + ey (39°—1*) +e,,(3z2—1")} 
+, {ey xy +e,.yzte., zx} +F, {€ cr (7x4 — 6x*y? + 3/5 - 7") 


vs : 
However, such a deformation does not occur in paramagnetic state, because orbital level splitting due 
to the deformation is smaller than kT. 
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Hey (7y'— 6 PP 43/5 +14) +e. (72-62 +3/5-r')} 
+ Ay hey (xy + yx — 6xyz") +e, (v2 z+ zy — 6 yZzx") 
Heyy (Z°x-+ x Z—6zxy")}. (40) 


As done in the calculation of orbital multipole interactions, the spacial coordinates 
in this formula can be replaced by the corresponding components of the pseudo-orbital 
angular momentum, I, of the cation. Terms quartic in I reduce to quadratic terms. 


Thus, the general form of the magnetoelastic Hamiltonian can be expressed as 
H p= by (eral? + ey hy? + eel? — (2/3) (Cee bey +e) } 
bs {ey (1/2) (by Fly) +e. (1/2) Gl +h4) 
teen (1/2) Cela +ll)} (41) 


where we dropped those terms which do not affect the cubic symmetry of the crystal. 
The relations between 6,, 6, and 4,, C,, F,, H, can be obtained by a calculation 
similar to that made in the case of orbital multipole interactions (see Appendix I, (Ap. 


4) and (Ap. 5)). The results are 
b, =N{(6/7) A, Cr") — (8/21) F,(r")}— 
bo=N{— (2/7) CC?) + (8/21) Ar}, 
b, =N[— {(12/35) + (72/35) a8 — (54/35) 9} A, (*) 
+ {(2/7) + (8/21) @B— (2/7) PYF ¢r")], 
b= N[ { (1/35) + (16/35) a8 + (13/35) B?} C, (7°) 
— {(4/7) — (4/21) aB— (4/7) P} H,")]. 


Here N is the total number of the cation per c.c. 


for FeO, (42) 


for CoO. (43) 


From (41), the magnetoelastic coupling constants B, and B, are calculated to be 
B,= (1/2) (&@+C—26")b, and B,= (1/2) (@ +0 —26*) b, 
by taking necessary averages with respect to the wave function of the ground state. 
The equilibrium strain components e,, are 
€¢= By { (1/3) — a} / (eG) 5 (44) 
e j= — Bia, atj/ cy, OW re (44’) 


aj 
§7. Calculation of A4,, C,, F, and H, 


The calculation A,, C,, F, and H, presents the same difficult problem as that we 
encountered in the calculation of the strength of the crystalline field in §7 of [I]. In 
the case of cubic field, we saw that the simplest model of point charges located on lattice 
sites gave a good result. According to the discussion in § 7 of [I], this comes out from 


the compensation of various other effects. Though the same situation cannot necessarily 
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be expected here, we shall still use this model with a hope of obtaining a semiquantita- 


tive idea of A,, etc. 
Deferring the details of the calculation to Appendix II, we describe here the results. 


The following values of 4,, C,, F; and H, are obtained : 
A,=—5.96 (e/a), C,=11.93 (e’/a’), 
F,=—16.61 (2/a®), H,=10.21 (e7/2’), 


(45) 


where a is the distance between neighbouring cation and oxygen. Using these values 
and the values (21) of <r?) and (r*), the coupling constants B, and B, are obtained as 


B,= —8660cm™ per ion or —8.42X 10" erg per c.c., 
for FeO, (46) 


B,= — 6050 cm™' per ion or —5.89X10" erg per c.c., 


B,=3930cm™' per ion or 4.07X 10" erg per c.c., 
for CoO. (47) 
B,=200 cm™' per ion or 0.2110" erg per c.c., 


These results predict in CoO a contraction along one of the {100} directions if the 
magnetization is assumed to point in this direction, because B, is positive, and in FeO 
an elongation along [111] if the magnetization is assumed to point in this direction, 
because B, is negative. These are in agreement with the experimental results. For 
quantitative calculations, we need the elastic constants of the crystals. Since they ere 


not available, we use the following data of MgO" : 
| 1/ (c,— 2) = 511 — 549 4.94 X 107" c.c./erg, 
1 / cu = Sq 6 AG X10- iG ¢. erg, 
1/ (6 +2Gq¢) = Sip 2542.15 K10T® 6)c./erg. (48) 


Then our theory gives e,,=1.3 percent for FeO and (a—c)/a=2.0 percent for CoO. 
Experiment on FeO at 95°K gives a rhombohedral angle a=59°32’,” which gives e,, 
=0.705 percent (Qa=—2/~3e,,). Data for CoO” are available at several tempera- 
ture; extrapolating them to 0°K, we obtain about 1.2 percent for (a—c) /a. 

We see that the point charge model gives fairly good results again in this case. 
Though the present calculation contains quantitatively ambiguous points, still it might 
not be useless to point out that the point charge approximation overestimates the coupling 
constants. As discussed in § 7 of |I], the covalent effect makes an important contribution 
to the strength of the cubic field in the direction cancelling the overlap effect of the 
electron clouds, but this effect will make a less important contribution to magnetoelastic 
coupling, because the predominant bond specified by t, can be formed almost irrespectively 
of the orbital state which the cation can take, and thus it cannot produce a large crystal- 
line field of lower symmetry than cubic in the deformed crystal. Therefore, in the case 


of the magnetoelastic coupling, the point charge effect will considerably be reduced by 
the electron overlap effect. 


The anisotropy energy arising from magnetostriction will be 
discussed in § 9. 
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§ 8. Discussion of the exchange striction 


As mentioned in introduction, there is another mechanism of the deformation, i.e. 
that arising from the exchange interactions between the spins. We shall estimate its 
order of magnitude in this section. 

We shall first discuss the volume striction which arises from the exchange interactions 
between next-nearest neighbouring cations. In the molecular field approximation, the 


respective total energy is given by 


—6N|Ji|(S>, 


of which the strain-dependent part can be written 


—2N(S)? (0 | iz | /Oeee) (Cee + eyy teez) 5 (49) 


Ji. being the exchange integral between next-nearest neighbouring cations which lie along 


the zdirection. The volume striction arising from this elasto-exchange coupling is given 


by 
AV [V = (2+ ey €:2) =6N (SY |Jre|/Bee) / (Eun +2e12)- (50) 
From this formula we obtain a contribution to the thermal expansion coefficient as 
B=6N(9 | fiz |/2ez2) (9¢S)*) /OT) / (eu + 2019) - (51) 
If we assume the simple spin-only molecular field theory, (0¢5)°/0T) at the Neel 


temperature is given by 
(9(S)°/0T) Paty = — (4/6 | Ji |) [408 (S+1)*/{2S+1)*—1} J. (52) 
Using this relation, the anomalous expansion coefficient at the Neéel temperature is given 
by 
Bl rary = — (Nk/ +2e2) 408 (S+1)7/{25+1)*—1}] 
x (8| Jie |/Peex) Nil - (53) - 


M. Foex'”) measured the thermal expansion coefficients of the monoxides of Iron group 
elements in the temperature range between —200°C and 400°C which covers the Neel 
temperatures of these oxides. The anomaly at Néel temperature is about 5X10~° for 
MnO, 3X 107° for FeO, 2X 107° for CoO and 1.5X10-° for NiO. Using the value 
of (c,,+2c.) for MgO, we can deduce the values of (0|J,.|/06c..) /|J,| from these data. 
The results range from —5 for NiO to —15 for MnO. On the other hand, if we 
assume for the exchange integral and for the square of the transfer integral between 
cation and oxygen the same exponential dependence on distance as that we know in Born- 
Mayer’s repulsive potential (see ref. 20), we obtain for this quantity a value of about 
—6, since the covalent degree and the exchange integral will contribute respectively about 


—3 to it. 
In the second place, we shall discuss the deformation arising from the direct exchange 


: ' : 
interactions between nearest neighbouring cations. As Greenwald and Smart‘ suggested, 
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this mechanism will produce a deformation of trigonal symmetry in structure [A]. How- 
ever, it might be mentioned that, if the interaction were of indirect nature similar to 


superexchange, it would not produce such a deformation, because a trigonal strain would 
not produce any large difference between the exchange integral relating parallel spins and 


that relating antiparallel spins. 
When a shear strain e,, is present, the change of distance between antiparallel spins 


is given by (see Fig. 2) 
Ore (safe) Dias. 
and the change of distance between parallel spins is —0r. The corresponding change 
of the total exchange energy is 
—2N(Sy%e4¥2a (3 |Jel/9), 

and therefore the total elasto-exchange energy is 

—2N(SY°V2a(9|Jo|/Or) (ey + eye t+ eer) « (54) 
From (54), the equilibrium shear strains become 

Cay = Cyz = Cz = — Bef C44 ’ (55) 

/or). Assuming “2a(9|Jo|/r) /|Jo|= —3* and J,= 
, the following equilibrium values of e,, are obtained for the four oxides : 


—11X107* for MnO, —6X10~* for FeO, 
en = (56) 
—3xX1074* for CoO, —2X1074 for NiO. 


where B,= —2N(SY°V2.a(9 | Jo 


1 


—5 cm 


The observed rhombohedral deformation of NiO” at room temperatures corresponds to 
y= —1.2X 107°, which is larger by a factor of 6 than the value above. The discrepancy 
might be due to ambiguities about the assumed values of (9|J,|/0r) and c,,. However, 
it is reported” that the deformation of NiO increases at lower temperatures to e,,=— 
3X 107" at —183°C. Such a large temperature dependency cannot be expected by the 
present calculation, since the Neel temperature of NiO is as high as 520°K. 


§9. Discussion of the total anisotropy energies 


Using (44), (44’) and (55), the energy gain arising from deformation is obtained as 
dé= — (1/2) (B?/ (cy, —y)) es {(1/3) rile | = (1/2) (B./c4:) Die, ay 
2% ey 
= (B,B;/c,,) Day (3/2) (Be / cay) « (57) 
ay 
Consequently, the anisotropy energy arising from the deformation is given by 


E ux — Ky E (as as ai ae a ate as a,) of T yx (@, a, “: ay a, st a, a,) > 


with 


* : ‘ 

) In going from MnO to MnS, the change |Js| is smaller than that calculated from this ratio under 
the assumption of the exponential form. However, the superexchange-type interaction will make some contri- 
bution to | Jo|. The increase of this interaction will compensate to some extent the decrease of the direct 


exchange interaction. Considering these circumstances, we ha i 
: ve tentatively assumed the value of 
mentioned in the text. 5 seithe! 
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Ray Be (ic) = Dy / 24 and Tyx= — B,Bs/ cag . (58) 


From experimental data for CoO, an estimate of B,=2.4%10" erg per c.c.* is 
obtained. Using this value, B?/(c,,—c,.) is calculated to 29.210’ erg per c.c. or 
28.2cm™' per ion. In the calculation of § 7 we obtained a much smaller value of B, 
than that of B, for CoO. Though we are not perfectly certain of this, we may neglect 
B, and obtain for the anisotropy constant Ky,=28.2 cm™'. This corresponding anisotropy 
energy can easily overcome the anisotropy energy investigated in § 2-5, which amounted 
to values of the anisotropy constants of —8~—15cm™', though minor neglected effects 
will affect these values to some extent. In particular, if the values of (7°) and ¢r*) 
estimated by using the Slater function were too large compared with their actual values, 
these values would have been somewhat reduced. We may conclude, however, that the 
magnetic moments orient along one of the directions {100} in CoO, these directions 
being favoured by Ky, and other opposing anisotropy energies being overcome by it. 

In FeO, we obtain B,?/2c,,=34.6 X10’ erg/c.c. or 35.5 cm™' per ion, using experi- 
mental data. If we use this value and assume the calculated value for the ratio, B,/B,, 


we obtain Ky,=75.7 cm”. 


This value favours the directions {100} and is comparable 
in absolute magnitude with the largest value obtained for the anisotropy constant in 
deformation-free state. However, since experiment shows that the magnetic moments are 
in [111], the total anisotropy energy must favour the direction [111]. Thus the above 
value of Ky, would have been overestimated. Nevertheless, considering the reliability 
of our numerical estimations, we might conclude that the anisotropy energy in deformation- 


free state is more important in determining the direction of the magnetic moments in 


FeO. 

In (58), there is a uniaxial anisotropy term arising from a combined action of 
exchange striction and magnetostriction. In FeO, this anisotropy energy favours the plane 
(111), since the sign of B, is opposite to that of B,. If we assume the exchange 
striction to be e,,——0.1 percent and the magnetostriction to be ¢,,—0.7 percent, the 
magnitude of T,; will be about 3 cm. 
T,, is overcome by the anisotropy energy arising from the exchange energy. 


If we assume spin-structure [A] for CoO, there must be a small deviation of the 


This energy, as well as the energy given by 


easy axes from the cubic axes. This arises from a combined action of the trigonal and 


cubic anisotropies. The angle of deviation / is given by T/2K in the first order. 
Adopting K=20 cm-! and T=1cm7, & turns out to be about 2°. It would be interest- 
ing to verify this experimentally, though perhaps very difficult. 


§ 10. Remarks about the magnetic anisotropy of MnO, MaS and NiO 


In this final section we shall briefly discuss the magnetic anisotropies of MnO, MnS 


* This value leads to c=140cm=!, where c is defined as the coefficient of the tetragonal crystalline 
field in § 6 of [I]. There we assumed a value c=100cm~', which was obtained assuming a contraction of 


1 percent. The difference does not affect the results obtained there. 
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and NiO. Since orbital degeneracy is completely removed in these substances, their 
magnetic anisotropy energies must be considerably smaller as compared with those of FeO 
and CoO. Though several origins of the anisotropy energy are conceivable, one concludes 
in the present stage of the theory that the inter-tonic magnetic dipole-dipole interactions 
make the largest contribution to it if structure [A] is valid for them. The lowering of 
the energy by an amount of the order of 0.1 cm™ per ion due to a rhombohedral ex- 
change striction in structure |A]| favours this structure. Further, if the spins orient in 
the direction favoured by the inter-ionic magnetic dipole-dipole interactions, a further 
energy reduction of 0.9 cm™’ per ion occurs in the case of MnO. Also, by using the 
spin-wave theory, the present author has found that the zero-point energy of the spins 
prefers structure [A] to structure |B|, though the energy difference is very small. There- 
fore, it can theoretically be concluded that these oxides have spin-structure |A] and their 
spins lie in the plane (111). This conclusion might appear to contradict with the ex- 
perimental results of Shull et al.” for MnO and NiO. However, a recent neutron 


» Furthermore, Singer’s 


diffraction experiment on MnS supports the above conclusion.* 
susceptibility measurements”? on a single crystal of NiO, annealed by applying a pressure 
_ along one of the trigonal axes, appear to indicate that the spins lie in the plane perpen- 
dicular to this axis, i.e., in the (111) plane. Also, torque measurements made by Uchida 
and Kendoh”? on a single crystal of NiO in magnetic field and an analysis of their results 
exclude the possibilities {100} and {111} for the direction of the spin axis. 

The author wishes to express his sincere thanks to Prof. T. Nagamiya and Dr. K. 
Yosida for many valuable discussions and kind advices. He is also indebted to Dr. T. 
Kasuya of Nagoya University for discussions on orbital multipole interactions. The present 


work has been supported in part by a Grant in Aid from the Education Ministry. 


Appendix [. Calculation of the anisotropy energy arising from the 
classical orbital multipole interactions 


The quadrupole-quadrupole interaction, (16), can be written in cartesian coordinates 
as 


(/Rx)[ (3/2) 3z¢—ré) 3 zf—rf) +12¢22f—-12.44.3, (rer) 
+374) Uagrzf) (r;’—z) me (X57 — Yay) t ] , (Ap. 1) 
We define ,, n, and n, as the direction cosines of the z-axis (which we take along 
the line joining the two cations) referred to the cubic axes, and denote the coordinates 


of the electrons referred to the same cubic axes by X, Y and Z. Then summation of 


(Ap. 1) over all the equidistant neighbours of the cation 1 yields 
(e/ Rid) [{— (15/4) Sntne-+ (63/4) Sing) (XEXF+- VEY +ZEZP) 
+ 4(105/2) S)nP?n? + (21/2) d)n,?} (2X; Y;X,Y,+2Y,Z,; Yj3Zj+2Z,X,Z5 Xj) 
+ {(105/4) Sinfn?= (21/4) S)ngy Re RA] (Ap. 2) 


As mentioned in the text, we do not distinguish between the coordinates of the electrons 


* 


See also the footnote on page 2 of this paper. 
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belonging to different neighbouring cations, since they have the same spatial distribution 
relative to each of their nuclei. Further, summation must be taken over all the pairs of 


the d-electrons belonging to the interacting cations, but we dispensed with this summation 
in the above formulas for the sake of simplicity. 


The quadrupole-hexadecapole interaction can be transformed in a similar way. Except 
for isotropic terms, the result is given by 


15 (/Ry)[ { (693/16) S}n?2n,'— (63/4) S\n2n2— (9/16) S}n,2} 
x {Z? (K+ Y/—6X SYP) +X2(Y/+Z—6Y7Z?) + ¥2(Z +X—6Z 2 XP} 
wes l/ 2) Sine ty — 42 > iaens— (3/2) Son?) (Xx; Yi(X,) Y,+ YP Xj— 6X, ¥;Z)) 
TV; Z CYS Ly eZ fVj— 6Y,Zj Xf) +Z,X(Z i X, +X) Z;—6Z,%, Y/)} J. 
(Ap. 3) 


We can obtain a similar formula for the hexadecapole-hexadecapole interactions, but we 
shall not write it down here. 


The operator-equivalence relations between spacial coordinates and orbital angular 
momenta are well known in the calculation of crystalline field splittings. In our case, 
the orbital momenta are further replaced by pseudo-orbital angular momenta I;. The 
relations between them are easily obtained by calculating the matrix elements. Thus, the 
spacial coordinates in (Ap. 2) and (Ap. 3) are replaced by the following relations : 


for FeO, 
Li (2/7) ple, X¥= — 1/7) <P) Gal, +GL), (Ap. 4) 
Xt+ Y4— 6X? Y2= (8/21) (r*) 1, 
KY VAX XV z= (4/24 C1445 D3 
and for CoO, 
Z?= {— (4/35) — (24/35) a8 + (18/35) P} DL, 
XY= {(1/70) + (8/35) a8 + (13/70) PPO LLL), 
X*4+ Y*— 6X? Y*= {— (2/7) — (8/21) aB+ (2/7) PEL, (Ap. 5) 
X2Y+ Y°X—6XYZ?= {— (2/7) + (2/21) a8 + (2/7) BOD GLt+44). 


The constant terms which are not essential are neglected in the above formulas. 
As examples, the interactions between nearest neighbouring cations in FeO are given 


by the following formulas : 
the quadrupole-quadrupole interaction is 
Hag (EK )/ RE) — (9/14) Lila + hilar lal) 
+ (3/14) {Lal + opts) lealye +h bee) 
+ Un latbaln) hele tlaly) 
+ (lal Faber) (Lola + basles) |3 (Ap. 6) 
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the hexadecapole-quadrupole interaction is 


9 


HE oH (2G?) Cr) /R,)[ (585/98) Lilet bile t Liles) 
+ (195/49) {Lala toy lor) (Leolys + lyolee) 
SE Eat) Cyst leelye) 
+ (lesbos t beater) Coole +besles)} 13 (Ap. 7) 
and the hexadecapole-hexadecapole interaction is 
He n= (2X r*)*/ Ry") (495/56) (lat ls thyilys + bails) - (Ap. 8) 


In these formulas, R, is the distance between the nearest neighbours, and each interaction 
was divided by 2 for the purpose of estimating the anisotropy energy per ion. 

Using the values of <r?) and <r‘) given by (21) or (22), the ratios between the 
contributions from multipole interactions (Ap. 6), (Ap. 7) and (Ap. 8) to the aniso- 


tropy constant are calculated to be 
(Ap:n9) 


where the upper values are obtained using (21) and the lower ones using (22). The 
value of Kg is given by 


+53.7 cm! 
Kgg= . (Ap. 10) 
+ 37.9 cm™! 
Adding the contributions from other surrounding cations, which are mainly due to 
quadrupole-quadrupole interactions and which amount to —8.3 cm™' in total, we obtained 
the final results of the anisotropy constant (23) and (24). 

In the case of CoO, the relations (Ap. 9) between the magnitudes of the interac- 
tions are approximately the same as in the case of FeO. Since the Hamiltonians ieee 
etc., can easily be obtained from those of FeO, taking account of different factors appear- 
ing in (Ap. 5), they will not here be reproduced. In this case, we obtain smaller values 
of the anisotropy constant, because (r*) and <r‘) have a smaller value and also the 


factors appearing in (Ap. 4) and (Ap. 5) are different. 


Appendix If. Calculation of A,, C,, F,, H, with the point charge model 


In this model, in which the ions surrounding a given cation are approximated by 


point charges, the electrostatic potential for the electrons can be expanded in a series of 
spherical harmonics : 


V=A(3z°—1°) + Cry +F (7z4§— 62? +3/5- 14) 
+ A(x? y+y?x—6 Z?xy) frveee (Ap. 11) 


The coefficients, A, C, F and H, are given by the summations,”” 
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A=—(1/4)e3Y (e,/R}) BZf—R}), C=—3e DY (6/RDXY,, 
P= —(5/64)eDY (¢)/R;!)[5(7Z,'— 62,7 R? + (3/5) Rj) —7 (Xf + ¥)— 6X 9) ], 
H=— EN DD (e,/Rz) (XP Y5+ Yi Xj— 6X, Y,Z;), (Ap. 12) 


where X;, etc., are the coordinates of the j-th lattice point, e; the point charge on it. 


A,, C,, F; and H, are the derivatives of these coefficients with respect to strain compo- 
nents ; 


A, = (0A/de,,) = — (1/4) DW e,Z,- 0/OZ, GZ P=RP)/Re] 
= Ge/4) SY (e,/Rj) (SZ f—R;), 
C, = (8C/e,,) = — (3e/2) D(X /OY;4Y;!0/8X,)X,Y;/RP= —24A, , 
F, = — (35/2) (7e/8) a (e,/R;) (SZi—R;') 
ee eG) Ea (e/Ri OZER) 
H,=25(7e/8) >) (e/Ry) (5Z,'—R;) — (45e/4) SY (ef RF) ZR; ): 
; (Ap. 13) 
These formulas are obtained by considering the cubic symmetry of the lattice. The sum 


D=— (7e/8) >} (e;/R;’) (5Z;'—R;') is the coefficient of the cubic crystalline field, which 
j : 
was calculated by Bethe” to be 


Dae vay 


a being the distance between the nearest neighbouring cation and anion. Other two 
sums appearing in (Ap. 13) are calculated by the direct summation method to be 


SY (ce,/R;) 6Z/—R) =—7.95 (e/2°), 
j 
SY (cce,/R") (7Zf— Rf) = — 16.819 (2/a"). (Ap. 14) 


Using these values, (45) of the text is obtained. 
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Assuming a reasonable magnetic superstructure of tetragonal symmetry, the magnetic anisotropy 
of Zn-ferrite is discussed. Magnetic moment carriers are Fe*+ ions in this substance. Therefore, the 
main source of the anisotropy energy is considered to be the magnetic dipole-dipole interaction be- 
tween spins of Fe*+ ions, which gives the anisotropy energy depending upon the crystallographic orient- 
ation of the common axis of + and — spins below the Néel temperature, whereas above this temperature 
it does not give any anisotropy on account of the cubic structure of this crystal. The calculated aniso- 
tropy energy below the Néel temperature takes a minimum value when the direction of the magnetic 
moment lies in the plane perpendicular to the tetragonal c-axis. If the anisotropy in this plane is 
sufficiently small, the powder susceptibility would remain constant below the Néel temperature. This 
is supported by the experimental result. 

Further, the short range order is introduced by a method somewhat like that used by Li. The 
behaviors of the susceptibility and the specific heat near the Néel temperature are investigated by 
this method. The effect of the short range order on the susceptibility is shown to be considerably 
remarkable, but the constancy of the perpendicular susceptibility with respect to temperature is expected 


to remain almost unchanged. 
§ 1. Introduction 


According to Néel, the ferromagnetism of the ferrites of Mn, Fe, Co and Ni 
occurs by a strong antiferromagnetic coupling between spins of the paremagnetic ions on 
the tetrahedral sites and those on the octahedral sites. Neéel’s analysis of the experimental 
data on the paramagnetic susceptibility of magnetite and Ni-ferrite clarified the fact that 
there exists, though weaker, an interaction between spins of the octahedral sites. This 
interaction is ferromagnetic in magnetite and antiferromagnetic in Ni-ferrite. In Zn- 
ferrite, since Zn ions which have been believed to prefer tetrahedral sites are non-magnetic, 
the exchange interactions between spins of Fe** ions occupying the octahedral sites have 
a direct influence on the magnetic behavior of this substance, in contrast with the case of 
other ferromagnetic ferrites. These interactions should operate antiferromagnetically, if 
one infers from the case of Ni-ferrite. (In magnetite, there would exist between Fe** 
and Fe?* ions of the octahedral sites ferromagnetic double exchange coupling in addition 
to antiferromagnetic superexchange coupling.) 

According to the preliminary short reports recently published by Arrott and Goldman” 
and Friedberg and Burk”, the susceptibility of Zn-ferrite is constant up to 30°K and 
above this temperature it decreases obeying the Curie-Weiss law, the paramagnetic Curie 


temperature being about 40°K. An anomaly in its specific heat is also observed at 9.5°K, 
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this corresponding to the Néel temperature. The main features of the antiferromagnetic 
properties of this substance discovered by the above authors are the following : 

1) The ratio of the paramagnetic Curie temperature to the antiferromagnetic Neel 
temperature is considerably large, being equal to 4.2. 2) The susceptibility of powder 
specimens is constant at low temperatures. 3) The effect of the short range order is 
remarkable in the behavior of the susceptibility and specific heat above the Neel tem- 
perature. 

Since the determination of the magnetic superstructure of this substance has not been 
completed though the complex pattern has been reported by Corliss and Hastings”, we 
assume tentatively a probable superstructure with which we calculate the anisotropy energy 
and magnetic susceptibility and compare them with the experimental results, focusing our 


major interest on the above mentioned three features. 


§ 2. Molecular field approximation 


As seen from the crystal structure of Zn-ferrite shown by Fig. 1, each Fe** ion 
has six nearest neighbors of Fe’* ions and twelve second nearest neighbors. The inter- 
action with the first neighbor ions seems weak, judging from Anderson’s theory of superex- 
change, because these ions are situated in the perpendicular direction to each other with 


respect to the nearest oxygen ions. As for the second neighbor pair of Fe** ions, the 


Fig. 1. Projection of the magnetic structure of the octahedral sites 
of Zn-ferrite on the plane perpendicular to the caxis. The number 
means the height of Fe** ion in the unit of one fourth of the lattice 
parameter. + and — signs show two sublattices. 
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angle of Fe-O-Fe is about 125° but the relevant distance is “3 times as large as that 
between the nearest neighbors. Therefore, the second neighbors interaction is probably also 
weak. However, if we compare this crystal structure with that of MnO, the first neighbor 
pair in Zn-ferrite corresponds to the pair of the first neighbor Mn** ions in MnO and 
the second neighbor pair to the third neighbor pair in MnO. In antiferromagnetic crys- 
tals with NaCl structure such as MnO, FeO, etc., the interaction between the first 
neighbor pair is considerably large, though each ion is in the perpendicular direction from 
the oxygen ion. In the case of MnO, this exchange integral for the nearest pair is 
twice as large as that of the superexchange interaction for the second neighbor pair. 
Therefore we consider here that the main antiferromagnetic coupling operates between 
the first neighbor Fe** ions and the rather weak antiferromagnetic coupling exists between 
the second neighbor ions. 

Assuming this, the most stable superstructure of ++ and — spins in Zn-ferrite would 
be such that the spins of ions on a layer perpendicular to one of the cubic axes are 
parallel to each other and layers of + and — spins are alternately piled up. This 
kind of superstructure is the same as the ordered arrangement of Fe°* and Fe** ions in 
magnetite below its transition temperature, which has been proposed by Verwey, Haayman 
and Romeijn”. In this superstructure, as shown in Fig. 1,.a plus spin has four nearest 
minus spins, two nearest plus spins and eight next nearest minus spins and four next 
nearest plus spins and vice versa. Therefore, this structure is stable with regard to the 
nearest and next to nearest antiferromagnetic interactions. Recently Anderson” showed 
that in the octahedral sites of ferrites the nearest neighbor interaction alone does not produce 
any long range order. Therefore in the ordering mechanism of the present superstruc- 
ture the second neighbor interaction would play an indispensable role. Besides the second 
neighbor interaction, also the magnetic dipole-dipole interaction may contribute something 
to the formation of the long range order. The knowledge of the actual superstructure 
of Zn-ferrite must await a further analysis of neutron diffraction patterns.* However, 
we shall investigate what kinds of magnetic properties can be expected from the supers- 
tructure assumed here. 

First we shall deal with the molecular field approximation. In our superstructure, a 
spin on the + sublattice has four nearest and eight next nearest spins on the —sublattice 
and two nearest and four next nearest spins on the + sublattice, and vice versa, so that 


the molecular field) Ht and H~ acting on + and — spins are expressed by 
H*t=—1AM+*— AM, (2-1) 


where M* and M™ tepresent respectively the magnetizations of the + and — sublat- 


*) Recently, Hastings and Corliss have published the result of the neutron diffraction analysis on Zn- 
ferrite (Phys. Rev. 102 (1956), 1460). The superstructure assumed by them is very complicated and evident- 
ly differs from ours. However, this may not be a final decision and our calculation developed in ae follow- 
ing sections can be applied to other superstructures in which any tetrahedron contains two plus spins and two 


minus spins. 
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tices and A is the so-called molecular field coefficient equal to 16 (J, +2Js) (NY P2’; 
where J, and J, mean, the exchange integrals for the nearest pair and the next nearest 
pair, and N is the number of Fe*' ions. Above the Néel temperature the magnetization 
induced by the external field H is given by 
Mt = — (—}AM*— AM? +H), (2-2) 
2 


where C means the Curie constant which is equal to Ny? 4,°S(S+1)/3k. (2-2) gives 
rise to the following value of the susceptibility : 


2 
T +3AC 


y= (243) 


The Neel temperature becomes 
Ty=AC/4. (2-4) 


Therefore the molecular field approximation gives a value of 0/T,=3, which comes out 
to be rather near the experimental value of 4.2. 

Since the assumed structure has tetragonal symmetry, a slight tetragonal deforma- 
tion similar to a trigonal deformation found in MnO and NiO” is expected below the 
Neel temperature. Now we shall denote the strain component in the direction of the 
tetragonal c-axis by e... By this strain the exchange interaction between spins in the dif- 
ferent planes perpendicular to c-axis undergoes some change but that between spins in the 


same c-plane does not change. The total change of exchange energy neglecting the second 
neighbor interaction becomes 


AE, 2a 3%( 5). 5) ele) pation 
G9) dr r 


tj aj 
where the nearest neighbor exchange interaction depends only upon the distance between 
two spins. Using the classical approximation, this becomes 


ABicsmicosees WSR UL chee (2-5) 
woe) dr 
where a means the lattice parameter and N is the total number of spins. On the other 
hand, the increase of the elastic energy due to the strain e.. has the quadratic form of 
4c, e..” where c,, is the usual elastic stiffness constant in the cubic crystal. The spon- 
taneous strain which is expected below the Neel temperature is determined by minimiz- 
ing the exchange and elastic energies with respect to the strain e... The change of 


energy and the spontaneous strain obtained in this manner are as follows : 


JE=—} o, ¢.° é6 fing 2h Se Wl, 


229 7 
eau .2 dr 


(2-6) 


If we tentatively put c¢,,~10" dyne/cm? and Mil ON = 10 N10 ere. thence 


r 
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and JE become —10°°~107' and —1cm-'~10-?cm™' per spin. Therefore, the lowering 
of the energy for the present superstructure due to the spontaneous deformation is about 
one percent of the exchange energy, assuming the latter energy as about 10 cm™' per spin. 

The anisotropy energy of this antiferromagnetic substance arises from the magnetic 
dipole-dipole interaction between spins and from the anisotropy of the crystalline field. 
The former part of anisotropy appears when the superstructure is formed and has tetra- 
gonal symmetry and vanishes above the Néel temperature. The latter part has cubic 
symmetry and is expected to have a smaller value less than 107*cm~' per ion. There- 
fore, the main part of the anisotropy energy can be considered to come from the former 
part. This situation remains unchanged in Zn-chromite too, because a Cr** ion has the 
spin of 3/2 and its anisotropy from the cubic crystalline field identically vanishes. 

The numerical calculation of the magnetic dipole-dipole interaction by means of 
Evjen’s direct sum method gives the following result, putting the y-value of Fe** equal 
to 2 and using the lattice parameter a=8.416 A:” 


E,=0.935 7? cm™ per ion, (@ay) 


where 7 is the direction cosine of the common axis of the spins with respect to the c- 
axis. The sign of (2-7) shows that the preferred direction of spins lies in the plane 
perpendicular to the c-axis. Therefore, if we assume the anisotropy energy in this plane 
to be of the order of less than 1072 cm@’, the critical field for the rotation of spins 
becomes less than 4000 oersteds, and hence the susceptibility of powder samples (or any 
other samples) below the Neéel temperature becomes constant for external field exceeding 
4000 oersteds, being equal to the constant perpendicular susceptibility given by 1/4 
which is independent of temperature. This is consistent with the experimental result. 

(2-7) also shows that the magnetic dipole-dipole energy stabilizes the present super- 
structure by an amount of —0.31 cm per spin, this being about 3 percent of the ex- 
change energy. 

Above the Néel temperature the anisotropy from the magnetic dipole-dipole interac- 
tion vanishes as mentioned above and only a smaller cubic anisotropy arising from the 
crystalline field remains. Therefore we can neglect the anisotropy energy for the discus- 
sion of the susceptibility above the Neel temperature. The susceptibility above the Neel 
temperature measured by Arrott and Goldman scarcely decreases from the Neel tempera- 
ture to about 30°K. They have pointed out that this might be due to a strong short 
range order remaining above the Néel temperature. In the next section we shall introduce 


the short range order and investigate this effect on the susceptibility above the Neel 


temperature. 
§ 3. Introduction of the short range order 


The theory of ferromagnetism which takes into consideration the short range order 
has been developed by P. R. Weiss”. Li? extended the Weiss theory to the case of 


antiferromagnetism and discussed the effect of the short range order on the magnetic 
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properties of antiferromagnets. However, Li’s method when applied to the present case 
would become very troublesome because of a large spin value and of the complex crystal 
structure. We shall adopt a simpler and more adequate model for the present magnetic 
structure. 

We shall divide the whole octahedral sites into linked clusters each consisting of four 
Fe*’ ions and forming a tetrahedron. We shall approximate the exchange interactions 
between each spin within one cluster and the spins outside it by an effective imoleguas 
field acting on the former spin. This effective molecular field will be determined by ‘ 
condition of self-consistency similar to but simpler than that used by Li. In this approxi- 
mation, a weak second neighbor interaction scarcely influences the result as seen from the 
subsequent calculation, so that we neglect such an interaction in the following. In the 
antiferromagnetic ordered state, two of the four spins belonging to this cluster occupy 
the +sublattice and the other two the—sublattice. Then we have the following Hamil- 


tonian for this four spin system : 
He =2] (Ss SybS S208 .S 8.4 SSeS Se) 
+ 9h H* (S;.4+So.) + 94x Ae (Sse +52) (351) 
+9 tte Hy (Ste +See +555 +See), 


where S, and S, represent spins of the + sublattice and S, and S, those of the — 
sublattice and the external magnetic field H, and the molecular fields H* and H™ acting 
on the-++-and—sublattices are supposed to be both in the direction of the z-axis. If we 
put 


S=S,+S,+S,+S,, 

S*=8)+S,°S-=5,;+S; (3-2) 
and include yu, into H*, H~ and H,, (3-1) can be written as 

H=JS* +5} H* +S>H- +S,H,, (3-3) 


where constant terms are omitted. Here, S!H* and S>H~ are, respectively, introduced 


approximately in place of 
2] (S,* Sis S;+S,->), S;) and 
2] (S3° Sis S;+S,- iM S;) ’ 


where S,’s represent nearest neighboring spins of S,, etc., if they appear in the term S,- 
>i: S;, etc., which are not included in the cluster. The molecular field approximation 
means to replace S; by its average value 4<S’ > or }<S>> according as it belongs 
to the-+sublattice or the—sublattice. Therefore the molecular field can be expressed by 


HMSa = See ste), 
H-=2J(A<S2>+<S!>), (3-4) 


because one nearest neighbor of §, or S,, for example, not belonging to that cluster is 
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situated on the-+sublattice and the other two on the—sublattice. 

For the purpose of obtaining the eigen-values of Hamiltonian (3-3), we adopt the 
representation which diagonalizes the magnitudes of S$, S* and S”, and the z componet 
of the total spin S,. In this scheme the z components of S' and S~ have non-diagonal 
elements. Therefore we shall divide S* and S~ into the diagonal part which is propor- 


tional to S and the non-diagonal part which is proportional to S! as follows : 


S*=aS— S’,1 8 =—654-9% (3-5) 
where 
GRRE ek 
2 sol 
pa 214 TO se ty) (3-6) 
2 S(S+1) 
Using (3-5) in (3-3), we get 
H = JS +5,Hy+aS,H* +68,H-) +5,'(H- — H*). (3-7) 


The first term represents the diagonal part, while the second term represents the non- 
diagonal part. Since above the Neel temperature H~- and H* are proportional to the 
external field H, and just below it they are small, we can calculate the eigen-values of 


Hamiltonian (3-7) by the perturbation method. The non-vanishing matrix elements of 


S,/ are as follows : 


(Ser i Mis. 5,.M =e (Saal, 51> 5”) ¥(S+M-+1) (S—M+1), 


(§—1, M|S,|S, My=e(S, S*, S-) Vv (S+M) (S—M), (3-8) 
where 
BAe «, eotleheny(t (5 82S at 1) SS te SS 
Eee | 45? (45? —1) | | ‘ah 


The eigen-values of Hamiltonian calculated with the use of (3-8) and (3-9) in the 


second order approximation with respect to H * or fi, become 


E=JS(S+1) +MH,+4MH* +bMH- —c(H~ —H')’, (3-10) 


where 


(SAS eBay coed een oF (S41) 84) S7) SEM S—M+1 
(8, 5°, S-, M) areca ea ) (S+M+1) ( ) 


-=", S*, S-) (S+M) (S—m)}. (3-11) 


the partition function of the cluster can be written as 


Correspondingly, 
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: sess (sce SeAL) a herep | amabaeg 
P(E HY HT) = heap (8 a ee ar 


+aMH' +6MH-—C(H-—H')9 | esis) 


The average values of S and S> are given by the following relations : 


5) 

(Sipe iT P. 

sy 0H* 

(Sz)P=—kT aD (3-13) 
; H- 


H* and H™ are determined by these equations together with (3-4). 

If we develop both sides of (3-13) with respect to H* and H™ up to their first 
order and put the external field equal to zero, we obtain the following relations which 
determine (5!) and (S>} in the absence of external field : 


SS) exp( — ae NO, fat2rlgre +) Ape) 


is exp( BCH We: 2) | eat a) +c) KS>)=0, 


Si gens 2 


\ S(S+1) q | M° FCN 
aL les OR — b(1+6 ee 
= exp( kT ) J oer Nr) de 


JS(S+1) ) By ee wb +a) ld: =O: 


sts eas 


»S MM 


(3-14) 


The Neel temperature can be determined by the condition that the determinant 
formed by the coefficients of <(S’) and (S>) in (3-14) vanishes. This condition is 
equivalent to the following equation : 


‘ 


Ss exp( — 


S 


BIC oh ig a 


(1 +2] a(b—a) 
ATA ie 


M?—2c| )=0. S15 
SoM ; 2kT !) ( ) 


The numerical solution for (3-15) can be obtained as follows : 
J/kT y=0.142. 


On the other hand the simple molecular field approximation gives us the value Of] /kT 
0.0857. Therefore, Ty! /Ty=1.66. According to Li’s calculation for S=1/2 and the 
simple cubic lattice, the value of the above ratio is 1.5 and for the body centered lattice 
it is 1.25. Though the degree of approximation is different between Li’s case and ours, 


the lowering of the Néel temperature due to the short range order found in our case 
seems to be reasonable. 
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$4. Susceptibility above the Néel temperature 


In this section we shall calculate the susceptibility above the Néel temperature. In 
this temperature range, the difference between the + and — sublattices vanishes and 
(SF) and <(S>) become equal to each other and so we can put <5 )=—<Sr > =4(S,) 
and H,=H’=H~-. Then Hamiltonian (3-3) can be written as 


He =JS+S,(H,+H,). (4-1) 
The eigen-values of (4-1) are 
E=JS(S+1) +(H,+H)M. 


Therefore, the partition function P is obtained as 


ESE (See pie eae 


The relation (3-4), which determines the internal field H,, is written as 


Hes FO (4-3) 
On the other hand ¢S.) can be calculated by the following relation : 
oP 
S,)P= —kT : 4-4 
($.yp=—er 2? (4-4) 


0 


Expanding this equation with respect to H, and H,, the linear part gives rise to 


ae a 3] 
. J M?) 
(S.)5 exp( — pai onlshere 
S 1 
=— (H/T) Zserp(- POTD) SM. (4:5) 
Since the susceptibility is given by 
NOTRE CS 4-6 
it — (52); (4:6) 


where N is the number of Fe®* ions, 7 has the following form : 


CEP ee) 
T+O(T) | 


C(T) and 6(T) being calculated from (4-5) as 


C(T) = NE be lube aT) = ay (4-8) 


Bo 
4k A’ A 
where 


= exp( — BED ) > (4-9) 


232 M. Tachiki and K.* Yosida 


pam 
Ss 


S(S+1) \ 

=} jil - M’. 

B exp( LT ) a 2 

A and B can be calculated numerically. The susceptibility obtained in this way is shown in 
Fig. 2 and Fig. 3 together with the value by the molecular field approximation. As seen 


from these figures the susceptibility given by (4-7) decreases more slowly with temperature 


0. 04 


a_— present metho 


w—_——— molecular field approximation 


0. 03 }- 


Ast 
6J 


0. 02 


0. 01 


—» T/ Ty 


Fig. 2. Susceptibility versus reduced temperature curve. 


than by the molecular field approximation. /Ty obtained by extrapolating the linear 
part in the high temperature side is about 4.9. But the present method of introducing 
the short range order is still too insufficient judging from the behavior of the  suscepti- 
bility near the Neel temperautre. 

As mentioned in Sec. 2, the susceptibility below the Neel temperature under a 
considerably high magnetic field becomes equal to ¥, which is temperature independent 
in the molecular field approximation. To calculate the perpendicular susceptibility on 
the present model is very difficult. y, obtained by the molecular field approximation is 
only a little larger than the susceptibility at the Neel temperature calculated here, as 
shown by the dotted line in Fig. 2. The perpendicular susceptibility at the absolute zero 
of temperature is somewhat smaller than the value by the molecular field approximation 


%1, because of the quantum effect which may be small in the case of S=5/2. On the 
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Fig. 3. Reciprocal susceptibility versus temperature curve. 


other hand, the spin wave theory’ shows that the perpendicular susceptibility decreases 
with rising temperature. Therefore, the change of the perpendicular susceptibility from 
absolute zero to the Néel temperature would be expected to be smaller than the difference 


between y, by the molecular field approximation and y at the Neel temperature. 


§ 5. Specific heat 


Now we shall turn to the consideration on the specific heat above the Neel tempera- 
ture. In the paramagnetic state the internal field vanishes in the absence of the external 


field. Therefore, Hamiltonian of the spin system becomes as simple as 
as (5-1) 


Hence, the specific heat per ion is given by 


c=, Ja J — 
ia {35 exp(—JS(S +1) /kT) > ng 


Ss as. at! 


x| 15° (9 + 1)* exp ee es) eee xp( - FE >S 1} 


15 kT St, S—)M 
— | SS+ ex exp(— =i ett) a le (5-2) 


S Shar aie & 
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Using A and B defined by (4:9) and C newly defined below, this can be rewritten as 
1 4h 
G/k=7(4) 


Cc 3B a] 1 
me , 5-3 
k A ( A iE T? a) 
CH=) S(S41)! exp —P SED Vissi. (5-4) 
S » kT B',8 of 
C,/k is plotted in Fig. 4. 


For comparison we shall calculate here the specific heat by the moment expansion 
method. 


The specific heat by this method in the lowest order is given by the following 
formula : 


(325) 
Here J6 means Hamiltonian of the total system, namely 


G.97) 


(5-6) 
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Fig. 4. Specific heat per Fe*+ ion 
where summation is taken over all the nearest spin pairs. Using J¢=0 and 
H62=4 N J? S*(S+-1)%, we obtain’ as. the specific heat per ion 
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ECoe 4 Oe, opty : 
P =( r ) SA) aeagt (5-7) 


where S is the magnitude of the spin of an ion, namely 5/2. This result is also plotted 
with a dotted line in Fig. 4. At higher temperatures these two curves agree with each 
other very well. 

Next we shall turn to the calculation of the discontinuity of the specific heat at 
the Neel temperature. For this purpose we must calculate the specific heat just below 


the Neel temperature. This calculation necessitates the expansion of the energy eigen- 


value up to the fourth order with respect to H* and H-. Hamiltonian in this case is 
Jes 4 Gea byS eH |S). (5-8) 
because we can put H'=—H™ below the Néel temperature. We put the eigen-value of 


this Hamiltonian in the following form : 
E=a,+4,H* +4,H**?+a4,H**+4,H*4, (5-9) 


a;'s can be calculated by the perturbation theory and they are functions of 5, S*, S~ and 
M. In (5-8) and (5-9) the interactions between ions belonging to the cluster and 
those outside it have been introduced in the form of the internal field, so this part of 
the exchange interactions will be accounted twice if we take (5-8) and (5: 9) as the energy 


per cluster. Therefore, as the energy per cluster, we must take the following quantity : 
b= JS? +23 (5, —S,-) H* (5-10) 
=H —} H* (0 /OH'). 
Accordingly, the eigen-value of 4 becomes, by inserting (5-9) into (5-10), 
€=a,+4 a4, H* —} a,H**?*—a,H". (5-11) 
The average value of € can be obtained from the expression, 


(ea Te Lh exp(— 46 /AT)] 
T,. [exp(—26/kT) | 


Expanding this expression with regard to H*/kT and using the relation (3-4), namely 
H* =—J<S,*), (&) can be written as 


(8) =a, — (J/2) {x (az? + 2aydy— 2a: dy) — (2°/J) (aya;?—ay- 4,2) }(S,*)%, (5-12) 


where 
c D4 exp (—a,/kT) . = Mie (5 fs 13) 
St exp (—a,/kT) kT 


The peak value of the specific heat per ion at the Neéel temperature C7, becomes as 


follows : 


Cry= (Se) —F lala? + 2dydq— 245° a,) 
AN Olan waht 2 
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wy aha KS? 
ie (a,a,2 ae a, i) YE a -( OT te (5 14) 


where a symbol 7-0 means the limiting value as the temperature approaches the Neel 


temperature from the lower side and xy is the value at T=Ty. 
The next step is to calculate (9(S!)*/AT)) Ty-0 -(S2)° can be obtained as follows. 
Expanding the partition function 


‘ —- 1 + + +2 + 
P=Sexp{ — 2 ) Dexp(—e (aA tayH"*+ aH tad}, (5-15) 


into powers of H'/kT and inserting it into the self-consistent relation 
CS) P= = (kL /2)noP/anHe, (5-16) 
we obtain the following expression for (S_* )*: 
(S$. = — {1 +Jag— (/2) a7} -[(—xJ a +4 # a?) 
—2{—a,J?-+ dap? (af + 2aya,) — (2/2) J aban + (2/24) a}J1. (5-17) 
The condition for (S.*)* to vanish, namely 
1+Ja,—}x a?=0, (5-18) 


gives the Néel temperature and this is of course equivalent to (3-15). 
If we differentiate (5-17) with the temperature and simplify it with the use of 
(5-18) we obtain 


(So), eas 


les 2 (fa,— (x/2) a dn 


-0 


—— polls al - (5-19) 
fay’ Fees (a. Wires) hn ree er eo, cone 
The numerator of this equation is calculated as 
E ~ (Ja, #xa®) ae serie All ex + 2ayay— 2a, - ay) (5-20) 


— (x/J) (ayay?—ay: 4,2) |? y-0, 


With the use of (5:19) and (5-20) in (5-14), we obtain the following expression 
for Cry: 


A) 


ze iS i, *+ 2ay- da, 1p +2/J a,—x/Jaya,? ‘i ‘Ty 
[om ; 5-21 
[2f°a,+x{1—J? (a2 + 2a,4, ds)} +22] aPa,— (x°/12) a,"| Ty-0, ) 


Cr.= 


For the calculation of the constants a, a,::-, a,, the following perturbation formula 
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can be used: 
CalVprCplV in) _ sr <nlV p< pl¥ [nd <nlV1q)<q\V|n) 
a > Soak. - (Ease = E,—E, 


AUATDXG ALA DAC LALO XCALALD) 
parte (E,—E,) (E,—E,) (E,—E,) 


V==25,' H*. 


(522) 


Here we used the fact that S,’ has finite matrix elements only between the states of S 
and S+1. From (5-22), we obtain the following results for a,’s : 


aj=JS(S+1), 4M 


(§+1) 
By; AS h(S+1) 
PTT NAS Soe 
ane pales ©) (SF) IS4D)| yy 
ape S S21 pare 
A = [4{2© -P(S)_ 6(S+1)9?(S+1) | ae 
sy S Sa 
eae _ iS) a8 A(S) - A(S+1) | (5-23) 
(Si): s S2($ +1)? 
LAD © ber IAS 422) ] 
S2(25 <1) SA FGs3) 


and for S=0O 
a,(0) =a, (0) =a,(0) =0, 


as(0) = —b(1) /2J, 
a,(0) = (1/8J*) [4°(1) —4h(1)4(2) ], (5-24) 
whee h(S) and g(S) have been defined by 


BSS SM) ee A 


5?(45°—1) 
eee a-p 5 
Oe tan sta 
g(1, St, S-) =—a-B/4, (5-25) 


a=St*+S$§-4+1, P=S*—S-. 
Inserting (5-23), (5-24) and (5-25) into (5-21) and summing over M, we obtain 
Sie —ay S(S+1) (b, + xyb, Jed 
a He) De 1 (ae : Pam 226) 
‘ posi: 48 Py es meet cs bey pcg y + cy :) 


Ss 
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Here several quantities have been introduced in order to simplify the description, name- 
ly 
pom de" EY (25-1) w(S), 
3 


b= 7S(S-+1) (251) a(S), (5-27) 


=—(28+1) >) at. ft 


CeCe 


where w(S) means the number of states having the same values of S and M and 


q={. A(S) | ___A(S+1) | es Bo, B(S+1) | 
USS 1S 1 ao OS 2125 C89} S Sir 
ining FC (Ses ECO) aa Gory 
2 SUS Tie BSS wos a sear 
Ga tee A(S +-1)} —4BG)4-BS-F1)9 
C(S) 4 
+ S64 jo eee (S), (5-28) 
(S—1) 4 S+2 
(6 AS ae) 
Sonne A(S) — or -A(S+2), 


3 1; 


Ist a! for § 
8 (S41)? ace. ge ae 


il 
C= -—. (2841), 
12 
where, for S=1, the first term in C, must be put zero and A(S), B(S) and C(S) are 


given by 


A(S)=—_S) at (aS) (8-6), 
Basic 


38) =e a? — §2)2(§2— G2)2 


GSH 8) FP) tat (S41) {8-418 


ChS) ee : 
S (Sebi) see ves 


with exceptions of 
C,(0) =) (@?—1)*(1—#)*— LS) (at—1) (1B) (a2) (28 
{2 as A ot PAS ECA 9 


i ,) 1 /2 2 G2) 2 
C60 Da Coe BE Cie a (5-30) 


Sa Sa 


C,(0) =C,(0) =0. 
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| The numerically calculated value of the specific heat at the Neel temperature by us- 
ing the above expressions becomes 


C= 3.37 k . 


The corresponding value by the molecular field approximation is 2.36 The ratio of 
these two values is 1.43, showing that the short range order raises the peak value to a 
considerable extent. 

Experiments for Zn-ferrite shows that the specific heat anomaly at the Neel tem- 
perature is not so sharp. However, in the Zn-chromite with the same crystal structure a 
sharp peak of the specific heat has been observed at its Néel temperature. This peak value 
amounts to 3.5k per Cr** ion and is comparable to the above calculated value. The 
teason why the anomaly of the specific heat at the Néel temperature in Zn-ferrite is 


not so sharp remains unclear. 


§ 6. Summary 


The susceptibility of Zn-ferrite both below and above the Néel temperature has been 
discussed on the assumed superstructure. The calculated value is consistent with the 
observed magnetic behavior of this substance. In this assumed superstructure, the magne- 
tic anisotropy energy has tetragonal symmetry, its axis coinciding with one of the cubic 
axes, and the antiferromagnetic preferred axis is in the plane perpendicular to c-axis. 
This anisotropy energy has an order of 1cm™' per ion and arises from the magnetic 
dipole-dipole interaction, while the anisotropy in this preferred plane would be much 
smaller and would be less than 107-2cm~'. Therefore, the critical field strength for the 
rotation of the spin axis is considerably smaller than in other antiferromagnetic substances. 
The field dependence of the susceptibility below the Neel temperature is expected to be 
remarkable at field strength of the order of 4000 oersteds. 

The effect of the short range order has also been investigated with the use of a 
simplified Li’s model taking a cluster which matches the present superstructure. The 
Néel temperature, the specific heat and the susceptibility have been calculated on this 
model. In this approximation, the ratio of the paramagnetic Curie temperature 6 to the 
Néel temperature Ty is 4-9 and the peak value of the specific heat and the discontinuity 
at the Néel temperature are respectively 3.37.k and 3.13k per ion. 

The present method of introducing the short range order is insufficient to explain 
the constant susceptibility above the Néel temperature. Further, though the peak value 
of the specific heat at the Néel temperature obtained here is in good agreement with 
the experimental result for chromite, the remarkable discrepancy between its calculated 
and experimental values remains unexplained in the case of ferrite. 

Moreover, it might be worth while to mention about the present statistical theory 
itself. In Sec. 2, we mentioned that the second neighbor exchange interaction is im- 
portant for establishing the long range order. Nevertheless, the Néel temperature calcu- 
lated by the approximate method used here is almost independent of this second neighbor 


interaction. In our treatment this interaction plays only a catalystic role for the forma- 
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tion of the long range order. On account of this situation, the question might occur 
whether the Néel temperature obtained here is an illusory one due to the present statis- 
tical approximation or an actual one. This problem would be very difficult to be solved 
completely. However, the present approximate method does not give any Neel tempera- 
ture for Ising model and for the case of one half spin, so that the Neel temperature 
obtained here can be considered to occur as a result of large spins of magnetic Cr°* and 
Fe** ions. 

With the use of spin wave method for this special crystal structure, the excitation 
energy of the most of spin waves is determined by the nearest neighbor exchange 
interaction, but for waves propagating to special directions it becomes zero unless the 
second neighbor interactions are taken into account as remarked by Anderson”. Under 
such a circumstance, to what extent the Neel temperature depends on the second neighbor 
interaction seems to be an interesting problem. 

In conclusion the authors wish to express their sincere thanks to Professor T. Nagamiya 
and Mr. J. Kanamori for their valuable discussions. Thanks are also due to Professor 


Friedberg who has sent us his experimental results prior to publication. 
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The multiple meson production in high energy nucleon-nucleus collisions is treated by extending 
Landau’s hydrodynamical model which is supported not only from experimental data on cosmic ray, 
but also from some theoretical point of view. As we have much data on the nucleon-nucleus collisions 
rather than on elementary collisions, we may get some clue to the future theory by comparing our 
results with the data on cosmic ray, though the latter are very complicated and our theory is 
somewhat phenomenological. Theoretical results are derived focusing on the dynamical properties of 
secondary particles, such as the effective inelasticity, energy and angular distributions and transverse 


momenta; and their dependence on the size of nucleus is considered. 


§ 1. Introduction 


Cosmic ray experiments so far tried have revealed several features of the multiple 


meson production in high energy nuclear interactions. First, the air shower data’) on the 


distribution of shower cones indicate very narrow angular distribution of the secondary 
energy. The nuclear emulsion data”, in which the angular distribution of particle number 
is more important, also favour its strong anisotropy in the center of mass system. 
Secondly, the production rate of new heavy particles and anti-protons seems rather small 
compared with Fermi’s thermodynamical theory”. The situation is not so clear for the 
inelasticity, i.e., the ratio of energy transferred to secondary particles to the incident 
energy, but several authors suggest that in most case it lies between 0.2 to 0.7.” 
Unfortunately the cosmic ray data in question are almost due to meson production 


in high energy nucleon-nucleus or pion-nucleus collisions, and although there are some 


phenomenological theorjes of Roesler and McCusker”, G. Cocconi,” and others”, it is desirable 


to get the theory which could explain these facts more quantitatively. 
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Recent analyses of lower energy phenomena provide us igh some clue to Nae subject. 
That is, as suggested by several people”’, meson-meson unteraason ay play an ics 
role to explain some Gev experiments.* If it is true, the final dntcacicn between ot 
particles, which flow out in a very narrow cone and have high density, may also se 
an important role in meson production in high energy collisions. If we rele ae : e 
interaction cross section between high energy particles is almost geometrical, the critical 
temperature T,,"”, which corresponds to such a state of the many meson system that the 
mean free path of particles is comparable with the size of the system and phys mate 
the breaking-off of the interaction, becomes very low (T,~m,c°)**, so that interactions 
between them will be continued long after spurting out from Fermi’s Lorentz contracted 
volume. (According to our estimate they cease to intereact after travelling more han 
thousand times of Fermi’s contracted length, for high incident energies.) As Watson ” 
once pointed out, the final state interaction sometimes causes a great eatornes to the particle 
system, especially on the angular and energy distributions. Moreover there is some support 


: : : . -12),9) 
from the ratio between mesons and new particles in high energy jets: 


In Fermi’s 
theory, in which the free emission of particles is assumed to take place from the initial 
high temperature equilibrium state, the number of new particles and anti-protons is of 
the same order of magnitude with, or more than, that of pions, as there may be many 
degrees of freedom for new particles. If, however, there are strong interactions between 
mesons and new particles, the nature of particles would change to another by their col- 
lisions and the ratio of these particles would be determined only at the critical temperature 
which favours pion than other heavy particles. (This result does not change even if we 
take into consideration the 7-charge (strangeness) conservation for meson-baryon inter- 
actions. ) 

Interactions between a large number of mesons may be expressed, in our first phe- 
nomenological approach, by the viscous and inertial effects, following the hydrodynamical 
model first introduced by Landau."” We assume, following Landau, that the viscosity can 
be neglected*** and the entropy increases mainly in the first stage which corresponds to 
Fermi’s equilibrium state. Then the entropy increase is considered to be due to the 
propagation of shock waves which occur by the rapid compression of the matter. In the 
second stage where fluid flow out to the outside, the expansion of system proceeds 
practically one-dimensionally and adiabatically. From now, only the local thermal equilibrium 
may be established, and the energy, entropy and number densities in such an individual 
portion may be estimated by statistical mechanics of relativistic ideal gases.'°))1 

In the subsequent stage of three-dimensional expansion, the meson-meson interaction 
still plays the role. It was shown by Landau," however, that the angular and energy 


distributions of emitted particles are essentially determined at the moment of going into 


* The connection between Gey and multiple production phenomena has already been discussed by 
Z. Koba, so we shall not enter into detail here. 


** The temperature is given in energy units throughout in this paper. 
*** The justification of neglecting viscous effect is given by Landau himself 1+ 14) and by Koba®). 
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three-dimensional motion from one-dimensional motion, which is different for each portion 
of the fluid. (The temperature at this moment is also different for different portions. ) 
When the system expands furthermore, the temperature of the portion reaches the critical 
value (T..), and this is independent of the incident energy. This temperature, which we 
may also call the ‘‘ cooling temperature’”’, will govern the observed number ratios of 
various particles and the thermal energy per one particle. 

In this paper we shall treat the multiple meson production in high energy nucleon 
encounters with nuclei using Landau’s theory. We shall show how much the distribution 
of emitted mesons may be distorted by a meson-meson interaction, and how the inelasticity 
depends on the incident energy and on the size of target nucleus, and we shall also 
show the asymmetry between the forward and backward directions in the center-of-mass 
(c.m.) system. 

Here we may have to give the following excuse. Even if the idea of final interactions 
between produced mesons and the hydrodynamical approach to take them into account 
were justified, it still remains less convincing to extend the hydrodynamical picture of 
nuclear matter as a continuous medium also to the inter-nuclear cascade stage. (We shall 
give in § 2 some qualitative reasoning for it.) However, since we could not find out 
more consistent way to describe the nucleon-nucleus case hydrodynamically, we shall apply 
in this paper the relativistic hydrodynamics to the whole process of the meson production, 
i. e., to the inter-nuclear cascade as well as to the subsequent stages of expansion. 

The nuclear mass number dependence of the multiplicity was calculated by Belenkij 


and Milehin’? from the same standpoint and they obtained the result, 
N(E,) = (2 +1)/2-No (Eo), Cea 


where N,(E,) is the multiplicity in the case of a nucleon-nucleon collision with the some 
laboratory incident energy E,, and n is the number of nucleons in the penetrated tunnel. 
They then averaged eq. (1-1) over all possible cases from the central to the peripheral 
collisions, and concluded that their result (N/N,=A'", where A is the mass number ) 


agreed well with experiments. But eq. (1-1) is not very much different from 
N(E,) =n°"N,(E,) (1-2) 


which follows from the “composite collision model’ of the internuclear cascade. The 
composite model may be regarded as the extension of Fermi’s theory, and the assumptions 
are made there that the incident nucleon collides with the whole of the tunnel simul- 
taneously, and that the secondary particles are emitted symmetrically between forward and 


backward directions in the c.m. system. 
Therefore, the extended Fermi and Landau theories will be better compared with 


* More precisely, eq (1-1) holds for n=<3.7, and they got 
N (Ep) =0.92(n—4) 5/4 No (Eo) (1-1’) 


for n=~3.7. But the numerical values are practically equal if we use (1-1) instead of (1-1’). 


244 S. Amai, H. Fukuda, C. Iso and M. Sato 


each other in terms of the dynamical properties of emitted particles, as will be done in 
this paper. 

We finally remark that our hydrodynamical description of inter-nuclear cascade some- 
what resembles the “ individual collision model’. But this resemblance is of course not 
complete. Thus, our secondary particles show certain complicated behaviour such as 
turning about their direction of flow (see § 2 and § 5.2), while it will not be the case 
with particles in the usual individual collision model without the final state interaction. 

In the following, our discussion is divided into two parts. Part I deals with a 
rather mathematical problem of solving the one-dimensional hydrodynamical motion (§ 2 
and § 3) and of finding out suitable approximate expressions for the energy and angular 
distributions (§ 4). Then in Part II these results are applied to the physical problems. 
In §5, some results from the one-dimensional solution are discussed on the effective 
inelasticity and asymmetry in the c.m. system. In § 6, the three-dimensional motion is 
described and several dynamical properties of the secondary particles (angular distribution, 
energy spectra, transverse momenta, etc.) are considered. It will be shown that these 
properties for nucleon-nucleus collisions are expressed, approximately, in terms of the cor- 
responding quantities for the nucleon-nucleon collisions with the same incident energy 
and a factor which depends on n and the emission angle but not on the primary energy. 
§ 7 summarizes the results. Several figures of the observable quantities which would be 


important to be compared with experimental data will be given. Appendices are added 
to demonstrate several calculations omitted in the text. 


Part I 
One-dimensional solution of the fluid motion in the case 


of nucleon-nucleus collisions 


§ 2. One-dimensional motion of nuclear fluid 


Before going into mathematical details, we shall give an illustrative outline of the 


one-dimensional fluid motion. When a high energy nucleon collides with a nucleus, the 


nuclear cascade will occur only in a tunnel which penetrates into the nucleus whose radius, 


d, is the same as that of nucleon. (a~h/m,c, the Compton wavelength of pion). The 


nuclear cascade which occurs in this tunnel is not a usual cascade, as the decay time is much 


larger than the collision time of each individual collision. A large number of created 


mesons as well as nucleons in this tunnel are so close together that they collide with 
each other throughout the tunnel, and the propagation of interaction may be something 
like the travelling of shock waves. They then spurt out to the outside continuing these 


interactions. Thus, we may treat the system as if it is a fluid’. Then it is more 


convenient to take the equi-velocity system (the e.v.s.), i.e., the reference system in 
which the nucleon and nucleus have equal magnitude but opposite directions of velocity. 


In the e.v.s., the incident nucleon has the same energy E as each nucleon in the 
nucleus. E is related to the laboratory incident energy E, by 
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BeaMe (E,/2Mc)*. (2-1) 
ky fie (M is the nucleon mass.) The Lorentz contracted diameter of 
Sige eleva? the nucleon (d) is 

1 d=2a(Mc/E), a~b/m,c. (2-2) 
ee a ae Let the length of the tunnel be n times d, then n is roughly 
the number of nucleons in the tunnel. 
In the model assumed here, the colliding particles are regarded 
Fg" as continuous medium. Several stages of the one-dimensional 


motion are sketched in Figs. 2 for n=2, where the temperature, 
measured in the local rest system of the fluid element, is chosen as one of the state 
variables. (Another state variable is e.g. the velocity of the fluid, v.) 

The shock velocity in the tunnel, D, is determined from the continuity conditions 
for the energy-momentum flow through the discontinuity surface (the so-called Rankine- 


Hugoniot equations”), and is given by’? 
Deere (2)-3 ) 


To derive this, the equation of state for the high temperature matter inside the shock 


is assumed to be 
pH=aq €. (2:4) 


Here p is the pressure, and € is the energy per unit volume measured in the local rest 


system of the fluid. 
c¢, is the sound velocity of the medium and its values can be evaluated if we assume, 
after Landau,!”) that the nuclear matter can be treated as relativistic ideal gas. It 
is then found that c,?=1/3 at very high 
Table 1. Temperature dependence of the sound temperatures and decreases slowly ween 


velocity of relativistic pion gas (light : : i 
‘ ar the cooling of the system.* Since its 


velocity=1). 

——— change is rather slow, it may be regarded 
T/mxc” co” as a constant, as long as we consider 
co sal » Aihifer ince : the stages where T > m,,c’. Actual values 
2.0 0.32 of the c, for the pion gas are shown in 
1.43 0.31 Table 1; if other particles such as the 
1.11 0.30 K-mesons and baryons are included, the 
1:00 pee decrease of c, will be slightly more 

0.83 0.28 rapid. 


When the tunnel length n is shorter 


than the critical value’ 


pe den.) eG ie 2 ae for q=1/V 3 (2-5) 


* The velocities are expressed in unit of the light velocity throughout in this paper. 
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T/T 1 


Fig. 2. Several stages of the compression and expansion of 
the system when a “nucleon”’ (thin plate) with thickness d 
collides with a nuclear tunnel with thickness nd (n=2, in 
the figures). The equi-velocity reference system is adopted, 
and left (right) corresponds to the backward (forward) 
direction. If n>n,=3.7, we have no progressive wave region 
(shown by shadow) in the right direction. 

(i) The instant of collision (t=fp). 

(ii) Shock waves start to propagate into both di- 
rections with velocity c/3. The matter continues to be 


compressed with the light velocity. u=0 between the shocks. 
(iii) The left shock has just passed over the matter 
(=h): 


(iv) The outflow of matter has begun in the left, and 
its effect (the rarefication wave)is propagating to the right 
with the sound velocity, cj=c/y 3. The flowing region is 
represented by the progressive wave solution (shaded in the 
figure). 

(v) The shock arrives at the right end before it is 
caught up by the rarefication wave (n<n,). The matter 
now begins to flow out in the right direction (t=¢:). 

(vi) Two progressive (rarefication). waves have just 
encountered. (¢=¢s). 

(vii)—(viti) The region of non-trivial solution bounded 
by the two progressive wave regions is formed, and expands 


quickly pushing the progressive wave in 


| the narrow room very near the wave 
re fronts. 
(viit) 
r 


v=—c v=(0 t 
f= ltd CO) = wc | Seen smog 

T/T 

Ree =\0, 2 


rey 
t=140d v(0)=2C (See § 5.2) 


ag the shock which has been travel- 


ling in the forward direction 

ik reaches the end of the tunnel 
sooner than the flowing out of 

the whole matter into the 

(ix) backward direction (Fig. 2 (v)). 
We shall hereafter limit 

ourselves in the cases, m<n,, 

and. let 6, «; and! i. x. be the 


time and the position at which 


the outflow begins in the backward (left) and forward (right) direction, respectively (Figs. 


2, (iti) and (v))*. Then we have 


h—h=l/c%, te—i=nl/e 


Ny Xo 


—l 


(2-6) 


? X.—xX,=nl 


a ; = hb 
In the case of the larger n(n >n,), the progressive wave or “ rarefication ” wave!®)) catches up the 
shock at t=t; and x=x) and is reflected by the shock. In this case the fluid motion becomes much more 


complicated, although we can infer some of 
becomes less than co” after that time. 


the qualitative features as it is shown that the shock velocity 
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where ¢, and x, are the instant of the time and the position of the collision, and 


I=dlot/(1+q") J. (2-7) 
From eqs. (2:6) 


to ty (fe?) (no) 5) x — xl (1). (2-8) 


The subsequent behaviour of the fluid motion is as follows. At t=t, the two pro- 
gressive waves encounter (Fig. 2, (vi)), and from now we have the region of the non- 


trivial solution of the hydrodynamical equations (Figs. (vii)~—(ix)). Here 


Page (a+ ) 1/2) (n-+1). (2-9) 
ra Gj 
The energy and entropy in backward and forward progressive regions at this moment 
t, can be easily estimated as follows. As the rarefication wave propagates with velocity 
¢ into the medium of temperature T,, the amount of energy and entropy which flows 
into the backward (or forward) progressive wave region between ¢, and ¢, (or t, and f;) 


is proportional to 
6 heal eels Cyn (igh) 
Cy T*(t,—b), Cy lg (tg—to)s 


where c, and T, is the same as in the case of n=1, and from eqs. (2:6) and (2-9), 


ey aaa a \ 
Co (tg— ty) 1 2 ee + ext, 
(2-10) 


1 seul 
Co (ts, — te) =1( ss mts 7 ) 3 


Therefore, the amount of energy or entropy contained in the backward (forward) pro- 
gressive wave at t=t, is given by the corresponding amount in the case of n=1 times 
the factor [,/I(l,/1). (See § 5.1.) 

As time goes on, the distribution of the temperature (or entropy and energy) 
becomes less and less uniform. The non-trivial region expands quickly pushing the 
progressive waves in the narrow regions very close to the wave fronts. But the state in 
progressive wave regions at later times is determined by its state at tt, and does not 
suffer any influence from other regions (cf. Appendix A.3). So the state of affairs in 
each of the progressive wave regions and at each boundary between the non-trivial region 
will be essentially the same as in the case of nucleon-nucleon collisions, the only difference 
being that the unit of length / which appears in the nucleon-nucleon solution is to be 
replaced by /, or /, in the nucleon-nucleus case. For the non-trivial region we cannot 
have such an exact and simple relation between the nucleon-nucleon and the nucleon- 
nucleus cases, and we must solve the hydrodynamical equations under suitable boundary 
conditions (§ 3). But we shall show later ($4) that analogous simple, approximate 
relation can be obtained also for the non-trivial region for sufficiently high incident 
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energies (E, => 10" eV, say). That is, it is possible to express the nucleon-nucleus solution 
in the non-trivial region in a similar form as the nucleon-nucleon soluion. 

It will be shown also that, after sufficiently long time, the distribution of the tem- 
perature and the velocity is nearly symmetric in the right and left directions, except the 
front regions (cf. Fig. 2, (ix)). (For n=1, it is of course exactly symmetric.) This 
is because some fraction of the matter changes the direction of flow from the left to the 
right, though most of the matter is initially contained in the left region (n> 1). On 
the other hand, it will be shown that most of the energy is contained in the front 
regions, while the entropy is largely contained in the central region" (see $4). In 
consequence of such a behaviour of the fluid, the ratio of the energy carried in the 
forward direction to that carried in the backward direction soon reaches the reasonable 
limiting value,* 1:; while the corresponding ratio for the entropy (particle number ) 
approaches the limiting value 1:1 only after infinitely long time. The actual values of 
ts Mp 8 


« 


the latter ratio, which depend on E, as well as on n, will be estimated in 


33. The non-trivial solution 


We shall now proceed to solving the one-dimensional motion and consider here the 
non-trivial region. (The solution of the progressive wave is given in the Appendix A. 1.) 
It was shown by Halatnikov'” that in the extremely relativistic case, where the chemical 
potential can be neglected as compared with the temperature T, the one-dimensional pro- 


blem is reduced to solving the following differential equation for the potential (y, 7): 


Lin % Lv (1—¢") ¥y=0, (3-1) 
and that the coordinate variables ¢ and x are related with the state variables y and 7 by 


t=exp(—y) {7,chn—y,shy}, 
x=exp(—y) {y,shy—y,ch7}. 


Here 
T/T,=exp(y); u.=shy, w=u=chy (3-3) 


and y,=97/dy, etc. u=v/¥ 1—v® and u=1/¥ 1—v* are the components of the four 
velocity, and 7, is the initial temperature of the system. Once eq. (3-1) is solved 
under suitable boundary condition, the solution may be substituted in (3-2) to find the 
functional relations between (t, x) and (y, 7). 

Our boundary condition (for n<n,) is that at both boundaries of the non-trivial 
region, the solution should be connected with the progressive wave solutions (eqs. (A. 7) 
and (A.7’)). Introducing new variables,** 


The total momentum of the nuclear tunnel is —nP, if the momentum of the incident particle is P. 


Then this limiting value is expected from the conservation of the momentum and the very narrow angular 
distribution of the emitted energy. 


** This means to introduce the characteristic curves of eq. (3-1) as variables (Cf. Appendix A) 
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a=7—(y/a); B=—7—(y/e); (3-4) 
instead of y and 7, we have 
a=0, for the backward progressive wave, 
(73) 


?=0, for the forward progressive wave. 


(Cf. Appendix A, henceforth we put c,= constant.) If we further define the potential 
x(a, 3) by 


L=7expis(a+f)}, s=(1—G") /4¢ (3-6) 
eq. (3-1) is transformed to 
Xa —S X=. G7) 


It is shown in Appendix A. 2 that the required solution of (3-7) is given by*:** 


7(e, B) =| dal,(2sv (a —a)B) F(a ty m) 


+" dbI,(2sV a(B—6b) )F(b3t,, —x), (3-8) 
where 
F (45 ty, %:) ==(1/2) {t( pe + qe" —2 se) 
+x.(pe™—ge ™)}, (329) 
and 
p= (1+) ?/4.q3) gS (1 —)*#/40; 9 (bg=s). (3-10) 


The solution (3-8) is substituted in eqs. (3-2), and after some calculations we get 


(cf. Appendix B. 1), 


t-+x=exp(pa +q/) [A+ (x_+ cote) — a (x, Gf) | (25x ae) 


0 C% 
~ (+t) pf dah (2s (aah) em (m+) 4f db 1 (25V a (B=) Je 


(3-11) 


t—x=exp(qa + p/?) {[2=* (Xo+ cote) ie 1 + (x — Cot) | Ts Vv af ) 


‘Le 2) a 


= (4) pfdb larva PB eM (te mal dahasY (aaa em, 
TD 


* Tt is easy to show that the solution (3-8) contains, as a special case of n=1, the one obtained by 
Halatnikov!? for a nucleon-nucleon collision. 
** Though eq. (3-8) bears somewhat different form from the one given inref. 18), they are quite 
equivalent. The difference came from the different definition of the potential 7. 
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In these formulae, (t,, t) and (x,, x.) are determined from eqs. (2-6)—-(2-8) if 
the origin of the coordinates is fixed. In the following, we shall put ¢;=*,=0 Rhea 
consider the backward region (70, or ON @< 3), and t,=x,=0 when we ieee er 
the forward region (7 >0, or a> 30). Then it is convenient to use the variables 
0 and ¢ defined by 

O=t—|x|,  C=t+-Ix), (3-13) 
instead of ¢ and x. (0 represents the distance from the front, which proceeds with the 
light velocity, to the point considered.) From (3-11) and (3-12), we get the following 


expressions for 0 and €: 


For the forward region (x >0, a= |? = 0): 


1+a 
SAS 


¢ 


0 


—|(n+1) —(n—1)/c7|Q(8, a; p)} (3-14) 


0/l=exp(qa+p/)I,(2sV af): (n+1) —(n—1)/c| 


C/l=exp( pa + q/2) I, (2s a {| (n+1) — (n—1) /cy| 


% 


+[(n+1) + (n—1)/c?]Q(8, @39)}- (3-15) 


For the backward region (x<— 0, /? >a — 0): 


d/l=exp( pa +98) 1,(2s¥ a8) **%{| +1) +(n—1)/6| 


Cy 


—[(n+1) + (n—1) /e?|1Q(a, PB; p)} (3-14’) 


¢/l=exp(qa +p) I,(2sV¥ af) a {| (n +1) + (n—1) /eq| 


Co 


+[(2+1) — (n—1) /co"]Q(@, B39) 


where 


Q(8, a; p) = i (pl db1,(25 Va(G—b) )e™/I,(2sVa8)) (3-16) 


CH 


” 


Q(P,a@3q)= <a (4) db 1,(25¥ (96) ye" /T,(2sV aB)), (3-17) 


and Q(a, 8; p) and Q(a, 7;q) are obtained from (3-16) and (3-17) respectively, by 
interchanging a@ and (3. 


The integrals in (3-16) and (3-17) can be evaluated using the formulae (B-10) 
and (B. 10’) of the Appendix B. 1. 


In the Appendix A. 3, we shall also describe an alternative way of solving one- 


dimensional hydrodynamical equations. The method is to follow up the characteristic 


curves in the (t,x) plane. Though this is less suitable for the further calculations, it 


will be instructive for we can follow the detailed behaviour of the flow as if we are 
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looking at it through a mictoscope. 


\ 4. Approximate solution of the one-dimensional motion 


In this section, we derive the approximate exprssions for the one-dimensional solution, 
so that we are able to discuss the physical results in a compact way (S§5 and 6). For 
this purpose, eqs. (3-14) and (3-15) are first rewritten as 


O= 4) (8, a)exp(V ga+ © pi)? 
ot me (4-1) 
C=d,,(8, a)exp (VY pa+ V qf)’, 


using the asymptotic formula for the imaginary Bessel function,* 
= en \1/2 — 
(2s aB)~(/¥2)(—% ) (a B)-"4 exp(2sV af). (4-2) 
alo 
In eqs. (4:1), 
\ Tie. 
OCR A AE Ce ae) 9) -1/4 
8, = W/V a8) (Se) ab) 
X iL +1) — (n—1)/a@|—[@ +1) — (2-1) /a° QB, & 5 P)} (4-3) 
_ 1/2 : 
4,(B, a) = /v2)(—2_) (4= )(apy-4 
Ba) = a) ,) (2 eas) 


x {[(n+1) — (n= 1) /q]—[ (2 +1) + (2-1) /er Q(B, & 5 9) }- (4-4) 


Eqs. (4-1)—(4-4) refer to the forward region. The corresponding expressions for 
the backward region will be obvious. 
Noting now that the strongest dependence of 0 and € on @ and 2 is given by the 


exponential factors in eqs. (4-1), we introduce the new variables 
E=in(a/d), r=In(e/4) Ue 


instead of 0 and ¢. In terms of these variables, the one dimensional solution is represented 


in the following simple form : 


2 Lhe = 
ee at Gi ere espe  V/ré (4-6) 
4 2 
n= +4(t—*) (4-7) 
(+ for the forward and — for the backward region, respectively. ) 


When the temperature (y) and the velocity (y) are written as in eqs.(4-6) and (4-7), the nature of 
Landau’s approximate solution’) for the nucleon-nucleon collision becomes clear. That is, if we first 


* Cf. the formula (B-12). This asymptotic ansatz is a very good approximation for high energy 


cases, except the near front region. 
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regard 4,,/~4,,, which is valid in the central region (af), it results from (4-7) and (4-5) that 


t+|x| 


=+}In | } or v=x/t. (4-8) 
U/] “ = |x| y / 
This velocity distribution is just what has been postulated by Landau!) from a rather intuitive consideration. 


Further assuming that 4’s are constants of the order of magnitude of /, (4-6) gives (c)"=1/3): 


i —3(tot+6o—-V t0f0), (4-9) 
with 
t— 
Ty= In erie Aaya Ix! (4-10) 
0 0 
and 


Ay~l (or 4)~d). 


Again, eq. (4-9) is in agreement with Landau’s approximate solution for the temperature distribution. 
(He put 4y~ (d/2) and ty=In(¢t/4))). Thus it is seen that Landau’s approximate solution represents the 
essential qualitative features of the one-dimensional motion rather correctly. We shall remark, however, that 
the correct values of the 4’s are fairly smaller than 4p, and this may affect the quantitative results, of the 
angular distribution say, to a considerable extent (see §7 (v)). 


It will become clear that it is convenient to define a parameter 7 by 
ya v Esc, (4-11) 
Eqs. (4:6) and (4-7) are written as follows : 


ec s 1 ae 
=| —-*© (147%) + ys 4-12 
: | Ee 1472) 44= 9, (4-12) 


gaat (lie). (4-13) 
The range of the possible values of 7 is determined from the condition 0< Pa 


(Oa) for the forward (backward) region. From eqs. (4:12), (4-13) and (3-4), 


for the forward region : 


— e! we «) nest i! 1 +t) 


—( F7a—-4)—-( , (4-14) 
for the backward region : Ni - ; 6) — (1 +e) 
and this gives 
(1—@)/CA +e) S71, (4:15) 


where the left equality holds at the forward and backward boundaries of the non-trivial 
region and the right equality (7=1) corresponds to the central point (v=0). 


To reduce the expressions for the J,’s into a simpler form, we use the approximate 
integral formula (B11) to get 


Q()3, an p) ty 26% 
lin Pin es 
( c) V ic ae (1 +c) 
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i) 
Wn 
Ww 


Q(B, a@3q)~ Beem a 
a 
ata) $ + (1—«¢) 


Then from eqs. (4:3), (4:4) and the similar eqs. for the backward region, we get 


An) ~ 47) /7, (4-16) 
and 
ins 2) 1/2 ; 
MG ae eee ee) A) ee Pog 
V2(1+¢2)7— (1 =<") (l-p7*) alr ( ) 
where 
A, (7) = iia Sati wit) , ‘for forward (4-18) 
eZ, Bee iba 


at te kee y, 


= : for backward (4-18/) 
4 Pore DN ag 


In eq. (4-17) the variable < still remains. In practical problems, its value will be 
determined from y,=In(T,/T,), where T,~m,.c is the critical temperature at which 
the interaction breaks off. If the break-off should take place during the one-dimensional 
motion, + would be given by 


2 2S re |e 
n= |—*22 (1 +7) + a r| Ye (4-19) 


from eq. (4:12). We shall see however, in § 6, that the more consistent value of 7 
is given by 
Hl 
1-77 


which will be obtained when the free emission of particles takes place in the three- 
ay 


TRY 


In(2E,/Mc), (4-20) 


dimensional stage of motion. 

The n-dependence of our solution is thus factorized in the form of 4,(7), which 
is given by eqs. (4-18) and (4-18’). It is here important that 4,,(7) depends only on 
the parameter 7 and n and does not depend on the temperature, y; that is, it does not 


depend on the primary energy, E,. 


We shall remark here that the non-dependence of A4,,(7) om the variable y can be regarded as correct 
so long as we are considering the high energy collisions, where the effective values of y=y- have large 
magnitude. A superficious consideration might suggest that eqs. (4-16)—(4-18) are not so correct ones since 
eq. (4:3) or (4-4) contains the sum or the difference of two terms atnong which one contains Q and 


* The value of ¢ given by eq. (4-20) corresponds to the zeroth order approximation for ct, and con- 
tains an error of some 20-30% in itself. However, this error produces very little influences on the physical 


results of our actual interest. 
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another does not and we have used an asymptotic approximation for the Q. Indeed, we have defined 4,,(7) by 
An=—An (yA) =4,/ (7) /4)’ (7), (4-21) 


and the correct (4,,/4;) is different from the correct (4,,//4)’), and they depend not only on y and n but 
also on y. However, it can be seen that our approximate expression for A,,(7) represents the essential 
features of the results rather well, in so far as we consider the events with primary energies FE) 10!" ev, 
which correspond to |y,!>-2. This will be seen in Figs. 3a, b, in which the approximate expression A), (7) 
is compared with the correct (4,,/4,) and (4,//4;/) for n=3. (cy is assumed to be (1/3)'/*.) In these 
figures, the discontinuity at 7=1 for the correct functions is due to the different way of fixing the coordinate 
origin for the forward and backward regions. (That the approximate A,,(7) is continuous at 7=1 is related 


to the fact that the point at which v=0 always coincides with x=O0 in our approximation.) 


For the latter use, we give here the one-dimensional distribution of the energy and 
the entropy. The amount of the entropy, dS, and the energy, dE, contained in the 


thickness d0 is, respectively, 


0.268 0.5 0.7 1.0 0.7 0.5 0.268 0.268 0.5 0.7 1.0 O57 05 0.268 
P's Pa 
(Fig. 3a) (Fig. 3b) 


The correct (4,,(7)/4i(7)), (dn? (7) /4)/(7)) and their approximate expression A,,(7) (for n=3). 
\y!=2 and 4 corresponds to E)~10!2 ev and 10!5 ey respectively. 


dS=7 a’ (su) do, 
(4-22 
dE=7a’| (E+p)w—p|do, 
where 


= 5 L/ T,) og e= ally dig) piles (4 ° 23) 


are the entropy density and the energy density in the local rest system. Using the 
solutions (4-6) and (4-7) or (4-12) and (4-13), eqs. (4:22) are written as 
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dS~r a 54(dy/2)exp| eRe ey AS )*}ds 
4¢,° ' 


= 2 - lis a) 
=T a’ 5, (7 d,)exp] —~ <0 (1—7)*e}dz (4-24) 


% 


= 
Ss 


dE~ (7 a°/4) (1 +4 )&4, exp wyilo= 4 ( oe es te 4/ ¢ )ta 
Ace 


Wye 


= (2 a?/2) (Ata) &(c- d,)exp | = 3) (1 at SU ee (4-25) 


4cy tices oe 
where we have neglected the smaller terms and used the approximate relation 
dd=A,exp(é)d¢6=27 4,,-exp(7?7) dy. (4-26) 

Eqs. (4:24) and (4-25) show respectively, that, as pointed out by Landau’, the entropy 
is largely concentrated in the region 7 =1, while the energy is concentrated in the narrow 
region 7=(1—<c,7)/(1+c,7), in the (7, ¢) scale. (In the ordinary (t,x) scale, the 
maxima of the entropy and of the energy distributions are both very close to the fronts, 
but the entropy distribution has much larger tail towards the central region.) * 

Having derived several formulae for the (one-dimensional) motion of nuclear matter, 


we shall now proceed to apply them to get the physical results of the hydrodynamical 
theory. 


Part Il 
Applications 


§5. Some results from the one-dimensional solution 


Before considering the three-dimensional motion, we shall discuss in this section some 


important results which can be inferred from the one-dimensional solution. 


5.1 Energy and particle number contained in the progressive wave 


It has been pointed out by Gerasimova and Cernavskij'” that the estimation of 
energy and particle number contained in the progressive wave region has some significance 
for discussing the dynamical properties of secondary particles. Since the calculation is 
essentially the same as theirs, we shall mention here only the results leaving detailed cal- 
culations to be made in Appendix C. 

Denoting by JN, and JE, the number of particles and the energy (in the e. v. s.) 
which are contained in the backward progressive wave, and by N, and 2E the total 


number of secondary particles and the total energy (in the e.v.s.) in the case of a 


* Landau’s statement!’ 14) on this point is not very accurate. He has perhaps overlooked the logari- 
thmic dependence of § and 7 on d=t—|x| and c=t+|z]. 
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nucleon-nucleon collision, we define by 
a= aN; (Nif2); P,=4E,/E (5-1) 


the fraction of particle number and energy, respectively, contained in the backward pro- 
gressive wave. Then using the results in S$ 3 and Appendix A. 1, we get (Appendix C), 


a,= (l/l a, a= (1,/1) @. (5-2) 
B=L/DR,  Pe=(b/DP, (543) 


where the suffix 2 refers to the corresponding quantities in the forward progressive wave, 
and 

ar (1/2) (E,/2 Me) ~~ *40 460? x (1/2) (E,/2 Me) -"* eS 
RE ee’ 


yr Lte ES 2\ -@—V3)/4 
Ces EN TIAN Wee o “o o a (E, 2Mc’) 
I 2 ( we ) Vv 3 / 


refer to the nucleon-nucleon collision.* E, is the laboratory incident energy and 
[= (c7/(1 +a") )d (S*5) 


are the appropriate units of length in the backward and the forward progressive wave 
regions, respectively.** (Cf. Table 2, in which /; and /, are shown for c= (1/3)"*.) 
We note that although ‘eqs. (5-4) are approximate ones, the relations in eqs. (5-2) 
and (5-3) are exact.** The values of a@ and ? are given in Table 5.2 assuming 
a= (1/3).°- 

As pointed out by Gerasimova and Cernavskij™, the actual number of particles 
contained in each progressive wave is nearly equal to one-half in the case of a nucleon- 
nucleon collision and this is independent of the incident energy. For a collision 
with a tunnel of the length n, eqs. (5:2), (5-3) and Table 2 indicate that the number 
of particles contained in the backward progressive wave is roughly equal to n, while the 
corresponding number in the forward progressive wave is practically zero for n>2. As 
for the energy carried by a single particle, we see from eqs. (5:2), (5-3) and (5-4) 
that it is (JE/IN)=f8E/(aN,/2)~fE for either of the backward and the forward 
region. (Note that /7,/a@,=/3,/a,=/a.) It should be remembered, however, that there 
is practically no particle in the forward progressive wave (for n> 2), so that the energy is 
difficult to find its carrier in this region. We may therefore expect that a particle, which 
will find itself largely in the non-trivial region close to the boundary, will carry out about 
such an amount of energy. (Cf. the discussions in § 7). 


* There are some mistakes in the equations of reference!®), 
** See the argument in § 2. 


Hydrodynamical Treatment of Multiple Meson Production Dv 


Table 2. 


Ey (ev) a B | Eg(ev) a B 
a ve = —— ——||——______— —_ pee ee eet ae 
1012 0.104 0.435 | 1016 0.010 0.235 
108 0.059 0.373 | 10" 0.0059 0.201 
1014 0.033 0.320 | 1018 0.0033 0.176 
1015 0.019 0.274 | 
See eet ee tk ee ee ee oe et Pere ee or ee ey Sa 


5.2 Partition rate of secondary particles in wide and narrow cones 


In the study of jet showers, it has sometimes been the subject of discussions whether 
the angular distribution of secondary particles is symmetric with respect to the forward 
and backward directions in the center-of mass systm. In our model there is no such 
symmetry and it will be of some interest to consider how the energy and the particles 
are partitioned among the forward and the backward directions, in the e.v. system. 
Although more detailed behaviour of the angular distribution is discussed in § 6 and § 7, 
our calculation in this sub-section needs only the one-dimensional solution, and can be 
performed with much better accuracy. 

We first consider the approximate formulae (4-24) and (4:25) for the entropy and 
energy distributions, and note that the variables ¢ and f=7"r introduced by eqs. (4-5) 
and (4-11) are defined in each direction separately. Therefore, eq. (4:24) (or (4-25)) 
gives, when integrated with respect to 7 from 1 to (1—c)/(1+«), the amount of 
entropy (or energy) contained in one side of the non-trivial region. Our task is to get 
the ratio of the integral for the forward direction to that for the backward direction. 

If we consider the distributions at sufhciently long after the collision, the variable 7 
is large enough and the exponential factors in eqs. (4-24) and (4-25) have strong peaks 
at y=1 and y=(1—q”) /(1 +c), respectively. Moreover, the progressive wave regions 
will have no important contributions for very large ¢. Therefore, the ratio of the integrals 
for both directions can be obtained by substituting for the parameter 7 in the coefhcient 
Sn 
(1—«¢2)/(1 +47) for the energy), and this can be regarded to include both the non- 


the values at which the contributions are largest (7=1 for the entropy and 7= 


trivial and the progressive wave regions. Now, from eqs. (4:12), (4:13) (4:18) and 
(4-18’), we get, 


for 7=1, (7=0, y=—GT) 
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A,(7) =(n+1)/2, for both forward and backward, (5-6) 
° 2 ie Zag _- =— oh ie 
and for 7= (2) (1 Gs (,=4 +e) T, T+e2 


1: for forward, 
A, (7) = O34 
n: for backward. 


Thus we can infer that after an infinitely long time, the partition rate of particles and 
the partition ratio of energy are given by (note that J,(7) <A,(7), and that entropy is 


proportional to particle number): 
Niseward : Nopackwara =1:1, (5 { 8) 
EE remand : Edward =1:in. (5 . 9) 


The result (5-9) is just what to be expected from the consideration of the momentum 
conservation (see the footnote on p. 248), and we may expect that it will be also true 
for larger n(n >n,). However, we must note that the results in eqs. (5-8) and (5-9) 
are correct only at the limit of infinitely long time. As will be shown just below (eqs. 
(5-11) and (5-12)), the energy ratio approaches the limiting value (5-9) very rapidly 
but the number ratio is slow in approaching (5-8)*. Therefore (5-8) is roughly 
correct only for slow particles in the e.v.s. (7~1), but not for the whole particles. 
Now it is needless to say that those particles which are moving backwards in the e. v. s. 
with large velocities also become slow when transformed into the laboratory system, and 
can be observed in the wide cone. Hence we need a little more detailed calculation to 
get the required partition rate. 

In the approximation used in § 4, the point at which the velocity is zero remains 
to be at the origin. Actually, this point moves slowly with the velocity, v(0), which 
becomes smaller with time. Then, there is a flow of energy and entropy from the 
backward region (v0) into the forward region (v>0), and their amount per unit time 
is given by 


= a°&(T/T,) eo'lv (0) |, dS /dt =za*s,(T/T,) /¢0'|v (0) hs (5-10) 


where T/T, is the temperature at the point where v=0 divided by the initial temperature, 
and za’ is the area of the cross section. Using the expression for v(0) given in 


Appendix D (eq. (D-7)), and T/T,=exp(y), eqs. (5:10) are written as 


* It must be noted also that the assumption of the constant sound velocity used in § 4 can be regarded 
as correct only for high temperature region (T>T,~mxc2, say), and breaks down for lower temperatures. 
(T->0 everywhere as ¢->co). In this sub-section, we are dealing with a hypothetical problem in which co is 


supposed to be constant (=1/,“3) for all the values of the temperature. But our method of calculation is 


such that the final result eq. (5-14) is correct, apart from some approximations made in the course of the 


calculation, so long as we can regard cy=const. for T=T,. 
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dey 
(4 )de=(E/2) 1) 4(—y)exp)d(—9) (5-11) 


dS 
( ) de=(S,/4) (n—1) 9 (—y)d(—9) (5-12) 
with 


g(—y) = 0/27 mA —a’)) (=9) (1 +23) 
2X1 =o’) {—y) 

Here E and S, are, as before, the incident energy in the e.v.s. and the total entropy 
in the case of the nucleon-nucleon collision with the same incident energy. The total 
entropy in the nucleon-nucleus case is S=S,(n+1) /2. 

Eq. (5-11) confirms our previous statement that the limiting ratio (5-9) is attained 
quickly. For the entropy, on the other hand, we now integrate eq. (5-12) from a 
given time ¢ to t=00, and get, for the amount of entropy which moves from the 


backward to the forward direction after the time f, 


pee ge cgay aed AY LL et pub balan ate Sat Sots secs PD in (STs 
oa <= Oa cr ae 


Noting that the total entropy S=S,(n+1)/2 is equally divided in both directions at 
—y= 00, we get for the entropy in each direction at y=y,, 


ly 


i el rr 
10" 107 10° 10" 10° 10° 107 10° (2) 
(Fig. 4a) (Fig. 4b) 


Rn=Nopack/Ntor, where Noack and Neor stand for the number of the particles emitted backward 
and forward respectively, in the equi-velocity system. LE is the incident energy in the laboratory 


system, and n is the number of nucleons in the tunnel. 


~ 


S(—ye) =S,(co) — dS(—y- — ——AdS(—y,), 


AS 9), 


Nie N 


5 y,) = Sie seas 59) =" 
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where the suffix f stands for “ forward” and 6 for “ backward BY Using eq O713); 
and again noting that entropy is proportional to particle number, we obtain the following 


result for the required number ratio 


N=) _ (+1) +1 f(—y)_ en 


ay Gl 
with 
f(—9) = 0/78 + A) G13) 
— 3 peli j _— for. = 1/3. cat 
— eae tht Saree thoatakin 


The ratio R,, is nothing but the ratio of particles contained in the wide cone to those 
contained in the narrow cone, provided that these are distinguishable experimentally. The 
values of R,, calculated by eqs. (5-14) and (5-15) are shown in Figs. 4a and b for 
several values of the incident energy.* (For the values of y, in eq. (5-15), we use 
eq. (D-8) and Table D.2 in the Appendix D.) In these figures, our original one- 
dimensional solution cannot be used for n>3.73, and the dotted curves, which are also 
calculated from eqs. (5-14) and (5-15’), will probably represent the lower limit of R,, 
for 3543? 


§ 6. Energy spectrum and angular distribution of secondary particles.** 


In the initial stage of the expansion, the motion of the nuclear matter can well be 
considered as one-dimensional, since the matter is initially concentrated in a very thin 
circular plate. The distributions of energy and entropy in this one-dimensional stage have 
been given in § 4. 

The subsequent three-dimensional motion of the fluid can be solved only approxi- 
mately and we shall closely follow Landau’s treatment.’ 

Consider a particular element of the fluid which lies at distance 0 from the front, 
when the transverse spread of the system is 6. The element is always under the action 
of the transverse force which will spread out the system sidewards, as well as the longi- 
tudinal force which will accelerate the element. The fomer force will be roughly pro- 


portional to 1/6 while the latter to 1/0. Then, as long as the scattering angle is small, 


* The accuracy of our calculation was checked by the numerical calculation (graphical method, cf. 
Appendix A. 3) in the case of n=2. The following figures show that our calculation in this sub-section is 
sufficiently accurate for practical use : 


Numerical calculation: Ro (2.35) =1.4, Ry (4.85) =1.2, 


Eqs. (5-14) and (5-15’): Ro(2.35)=1.41, Ro(4.85) =1.25. 


The accuracy can also be estimated from Table D.1 in Appendix D. 


** In this section we put cy=1/)/ 3 for simplifying the expressions. 
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the ratio of the velocities perpendicular and parallel to the x-axis will be given b 
Mv, /4v,,~9/b. ‘ i 

Nie the free emission of particles will take place during the three-dimensional 
stage since the cooling of the system is most appreciable in this stage. But the action 
nf the transverse force will become rapidly small after the moment at which the three- 
dimensional trend of motion predominates over the one-dimensional. Then the emission 
angle 4 will be mainly determined during the one-demensional motion, and the final angle 
4 will be nearly equal to the angle at the end of one-dimensional motion, which differs 
for each portion of fluid. 

On the other hand, it can be shown™ that the quantity 0 for a particular element 
approaches rapidly to a constant in the three-dimensional stage. From these considerations, 


it follows the angle # of the particular element is given, roughly speaking, by 
O~0/a (for 0<1) (6-1) 


and this is kept approximately constant during the three dimensional (conical) expansion. 
We shall further rewrite eq. (6-1), after Landau 
particles which will be emitted with /~1. That is, hereafter we use the 


1 Ay 
®, so that it includes also those 


“ee 9? 
ansatz, 


Fan ( 0/2) 0 fa. (6=2)* 
We shall now consider how our parameter 7 is related to @. 


i) Connection between @ and y. 


From the equation db/dt=vl=0, which determines the transverse spread of the 
element, and from (6-2), we have (¢=¢-+ |x|~ 28) 


bat (0€/a), (6-3) 
where a is the value of 6 at t=0. As mentioned above, the three-dimensional motion 


becomes appreciable when the second term of eq. (6-3) becomes of the same order of 


a. Thus we connect the one-dimensional solution with the three-dimensional one at this 


moment ¢,, where 


eR (6-4) 


(Hereafter we use the suffix 1 for every quantity to indicate its value at this moment.) 


On the other hand, it follows by definition that (cf. §4), 
d= (6,/r)exp[77—1) |. (6-5) 
From eqs. (6:4) and (6-5) and (=4e", we get 


6/471) =exp(t;) 


* In the following, @ should be replaced by z--0 for the backward region. 
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41 


where 


tan@/2 | 


10% 
Lor 
10 
10° 0.3 
y 7 
Fign, Dy 38 Fig. 5, b 
y is the parameter introduced to simplify the description and connected with tan 6/2 by the fig. 
5a in the case of nucleon-nucleon collision. In the case of nucleon-nucleus collision we must 
multiply the factor in Fig. 5 b to the curves in Fig. 5 a. Ey is the incident energy in L. S. n 
is the length of penetrating tunnel measured in unit of the nucleon diameter. 
L(E,, 7) = (2E,/Me) (a (47 -1—7*)t7/(14+7)*} 
~ (2E,/Mc)|n(2E,/Mc) 
Keng ley Pe) Cn 4 (Sez) = 
and 


B, (7) = (1/42 (7)) (1) /t (7)) © (A (7) >. (6-7') 


* The variable ¢ in eq. (6-7) is approximated by t=1/(1+7°) + In(L-B,,) ~1/(1+ 72) In: (2Ep/Mc®) 
(see the statement in the footnote of page. 253). 
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Eq. (6-2) is then written as follows, 


tan 0/2= (1/7) -[L(Eq, 74) By (71) | PO (6:8) 


Thus, the angle @ is expressed in terms of the parameter 7 and n (Figs. 5a and 5b). 
The factor B,(7), defined by eq. (6-7’), is such a function of n and 7 that becomes 
identically unity for n=1. Eq. (6-8) then means that the relation between 4 and 7 
for n>1 is obtained from that for n=1 by multiplying the factor [B,(7) | ?"°*™, 
which is shown in Fig. 5b. 


li) Energy carried by a single particle and the transverse component of momentum. 


We shall now try to get several formulae for various dynamical properties of secon- 
dary particles. First, we consider the energy E,,, carried away by single particle in the 
CAV 6S. « 

Noting that the thermal energy participated for a single particle in the local rest 
system of the fluid element is €/, and that the momentum distribution is isotropic in 
this rest system, we get in the e.v.s. in which the element is moving with the time com- 


ponent u of the four-velocity, 


E= (E/) u= (€o/%) (T/T) a. (6:9) 


Since the energy density (~€&u") and the entropy density (su) in the e.v.s. are kept 
approximately constant at the stage of conical expansion™, and since / is proportional to 


s, we can infer that E,, is determined at the time ¢, and is kept on constant. Therefore 
En, (€o/ po) (T1/T 9) 4, (6:10) 
or (see Appendix E, we shall hereafter omit the sufix 1 on the parameter 7), 


En _ mw (1/8) (Ey/2M2)""(5.4~6.0)[L-B, }eo ser ean 


where the lower and upper limits of the numerical values in the right-hand of (6-11) 
correspond to Tp=(0.7—1.4)m,c. (For the numerical calculations below, we used 6.0.) 
k is a numerical constant (we take k~2) which will be determined from experimental 


data on the total multiplicity. (Figs. 6a and 6b). 
The transverse momentum is obtained as cP); YE,, sin 4 and the result is 


p1/m,c~ (2/k) (E,/2Me)'""(5.4~6.0)7~"” 
LEB ee ge (6- 12) 


. 10) 
* This is inferred from the conservation of energy and entropy flow through the cone. See reference!®). 
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Fig. 6, a Fig. 6, b 


This curve shows E,, versus 7 for n=1, where E,. is the energy of secondary particles in the 
e.v.s. By making use of the curve in Fig. 5, we get the relation between E,. and emitted angle 
0 in the e.v.s. In the case of nucleus collision we must multiply the factor in Fig. 6b to the 


curves in Fig. 6a. 


iii) Angular distributions of particles and energy; Energy spectrum. 


The distributions of particles and energy at the moment of free emission can be 
estimated by substituting the value tT, of eq. (6:6) and the value 7, for the variables 
and 7 in (4:24) and (4-25). Here we have again assumed that the essential feature of the 
distributions is determined at t,, which corresponds to the beginning of three-dimensional 


motion. Thus we get, 


dN Uc a [Dae (6-13) 
dy (1+7°) 
dE ATs ‘dius wer B,, [7812-84 +5) foc 19) (6-14) 


dj +7") 
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where C and D are constants depending on the incident energy : 
C~27 bP ap In(2E,/Mc), (b,~24) 
=8 N,(E,/2 Mc’)"? In(2E,/Mc) =8k(E,/2M)*!*In(2E,/M2) (6-15) 
Dw (2/3) 6? a&,In(2E,/M¢) 
= (8/3) E,In(2E,/Mc). (6-16) 


Numerical results for the 7-distribution of particles are shown in Figs. 7a and 7b. 


iy : ue the OG TIOFO SOG OTOB ODT OFOB0705050403 
Fig. 7a dN/dr versus 7 curve for n=1. The regions shaded and cross-shaded are non-trivial 
regions in which the Ist and 2nd particle of greatest energy are contained, respectively. In the 
case of nucleon-nucleus collision we must multiply the factor in Fig. 7b to the curves in Fig. 7a. 


We get, for example, the curves in Fig. 9 at the energy E)=10'* ev. 


To get the energy spectrum of secondary particles (in the e.v.s), we use E,, oc exp 
[ (1 —57°+27)7,/6], and this gives, 
dba /dy—|\(1 57) 732 |°t,- En. 
Therefore, from eqs. (6-13), (6-15), (6-17) and (4-20), (6-17) 


yy) —1 
ma (N/dBq) = 27) (In ey) (Omae/E) (AN /dr) 
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The energy spectum in e.v.s. of secondary particles 

(a) dNi/dEx versus 7 curves, for n=1. 

(b) dN/dEx versus E curves, for n=1. 

(c) In the case of nucleon-nucleus collision we must multiply 

the factor in Fig. 8c to the curves in Fig. 8a. 


(6-18) 


This is shown in Fig. 8a. 
The curves in Fig. 8b are 
obtained by eliminating 7 from 
eqs. (6:18) and (6-11). The 
n-dependence of the energy 


spectrum is given by 


es I dN 
dE, nm dE. /n—1 
= B.(y) ate or ea 


(6-19) 


and this is shown in Fig. 8c. 

The angular distributions 
of particles and energy are 
obtained from eqs. (6-13) 
and (6-14) if we connect 7 
with @ by eq. (6-8). Here 
we should like to say once 
again that the three-dimensional 
motion has been treated only 
approximately, and the results 
for the angular distributions 
indicate only the qualitative 
features, particularly because the 
relation (6-8) between 7 and 
6 isarough one. (The same 
should be stated for the 
transverse momentum, eq. 
(6-12).) However, we can 


expect that the results for the energy spectrum (Figs. 8a-8c) will be more accurate, since 


we need not use eq. (6-8) to calculate it. 


§7. Summary of results and discussion 


We shall now discuss some physical consequences which can be inferred from our 


calculations in §§5-6, thereby comparing some of them with the experimental knowledge. 
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i) Effective inelasticity 


In the Fermi-Landau theory of multiple production, it is assumed that all the inci- 
dent energy is used for the production, and therefore the inelasticity parameter is just 
unity. It is however one of the most significant consequences of the hydrodynamical 
theory that very few particles which are emitted in a narrow angle in the laboratory 
system carty away most of the available energy. Then such a fraction of the energy 
may be interpreted as giving the effective elasticity, since each of such high energy parti- 
cles will produce again the secondary shower of almost the same size as the primary 
event, and one could not distinguish this high energy secondary from the primary particle 
after the collision which suffers some energy loss.* 

We have already estimated in §5-1 how much portion of the total available energy 
is carried away by the progressive wave, which corresponds to about one-half of particle 
in the case of a nucleon-nucleon collision. Therefore, the non-trivial region close to the 
front must share the remaining one-half to form a particle. The range of the parameter 
7 is occupied by this fraction of particle and the range for the next one particle is shown 
in Fig. 7a.** Then from this and Fig. 6a for E,, we can estimate how much of the 


energy is carried away by these two particles. The results are summarized in Table. 4. 


Table 4. Energy carried away by the first two particles of greatest energy, in the case of the 
nucleon-nucleon collision (n=1) and nucleon-nucleus (n=2) collisions. 


10!2 1014 1016 1015 


Incident energy in the L. S. (ev.) 

n=1 The fraction of energy carried by the first 58 45 33 25 
particle of the greatest energy. (%) 
The fraction of energy carried by the next 22 19 15 11 
particle of the greatest energy. (%) 

n=2 The fraction of energy carried by the first 49 37 28 22 
particle of the greatest energy. (%) 
The fraction of energy carried by the next 16 14 12 10 


particle of the greatest energy. (%) 


The situation will be somewhat different in the case of a nucleon-nucleus collision, 
where there are fewer particles in the forward front region than in the case of n=1 
(see §5-1 and Fig. 7b), while the values of E, in the forward non-trivial region is not 
very different from those of n=1 (Fig. 6b). Therefore, there will be the tendency that 
the average energy of the fastest particle in the case of nucleon-nucleus collisions becomes 
smaller than that of the nucleon-nucleon collisions. Such a possibility may be fairly large 


for lower energies (E,~10" eV, say), and this will result in the increase of the effective 


* In emulsion data, we may estimate the inelasticity from other low energy, and rather large angle 


particles which contain almost all of the secondary particles. This definition of effective inelasticity is con- 
venient for the experimental analysis. 


** y is a theoretical parameter which is approximately proportional to Intan 0/2, where 0 is the angle 


of emission in the equi-velocity reference system (see §6 i) and Figs. 5). 
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(or apparent) inelasticity.* This is also shown in Table 4 for the case of n=2. 
ii) The transverse momentum. 


Recently, J. Nishimura" pointed out that the analysis of the transverse component 
of momenta carried by the secondary particles emitted from the jet showers is a useful 
mean to judge the theory of multiple meson production. According to his analysis, 
various events so far published yield rather constant values of about 100 to 2,300Mev/c 
for this quantity, for fairly wide range of the incident energy (10''~10"ev). We shall 
therefore consider here what values of the transverse momenta will be obtained by the 
hydrodynamical theory. 

From (6-12) 


P26 (2/k) (Ey/2Mey( 242), for pa 
mM, C Se 
Cal) 
1 
cae for | 7 


| 
isl 


~ 6 (2/k) (Ey/2Me)""} 


n 
or numerically (we put k=2) 


p12 m,c~2 Gev/ce, for E,=10"%~10" ev 
(7-2) 
~4Gev/c, for E,=10" ev, 
and we see that the transverse momenta depend only slightly on the length of tunnel 
and on the angle (7), as well as on the incident energy. 

The above value of the transverse momenta is due to the hydrodynamical motion, 
and this will be overlapped by the fluctuation due to the thermal motion. The latter 
is estimated to be about 2m,c~300 Mev/c (cf. Appendix E). 

Thus our theory yields about 1 to 3 Gev/c for the transverse momenta for E,= 
102~10"ev. These values are somewhat larger than the experimental values of Nishimura’s 
analysis, but may not be said to contradict with the experiment, since our treatment of 
the emission angle was a rather crude one. It is certain, on the other hand, that the 


high-temperature equilibrium hypothesis of Fermi will give much larger values.** 


iii) Energy spectrum of secondary particles. 


As mentioned already, the results for energy spectrum is more reliable than the re- 


* This consequence may be interpreted as follows: At the beginning of the process the individual 
collision between nucleons will occur successively, but after the moderate time the decay or emission of mesons 
begins in each portion, so the smaller the decay time and the larger the length of the tunnel, the larger is 
the inelasticity. The ratio between the collision time and the decay time will be roughly proportional to the 

collision time for nucleus n(M/w) 


~ , and this figure will give us some 
decay time for nucleus E,}/4 (Lab. Bev) . g 8 


length of the tunnel n 


critical measure for the inelasticity. 
** The smallness of the (hydrodynamical) transverse momenta is due to the fact that the longitudinal 
change of pressure is more predominant than the transversal one. The mesons are so close together and each 


particle has much larger longitudinal momentum than the transverse momentum, and the collision occurs 


mostly in the longitudinal direction. 
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sults for angular distributions. In § 6, we have given the result only in the e.v.s. 
(Fig 8), but they may be easily transformed to the laboratory system. The remarkable 
consequence of our theory is that the energy spectra for large n show marked asymmetry 
between forward and backward directions in the e.v.s. (Fig. 8c), and this results in the 
relative increase of low energy secondary particles in the laboratory system as compared 


with the case of nucleon-nucleon collisions. 


iv) Angular distribution of particles ; symmetry in the c. m. system. 

From the usual individual collision model of inter-nuclear jet cascade, in which the 
final interactions between produced particles are neglected, we may expect that both the 
energy and the particles are divided with the common ratio 1:n between forward and 
backward regions in the e.v.s. In our hydrodynamical model, however, we have seen in 
§5-2 that some particles change the direction of flow during the expansion of system, 
and that ithe above ratio for particles between 1: and 1:1 (see Fig. 7). Although 
the hydrodynamical theory is still lacking a firm foundation, such a complex behaviour 
of secondary particles may be considered as an effect of the final interactions. 

The above mentioned result also means 
that the wide cone contains more particles 
than the narrow cone, and that our model 
does not predict the forward-backward sym- 


metry of number distribution in the c.m. 


ames system. Therefore, the usually employed 
4. 


a ‘“half-angle method” of estimating the in- 
pee “4 cident energy will become questionable. We 
"5 shall then examine how much of the error 
we will become questionable. We shall then 


\ Bey i : 
hci wit ant examine how much of the error will be 


committed for the incident energy by the 


Lo half-angle method, when the actual nucleon- 


nucleus collisions should obey our model. 


= Denoting by (/, and Y_,» the laboratory 
SS 
SS angles which contain the fraction F and 1—F 


; of particles respectively, we get for the 


“ 


Fig. 9. ‘apparent incident energy” in the laboratory 


dN/dy versus 7 curves, for Ey)=10!2 ev and several system. 


n values. The scale of ordinate axis is arbitrary. 


“E,?=2Me/(8p-0,_»). (7-3) 


This “ E,” coincides with true E, if the angular distribution has the forward-backward 


symmetry in the c.m. system. In (7-3), Up and /,_» are obtained by the transforma- 
tion formula 


tan Y= (2M/E,)"” tan(@/2), (7-4) 


if E, is fixed, and 4, and “,_, (angles in the e.v.s.) are determined. 
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We shall take here the case of E,=10"ev, as it lies in the most familiar energy 
region for emulsion experiments. 6, and (,_, can be obtained from Fig. 9, where the 
(dN/dy) vs. 7 relation is shown for various n, and from Figs. 5a and 5b. The results 
of calculation are shown in Table 5, where we have defined E,/ and E,/’ by 


Ef =2Me'/(,)2)*, Ey =2M2/ (O44 Osy4) - (7:5) 


It is seen from this table that the formula (7-3) gives somewhat smaller values for 


incident energy than the true one. The discrepancy is larger for larger n, as is to be 
expected. 


Table 5. Discrepancy between the true and apparent incident energies in the laboratory system, 
for true Ey=10!2 ev. Ep’ and E)’’ are given by (7-5). 


n E) (ev) E)’” (ev) 
1 10” 10! 
2 4.0101! 4.110% 
3373 2.1 x 101 2.4x10'! 


Next we shall consider Kaplon and Ritson’s method” of examining the symmetry in 
the c.m. system, which is to plot the normalized integral angular distribution in the 


laboratory system 
F(O) =|" (dN(0") /d0") (d5"/N) (7-6) 


against log % (N is the total number of 
shower particles.) It is easy to see that, if 
the distribution is symmetrical between forward 
and and backward directions in the c.m. system, 


Ee : ; . 
pag then the plot is symmetrical under the reflection 


through the point P(F=1/2, log Hj). (cf. 
: Fig. 10). As their data showed this sym- 
log? * metry, Kaplon and Ritson” regarded it as an 


Fig. 10 (not unique) evidence in favour of the sym- 


F(O *) Pi Gee 


* 6* 
log? * y Ab ‘de log : 
Paes i0s- eve n= 2 b Eo = 10" ev, n= 3 


Fig. 1la Fig. 11b 


metrical distribution in the c.m. system. 
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Figs. 1la and 11b show the same plot from our theory for n=2 and 3, where 
again E,=10' eV was chosen. It may be seen that each curve also shows neatly sym- 
metrical behaviour through a point. (The edge parts cannot be given because our 
approximation for the ;-tan(4/2) relation is bad for /~0 and J~z.) That is, our 
model, which does not predict the symmetrical distribution in the c.m system, ts rather 


consistent with Kaplon and Ritson’s experimental result. 


These circumstances may be understood as follows. From (7-4), we get (tan# can be always approxi- 
mated by #), 


log J=log (2Mc?/E)'/*+ log tan (6/2). (7-7) 


It is, however, seen from Figs. 5 that logtan(0/2) has a practically linear relation with the parameter y. We 
may therefore replace the abscissa of Figs. 11 by 7, and we may as well consider the P= (dN/dy’) (dy’/N) 


ys. 7 plot. On the other hand, we see from Fig. 9 that the point of F’(y)=4(7=71/2) lies close to the 
maximum point of dN/dy—y curve, and that the main part of the curve is approximately symmetric about 
this maximum point. Even if the actual curve deviates from the symmetry, it produces only small influences 
when we consider the integral ({(dN/dy)dy). Thus we may get a F’(y)—y7 plot which is very nearly 
symmetrical with respect to the reflection through the point (F’=3%, y:/2), and a similar F() —log # plot. 


v) Angular distribution of particles; the anisotropy parameter of Kaplon and Ritson 


In order to measure the deviation from isotropic angular distribution in the c.m. 


system, Kaplon and Ritson” further introdued the quantity X, which is defined by 
eee (7-8) 


where x= (0.,,/0,,,4) and x, is the value of x for the isotropic distribution in the c.m. 
system. (Larger deviation from isotropy corresponds to larger X.) 

Our theory gives X as a function of E, and n, and the results of calculation are 
shown in Figs. 12a and 12b. Fig. 12a shows for n=1 how X increases with increas- 
ing the incident energy, and Fig. 12b shows for a given incident energy (E,=10"ev) 
how X decreases towards unity with the increase of n. 

We will not enter into detailed comparison with experimental data (Kaplon and Ritson”) , 
but it seems to be important to remark that the calculated values of X are rather sensi- 
tive to the precise determination of 4, which has been defined in § 4. As mentioned 
there, the exact values of 4 are fairly smaller than 4,~d/2 used by Landau™, and this 
difference can give large influences on the quantitative results of some dynamical proper- 
ties of secondary particles, in particular on the angular distribution. * 


These circumstances may be seen clearly in Fig. 12a, where X calculated from Landau’s 


* In Landau’s formula for the angular distribution (cf. reference!) 


dN/ddA~exp(V L?—22), A= —In tan(@/2), (7-9) 


L becomes larger than L=} In(E)/2Mc?) used by Landau, if we use correct values for J. Thus, using the 


correct 4 requires a smaller value of Ey) (smaller by about two orders of magnitude) to get the same angular 
distribution as given by (7-9). 
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(isotropic) 


1029 10 10% s0t 102° 


1 B 3 4 


(ev) 


Ep 
(Fig. 12a) (Fig. 12b) 
Fig. 12a. X versus Ey curve, for n=1. x/x;, where X= (J3/4/01/4) and J; is the angle in laboratory 
system which contains the fraction F of particles. Ey is the incident energy in L. S. 
Fig. 12b. X versus ncurve, for Ey=10!2 ev n is the length of penetrated tunnel measured in the 
unit of the radius of nucl eon. 


approximate formula (7-9) is drawn by a broken line. We can see that in order to 
get a given valuse of X, the value of about one hundred times the correct value is re- 
quired for E, if we use (7-9). (For instance, X=8 corresponds to E,~10" ev by the 
full line and to E,~10" ev by the broken line.) 

Therefore, we should like to say that the analysis of Kaplon-Ritson’s data by Rozental’ 
and Cernavskij”, in which Landau’s approximate formula for the angular distribution was 
used, should be considered as a rather crude one**. 

However, there will be large fluctuations in the cosmic ray data, which would disturb 
the more detailed discussions on these points. We hope, inconcluding this paper, that 
future experiments would furnish us with more abundant and reliable data. 
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* What was actually analysed by Rozental’ and Cernavskij) includes the data on nucleon-nucleus 


collisions. But it is easy to show that their procedure to extend Landau’s formula (7-9) to the nucleon. 


nucleus case gives also smaller X than the curve in Fig. 12b, 
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S. Takagi, Dr. D. Ito, Mr. K. Mori, and Mr. Y. Nishida for their continual discussions 
and encouragements. Prof. Z. Koba and Mr. T. Yoshimura kindly took the trouble of in- 
forming of and translating the Russian papers for us. Two of the authors(C. I. and 
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Appendix A. Solution of the one-dimensional problem 


A,1. Progressive waves 


The one dimensional equations of the relativistic hydro-dynamics can be written in 


the following form.’” 


Oa v—c, Ja 

a ge =) A-l 
Ot 1—vc, Ox : 
Op , vtq oP 
BEE oe tee See A-1/ 
Ot 1+vc, Ox 

when we introduce varibles a and # by 
p=—7—A(y). (A: 2’) 


Here the quantities c, (the sound velocity) and A(y) are given by 


i Gece 


(£T), 1g) =| @/e), (A:3) 


in our extremely relativistic case (T'> 4, where yz is the chemical potential).* It is easy 
to see that (A-1) and (A-1’) reduce to da/ds=0 and d3/ds=0, respectively, along 
the characteristic curves, whose directions in (t, x)-plane are specified by, 

dx/dt= (v—«) /(1—ve) (A-4) 
and 

dx/dt= (v-+c) /(1 +vq) (A-4’) 


respectively. 


* The general definition of 4 is 
Ae) =\dev f ©) +f) 
where p=f(e) is the equation of state.2° In the Opposite extreme case (T<y), we have, instead of (A-3) 


a=lev(dole), —«?= (ol) (dulde), 


where p is the particle density. . 


Aydrodynamical Treatment of Multiple Meson Production 275, 


The disturbance is said to propagate as a progressive wave when either the a or the 
8 is kept constant over a region of the fluid. In our problem, it is intuitively expressed 
as such a region that the characteristic relation in it at the instant of the outflow does 
not suffer any influence from the behaviour of fluid in other regions. 

Let us assume, for instance, that a=a,=const. Then from (A-2) and (A-2’) 
we have S=a,—2y, and eq. (A-1’) is written as 


On/Ot+I'(y)0n/Ox=0, L(g) =e) (va). (A-5) 
where c, and wv are regarded as functions of 7. The general solution of eq. (A-5) is 
x=I'(q)t+f(q); (A-6) 


where f(y) is an arbitrary function of 7. 

The value of a, is determined from the initial condition. As will be described in 
detail in. A. 3, we can choose a=0 for the backward progressive wave. On the other 
hand, f(y) is determined from the choice of the reference system so that the progres- 
sive wave is at x=x, for t=+t,, Thus we have, for the backward progressive wave, the 


solution 


pe ee tinsel = 0 (A-7) 


Wenge — OA (F =f) for p=0 GE) 


for the forward progressive wave which will be present in the case of small n(n< ng). 


A,.2. Derivation of eq. (3-8) 

We shall now consider to solve the differential eq. (3-7). Hereafter c is assum- 
ed to be a constant, and @ and f are defined by eqs. (3-4). 

Substituting the relations (3-2) in eqs. (A-7) and (A-7’), the boundary conditions 


for the potential % are obtained as follows : 


aac —=«) (t, 4x, )e%G- eo? _ el + cy) (Guyer ot for a0) (A: 8) 
2 =4[ 0-4) (tox, co? — Gl +n) (teeter ema tuek oath for B=: (A- 8’) 


Since each of these equations has a simple form, containing only one variable, they 


can be integrated along the respective axis (a=0 or f=0) ;* and after some calculations 
we get 


* The main reason by which we had to restrict ourselves in the cases n<n, is that the boundary 


: : << 
condition can not be expressed in such a simple form for n>n¢. 
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0x BY Salty (eh 2 eM) are tee (A-9) 
y(a, 0) =4 Resta." Lig 8 SD ar) +x, (e7?* —e~™ r (A-9/) 


where ¥ is related to 7 by eq. (3-6), and the arbitrary constant for the potential is chosen 
as ¥(0, 0) =0. 

After such procedures, the solution of eq. (3-7) is straightforward. We shall use 
the Riemann’s integral method for the characteristic initial value problem for the hyperbolic 


partial differential eqations”’. The Riemann’s function belonging to eq. (3-7) is 
a(4, ba, p) =i (25~ (a= a) (F=5)), (A-10) 
where [,(x) is the zeroth order Bessel function for imaginary argument, and the solution is 


7(a, 2) =7(0, 0)v(0, 0; a, ?) 


+)" da v(a, 0: a, 8)¥.(4, 0) 


+{" db v(0, 6; , B)¥,(0, 6). (A-11) 


In our particular case ¥(0, 0) =O and 7,(a, 0) and 7,(0, 6) are obtained from 
(A-9) and (A-9’). Thus eq. (3-8) is obtained with 


F(a; ty %))=Yn(a, 0) and F(bst, —x)=7,(0, 6). — (A-12) 


A.3. Graphical method of solving one-dimensional problem 


We describe here a method of solving the equations (A-1) and (A-1’) graphically 
by following up the characteristic curves (C.C.’s hereafter)*. The directions of C.C.’s 
at each point on the (¢, x)-plane are determined with the help of equations (A-4) and 
(A-4’) when v(or y) at the point is given and a or # is kept constant along a C.C. 
as was described in A. I. 

Fig. A. 1 shows the schematic behaviour of C.C.’s on the (t,x) —plane, in the 
case of n=2. Each of the moments 4, ¢,, etc., corresponds to the same one in Fig. 2. 
The line of shock waves are represented by a broad line, and the C.C.’s along which a= 
const. and /J=const. are represented by full and dotted lines, respectively. 

We investigate first the behavior of C.C.’s at the moment just after the arrival of 
the shock wave at the left end of the nuclear matter (x,), when the nuclear matter is 
just going to flow into the vacuum to the left ; and shall find a suitable initial condition 
imposed on the state of the nuclear matter at this moment. (See fig. A-2) 

Though v=0 and T=T, everywhere in the nuclear matter except at x,, at this 
point x,, where the nuclear matter is in contact with the vacuum, the nuclear matter is 
going to flow with the light velocity and the energy density is zero, ie. v=—1 and 
T=0. So we shall connect the region where v=0 and T=T, with the point x, with 
the help of an infinitesimal region and impose on it the initial condition which assures 


* The application of this method to the problem was first suggested by Prof. Z. Koba. 
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a progressive wave to appear in the region where the matter flow to the left is not yet 


affected by the matter flow to the tight, which takes place after the arrival of the shock 


wave at the right end x,. 


N \ 
nd \ 
—S 
\ NE — 
i wed non-tr 
NY ME ——— 
\ NE == 
oe = = == 
Ny Vas hea 
N Kes a= 
a = 
Ne 1 ees 
‘ a 
xe \—+/ 
aS 
\ 
t x 
Ne 
XN 
— 
SS 
» 
Sy 
wn = 7 (iii) ti 
coat (iy) 
Fig, A 1. 


infinitesimal 
region 
Fig. Ay 2: 


point a® 


Upato the point*z,77=0, 1, 
i.e. y=0, 7=0; and at the point x, 
v=—1, T=0,ie., y= —CO, y= —O; 
so the C.C.’s start from the points 4 and 
xy as is-illustrated in Fig. A. 2. “The 
initial condition (the distributions of v 
and T, i.e. of y and 7) imposed on the 
infinitesimal region between a and x, 
determines the directions in which each 
of the C.C.’s starts from each point 
between a and %. 

In setting up the initial condition, 
we notice the fact that both at the 


point x, and in the region up to the 


V3 y—Hn= —a=0. 


Then we find that the initial condition we need is to require the above relation to hold 


also in the infinitesimal region between a and %,. 


To see this we take two C.C.’s, one 


* For definiteness, we put c=1/)/3 in this sub-section, 
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(CC, ) starting from a point, say 6, in the region between a and x,, and along which 
—f=V3 y+y=const= — 8, 

and another (CC, a) starting from a point right to b, for example a, and along which 
—a=V3 y—7=const=0. 


Then at the crossing point of the two C.C.’s say c, hold the simultaneous equations, 


V3 ytn= —f, 
V3 y—=0, 


which determine the values of y and 7 at the crossing point. It is easy to see that 
these simultaneous equations are the equations which determine the values of y and 7 at 
the point 6, and y as well as 7 has the same value at b and c. Hence the CC, 3 does 
not change its direction and the region of “ 3 y—7=0 (progressive wave) appears (only 
CC, /?’s and not CC, a’s are straight lines in this case). 

Many full lines starting from 
the point x, in Fig. A-1 are those 
which start from such infinitesimal 
region as mentioned above. Dotted 
curves are discarded since we do 
not need them in getting the actual 
solution. At the point x, the same 
procedure is introduced, the only 
difference being the reversion of 
the role of @ and #. 

After the time t=t,, CC/’s 
strating from x, meet with CCa’s 
starting from x, along which a0, 
and both CCa’s and CC's begin 
to curve. Hence the non-trivial 
region appears where both CC’s are 


curves. 


In the non-trivial region we 


can follow the CC’s only ap- 


Fig. A, 3 
C’ (or D’’) represents the line whose gradient is the mean 
of the gradients of the CC’s at O and A(or B). 


proximately. (See Fig. A-3) Sup- 
pose we know the values (y’, 7’), 
(y’", 9") of y and 7 at the points 
B(x’, t'), A(x", t’’), so we can get the values of y and y at the crossing point O of the 
two CC’s, one (CC’ a) starting from the point A and another (CC’ ) starting from 
the point B, by solving the smultaneous equations. Next, to find the crossing point 


O(x, t), we approximate the small part of the CC’s OA and OB with two straight lines 
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(C’ and D’) whose gradients coincide with those of CC’s at A and B respectively and find 
the crossing point of the two straight lines graphically or numerically. If better approxi- 
mation is needed, we can use as the gradient of the straight line not that of the CC 
at A (or B) itself but the mean of the gradients of the CC at O and A(or B). This 
procedure corresponds to approximating the curve OA (or OB) by a symmetrical curve 


(e.g. a part of a circle) between O and A (or B). 


Appendix B. Some formulae about the integrals involving I,(z) 


B.1. In the course of deriving eqs. (3-11) and (3-12) from the solution (3-8) for 
the potential 7(a, /?) and the relations (3.2), which are now rewritten as 


t+x= a (1/c,)exp(pat+q/) {1 aay al (1 =) %5 2257} ry 


(B-1) 
t—x= — (1/q)exp(qa+pP) {A—q@) ¥e+ A+) ¥s +257}, 
we need to calculate the derivatives (AJ/da) and (AJ/0%) of the integrals 
J(@, B3rn)=\ dal,(2sv (a—a)f)exp (—ra). (B-2) 
(r=p, q, 5) 
Using the power series expansions for the functions [, and [, 
W(2s¥ (@=aB) =>) (aah, (B-3) 
m=C 
rf it oo 2m +1 
GE@s (a- a) 2) ees s 9 a aye (B-4) 
Y (aap mm! (m-+1)! 


and making use of suitable integrations by parts, we obtain easily the following results : 


ae =],(2sV af) —|" daI,(2sV (a—a) B)e-*, (B:5) 
ai I, NOT 9 a . 
ae \a a sda l(2sv (a—a) p)"t, (B-6) 


and similar ones for J(?, @; 1), which is obtained by interchanging a and Bin eq: (B:2)2 
The first term in eq. (B-6) does not contribute to eqs. (3°11) and» @G*12)> We 


shall also note that there are following relations among the p, q, and s from their de- 
finition in eqs. (3-10) : 

(1—q) p+ (1 +4) —2sp=(1+4) 9+ (1G) 8 —25q=0, 

(1+) p+ (1—c) 8 —25p=2cop 

(=o) @?+ A +q)9%—25q=2%9, etc.. 


B.2, When p and g are arbitrary constants, the following formula is obtained : 
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% 
i 


—p|" da i(2¥ pq(a—a)B)e™ —q{, db1,(2¥ pqa(P—b) e™ 


=e 0+) __ 1 (2 pga), (B-7) 


and this can be used to reduce two integrals in eqs. (3:11) and (3-12) into one 
(note that pg=s). In doing so, the first term in eq. (B-7) yields a constant term 
which can be put to zero by the suitable choice of the origin. 


The proof of eq. (B-7) is as follows: Using the similar formula as eq. (B-3), we 
get 


—p|'dal(2¥pq(a—a) pe 


= Ss A pes) da(ee) (pao a (BS) 


m=0 n=0 (m !)?n ! 


si Ss (—pa)”*"(—qB)”™ 
m=0n=0 m!(m-+n)! 


where we have used the relation, 


1 


ad Gt —x) "dx = 
0 


min! 


(m+n+1)!" 
Next, using the power series expansion for the n-th order Bessel functions : 
eS Ale ee o ie mtn[2(__ m+n/2 
1, (27 (pa) (8) =(—1)" 3} SP)" (<4) (B-9) 
m=") m!(m-+n)! 
eq. (B-8) becomes, 


= pda I,(2  pq(a—a) B)e™=>}(—1)"(par/q3)""1,(2¥ (pa) (48)). 
(B-10) 
Similarly, exchanging p with q and a with , 


5 % as 
—4| db 1,(2 Vga (8b) =S\(—1)"(G8/pa)"” In (2 ¥ (pa) (GB). 
(B- 10’) 
Then eq. (B-7) follows immediately if we use the relation, 


en Wiete+310) = B(x) + 31(—1) (OE) (x). 
1 


Since the convergence of the series in eqs. (B-10) and (B-10’) (and those obtain- 
ed by interchanging a and there) are rather rapid, we can use them to evaluate numeri- 
cally the integrals in Q’s eqs. (3-16) and (3-17). 

B. 3. The following approximate formula is obtained when 2s Vap>, 
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CAE a a ee i OO PMs 
i H? sVB/atr V42s(ap)'? Ces 2) 
1 
SHO B- 
RR rem ee ae, 


To prove it, we retain only the first term in the asymptotic expansion of the func- 
ton 11,(2)°: 


ie) ~ (242) exp()(1 +2 + 24...) (B12) 


(<>1) 
and put a=0 everywhere except in the exponential factor since the integrand is large 
only at a~0. The approximation is rather good for 2s Vapi ~1, too. 
Appendix C. Derivation of equations in § 5.1 


From the equation of state, p=c,€, and the thermodynamic relations, p+¢=Ts, 


dp=sdT, we have 
(E/E eaCl 7 Layee,” (5/5) — (1/1) 8%, (C-1) 


where &, and s, are densities at T=). 
The entropy and the energy contained in the backward progressive wave are given 


by 


o1 61/d1 
AS, anal sudd=re'ly(h/D| PLCS (Ga) 


JE =na'l&,(L/) | +68) (E/8,)edO/ly) (C-2) 


in which (s/s,) and (€/&) can be expressed as functions of ¢ and d=t—|x| by substi- 
tuting the progressive wave solution (cf. eq. (A-7)), 


tt rn) 1—q abo (C-4) 
(i=0). +e 


in eq. (C-1). Similarly, from u=chy and a=y— (y/q) =0, 


=f (eeeyy" 


an [25 ep (C-5) 


\ 
2 7) Lose 


In eqs. (C-2) and (C-3), 0, is the value of 0 at the boundary of the non-trivial and 
the (backward) progressive wave regions, and this is obtained from eq. (3-14’) by putting 


there ~w=0. 
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The result is (use also eq. (C-4) to eliminate /7), 


0, = 2t=—0; cane 1 co) een (C-6) 
l, ; L, Cy Cp 
and /, is given in eqs. (5-5). 
Denoting by V,, the initial volume of the system in the case of a nucleon-nucleon 
collision, we have V,,/2=7a"l, and 
So = So are 2E= ‘Se Bos (C ; 7) 
for the total entropy and the total energy in the e.v.s. for this case. Therefore the 


fractions of entropy and energy contained, in the progressive wave are 


AS [ Olly & 
= se s/s,)ud(0/l,), (C-8) 
ase a pl, C/uda/t) 
B, =k = : | Re 362) (8/8) ad (OL), (C-9) 


These integrals can performed easily for 0<t and the results are 


\ (le?) /eg(t+2e9) ene 
py a ame ay = (7,/T,) "ee (C-10) 
l met l 
LPL GN Le, GONE cone ene ee ators 25 POS eS 
3 — i (- ain<0 (— Oca — 1 : 0 7 Tey Co—Co?)/co 
ESN Bs ) Cy ee al 2 )T/ 


(Crt) 


where T, is the temperature at the boundary. For the actual estimation of a and /, we 


shall use for T, the value T,,~m,c° at which the free emission of particles takes place. 


Thus (cf. Appendix E), 
T/T ,~T,/m,¢ 3 2(E,/2Mc)™. (C217) 


Substituting this in eqs. (C-11) and (C-12) we get eqs. (5-2), (5-3) and (5-4). 


Appendix D. The motion of the point at which the velocity is zero 


The coordinates t=¢(0) and x=x(0) at which the velocity is zero are obtained 
from eqs. (3-11) and (3-12) by putting there a=). With the help of eqs. (B-7) and 
(B-10’), we get 


#(0) =a L)emrnes af 


ae 1 JI, (2s) AS) 
/ m= 


c 


(Fat) In(2sa)} + (Y/2) 41) 


(D-1) 
T¥(0) = (l/s) (am erat (a —%) h(2sa)— >i By" 


m= 
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pis ™m | 5 
Cire I, (25a) }— (1/2?) (n—1), 
where the origins of t and x are so chosen that X+x=t,+4,=0. In particular, 
(p+q)a=—2y and 2sa=—y for G=1/¥ 3. The left half of Table D. 1 shows the 
results by eqs. (D-1) for several values of the parameter y. 

For the estimation of the forward to backward ratio of energy and entropy, we need 


the approximate expression for the velocity, v(0), of the motion of =O) 
v (0) = (dx(0) /dt(0) ) = (dx(0) /dy) /(dt(0) /dy). (D-2) 


It can be seen that we get better approximation by starting from the relations which 


relate ¢(0) and x(0) with the potential 7(cf. eqs. (3-2)), 


t(0) =exp(—y) (7,) ,=0 
(D -3) 
—x(0) =exp(—y) (%n) n=9 
than by approximating eqs. (D-1). Using eqs. (3-8) and (3-6) for 7, and neglecting 


smaller terms, we get 


t(0) ~ (L/2¢) (n+1)e°*°O* (25+0/0a)] (a) 


(D-4) 
—x(0) ~ (L/2c,”) (n—1) e@**O* K(a), 
(@= —y/c) 
where 
J(@) =| dat,(2sv a(a—a)) (pe gen) 
az (475) “1? (c,/ Val ELEY | ese 
( 16sa@ (D-5) 


K(a)=|"da(sa/¥ a (a—a) )1,(28¥ a(a—a)) (2see 5 pew d.cals) 
2 a, 3/2 9 Qsa 
~ (at/4¥ m8) (1/a)(1 +" e 


In eqs. (D-5), the approximate expressions are derived by using the asymptotic expansion 


for Bessel functions : 


2 —1/2 1 ee -—1/? 2.) 
Bere @ny (ats), b@)~eaay"(1— 2), 
and by retaining only terms up to the first order in expanding in (a/a). From eqs. 


(D-4) and (D-5), 
= 2) 1/2 Seep es (Fee - : Mie é ened? 
(0) ~ (l/2V 2) (n $1) (143) "?(—9) ae ae | 
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/ 5) 3/2 9a, 1 : -Y/ eg? 
—x(0) ~~ (1/4 Vr) (n—1) (oot 12%") (=) F Le 5 ‘(—y) |e oe 


(D-6) 


The results by approximate formulae (D-6) are shown in the right half of Table 
D. 1. It is seen that the difference from the exact values (eqs. (D-1)) is only about 


ten percents. 


Table D. 1. Values of t(0) and x(0) for several values of the parameter —y. Approximate 
values (eqs. (D. 6)) are compared with the exact ones (eqs. (D. 1)). For the 


sound velocity, c=1/1/3 is assumed. 
TOON -->-2NnN-T"—--"--"-"™”.”.”""0"nnl 


Exact values (eqs. (D. 1)) Approximate values (eqs. (D. 6)) 
_ y <= — = = — = = = i —— > = Me — se Be —— —— — 2 —. = —— 
(0) /[(n+1) —x(0)/l(n—1) | (0) /L(n+1) —x(0) /I(n—1) 
2 66.8 15.06 | 62 12.8 
3 1090 1377 1030 124 
4 18924 1575 18150 1501 
5 339400 20950 | 328300 20630 
6 6215000 305650 6044000 305700 


From eqs. (D-2) and (D-6), the velocity v(0) is obtained in terms of the para- 
meter —y. The result is 


n—1 Ge 1 34+2c,? c. 
ph rae eae pe TRE Toe | pe a ad Ba, Be Ie Dar 
BS Gy 7 (Ter | 2(1 =<) ays | wai: 


where we have again expanded in (1/y). Egs. (5-11) and (5-12) in the text are 
obtained by substituting eq. (D-7) in eqs. (5.10), and using the first of Eqs. (D-6) 
to express dt(0)in terms of —y. 

For the practical calculations, the values of —y are chosen to correspond to the 


critical temperature T,~m,,c’, 
ye=In(T,/T)), with T/T .~2(E,)/2Me)"™. (D-8) 


Here E, is the incident energy in the laboratory system. (See Appendix E for eq. (D-8). 


Table D. 2. y, and (E/M,”) = (Ep/2Mc2)'/2 for several values of the laboratory incident energy. 
— 


Ey (ev) | 10!2 1018 10! 1015 1036 1017 1018 
E/Mc? 22.4 70.7 224 707 2240 7070 22400 
=p | 2.25 2.82 3.40 3.97, 4.55 5.12 5.69 


en 


The values of y¢(eq. (D-8)) are shown in Table D. 2 for several values of the incident 
energy. 
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Appendix E. Some thermodynamical relations used in the text 


Assuming that the local element of nuclear fluid can be treated as a relativistic 


ideal gas, we get for 7-mesons the following expressions for the energy, number, and 
entropy densities in the local rest system, 


Ex= (Yu/ 2") T (T/be)? ®(Z,) 
P= (Gu/ 27°) (T/bc)*F (Z,) (E-1) 
S= (Yu/ 2") (T/be)*G (Z,.) 


Here 7,,=3 is the statistical weight for 7-mesons, and Y, F, and G are functions which 
decrease slowly with increasing z,=m,c’/T. Their numerical values are given in Ref. 13) 


and 14). From (E-1), the average thermal energy (including rest mass) per particle 
(€/e) is given by 


E,,=T(9/F), (E-2) 


as a function of the temperature. Table E-1 shows E,, for z-mesons, K-mesons and 
nucleons, calculated assuming that there were initially no K-mesons and baryons (nucleons 
and hyperons). 

Now consider the initial state of the system in which various particles may be present. 
Let 2E, S, and V, be the total energy, total entropy and the initial volume of the 


system in the c.m. system of the two colliding nucleons. Then 


Table E. 1. Average thermal energies per one particle for z-mesons, K-mesons (mj,=3.5mx) 


and nucleons. 
At high temperatures, Ein~2.7 T for Bosons 
=~ 3.2 T for Fermions, 


At low temperatures, Etn-m,.?+ (3/2) T. 


T/mxc Ewn™/mxc* En? /manc Etn®/mzc 

10 27.2 28.2 33.0 
5 13.8 15.2 18.4 
3.33 9.3 11.0 13.8 
2.5 7.2 9.0 11.8 
2.0 5.8 od 10.7 
1.67 5.0 6.9 9.8 
1.43 4.3 6.4 oe 
1.25 2,9 6.0 ES 
1.11 3.5 5.6 ay 
1.00 2 5.3 pe 
0.83 2.8 ae co 
0.67 2.4 ay ay 
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2E = Evo (To) Vi = B(T,) iy Vs tot — Day 
(E-3) 
S) = Stor (T,) Vy = A(T) ee Voy Sun = Ds Si 


where the suffix i refers to the various kinds of particles. Since the expansion of the 
system is assumed to be adiabatic, S, remains constant and is related to the total 


multiplicity. Nj, by 
Nj =@5,, a= (Pic Lag) peat We Be ) > (E-4) 


« 


where Ty is the “cooling temperature”. On the other hand, we have 


N,=k(E,/2M 2)!" =k(E/Me)". (E-5) 


where k is a parameter which should be determined from the experiment. 
The determination of T, does not depend so much on the possible kinds of particles 
existing in the system and on their statistical weights. From (E-3), (E-4) and (E-5) 


we have 


T,= A(T) 2E , _ AT») 2072 (E,/2Mé)"", (E-6) 
BCL aN, B(T,) k 
where A(T,)/B(T,) can be put equal to a constant (~(G,/%,)=1.33) so long as 
T,>m,c, and @ may be approximated by @=(,(T.)/s,(T.)). Then from (E-2) 
and (E-6), we get for the initial thermal energy per one pion, 


Evi (To) = (&o/0%) = (2Me'/k) (F/G) (Go/Fo) (E,/2M)"" 
=m, 0 (2/k) (6.0~5.4) (E,/2 Mc) "4 (E-7) 
where the upper and lower limits of numerical values in the right-hand side correspond 
to T.= (1.4—0.7)m,c. 
Eq. (6-11) is $6 in obtained from (E-7) and 


T,/T)=exp(y;) =exp| oe CL +71) Tt) 
=a) Bee ee (E-8) 
u, © (1/2)| L-B, em a aah (E-9) 


The thermal fluctuation of the transverse momenta, AP, will be estimated by the 
mean square root of the component (to some particular direction) of the momentum 
which correspond to the thermal energy (E,,). That is 
=e > 
/ Ej,—mc' wy Ew 


Ip, = (E-10) 


N ise 3 ee 
From Table E. 1, we see that P,/m,c~2 for 7Z-mesons, ~3 for K-mesons and ~5 for 
nucleons. 


Eq. (D-8), which has been sometimes used in the text, is obtained from (E-6) 
by substituting the numerical values, The results for E,, and P, are sensitive to the 
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value of k (we used k=2), but other quantities such as @ and /? in §5-1 or the relative 
magnitudes of angular distributions, etc., are not. 


2) 


3) 
4) 


5) 
6) 
7) 


8) 


9) 
10) 
11) 
12) 


13) 
14) 
15) 
16) 
17) 
18) 
19) 
20) 


21) 
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Note on Models of Multiple Meson Production 
at Extremely High Energy* 
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Research Institute for Fundamental Physics, Kyoto University, Kyoto 


(Received October 1, 1956) 


Takagi’s model and Heisenberg’s model (modified with regard to the total cross section) for 
multiple meson production are examined, and they are found to conform to two sources of experimental 
information on the properties of secondary particles in jet showers: their composition and the distri- 
bution of their transverse momenta. The main aspects of these models, as well as those of the 
Landau model, are discussed. 


S$ 1. Introduction and summary 


1-1. In a previous note’ it has been remarked that two sources of experimental 
information concerning the properties of secondary particles can be regarded as important 
criteria for the theory of multiple production. The first is the ratio of heavy to light 


) 


mesons,” and the second is the distribution of their transverse momenta.” Both of them 


appear to indicate the necessity of modifying Fermi’s original treatment” in favour of 
Landau’s hydrodynamical theory,” and this theory implies the existence of a strong 
pion-pion interaction at a lower energy, say, near 1 Gev. 

This way of reasoning, however, will not be the only one possible. The main 
purpose of the present note is to examine two plausible models of multiple production, 
different from both Fermi’s and Landau’s and to see whether they satisfy the criteria 
previously mentioned. 

1-2. One of the promising modifications of the Fermi theory of multiple production 
was proposed by Takagi” and his idea was further developed by Kraushaar and Marks.” 
According to their model, the two colliding nucleons exchange a certain amount of mo- 
mentum during the collision and become excited, and then each of them independently 
decays and emits secondary particles. The statistical treatment similar to Fermi’s is 
applied to this second stage of particle formation; the equilibrium volume consists now 
of two separate spheres, each being of the radius of the order of 1/p, the Compton 


wave length of the pion**, in the respective center of mass systems of these two excited 


* This research was supported at Yale University by the U. S. Atomic Energy Commission under 
Contract AT (30-1)-1807 and by the Office of Ordnance Research, U. S. Army, and at the Brookhaven 
National Laboratory by the U. S. Atomic Energy Commission. 


** Units in which /=c=k=1 are used throughout this note. (& is the Boltzmann constant.) 
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nucleon-meson clouds. 


Recent experimental data’) suggest that most of the high energy collisions are not 
completely inelastic; that is to say, an appreciable part of the energy available does not 
go over to the secondary particles, but remains in the original particle. One advantage 
of the above mentioned model is that it can take this circumstance into account in a 
rather natural way. 

This model we shall investigate in § 2. The results can be reconciled with the two 
criteria referred to above, if we introduce a priori a certain inelasticity factor, which does 
not depend much on the incident energy. 

1-3. In § 3 we shall examine the predictions of the Heisenberg theory. Even 
before the discovery of mesons, Heisenberg has been discussing in a variety of ways the 
multiple formation of secondary particles by nuclear collisions at very high energy.!?™” 
His fundamental point of view is that the nucleon-meson system is governed by a wave 
equation involving strong non-linearity,* and as a characteristic feature of the latter a 
conspicuous energy dissipation, which corresponds to the formation of a large number of 
low energy mesons, takes place during the expansion process of the concentrated nucleon- 
meson cloud. 

Many events have been recorded in nuclear emulsions with a large number of 
secondary particles, though most of them belong to a relatively lower energy. This fact 


15) —19) 


may be regarded as supporting Heisenberg’s point of view. At extremely high 


energy, on the other hand, his theory seems to give either too large a number of secondary 
particles or too large a cross section.””*” 

The latest version of his theory has been worked out semi-quantitatively and can 
be compared with experimental data. In the present note I shall study this particular 
version of his theory, excepting, however, his arguments concerning the impact parameter, 
inelasticity and total cross section.** Indeed this part of his work has been criticized’ 
because it appears to involve an extrapolation of the classical mechanics concept beyond 
its limit of applicability. 

It appears possible to separate logically this particular part of Heisenberg’s work (for 
instance, III c) of the reference 14) from the rest of it. I shall assume in this note 
therefore that the total cross section of nucleon-nucleon collisions remains at a constant 


value 7//2, instead of increasing logarithmically with energy as in the original work. 


* The definition of the strong non-linearity in Heisenberg’s works appears somewhat unclear. It 
would be necessary to assume not only the presence of a parameter of the dimension of a positive power of 
a length, but also the presence of a derivative of the wave function in the non-linear term. 

** Heisenberg extends namely the integration with respect to the impact parameter r to such a value 
as to correspond to the minimum inelasticity: rmax=—1/4 log ymin with ‘amin = 2 pol WH”. Here po is the 
average energy of the secondary mesons in the center of mass system, which, in his theory, depends on the 
incident energy W in the center of mass system only logarithmically. Thus the total cross section turns out 


o~ og (1-1) 


*#* See the expression in the above footnote. 


to be 
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This alteration will make it possible to apply Heisenberg’s theory to the case of nucleon- 
nucleus collisions at extremely high energy.* 

The results can again be regarded as consistent with the two criteria referred to. 

1-4. In the final section, the main aspects of the three models for Landau, Takagi 
and Heisenberg are discussed. First of all, they differ in the prediction of the total 
number of secondary particles as a function of incident energy. If we assume an almost 
constant average inelasticity over a wide region of energy, we should be able to discri- 
minate between them. Another difference is that Heisenberg’s and Landau’s models lead 
to the presence of pion-pion interaction, while Takagi’s model does not. 

Concerning the mechanism of partially elastic collisions, there are at least two points 
of view possible : spacial localization of the self-energy of a nucleon and concentration of 


a large amount of energy on a small number of secondary particles. 


§ 2. Predictions of Takagi’s model 


2-1. First let us give a somewhat simplified formulation of multiple production in 
Takagi’s model, so as to see the qualitative aspects of this picture. The incident energy 
in the laboratory system will be denoted by E,, and the total energy in the center of 
mass system by W. The momentum carried away by each of the clouds in the center 
of mass system will be denoted by P. We also introduce a parameter,** M*, the fictitious 


mass of the excited nucleon-meson system, 
M* = (W/2)?—P?. (2-1) 


In the case of completely inelastic collisions, when the inelasticity 7=1, the final 
momentum P vanishes and 


M*=W/2. (2-2) 
When 7< 0.9, on the other hand, 7 and M* are connected by an approximate relation 

7~1—M/M*, for E,>10°M, (2-3) 
M being the nucleon mass. (See the appendix.) 


The energy available for the emission of secondary particles in each cloud in its own 
center of mass system is equal to 


* It is to be remarked that also in this modified Heisenberg theory, the inelasticity has to be 
introduced without reference to the impact parameter, otherwise it would be unreasonable to assume as small 
a value for inelasticity as required from experiments in the case of nucleon-nucleus collision, because in the 
“tunnel” inside the nuclear matter (jet model) no extremely peripheral nucleon-nucleon collision can take 
place except the collision with a peripheral nucleon in the nucleus. 

An attempt has been made to apply Heisenberg’s theory without any modification to the individual 
collision treatment of the jet model.22) This procedure does not seem to be quite consistent, however, because 
the concept of tunnel penetration (of the radius 1/u) and the small inelasticity (which implies a very large 
impact pardmeter in the original form of the theory) are used at the same time. 


** In the original article of Takagi there is still another parameter available. Also our definition of 
“fictitious mass” is different from that given by Takagi. 
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(WY /2y—M) for y=1, 
M*—M= (2-4) 
7/(1—4)}M for 7X09, 


so that the energy density € is given by* 


((W/2)—M) 8, for 7=1, 
= (2-5) 
{n7/(—y)} Mp’, for »<0.9. 
Notice that in the case of inelasticity not very close to 1, the energy or energy density 
available for the secondary particle emission does not depend on the initial energy 


e ener. ensi etermines e correspondin emperature, which, in 
cS Th y density det th d temperature, which, 


explicitly. 


turn, gives the number of secondary particles. 


Table 2-1. Equilibrium temperatures (in 4) in Fermi’s and Takagi’s 


models for nucleon-nucleon collision.* 


Incident energy | Temperature in Fermi model** | Temperature in Takagi model 
(in M) 0) 7r=0.9/p al 7=0.5 n=0.1 
10% 6 4 22) 1S 0.9 
104 11 8 33 13. 0.9 
10° 19 14 4.4 ie} 0.9 


a eS 
* The temperatures have been estimated by using the formulae (2-5), (2-9) and (2-10). 
** Tn Fermi’s case the results for head-on collision (impact parameter r=0) and peripheral collision 


(r=0.9/) are given. 


As is seen in table 2-1 the equilibrium temperature in the Takagi model is much 
reduced compared with the original Fermi model. This is due to two reasons. i) “AY part 
of the available energy is used as mass motion and not as thermal motion. ii) The 
equilibrium volume is not Lorentz-contracted. The conspicuous feature of this model is, 
as was pointed out above, that one has a definite temperature if one specifies an inelasticity 
not very close to one. 

2-2. The distribution of the transverse momenta of secondary particles in this model 
depends on the following two factors. First, the transverse component of the momentum 
exchange between the two nucleons will give the mean value of transverse momenta of 
the particles in the diffuse and narrow cones. Second, the thermal motion corresponding 


to the equilibrium temperature will be superposed on this average value. The first term 


at : 3 
* For simplicity the volume is taken to be equal to 1/p°. 
** This can be understood as follows. Let us assume, for the moment, that a metastable excited state 
of the nucleon with energy AM exists, and further, that the production of secondary particles takes place 


exclusively through this intermediary stage. The total energy of the system is expressed by 27M, I’ being 


the Lorentz factor of the outgoing excited cloud in the center of mass system; the energy of the original 
nucleons in the final state is 27’M. The inelasticity in this case is obviously (k—1)/k, if we identify the total 


energy with the total available energy. (This is permissible if & is not too large.) In this approximation, 


therefore, the inelasticity is a function of & only, and vice versa. 
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does not seem, however, to play an essential role. If it should be of any importance, 
one could find an asymmetry of narrow and diffuse cones with respect to the direction 
of primary incidence. 

Further, the ratio of heavy to light mesons is determined by the equilibrium tem- 
perature just before particles fly out, as was explained previously. 

It is expected, therefore, that the low temperature equilibrium predicted by this model 


for 7<1 will imply reasonable values with regard to these two criteria, and it will be 
worthwhile to study this model in more detail. 

2-3. Since most of the experimental data are concerned with nucleon-nucleus col- 
lisions, we shall now extend the model to this more complicated case. At extremely 


high energy (— 10° Gev), the nucleon-nucleus collision can be fairly well approximated 


23) 24) 


by the so-called jet model : the incident nucleon interacts only with the nuclear 
matter in the “tunnel”? which it penetrates into the nucleus, and the remaining part of 
the nucleus suffers little excitation. In this approximation we can still employ two opposite 
points of view: composite collision” and individual collision,” but the former appears to 
be the more adequate description when the energy of the incident particle is very large. 

2:4. We shall treat, therefore, the composite collision model. As regards the 
final division of the nucleons and the total energy among the two clouds, there is no 
a priori criterion that would come out of a consideration of the nucleon-nucleus collision, 
but, for simplicity, we shall treat the following two cases. 

A) Case of n: 1 division. 

We assume that, after exchange of momentum and energy, two excited clouds 
containing m and 1 nucleons (or, more precisely, ‘ nucleons minus antinucleons’’)  re- 
spectively, will appear, the ratio of fictitious masses M,* and M,* of these clouds also 
being n: 1. This means that, when referred to their own center of mass systems, both 
the energy and the equilibrium volumes of these clouds are in the ratio n: 1. 


If the collision is completely inelastic, 7=1, 


M,*= (n/(n+1))W, 


M,*=(1/(n+1))W, Ce 


W being the total energy in the center of mass system. 


If the inelasticity is not close to 1, it can be shown that the approximate relation 
y=1—(M/M), 7<0.8 (2-7) 
for (E,/M)>10° and n<5 


holds in this case, too. 


Thus the density of available energy, which turns out common 
to both clouds, is 


(W/(n+1)—M) p5, for hoe 


> 


[| 


I 


2:8 
(7M/(1—y)) pf, for. 7<0.8. FAR 
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The temperature corresponding to this energy density can be determined by the 


formulae :2>)) 
E=E€(7) +€(#) +€(N) 
ee Be ja Avie m, 
etn) = =G =} § (0) sag e 
( Dice oe) ) 21? ( de ), ie) 
Sti M 
B(N) ee GH 
( ) 212 ( Wk Na 
with 
ee EY) (GD) |, 


v=0 J +p 1-+v 


(2-10) 
es v 1 9 a 
G* (x) =>) (—1) | AEE EY) aK, (1 4+») 0D}. 

v=0) 1 +y \ 1 +y 
m, means the mass of the heavy meson. Here we have assumed the statistical weight 
of the heavy mesons to be equal to 4.* 

Once the temperature is determined, we can derive the number density for each 

kind of particles and multiplying it by the volume we get the total number. 


The results of the computation are shown in the following table. 


Table 2-2. Temperature, total number, and composition. Case of n:1 division.} 


fe) n=l 

" Ea|M Tin Caetey ena SO CN 
1 102 1.9 1.010 10.7: 0.5 
10 2.6 | 3x10 | 1:0.9: 0.8 

104 33 8X10 yl ea 

10° 4.4 2X10? ll eas Sale! 

10° Se, 5X10? | TS 2d 

3 102 1.9 1.910 | 1:0.7:0.5 
108 2.5 6x10 1:0.9:0.8 

104 3.2 1.4102 Ma si 

10° | 4.2 | 4x10? L sid sad 

108 5.5 | 9x 102 Loa 224.6 

5 102 1.8 2x10 1:0.7:0.4 
10° 2.4 | 7x10 1:0.9:0.8 

104 =) 1.8102 Piles 4 

105 4.1 5x 102 Pete L.3 

108 5.4 1.3 10° Leet J.6 


ee 


* That is to say, we have assumed only one kind of heavy meson with isospin 1/2 and spin 0. This 
is the least possible value for the statistical weight of the heavy meson. 
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(ii) 7<1 (independent on incident energy) 
———— See 


Total number Composition 
7 Tie ial i=—3 n=5 (x:K:N) 
0.75 i ee 6 13 | 19 1:0.6:03 
0:5 1.3 Zz 4 6 LOLS) 2071 
0.3 1 1 z 3 1: 0.3 : 0.08 
0.1 0.9 0.3 0.6 0.9 1032; 30.03 


+ In the case of E)/M=102, the jet model is probably not valid, and in the cases, where the number of 
secondary particles turns out very small, the thermodynamical approximation obviously fails. Such cases 


are listed only for rough orientation. 


B) Case of symmetrical (1:1) division 

We assume that after collision two excited clouds fly out in perfect symmetry. This 
may seem less plausible than the case A), if one adheres to the original picture of 
momentum exchange. It could be regarded, however, as the opposite extreme case to 
A); and so it would give a rough idea of how much the results depend on the assumption 
concerning the division of energy and momentum between two clouds. 


In this case we have 
W=W,=W/2; (2-11) 


M,*=M,* = { (W/2)2?—P\ 1? (2312) 


For a completely inelastic collision 


M,*=W /2, (2-13) 
e=( e = M) 2e, (2-14) 
while in the case of 7~ 0.8 (See appendix.) 
4=1—(n+1)M/2M*, (2-15) 
so that 
M*= (n--1)M/2 (1-9); (2-16) 
€=[4/(—y) |My. (2-17) 


The case of completely inelastic collision is of course, identical with the case A), because 
two clouds have zero momentum and two ways of division do not yield any difference. 
The case of 7< 1 is, as can be expected, the same as the case of nucleon-nucleon collision 
with mass and volume multiplied by a factor of (n+1) /2. 

The results are given in the following table. 
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Table 2-3. Temperature, total number, and composition. Case of 1:1 division.* 


O) yi The results are the same as A) (i). 
(ii) yl. (Independent on incident energy) 
Total number Composition 

W Tie n=1 n=3 n=5 (Ga Kae) 
0.75 17 6 13 19 1:0:6310°3 
0.5 1.3 2 4 6 Os) 2 Ou 
0.3 Lyi 0.8 1.6 1.4 TERIOR O05 
0.1 0.9 0.4 0.8 12 I OPZ 0103 


Zo 


* Cf. the footnote to table 2-2. 


2-6. This model may be regarded as an extreme idealization. It is seen, never- 
theless, from the above numerical values that it reproduces some of the general tendencies 
of jet showers. It predicts a very small average number of secondary particles, if one 


assumes a small inelasticity. This point may be fatal. Stars with quite a large number 
of prongs observed in nuclear emulsions could not be explained except by considering the 
fluctuations in the inelasticity, or by taking into account some additional mechanism which 


would result in the formation of a large number of low energy secondary particles. 


§ 3. Predictions of Heisenberg’s theory 


3-1. In the Heisenberg theory the transverse component of the secondary particles 
is essentially determined by the Fourier component of the transverse dimension of the initial 
excited state (Lorentz-contracted disk), and this dimension is of the order of 1//. 
Thus the transverse momenta will be of the order of pion rest mass. The energy dis- 
sipation characteristic of the Heisenberg theory is concerned only with the longitudinal 
component. In both Heisenberg and Landau theories the essential feature of the angular 
distribution is determined by its one-dimensional character in the expanding process. This 
feature will not be changed in a nucleon-nucleus collision, either. 

3-2. The problem of the composition of the secondary particles will be considered 
next. Since most of the experimental data are concerned with nucleon-nucleus collision 
at extremely high energy (>10° Gev), we must slightly modify the original formulae, 
so that they can be applied to the general picture of the jet model. 

Instead of two flat disks of the same size colliding, we have now a contracted nucleon 
and a contracted tunnel-like part of the nucleus containing ” nucleons, 1 being less than 


6 for the nuclear emulsions. This picture is compatible with our modified assumption 
of the geometrical cross section at extremely high energy. 


Thus we should put 


Dae eff ['/n, GB . 1) 


where p,""“ is the maximum energy of a secondary particle and /’ is a certain average of 
0 


the Lorentz factors in the center of mass system. This expression corresponds to the 
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so-called composite collision model. ot an 
As is explained in detail in Heisenberg’s works, if the strong non-linearity* of the 
meson wave field is assumed, the energy spectrum of the emitted particles will be of the 


form, 
dN d py / pr’ (3 : 2) 


py being the energy of the secondary particle ; the total number of a certain kind, j, of 


particles will be given to a rough approximation by 


jf hotoes 
N,o 1, dpy/ prs (3-3) 
‘ mj 
gy; and m, being respectively the statistical weight** and the mass of that particle. 
From (3-2) and (3-3) one has 


' N, cc g,{— =— it EEE, 
m; pl 
whence one gets easily the number ratio for a given incident energy and a given value 
of n. The results are shown in the Table 3-1. These values are found, considering the 
rough approximation we have used to be consistent with the experimental informations. 
Moreover, minor discrepancies, even if they should be found, would never be fatal 
for the Heisenberg theory, because the detailed behaviour of the low energy part of the 
energy spectrum of secondary particles and consequently the number ratio of various 
particles is rather sensitive to the particular properties of the non-linear term involved in 
the wave equation. This situation might be regarded as corresponding to the sharp 
dependence on the critical temperature in the Landau theory. A rough idea of this fact 
will be given by the last column of the Table 3-1.*** These values have been computed 


using a slightly more plausible spectrum given by Heisenberg :"”” 


No fatal MS a ML f(s @-9) 


One can conclude, therefore, that the composition of the secondary particles cannot 
discriminate between Landau’s, and Heisenberg’s theories. 

3-3. A somewhat subtler distinction may be possible, however, if one can detect 
distribution of heavier particles. In the Landau picture the critical temperature T., is 
determined by the pion-pion interaction and is common to all the elements of the ex- 
panding nucleon-meson cloud, so that one can expect the same number ratio of heavy to 


light mesons in all directions. In the Takagi picture, too, the situation is similar. In 


* See the footnote on page 289. 


** Heisenberg does not necessarily identify gj with the statistical factor. Here I have assumed this for 
simplicity. 


*** The results are much more sensitive to a change in the value of I 3. 
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Table 3-1. Number ratio of various particles predicted by the Heisenberg theory 


Incident Number of | ee ; 
Se, ee eres ae Gesnadars Number ratio by (3-4) | Number ratio by (3-5) 
| particles | 
eee a. ae ——s = s Z - a | 
E)/M ; Po] pn Na: Nx: Nw | Net Net Ny 
10° i wal 1 3.0.22 : 0.025 | 1: 0.20: 0.098 
3 1.4 iL (OF 6) | COR, 
103 1 22 1:0.34:0.29 1: 0:31 : 0.24 
3 43 1:0.094:0 Test OLR 3/0) 
5 2.0 OO | TORIC 
104 1 val LOS 731037 1: 0.35: 0.34 
3, 14 ORS O21 022: 027 2018 
2] 6.3 fsiOF20, 5:0) PORS iO 
105 1 2.2 107 1: 0.38: 0.39 10337 F038 
3 43 1: 0.36: 0.34 1: 0.34: 0.31 
5 20 1: 0.33: 0.28 1: 0.30 : 0.23 
106 1 | 7.1.X 10° 1: 0.38: 0.39 1: 0.38: 0.39 
| 3 1.410" 1 30.37 : 0.38 ih OFS74e085 7, 
5 63 LOS A036 121035310)33 
1 | 
co 3 co 1: 0.38: 0.40 | 1: 0.38: 0.40 
5 


the Heisenberg picture, on the other hand, the transverse energy is so low from the 
outset that few heavy mesons can appear in the perpendicular direction in the center of 
mass system. 

This difference is due to the fact that Heisenberg deals with a well-defined wave 
motion, in which, so to speak, all the particles are found in a definite phase relation, 
while Takagi and Landau regard the nucleon-meson system as a thermodynamical system 
without any definite phase relation between constituent particles. The thermal motion 
in the latter pictures can furnish enough energy to create heavy mesons independently 


of the direction of the ‘‘ mass”? motion. 


$4. Discussion 


4-1. As we have examined in the previous’? and the present notes, three models 
for multiple meson production, namely those of Landau, Takagi and Heisenberg, give 
similar results, compatible with experimental information now available, concerning the 
composition” and the distribution of transverse momenta” of secondary particles. 

The main difference between the predictions of these theories can be found in the 
dependence of the total number of created particles on the incident energy. The 
distinctions are obscured, however, by the intervention of another parameter, inelasticity. 


Indeed the results are expressed by 
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N cc 7E,!”? Heisenberg, 
N oc 7 E,\!4 Landau, * 


Ee fore 1 
N cc Takagi. 
(y/(1—)) "for 750.8 


If we assume for the present that the average inelasticity is practically constant and 
much less than 1 over a wide range of incident energy, as is suggested by the analysis 
of latitude dependence of various components and extensive air showers, then we could 
discriminate between these theories by examining a large number of events statistically. 
Such a treatment is necessary because the present theoretical predictions are concerned 
with the average behaviour only and fluctuations from the latter are expected to be quite 


** Tn analyzing emulsion data we should further notice that events with small 


large. 
numbers of secondary particles are likely to escape detection. Thus the arguments put 
forward so far’ which infer the relation of total number to incident energy from a few 
events of conspicuous stars, do not appear very convincing. 

4-2. One difference between these three models, which may have some bearing on 
the analysis of the phenomena at lower energy, is that both Landau’s and Heisenberg’s 
pictures lead naturally to the presence of a pretty strong pion-pion interaction at lower 
energy, near 1 Gev, while in Takagi’s picture it is not necessary to introduce such an 
interaction. 

The role of the pion-pion interaction in the nucleon-nucleon and nucleon-meson 
reactions is reported to be not yet quite clear. It has also been suggested that this 
interaction, if it exists, will be strongly dependent on energy and isotopic spin. Such a 
circumstance might have slight influence on the results of Landau and Heisenberg. 

Takagi’s model, too, has its analogue in the Gev energy region: one can assume the 
existence of a similar mechanism in the one-or two pion production”) or strange particle 
production by nucleon-nucleon collision. 

4-3. The point which is left open is how to incorporate the small value of in- 
elasticity into the theory. 

Bhabha*’ has once proposed to take into account the possible localization of a certain 
part of nucleon self-energy in a small central region of the extended nucleon. Although 
this idea, if taken too literally, is subject to criticism in the same way as Heisenberg’s 
argument, it may have something to do with the real situation. Indeed the concept 


of pion-pion interaction seems to be in a sense consistent with this picture of energy 
localization. 


* This relation has been derived assuming that the equilibrium volume in the center of mass system 
is also proportional to 7. If we presume this volume to be independent of 7, we have: Nocy'/4 Ey!/4, 


4 as 4 ry > ° 
Podgoreckij, Rozental, and Cernavskij?®) have estimated the fluctuations based on statistical con- 


siderations and found them fairly large. Since the statistical treatment itself is sometimes to be regarded as a 


rough approximation, the deviations could be still larger. 
£ 
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It may be worth noting that the concentration of an appreciable amount of the 
available energy on one or two secondary particles can be regarded as producing inelasticity. 


; : : GS: : 
In Landau’s theory, in particular, this kind of concentration can really take place, as has 


been pointed out by Gerasimova and Cernavskij.2” If this mechanism for inelasticity is 
true, one might expect an anomalous behaviour corresponding to the case that this particular 


secondary particle happens to be a 7’-meson or some other particle which decays into 7’s 
immediately. 


Acknowledgments 


This work has been performed during my stay at Yale University and at Brookhaven 
National Laboratory, U.S.A. I should like to express my sincere gratitude to Prof. 
Gregory Breit and to Prof. George B. Collins for their hospitality extended to me, and 
especially to Prof. Breit for careful inspection of the manuscript and for comments. I 
am also indebted to a number of my colleagues in Japan, especially to Dr. S. Kaneko 
(Osaka) for his comments and discussions on Heisenberg’s theory. Further, I am indebted 
to Dr. K. Gottstein (Gottingen) for his comments and information on Heisenberg’s 
theory and on recent German research, and to Dr. V. P. Silin (Moscow) for information 


on recent Soviet works. 


Appendix 
Definition and evaluation of inelasticity in Takagi’s model 


When a nucleon with energy E, collides with an n-nucleon nuclear aggregate at rest, 


the velocity of the center of mass v is given by 


v=VE&E—1/(n+6é), (A-1) 
with 
eagle (A. 2) 
a | 


The total energy, the energies of the first and the second clouds in the center of 
mass system will be denoted by W, W,, and W, respectively. Then we have 


W = (n? +2n€+1)'?M, (A-3) 
W,+W,=W, (A- 4) 
and define M,* and M,* by 
W2—-P?=M,*, 
(A-5) 
W2Z—-P’=M,*. 


In the case A) we have 


M,*=nM,*, (A-6) 
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and so 


W = (W/2)[1 + (n?—1) (M*/W)?] 


: (A-7) 
W = (W/2){1— (n?—1) (M,*/W)"] 
and in the case B), 
W,=W,=W/2, (A-8) 
M,*?= M,* = (W /2)?—P*. (A-9) 


In the theoretical treatment we generally define the inelasticity by 


energy of all the secondary particles in the center of mass system 
es 


ie kinetic energy of incident (n+1) particles in the center of mass system 
(A-10) 
Experimentally it is usual to put 
yu ges. 1 cnetzy. of all the secondary particles in the laboratory system 
ies kinetic energy of the incident nucleon in the laboratory system 
(A-11) 


In this case the final energy of the target nucleon (or the nuclear matter containing n 
nucleons) is sometimes included in the secondary energy, because it may not be dis- 
tinguished from created particles. 

In the case A) we have 


Jeg = ; -s (A-12) 


because the final energy and momentum of the incident nucleon in the center of mass 


system are given by W,(M/M,*) and P(M/M,*) respectively. Thus 


_ 1—(M/M,*)a 
Yexp =— ater a (A-13) 


a=(1+ =) (csraerioeh ) 


BRAGS Clie =! 


HA lene 9 M,* al ats 
“(®+2n€+1)2? \ M dt | (4-14) 


with 


& is very large and n<5, so that for M,*/M<5 we get 0.9<a<1. We have then 
approximately (within 2% error) 


7=1—M/M,* for 7<0.8. (A-15) 
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In the case of nucleon-nucleon collision this relation is valid for 7<.0.9. 


On the other hand ri 
ne, = LV = (8 M/M,*) Ws + (M/M,*) W,) 
a W—(n+1)M 
ee Mii et 
sab pan)_sDtBaiett See 
Vrneton€+1 


Again this can be approximated within 6% error by 
Mn~1—M/M,* for €10°, n<5 


in agreement with 7. for 7<0.8. 


bination* of 7, and Hex: 7=7un for y=1, and 7=Hexp~1—M/M,* for 70.8. 
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So we have used in the text a conventional com- 


In the case B) it would be reasonable to define the elastic part of the energy as 


that carried away by (n+1)/2 nucleons in the incident direction. 


Ww abs (n+1)M 


= 2 2M* 
ust W—(n+1)M 
peeeriae § M 
atc ae 
ad pa: n-+1 
(n? + 2n€+1)'*” 
1 Ww M n+1 l/}W*? ye Aibytly A0 
= Geer Su cide lap es 2M* ) 
exp = a veal E,—M 
” é. KN D\ 1/2 
n+1 M ay els fect i eae wel ew Eee | 
Lor: (ite [ata a) Co at) | ere a | 
ef, eo Tes 1—1/é 


ji» can also be approximated by 


* The maximum value of yexp is not exactly one: 


1 n m+1 \7/2 
—- 1 1+ 
; ae = E ) 2né ; 
1 
ee 


é 


(jexp) niax—— 
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i nates yh 
2M* 
within 6% error for n<—5, €> 10°. 
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The Surface Tension of Liquid He’ 


S. K. Trikha and O. P. Rustgi 


Physics Department, University of Delhi, 
Delhi, India 


November 12, 1956 


The extent to which liquid He’ behaves 
as ah ideal F.D. gas has been the object 
of considerable study in recent years. Ex- 
periments to date have failed to give a 
unique answer to this problem. It is the 
purpose of the present note to point out 
that the recent measurements of surface 
tension of liquid He* by Lovejoy” and 
Zinoveva” allow a quantitative check on 
this question. 

Kothari and Auluck’’, in a recent com- 
munication, arrived at the following expres- 
sion for surface tension of a completely de- 


generate ideal F.D. gas. 

o = 97/16: (b'/m) (p/h)’, (1) 
where p, is given by the cubic equation 
(p,/b)* — (38/16V) (po/b)°— 3/479 = 05 

(1a) 


py) is the maximum momentum characteriz- 
ing the Fermi distribution, n the number 
of particles per unit volume, m the mass 
and g the weight-factor of a particle: 
is the surface tension. Here V is the 
volume while S is the surface area. 
Assuming liquid He* to be a completely 
degenerate ideal F.D. gas and ignoring (as 


in the case of metals) the second term in 
eq. (la), eq. (1) reduced (taking m= 


mass of a He® atom, y=2) to 
G=2-35.-p' dyne. cmus (2) 
where (gm. cm’) is the density of liquid 
He’. 
On the basis of this theory, the value 
of surface tension of liquid He* at 0°K 


f [i(by making use of the extrapolated density 


at 0°K, as given by Kerr’) is found out 
to be 0.084 dyne/cm, as compared to 
the corresponding value of 0.154 dyne/cm, 
determined by Lovejoy’? on the basis of 
Atkin’s theory”. We have calculated the 
surface tension of liquid He’ as a function 
of temperature by making use of eq. (2) 
and the data for density of liquid He’ as 
determined recently by Kerr’. 

The results so obtained are compared in 
Fig. 1 with the experimental results of 
For the sake of 


comparison, we have also plotted in Fig. 1 


Lovejoy” and Zinoveva”. 


our theoretically calculated results by using 
Pollara’s theory”’”. As is evident from 
Fig. 1, eq. (1) expresses the correct order 
of magnitude but the predicted dependence 
of the surface tension of liquids He* on 
temperature is not satisfactory. The agree- 
ment is much better in the case of Pollara’s 
thermo-dynamical theory. 

It leads us to the conclusion that al- 
though there is some ‘a priori’ basis for 
believing that liquid He® should approxi- 
mate an ideal F.D. gas assembly of particles, 
it now seems apparent that the actual 
interaction forces between the particles in- 


validate the applicability of this simple 
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0.16 


0.14 


0.04 


0.02 


0.00 
0.0 1.0 2.0 3.0 
TCR) 
Fig. 1. Surface Tension of Liquid He* versus 
temperature T°K. 
—— : Pollara’s theory®> 7). 
----: Ideal F.D. gas theory, eq. (2). 


(¢) : Smoothed experimental results of Lovejoy". 


A, : Experimental results of Zinoveva”). 


limiting model. We have extended the 
model of liquid He” recently proposed by 
Nanda and Trikha®, for the two-dimensional 
case. It is found that, if the contribution 
to the free energy on account of the lattice 
vibrations is ignored for the two dimensional 
case, the agreement between the predicted 
values and the experimental data of surface 
tension of liquid He’ is fairly satisfactory’. 

Our thanks are due to Prof. D. S. 
Kothari for taking interest in the above 


investigations. 
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Note on Bloch-Nordsieck Trans- 
formation and Electron- 
Lattice Tnteraction 


Hideo Kanazawa 


Institute of Physics, College of General 
Education, University of Tokyo, Tokyo 


November 20, 1956 


Using the Bloch-Nordsieck transformation 
Bardeen’? obtained an expression for the 
interaction energy between electrons and 
lattice vibrations. An interaction between 
electrons can take the place of the interaction 
between electrons and lattice vibrations. 
The expression for the interaction between 


electrons which was given by Bardeen is 


(Oh — 
—>i|m,|* cos s- (x,—x,) /(w2— (V-s)*) 
sig 
ai 1/2 SG ( V. s)*— ,) {m,? ess bang) 
sig 


+m, ** es t o7} Mi {w,— (V. s)*\ 2 (1) 


The first of these interaction terms contri- 
butes to the energy in the first order, and 
the second only in higher orders. 

The aim of the present note is to point 
out that the second term in (1) may be 
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eliminated by a suitable choice of the 
generating function of the B—N transform- 
ation. 

Following Bardeen, we write the Hamil- 


tonian as follows, 


HD V-PAD afi 
#1] 2p Para), (2) 


where f,, =m, e°*t -+m,* e~"™%, Let us 


introduce the new coordinates, 
\ - / — . 
qs =4st+>) As fog 5 Xe =X; (3) 


and take the wave function for the system 


in the form, 
P(x, q) =exp [15 (x’, q’) /b] P(x’, 7’). 
(4) 
The operators p, and P, acting on @ give 
p, P =exp (iS/b)[(95/0q,!) +p.’ P ; 
P, P=exp (iS/b)[P/ +S 
+3>3{ (05/0qe') + psig] @. (3) 
We take S in the form, 
S=—D} ql a(V VD fas 


+i dj} a2 (3(V-s)’—a,") /4(V-s) 


ajs 


i [m,” eis orgtary) es mo* es (a;+ ue) ; (6) 


where @,=1/(0,—(V-s)’). (Bardeen 
took S in the form, S=—})} qs a (V- 


V)fu). Then the transformed Hamiltonian 
operating ’ is 


HH’ =>) V-Pi+1/2 (ps? +0595”) 
—>} |m,|? cos s- (x,—x,) /(w2— (V-s)’). 
zgs 
(7) 


Thus the second term in (1) is eliminated. 
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Next we consider the following Hamil- 


tonian, which is based on the Bloch model, 
H=>) V-P,+- >) (65/2) (P? +Q/7) 
+>) M,(P, cos qx; +Q, sin qx;), (8) 
iq 


where M,= (4C*hq/9nvMs) “? and [P,, Q,] 


— 7 
SEO ay co 


Introduce the new coordinates, 


0, =0,—5) o> sin q%; 3 Cas ’ (€D) 


a 


and take the generating function S in the 


form, 
eae bo,Q,/ cos qx; 
+21 (bo,'/2)sin qx; cos qx;. (10) 
Then we get 
P, P=exp (iS/b) (P,’ +>) a, cos qx;) O ; 
P; etek NLR ceo) booq 
- (P,/ cos qx; +Q,' sin qx;) 
Dilber q/2) (cos qx, 08 4. 
7 
+sin qx; sin qx,) |. (11) 
Putting o,=M,/(bV-q—hqs), we obtain 


the following expression for the transformed. 


Hamiltonian 
H! =>) V «Pi +>) (695/2) (P? +Q7) 
i q 


— >) (M?/2b) cos q (x; -— x,;)/(qs—V-q). 
ry (12) 


It is easily seen that the last term in 


(12) is equivalent to the last term in (7). 


1) J. Bardeen, Revs. Modern Phys. 23 (1951), 268. 
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On the Exchange Effect 
in the Stripping Reactions 


T. Kammuri, R. Nakasima and S. Takagi 


Department of Physics, Osaka University, 
Osaka 


November 26, 1956 


It is well known that the characteristic 
forward peak appearing in the angular dis- 
tribution from certain (d, p) and (d, n) 
reactions can be explained by means of the 
By the 
usual stripping theory (Butler’s theory), 


stripping process of deuterons. 


however, it is impossible to explain the rise 
of the differential cross section at the large 
angles which appears in some experiments. 
To explain this backward component, 
Madansky and Owen’? proposes the “‘ heavy 
particle stripping mechanism ” and empha- 
sized that the reaction products are also 
ejected from the target nucleus as much 
as from the deuteron stripping. On the 
heavy particle stripping model, the differenti- 
al cross section is described as the sum of 
the contributions from deuteron and heavy 
particle stripping, but both must be nor- 
malized to the experimental data separately 
since there is no relation between these 
contributions. 

In this note we examine the possibility 
of the heavy particle stripping mechanism 
taking into account the effect of nucleon 
exchange. We take the (d,n) reactions 
for illustration, and consider the exchange 
phenomena between the neutron which 
initially composes the deuteron and those 
which are in the outer orbits of the target 
nucleus by properly symmetrizing the wave 


function of the total system. 


Assuming that there are n neutrons in 
the outermost j-orbit in the target nucleus 
the wave functions for these n neutrons in 
the target nucleus can be expressed in terms 
of those for n—1 neutrons by means of 
the fractional parentage coefficients, and we 
consider the exchange of the neutron, say 
3, which is taken out in this way, and 
that of the incident deuteron, say 1. Then 


the reaction matrix element is given by 


n+2 


((1—S)A,j)/Vn4+1°F 3; 


j=3 


n+2 


V(i—S1 Ay) /Vn+1-¥0)- 


j=3 


For the case of n=1, neglecting the Coulomb 


interaction, this becomes 
(F,, VG, 2) +V, D) %) 
= (Ae? VU, DAV Oy 
+V (3,2))¥;), 


where 2 stands for the proton in the 


deuteron, 1,; is the exchange operator of 


Ij 
the space and spin coordinates of particle 
1 and j, ¥; and VY, are the initial and 
final state wave functions in the plane-wave 
Born approximation respectively. 

For the calculation of the matrix element 
we take the following approximations. In 
the first term the interaction between the 
neutron 1 which is originally in the initial 
deuteron and the initial target nucleus 
V(1,I) is neglected. This procedure 
corresponds to the usual Butler theory. In 
the second term the interaction between 
the incident deuteron and the neutron 3, 
V (3,1) +V (3, 2), is dropped. This means 
the neglect of the knock out process of 
the Austern-Butler-McManus type.” The 
remaining interaction V (3, [) corresponds 


to the interaction which causes the heavy 
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particle stripping process. In the evaluation 
of this term we assume that the wave 
function of the deuteron can be replaced 
We take 


the single particle wave function moving in 


by the zero-range wave function. 


a suitable square well potential as that of 
the neutron 3. There are also two 
parameters which enter in the first term 
as the interaction radius a, and in the 2nd 
term as the radius of the target nucleus 
ro. The relative contributions of the first 
and the second term to the matrix element 
depend on a, r, and the angular momenta 
of the initial and final nucleus in a com- 
plicated manner. 

We calculate the case of C'*(d, n)N™ 
(E,=0.865 Mev). 


the comparison between the theory and the 


In Fig. 1 is shown 


experiments of Green et al.” 

Recent experimental evidences show the 
effects of compound nucleus formation in 
(d, p) or (d,n) reactions. 


case of C’* which we have treated the 


Since in the 


nucleus is composed of a loosely bound 
extra neutron and the comparatively rigid 
core, the excitation of the core through 
the compound nucleus formation may not 


Therefore, it 


may be said that our mechanism mainly 


make a large contribution. 


represents the compound effects. The rather 
good agreement between our calculation 
and the experiments shows that the con- 
tribution from our mechanism is consider- 
able for this sort of nucleus in these energy 
region. 

Thus we may conclude that the back- 
ward components of the angular distribution 
in (d,p) or (d,n) reactions should be ex- 
plained by the compound nucleus formation. 
Further, it may be concluded that the 


single particle-like treatment as ours is a 


good approximation to the compound nu- 
cleus process in the reaction C'(d,n)N™. 

The analyses of (d, p) or (d,) reactions 
involving the process of compound nucleus 
formation are now in progress and will be 
published in near future. 

The authors wish to express their sincere 
thanks to Mr. M. Sano and Mr. S. Yama- 
saki for their valuable suggestions and 


discussions. 
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Fig. 1. The angular distribution of the ground 
state neutrons from the C!3(d, n) N"4 reaction 
for E,=0.865 Mev. Parameters used are : 
a=4.9X10- cm, 79=3.4 1074 cm. 


1) L. Madansky and G. E. Owen, Phys. Rev. 99 
(1955), 1608. 

2) Austern, Butler and McManus, Phys. Rev. 92 
(1953), 350. 

3) Green, Scanlon and Willmott, Proc. Phys. Soc. 
A68 (1955), 386. 
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A Model for the Inelastic Seatteriug 
of Nucleons 


Sueji Okai 


Department of Physics, Kyoto University, 
Kyoto 


December 10, 1956 


According to the statistical theory of 
nuclear reaction, the relative level density 
of target nucleus can be calculated from 
the observed energy distribution of inelastic- 
ally scattered protons. However, the curve 
of the predicted level density plotted against 
excitation energy of residual nucleus is con- 
cave downward in disagreement with experi- 
ments. Furthermore, the experimental 
results’) indicate that the observed energy 
variation of the level densities may not 
depend on the excitation energy of residual 
nucleus primarily, but, instead, there is 
some evidence that it is a function of the 


These facts 


can never be explained by the statistical 


energy of emitted protons. 
theory of nuclear reaction. In this note 
it is pointed out that these conflicts are 
due to the single-particle aspect of nuclear 
A model 
is proposed for the description of the 


behavior in the compound system. 


energy exchange between the incoming 
nucleon and the target nucleus. 

The energy distributions” of inelastically 
scattered protons from Ag, observed at 
various scattering angles, are shown in Fig. 
1. There are two prominent peaks: the 
one peak is broader than the other. What 
is concerned in this note is the broad peak 
(appeared at about 8-Mev excitation energy ) 
in Fig. 1. According to the usual theory 


of nuclear reaction, the two peaks may be 


Ag (Pp, Pp? 
Ep=18.07 Mev 


- 
° 
“ss, 
<_< 


a 
Pen 


Ne a Sean, 


(mb /STERAD-Mev) 


do 
sade” 
& -_ 


ONG 


is 9 5 
EXCITATION ENERGY-lev 


Fig. 1. The energy distributions of Ag observed 
at different angles. 
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Fig. 2. The relative level density of Ag obtained 
from the scattering of 18.3-Mev and of 
16.2-Mev proton. 


ascribed to the particular properties of 
certain levels of the residual nucleus. If 
this is the case, positions of the peaks 
should remain when incident proton energy 
is modified. Direct experimental test for 


the arguments is not available, but there 
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is some evidence which makes it possible 
to infer that this will not be true as far 
as the broad peak is concerned (Fig. 2): 
In Fig. 2, the peaks appear less prominent, 
since these data are taken at scattering 
angles 150° and give us only an inform- 
ation on the relative level density of Ag. 
From curves for 16.2—, 18.3—Mev incident 
proton energy, however, it is easy to see 
that one curve is displaced by about 2-Mev 
to the other for the excitation energies 
higher than about 6-Mev. 


a peak (shown by an arrow a) at about 


One can see 


6-Mev excitation energy on the 16.2-Mev 
curve, and the corresponding one (shown 
by an arrow 6) at about 8-Mev excitation 
energy on the 18.3-Mev. This peak can 
be identified with the broad peak in Fig. 


1. Therefore, we can conclude that the 


identified peak is displaced by about 2-Mev 


COMPOUND SYSTEM 


Fig. 3. A schematic picture of inelastic scattering 
of protons by nucleus A. The excitation 
energies of residual nucleus A* and A** 


are Ein—Evut and Ein’ —Evut respectively. 


corresponding the change of the incident 
energies from 16.2-Mev to 18.3-Mev. On 
the other hand, the other peak is not dis- 
placed at all. Obviously, it is difficult to 
ascribe the broad peak to particular pro- 
perties of certain levels of the residual 
nucleus. This is the reason why a new 


model must be introduced. 

For the purpose of illustrating the model 
proposed here, a schematic picture of in- 
elastic scattering is shown in Fig. 3. Target 
nucleus A is bombarded by proton to form 
the compound system, but not the compound 
nucleus which is usually considered to imply 
the strong-coupling model. In the com- 
pound system formed, some amount of the 
total excitation energy is shared from the 
proton to excite the core nucleus 4. There- 
fore, there are the cases where incident 
proton transfers its energy to the core to 
fall into a certain single-particle resonance 
level.” In these cases, the proton is emitted 
with large probability due to the resonance, 
and consequently leaves residual nucleus in 
the excitation energy by which the proton 
has been lost. Thus, we should consider 
that the broad peak of Fig. 1 can be ex- 
plained by such effects. The appearance 
of this type of peak may be limited to 
the cases where the residual nucleus is 
left at sufficiently high excitation with con- 
siderable dense levels from the energetical 
consideration. 

When incident energy somewhat increases 
(decreases), this model leads to the con- 
clusions that the energy of emitted proton 
corresponding to the peak still remains, 
and rather the excitation energy of the 
residual nucleus increases (decreases) by the 
In other 


very increment (decrement). 


words, the position of the peak should be 
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displaced by the increment (decrement), if 
the distribution is plotted against the re- 
sidual excitation energy. It is rather favor- 
able to this model that two curves in Fig. 
2 are coincident with each other if the 
distribution vs. the energy of emitted protons 
is plotted. Thus, this model can explain 
why the observed energy variation of the 
level densities is a function of emitted 
protons. From the above arguments, it 
seems that single-particle resonance in the 


compound system plays the essential role also 


in the other aspects of inelastic scattering of 
nucleons by nuclei. A full note will be 


published later. 


1) P.C. Gugelot, Phys. Rev. 93 (1954), 425. 

2) P.C. Gugelot, Statistical Aspects of the Nucleus 
(Brookhaven, 1955). 

3) The model proposed here may be equivalent to 
the intermediate coupling model by Lane, 
Thomas, and Wigner for the giant-resonance 
interpretation of nucleon-nucleus interaction. 
Thus, the single-particle resonance level may be 
the p-group level (nuclear size resonance). 
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An Attempt of Generalizing the Hypothesis of Charge Independence, | 


Selection Rule for the Decay Process 


Osamu HARA and Yasunori FUJII 


Institute of Theoretical Physics, Nagoya University, Nagoya 


(Received October 16, 1956) 


An attempt is made of generalizing the hypothesis of charge independence to the weak interaction. 
The fundamental assumption is that the strangeness quantum number is rot a scalar but the third 
component of an angular momentum vector in the charge space, and the sum of this new vector and 
the usual isotopic spin is conserved in all processes. The case when the usual charge independence 
holds is assumed to correspond to the special case when these two vectors are conserved separately. 
It is shown that this assumption leads, when combined with the composite hypothesis proposed by 


Markov and Sakata, to a consistent level scheme for hyperons and heavy mesons, and moreover gives 


a new selection rule for the decay process which is essentially equivalent to |4J|=4 recently suggested 


by many authors. It gives also other results which can be compared with experiments directly. 
Among them a preliminary discussion is given on a new selection rule expected in the annihilation 
of nucleon-antinucleon pairs. AA comment on the b-field proposed by Yang and Mills is also given. 


§ 1. Introduction 


The hypothesis of charge independence has played an important role in the 
phenomena of pion and of heavy unstable particles. Its validity is, however, restricted 
and we can not apply it to decay processes. If this hypothesis forms an integral part 
of the theory, it would be expected that it should have a more universal character. We 
propose in this note an attempt which, by generalizing the concept of the isotopic spin, 
aims to evade this restriction. 


The starting point of the discussion is the conservation law of charge. Consider, 


for example, the simplest case of pion. Its charge is given by 
Q=el,, Cian) 


where I, is the third component of the isotopic spin. In this case, therefore, the con- 
servation law of charge is equivalent to the conservation law of I... This fact and the 
charge independence suggest a simple picture for the charge space. That is, in the charge 
space only the direction of the third component is characterized by the electromagnetic 
field, therefore it is symmetric under rotations around its third axis, and can be regarded 
as effectively isotropic in phenomena where the electromagnetic field does not take part 
or in the approximation in which it is neglected. It is clear that under such a picture 


the conservation law of charge and the charge independence are nothing but the expressions 


of these symmetries. 
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As has been pointed out by many authors, the gauge transformation (of the first 
kind) 
ey aS he, p* ——. Ge & 
(where @ is an arbitrary real constant) 


can be regarded as a rotation in the charge space around its third axis. This fact also 
seems to suggest this picture strongly. 
Such a picture is, however, not so clear in the general case, where the charge is 

given by 

e(1,+-5/2+n/2) for fermion*, 

Q= (1-2) 

e(I,+5/2) for boson, 
where S means the strangeness introduced by Nishijima and Gell-Mann,” and n the 
particle number. Therefore, if the above picture, especially the character of the conser- 
vation law of charge that it is the conservation law of the third component of the isotopic 
spin is taken as serious, it seems necessary to assume that 5/2 and n/2 are also the 
third components of some angular momentum vectors in the charge space. Thus, intro- 
ducing angular momenta J and K in the charge space other than I, we assume that the 
total isotopic spin is given by 


ice for fermion, 


ori (17) 
I+J for boson. 


The charge is given by 


e(I-+Js+ Rs) for fermion, 
Q=eLl,= (1-4) 
e(I,+Js) for boson. 


Therefore J, and K, are related to S and n by 
J;=§/2, (185) 


and 
K,=n/2. (1-6) 

For one particle state K, should be restricted to +1/2.** Here we assume 

(i) L, is conserved in all processes, 

(ii) im processes where the electromagnetic field does not take part, (I+J) is 

conserved, 

(iii) in processes caused by the strong interaction, I and J are conserved separately. 
(iii) corresponds to the assumption of usual charge independence. But it is in general 
more stringent in that it requires the conservation of J. 


* As for fermion we consider baryons exclusively. 


** In the following discussions antibaryons are not included. Therefore we shall disregard K sometimes. 
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(i) is nothing but the conservation law of charge, but (ii) and (iii) give results 
which have not been got heretofore. For example, they enable us to predict the 
branching ratios of various decay processes such as 

/ pt+z 
So 
n+", 

This is because as long as we assume that the dacay interaction is a primary inter- 
action and the electromagnetic field does not take part there, I+ J is conserved according 
to (ii). Also it is possible in some cases to make more precise the conclusion from the 
usual charge independence by (iii). These predictions can be compared with experiments 
directly, and the validity of our assumptions can be checked by comparing them with 
experiments. This will be done in the following. 


§2. The assignment of the level scheme 


As assumed in §1, I and J are mutually commutable in our formulation. There- 
fore, I, I,, J and J, can be diagonalized simultaneously, and the assignment of these 
quantum numbers gives level scheme for hyperons and heavy mesons. An example of 


such an assignment is* 


fermions 
—e 0 e 2e Hf a. 
z &"(—$, 0) 8", 0) | JB 
B-(—h, -1) £94, —1) &*(—4,1) &**G, 1) 
ee eg Bie) Body Sh > > ay, 
rl, 2) 0, - hb). 3, =) 
¥ ACO, —+) A*(O, 2) 0 1/2 
N n(—3, 0) pG, 0) t72 0 
bosons 
—e 0 e Ih qi) 
K K'(=3, 2) K*G@; 3) Ges 1/2 
K(=3, -) KG, -)) 
= Bafei, 0) z(0, 0) tae 0) il On 


(I, and J, are written in each bracket) 


* This level scheme is the same as the one proposed by Pais in connection with his four dimensional 


@-space.”) 
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As already mentioned by Pais, this scheme contains many unwanted levels.* Among 
them, those written by dotted lines decay rapidly into lower levels by emitting 7-rays, 


since the selection rule for 7-transition is given by 
4I=+1,0; 4dI,=0, 


and 


AJ= 150 7° Ale. 


The ;-instability does not, however, eliminate all unwanted levels, and in particular 
the survival of doubly-charged particles such as =** and S‘** seems to be a serious 
difficulty. It should be noted, however, that it is not right to consider that this scheme 
is the one corresponding to the actual data directly. For example, some of them may 
destroy the condition of dynamical stability as the result of their interactions with other 
fields and disappear, and some of them may form composite new levels if strong attractive 
forces exist between them. The possibility that the structure of the interactions is such 
that some of them are not produced in ordinary collisions must also be noted. 

In the following will be discussed two trials of reconciling it with the actual data. 

(a) The simplest way of eliminating doubly-charged particle is to assume that the 
electromagnetic mass correction Jm is not so small, and can amount to about 90 m,. 
If this is the case, the mass correction for doubly-charged particles will be able to exceed 
pion mass, since in the lowest order of the weak coupling approximation Jm is proportional 
to the square of the coupling constant, and for doubly-charged particles it will be given 
by ~4X90m,=360m,. Thus the doubly-charged particles can decay into lower levels 
by emitting pions: 


and 
N+ + We ant 
WE eases et le 


=* can decay by either of the following processes 


. (fog * 


ats 


| At +7, 


In the latter case the masses of charged particles (=*, 1°) are much larger than that 
of the neutral one (7°), and moreover the Q value is small (about 20 Mev). There- 
fore the deflection of the ionizing track will be very small, and the whole track will be 
observed merely as the decay of °. This will make the detection of =°* difficult, if 


the branching ratio to the latter is large. ** 


Fafa ' 
Ahi Pais assumed that unwanted levels go very high, and decay into lower levels by emitting K-mesons. 
is is impossible in our case, since for this to be realized it is necessary to assume that the hamiltonian 
contains J;, which contradicts with our previous assumptions. 
ie A : Gots ‘ 
eat This branching ratio is calculated in § 3. The result contains a parameter which can not be determined 
y kinematical considerations alone. The former mode is, however, the process with 4S=3 and will be forbidder, 
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V0. : . . . 
>" will be observed as anomalous A” since its decay scheme will be 


| Pee 
sys 


n+z°, 


If we assume that its mass is smller than >>* by electromagnetic correction, its Q value 


will be about 70 Mev. Thus it might be possible to identify anomalous A’ of C.L.T. 
group as. > "2 


A*' will be observed as anomalous >)" since its decay will be 


p+x° 
Ata 
n+7*, 


Assuming that it is shifted upwards by about 90m, by electromagnetic correction, its Q 
value will be about 80 Mev. In emulsions there have been some evidences fot charged 
hyperons of low Q value (about 60 Mev) which have been considered as =~.’ In these 
cases, however, no decay events due to secondary /' have been observed, and it might be 
possible to identify some of them as /*. 
Summarizing, in this scheme appear in addition to N.G.’s 
(i) anomalous $}* with Q value about 80 Mev, 
(ii) anomalous A” with Q value about 70 Mev, 
(iii) possibly =* 
(b) Although doubly-charged particles were eliminated in the preceeding scheme, 
there still remain hyperons with J,=-+1/2 or +1, which make the following processes 


possible : 
Tt N= A" = Ke, 
and 
Ka No +a, etc. 
Table I. Sakata’s model of hyperons and heavy mesons. 
He ticl isotopic 
particle | composition Paha ahs strangeness 
| | 
N 1 z 0 
A? 1 0) —1 
SS NN‘ 1 1 =i 
= NA. 1 3 —2 
Kt+:0 NAD 0 2 +1 
K-09 N‘ 0 s —] 
r NN 0 1 0 


(N, 4° mean antinucleon and anti-A respectively) 
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Thus, in this scheme, in contrast to N.G.’s, asymmetries between K* and K™ do not 
appear in their production rates") or in nuclear interactions”. Although the evidence is 
not yet conclusive, recent data do not seem to favour this conclusion. 

One way of avoiding this difficulty is to adopt composite hypothesis. The composite 
theory of heavy unstable particles was proposed by Markov’ and by Sakata” et al. as an 
extension of the nucleon-antinucleon pair theory of pion proposed by Fermi and Yang”, 
and in particular Sakata showed that, using nucleons and 1” as “ Urteilchen” it is 
possible to reproduce N.G.’s scheme (see Table I). 

Thus, if we adopt Sakata’s hypothesis, exact N.G.’s is reproduced if it is possible 
to eliminate all levels except for nucleons and /’. The simplest way for this is to assume 
that for strange particles (particles with 50) the electromagnetic mass correction is 
very large, and can exceed K-meson mass.* ** *** If this is the case, all higher levels 
except for ’**** decay into lower levels by emitting K-mesons, and we can proceed in 
the way exactly same as that of Sakata. The point that distinguishes our theory from 
that of Sakata in this case is that in our theory the relation between the charge, the 
third component of the isotopic spin, the strangeness and the particle number (1-2) 
and the selection rule for the decay process (see § 3) are derived from a unified principle 
of generalized charge independence, while they had to be introduced ado hoc in Sakata’s 


theory.***** 


7a) 


3. Decay processes 


In usual theories the hypothesis of charge independence can not be applied to decay 
processes. In our theory, however, the sum (I+ J) is conserved in this case also, and 
this enables us to calculate the branching ratio in some cases. 

We introduce the following notations : 

A}: eigenstate of I belonging to the eigenvalue I and [,. 

Ys: eigenstrte of J belonging to the eigenvalue J and J,. 

BUCL Ty: eigenstate of L belonging to the eigenvalue L and L,. I and J written 

in the bracket are to express that this state is composed of eigenstates of I 


and J belonging to the eigenvalues I and J respectively. 


* Recent calculations by Landau et al.! show that the masses of charged particles can be entirely of 
electromagnetic origin. Therefore, this assumption will not contradict the smallness of e. 
di A, Le a ; 

Such a situation can occur, for example, if the radii of strange particles are much smaller than that 

of normal ones. 
eo, : : ; : 

We must expect that this large mass correction destroys the charge independence in some cases. In 
actual problems, however, it will hold comparatively good, since the mass corrections for Urteilchen are all 
small. Deviations from it come from virtual process2s including charged strange particles. Therefore their 
effect will be at most of the order of ten percents. 

**** Of course other neutral hyperons such as =° can survive. They can be used as Urteilchen as in 
Markov’s model, or can be eliminated by assuming that their mass is larger than that of A° by more than 
K-meson mass. 


oa oye é : : oe 
*** New possibilities pointed out in §4 are of course other points that distinguish our theory from 
that of Sakata. 
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Initial and final states specified by four quantum numters I;, I;,, J; and J, and I, Tsy, 
J; and J., respectively can ke expressed in terms of Clebsch-Gordan coefficients as 


P= AGS Cra(L, Ly; Ly, Ju) 92, J) 
y 


tte ‘ (3-1) 
Ul et Hodes Ff = DC yay L, L; ; I, Jey) a tds Tie 


and the transition matrix can be written in the form 
(¥,|S| Fy) = 21Cyy(L, L. 5 Isp, Jz) 


x Cri (L, Ly ; T24, Js) S; (I, Jy\t Ji) . (3% 2) 


The explicit form of S Cy, JylL, J;) can not be given by kinematical considerations alone. 
They are left as undetermined parameters. 
(i) The decay of A* and A’. 
A* and A” can decay by either of the two modes 
ptx pz 
An 4 and Abas 
n-- 7, n-7) 


Using (3-1), the explicit form of the initial and final states are given as follows. 


initial states : 
At = K,Yis= ZiR(0, 1/2), 
MORO RA ONE: 
final states : 
ptm=K KRY Y= 2/3 #18(3/2, 0) —(1/” 3) 718 (1/2, 0), 
ntat—= KK WY Y= (1/3) Pik V2/3 Zk, 
prt =K KRY Yo= A/V 3) Pin? V2/3 Bin", 
nm = KiKi YY = V2/3 Fay + (A/V 3) Fp. 


In this case the participating element of the S-matrix is S\j)(1/2, 0|0,1/2) only, and 
we have the following results. 


Table: I These branching ratios are independent 
of the energies of A* and 1’. 
processes Ee pent ot branching ratio Git) ST he decay“ of V3 and >)". 
GEa2220 The possible decay modes are 
+79 fl 1 
A’ > f + V2 2 Pp He 7° 
ae a st Si oheea, 
pea” =a Z 2 n +7*, 
ey, n+ 7° 1 1 
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pars 
oh = 
n+7. 


The initial states are given by 


SY = KYB = (1/V 3) FBG, 1/2) + ¥273 ZiBG, 1/2), 


So on 
SiS h =a / 3) Pia 29 an" 


Definite branching ratio can not be given for 


these processes, since two elements of the 


S-matrix processes 

Sug(3,/25 Ol 1/2) sand J is 
Se 

S1j2(1/2, 0]1, 1/2) n+n* 
Se ct 

participate in this case. The coefficients of = vey 
these matrix elements are given in Table III. ies ee 
n+7 


This gives the branching ratios 
P(S} > p+") : P(S} > n42*) :P(S nt) 
=[ (2/9) |Ssye|? + (2/9) |S1,2]? = (4/9) Re S¥.81)2] 

= 1 (1/9) [S32]? + (4/9) [Sie]? + (4/9) Re S¥25;/2] 


and 
PCS) enn) = POS p+-e) 
=P(>) > pre): Pt n+n*). 
Some informations concerning the lifetimes of S}* and S‘~ 


For example, 


P(S > ntn-) S 3[P(S}' > pta") +P(S}' Sntz*)], 
or 


Ty- = (1/3)ty+. 


Also we get 
PCS) > p+2") SPO} > n+2n") +P(Son+r7). 
(iti) The decay of E* and 5°, 
They decay by either of the following modes 
At +7° 


M1 
| 


V+zx*, 


Table III 


coefficients of 


(1/3) Ssjp_ (1/3) Sie 


Vi 2a 2 
1 2. 
3 (0) 
1 2 
V2 eae) 


EOE» 


i3aA) 


are given from (3-3). 


(3-5) 


(3-6) 
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cand 


A? ae qr 


Initial and final states are given as follows. 


initial states : 


E+ = Kay a Fyi(1/2, 1) — ¥ 273 ZiR(1/2,.1), 


pala y Goal le Mh = 95a. 


ey 8) eva s3 ge 


final states : 


A += KGB Y= ¥ 2/3 Fi 


M+ = Ke 1 Wh? — eae 


S21 


a(1, 1/2) = (fr 3) 232, 1/2), 
M47* = KG = (ly a3: oh) gue aye’ wie 


Ata = KGie= (1/¥ 3) Pan? — 2/3 in”, 
M+ = KY inh = 2/3 J sn? + A/¥ 3) Fin? 


Participating elements of the S-matrix are S,.(1, 1/2|1/2, 1) 


and their coefficients are listed in Table IV. 
If S). and S,j). satisfy the relation 


S32 = 28; 2 > 


the process =*—>A’+7* is forbidden, and it 
will be difficult to detect Z* (see § 2). 
Moreover, if (3-7) is satisfied, the process 
E°>+At+n- is forbidden also, and £° in 
scheme (a) reduces effectively to that in N.G.’s 
scheme. It is interesting to note that processes 


which are forbidden by (3-7) are both the 
ones with JS=3 from the view-point of N.G.’s 


scheme”*. 


and: Sig (1, 1/2)1/2; 1)5 


(327) 


Table IV 

coefhicients of 

processes (1/3) Ss/p (1/3) Safa 
| At 0 V2. Vz 
A+ at 1 —2 
B- > A477 3. 0) 
At +77 il —2 
F095 x es 
A0-+ 779 2 V2 


* The interaction hamiltonian consists of the part which transforms like ~ Kuer® PZ sim and the part 
Under the condition 


~ Kaiam* Yi. The transitions with | 4I;|=|4J3|=3/2 are caused by the latter part. 
In the cases of the decay of A, S} and 9, it is impossible to 


(3-7), the former part alone is allowed. 


construct the quantity which transforms like ~Ysj™ in the interaction hamiltonian at all (see the footnote 


son p. 323(*)). 
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(iv) The decay of 0* and 0. 


The possible modes are 


0+ n= +7", 
and 
a or a 
(ss 
20. 


In this case the final state must be symmetrized including variables in the charge 
space. The spin and the parity of 4 must be (even, even) or (odd, odd) as it decays. 


into two pions. Thus the final states are given by 
(1/V 2)[(KiX+ XKi]= F2(2, 0) for (e, e), 


tate] ae - 
(/V 2)[KiAI—AUAi= Fi, 0) for (0, 0), 


(1/¥ 3) Z3(2, 0) + 2/3 Fi(0, 0) for (e, e), 
Ti 
re Fa, 0) for (0, 0), 
{Wai 0)—(1/¥ 3) F3(0, 0) for (e, e), 
ZT 
) for (0, 0). 
The initial states are given by 
I= KBYip= Fi (1/2, 1/2), 
= SM Aip= (1/2 )[ F1G/2, 1/2) — $2.4 /2, 1/2)], 
P= KipFin? = 1/V¥ 2)(Fi+ Fs), 
O- = KY = 3 a 
Or, introducing 4) and @) according to 
P= (1/¥ 2) (+i), 
P= (1/2) (ith), 
we find 


ete 
=i Z.. 
Also in this case two matrix elements 


§,(1, 0|1/2,1/2) and 5S,(0, OTL Zeek ro) 
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Tabl oat 
able V participate. But they ere as- 
Gc | (odd, odd) sociated with #(odd, odd) and 
Fits ety = : - —__ (even, even) separately. Their 
coefficient of | coefficient of : . : 
Sy 5, coefficients are listed in Table V. 
; —— os — If 7 is assumed as (0, 0), 
ae terantaahaiiees (oo), 
| we get 
re | n+ a | 0 | —1 
Dae To4 7 
2x0 | 0 0 Tot Tor - (3-8) 
+ — A hola . 
9,0 > | oe ee oy 2/3 0 Recent observations show, how- 
0 EVA 1 
2r =iV 3 0 ever, that 7), is about one 


hundred times longer than 7)."” 


This is in contradiction with (3-8), and to assume that 4 is (odd, odd) seems to be 
inadmissible. 


If 4 is assumed as (even, even), #*—»xz*-+7° is forbidden, and we get as the 
branching ratio for the decay of 4 


P(P—>2t-+n>) > P(M> 22") =2 21 (3 19) 


“ce 


The decay of * may be ascribed to 


non” charge independent interactions which 
can appear, for example, from the mass difference of 7* and z° which has been neglected. 
thus far. 


Summarizing, the main result of our discussion is* 


(i) the branching ratio of A’ decay is given by 
(> pta-)/(P>nta") =2, 


(ii) the lifetimes of S'* satisfy 


Tyt < Bias 


(iii) and it is likely thet 4 is (even, even), and in this case the branching ratio 
of 4’ decay is given by 
(09> 2* +27) / (= 27°) =2. 


‘ ' : ; 

At first sight it seems difficult to detect the modes MBM 5n+7° or 27°. How- 

ever, if we assume that these particles are always produced in pairs, it can be done by 
simply counting the numbers of actual pair productions and apparent single productions. 


Therefore these ptedictions can be compared with experiments. 


* These results agree with those recently obtained by many authors under the assunption that for 


decay processes a new selection rule |4I|=1/2 holds.) The reason of the agreement is obvious since in cases 


here considered |4]|=1/2 and the conservation of I+J leads just to |41|=1/2. 
** This suggestion was made by Wentzel!9) at first. Also it seems of interest to s2ek for the hyper- 


fragments of very small A which decay with the emission of z°. 
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§4. Concluding remarks 


Thus far we have shown a possibility of generalizing the hypothesis of charge 
independence to the weak interaction. It is expected that such a generalized scheme can 
be applied to leptons also. If, in this case, the lepton number is not conserved, 1h AP 
or even I+J is not conserved, and this will distinguish the situation from that encountered 
in the case of baryons and heavy mesons. 

In conclusions, a few comments will be added. 

(i) We have assumed that the particle number was expressed by K,. This means 
that for states with given particle number there can be many states corresponding to 
different values of the magnitnde of K. Consider, for example, a system composed of 
a proton and an anti-proton. Its particle number is zero. But according to our scheme, 
there can be two states corresponding to K=1 and 0 respectively. The latter can annihi- 
late by emitting pions, but for the former this is impossible, and it can annihilate only 
by emitting 7-rays. Such a prediction may also be checked experimentally. 

(ii) Recently Yang and Mills’? pointed out that the locality of the field concept 
cannot be made compatible with the hypothesis of charge independence so long as one 
does not ‘introduce a new field which they named b-fteld. In our theory, however, the 
rotation in the charge space is identified to the gauge transform. Therefore these two 


requirements can be made compatible with each other without introducing the b-field. 
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Theoretically calculated binding energics of H® and He were reported in our preceding paper, I, 
where two-Lody forces of exponential type with hard core cut-offs were assumed. In the present paper 
we show the results of similar calculaticrs with two-body forces of the Yukawa type which are cut 
of by hard cores. Cnly central forces are used and the force parameters are determined from the 
twe-nucleon data at low energies as was done in the preceding paper. This change in the radial form 
-of the nuclear force docs:not alter the qualitative features of the effects of hard cores: i.e. 1) Hard 
-cores reduce the binding energies of H* and He*. 2) Hard cores push out the wave functions of 
‘H® and He’, so that the Coulomb energy of He*, which is too large without the hard cores, is 
brought into agreement with the experimental value of the difference between the binding energies 


sof H® and He’. 


In the preceding paper’ (referred to as I hereafter) we calculated the binding 
energies of H® and He*® assuming two-body central forces with hard cores. The radial 
shape outside the hard core was taken as exponential. In order to see how much the 
results depend on the outer shape of the well, it seemed desirable to repeat the calcula- 
stions with another potential. 

In the present paper we assume a Yvkawa type potential with hard core cut-off. 
Otherwise the same assumptions, the same notation and the same method of calculations 
are used as in I. Therefore, we present only numerical results with brief comments. 

As for the nuclear force we assume two-body central forces only, which can be derived 


from the following potential, 
Vig= (3 +0,9;)V, (745) /4+ (1—0,0;)V,(7;;) /4. 


‘Charge independence of the nuclear forces is assumed, and the spin-triplet and spin-singlet 
potentials, V,(r) and V(r), may include Majorara exchange operators. For the even 
state we take V,(r) (i=t, 5) as 


even) (7) for Bye hts hy wissen 
abe i) — 1 
(co om ae Pe Ai) 


The four parameters B, and (3; are determined so as to give experimental two-nucleon 


data at low energies : 
* Form erly Takeshi KIKUTA 
** N cw at Dept. of Physics, Columbia University, New York, N.Y., U.S.A. 
*** Now at Nuclear Data Project, National R search Council, Washington, D.C., U.S.A. 


Effect of Hard Cores on the Binding Energies of H*® and He’, II 327 


Binding energy of deuteron=2.226 Mev, 

Triplet scattering length of n-p system=0.5378 X 107” cm, 

Singlet scattering length of n-p system=—2.369 x 107” cm, 

Singlet effective range of n-p system =(0.27X10-" cm or 0.24107" cm). 
‘Since the singlet effective range of n-p system is not yet determined accurately, we assume 
two values for it. As for the radius of the hard core, we take D=0O, 0.2, and 0.6 
10°" cm. B,; and f, thus calculated are listed in Table I. The accuracy of these values 
‘is somewhat inferior to those in I. Especially the adjustment to the singlet effective 


range contains errors within 52. 


Table I. Force parameters in (1) 
D: in 10-'cm, B: in Mev-10-!3 cm, 8: in 1012 cm-! 


| D 0 0.2 0.6 


Lb P 
B, 77.6 134.5 664.0 
By 8.14 10.84 28.43 
B, 55.9 O12 309.8 
Toss 01271012 cm. Be 8.54 10.50 19.36 
B: 66.4 108.0 459.3 
Tos = 0:24X<10—* cm Bs; 9.53 12.03 25.29 


We use the usual variational method to calculate the binding energy of H’, and 


(t) 


take the same trial function ¢/ as in I, 


$? = $f [a (1) 8 (2) —a(2)8(1) J a(3)/2, 


where 
IT [e~#@e—D) —e=vtre—D) 1 rit 4 lat goede by 
GO =i 
0 : otherwise, 


G=4, ZS); 


‘The binding energy and the values of parameters /4 dnd » determined with variational 
method are given in Table II and III where their values for the exponential type potential 
are also listed for comparison. All the values for the Yukawa type potential are considered 


Table Il. Variationally computed binding energy of H®. Values in parentheses are those 
for the exponential type potential in I 


Hard core radius 
D in 10-!3 cm 


B. E. (H*) in Mev 


Tos == 2.7X10-!3 cm Tos == 2.4X10- cm 


| 
eA 


0.0 12.5 (10.26) 16.0 (11.38) 
0.2 8.2 ( 7.87) 8.9 ( 8.88) 
0.6 | 5.4 ( 4.78) 6.2 ( 6.19) 


Experimental value | 8.49 
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Table III. Adjusted values of # and y in 10!%cm~!. Values in parentheses are those 
for the exponential type potential in I 


Tos == 2.7107! cm | Toe 2=2.4X10-°-%cm 
D in 10-i%cm |— =a tae = a5 
uae | 3 | a | $ 
00 ~©|~~061 (0.4787) | co (x) 0.66 (0.5033) 00 (co) 
0.2 0.43 (0.4444) | 5.9 (5.004) | 0.47 (0.4672) 6.2 (5.128) 
0.6 | 0.44 (0.4385) 4.3 (4.279) 0.48 (0.4846) 4.4 (4.407) 


to be about one order of magnitude less precise than those for the exponential type 


potential. 
Since He* is the mirror nucleus of H® and we are assuming charge independence of 


nuclear forces, we may calculate the Coulomb energy of He’ by perturbation method. 


The results are given in Table IV. 


Table IV. Coulomb energy of He*. Values in parentheses are those for 
the exponential type potential in I 


é f He* i 
EFS epee : Bee energy a e* in Mev 
Din 107" cm Tos == 2.7X107-!? cm Tos == 2.4X10-% cm 
ine it | SF —- =~ = - = il — ————EEE—S OO Ss —- 

0.0 | 1.25 (0.986) 1.36 (1.037) 

0.2 | 0.80 (0.810) 0.86 (0.845) 

0.6 | 0.68 (0.676) 0.72 (0.723) 
Experimental value 0.764 


We can see in Tables II, III and IV that the general features of the effects of hard 
cores are not much different in the two cases of exponential and Yukawa potentials. 
Namely, 1) hard cores reduce the binding energy of H’, and 2) hard cores push out 
the wave functions of H’ and He’, so that the Coulomb energy of He*, which is too 
large without the hard cores, is brought into agreement with the experimental value of 
the difference between the binding energies of H’ and He*. The hard core effects are 
slightly enhanced for the Yukawa potential, especially near D=0, possibly because of the 
rapid change of the potential form in this region. 

Discussions in I about the approximations are applied also to the present case, and 
so the values of B. E. (H’) are expected to be about 1 Mev larger than the values in 
Table II while the Coulomb energies may be several per cent smaller than the values in 
Table IV. If we take the hard core radius D as 0.2107" cm for 1,,=2.7X 107" cm 


or D=0.4X 107" cm for r,,=2.4X107" cm, the best fit to the experimental values is 
obtained. 


The authors would like to express their sincere thanks to Professor S. Tomonaga,, 
Professor S. Nakamura and in particular to Professor T. Yamanouchi for their kind 


interest to this work. They are also greatly indebted to Miss K. Kayanuma and Mr. 
Sune for numerical calculations. 
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Appendix 1. Explicit formula for potential energy U,(i=t, s) 


Expressions for the normalization integral N and the kinetic energy are the same as 
those in I. The only difference is the potential energy, which can be written as 


NU, = — (3/2) B, \| JO* pO e—Bi—D) 7.9, dr, dred, 


= — (3/2) e~%: PB {DA,(0) +.4,(0)}24,(8,) 
—U/! (212) +2U! (#+¥) —U! (2), 


where 


AK i rye gee Sh oe seticwent Goel 


(x+2H)"  (xt+p+y)™ © (x-+22)" ’ 


and 
Ui (x) =2[ {4,(x+,) + (2D+1/x) A, (x+/3,)} {Ao(x) +DA,(x)} 
+A, (x +i) {24,(x) +DA,(x)} Je*?/x 
+ {4,(x+8,) +DA,(x+f,)}2e7 @FBP/(x+f,). 


Appendix 2. Details of the results of calculation 


In order to get the minimum of the expectation value of energy, we have used the 
quadratic function approximation as in I. In the following tables we give the detailed 
values which have appeared in the course of our calculation. The values with asterisks 
are used to obtain Tables II, III and IV. Table V is expected to be useful for calcula- 


tions using somewhat different force parameters from ours. 


Table Va. No hard core. (v=2c) 


: = . 
if U —U, in Mev K | B. E. (H*) in Mev 
a, | una 
in A ‘ : ; 
ad . igs) a Tos = . Tas = Ue wie 
107% cm! in Mev 2.7% 10-18.cm | 2.4x10-18em | 1 Mev | o975T0-13cm | 2.4% 10-12 an 
i] /= | ‘aa | te a. 
0.55 | -~38.92 27.04 Sah aoa 6 SIL Aa | 14.73 
0.6 45.08 31.38 34.48 63.97 *1249 | *15.58 
0.65 | 51,44 35.89 39.58 75.07 *12.26 *15.96 
0.7 [37.99 40.52 44.86 87.07 11.45 *15.79 
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Table Vb. Hard core radius D=0.2X107!* cm 


7 | : _v, | =U, in Mev | e | B. E. (H%) in Mev a 
in in | 0 re oe — 
10’ cm-"| 10’ cm~"| in Mev 2 10-1 2.4 MLO iato in Mev 2.7 X10-13¢n 2.4 10-19 cm 

055°) -45 41.3 | 238 | 29.9 64.0 6.1 ele E 0.005945 
05 | 65 40.5 | 283 | 29.4 614 | *73 | 85 0.011327 
Os 1. 55. | ° 38s 69 | 279 | s7z7 | #77 ~~«| #87 | 0.010975 
ae ee: 37.2 26.005 1! 26.9) see 7.6 *8.5 0.010723 
Ose as ase) coe mere 53.3 *7.3 81 0.010393 
0.45 Cent a2 23.2 24.0 483.) (hea *8.9 0.020312 
045 | 5.5 32.3 ga.7-- |» 933° |4g.9° | eee (PN 87 | soo20083 
045 | 5 313 1ObaaR Ae 225 ot ASH 7.9 *85 | 0.019672 
045 | 45 30.1 eit 216 | 437 | *75 | 80 | 0.019194 
0.45 4 28.7 20s ai 205 F749) 6.9 7.4 0.018546 
Oa $45. [247 17 Fa be ZS ae ck? *7.1 *7.4 | 0.037981 


Table Vc. Hard core radius D=0.6X10-!* cm 


‘ . aty, —U, in Mev K B. E. (H*) in Mev 
in in ve is : i N 
10% cm—1 | 10" cm=" | in Mev 2.7% 10-1. cm BAC 1OL® oul in Mev yp der ree eh 24%10-13 cn| 
0.5 4.5 51.1 40.5 420° | 869 [447 ~ 7 Ratan i 0.025025 
0.5 4 46.7 37.7 386 | 793 | *5.0 *5.9 | 0.023497 
0.5 3.5 42.0 34.6 34.9 “')" 720 1 AG 49 | 0.021423 
0.5 3 36.4 | 30.8 30.3 63.8 3.4 29 | 0.018909 
0.45 vi ody | 34.2 35.1 71.6 *5.3 *6.1 | 0.04371 
or rss 39.2 31.2 32.2 66.0 | 44 5.5 | 0.08576 
0.4 5 36.9 29.7 | 30.4 61.6 so" 5.7 | 0.08382 
Oar | = 45 34.30 261° “WINE ga arly Sha *5.2 *5.6 | 0.08132 
0.4 4 314 | 26.2 26.3 52.7 *4.9 *5.0 | 0.07815 
0.35 | 45 | 26.5 Biri ie olen 4.6 46 | 0.16429 
Reference 


1) T. Kikuta, M. Morita and M. Yamada, Prog. Theor. Phys. 15 (1956), 222. 


233311 


Progress of Theoretical Physics, Vol. 17, No. 3, March 1957 


On the Origin of the Magnetic Anisotropy Energy of Ferrites 
Kei YOSIDA and Masashi TACHIKI 


Department of Physics, Osaka University, Osaka 
(Received November 1, 1956) 


Possible sources of the anisotropy energy are investigated for ferromagnetic ferrites, i.e., Ni-, Co-, 
Fe- and Mn-ferrites. The cubic anisotropy energy which arises from the anisotropy of the crystalline 
field acting on magnetic ions and is described by the function of the spin operator of one ion identically 
vanishes for ions with spin less than 2, so that this kind of anisotropy energy vanishes for Ni2+ and 
Co** ions. The anisotropy energy arising from the magnetic dipole-dipole interaction which appears 
for cubic crystals in its second order perturbation was calculated for Mn- and Ni-ferrites and that 
arising from the anisotropic exchange interaction calculated for Ni-ferrite but they were found to be 
too small to account for the experimental values. Therefore, it is concluded that the major part of 
the anisotropy energy for Ni-ferrite arises from the anisotropy energy of Fe®+ ions, for magnetite 
from the anisotropy energy of Fe** and Fe"* iors, and for Mn-ferrite from the anisotropy energy of 
Fe®+ and Mn?* ions. Especially it is shown that the experimental anisotropy energy of magnetite 
extrapolated to the absolute zero of temperature is in good agreement with the sum of the experimental 
anisotropy energy of Ni-ferrite and the calculated value of the anisotropy energy of Fe?+ ions. For 
Co-ferrite, its large anisotropy energy seems to come from the pseudo-quadrupole and anisotropic ex- 
change interactions among Co and Fe iors, but the situation is too complex to carry out the calcula- 
tion of the anisotropy energy in this case. 

Finally, the temperature dependence of the cubic anisotropy energy is calculated for Mn-ferrite, 
and is shown to decrease as (J,—T)? near the Curie temperature. Further, the sum of the 
coefficient, a of the cubic anisotropy Hamiltonian for Mn?* and Fe*+ ions of the octahedral sites and 
that for Fe®+ ion of the tetrahedral sitcs have been determined for Mn-ferrite by adjusting the 
calculated anisotropy energy vs. temperature curve so as to fit the experimental one, and it is found, 
neglecting the small a-value of Mn?* ions, that the a-value of Fe'+ ions on octahedral sites has five 
times as large an absolute value as that of Fe’*+ iors on tetrahedral sites and that the former has the 


opposite sign to the latter. 


$1. Tatroduction 


Numerous experimental investigations have been done on the magnetic anisotropy 
energy of ferromagnetic ferrites with the static torque method, magnetization curve method 
and microwave resonance method.'~" Experimental data are summarized in the table of 
the paper by Bozorth, Tilden and Williams.” As seen from this table, Co-ferrite has 
much larger anisotropy energy compared with other ferromagnetic ferrites, namely Ni, Fe- 
and Mn-ferrites, and further the anisotropy constant K, for the latter ferrites is negative 
and their easy axis of magnetization lies in [111] direction, except for magnetite at low 
temperatures, whereas K, of Co-ferrite is positive and its easy axis is in the [100] direc- 
tion. The anisotropy energy of ferrites is quite significantly influenced by a small added 
quantity of Co ions. Especially, Bickford, Pappis and Stull’ showed that a small quantity 
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of cobalt ions mixed in magnetite can shift the temperature at which the easy axis of 
magnetization changes from [111] to [100] to a markedly high temperature. Bozorth, 
Beatrice, Cetlin, Galt, Merritt and Yager’ have reported that, for Ni-ferrite with Fe * 
ions as impurities, the microwave method and the static method of measuring anisotropy 
energy give somewhat different values. Therefore, in order to know the intrinsic value 
of the anisotropy energy, experimental data for pure substances are needed. 

The anisotropy energy of cubic crystal is in general small compared with that of 
crystal with low symmetry and, at the same time, its temperature dependence is very 
intense. Thus, the room temperature value can be very different from that at the absolute 
zero of temperature, especially in Mn-ferrite and Mn-Zn ferrite which have a compara- 
tively low Curie temperature. 

The following table shows the anisotropy constant K, of ferromagnetic ferrites at 


low temperature. The anisotropy constant of magnetite in this table is the value at the 


Table I 
Substance Ky erg/cc K, cm—!/molecule. Reference 
NiFe,O, —1.18X 105 —4.3X10-2 (18) 
CoFe.O, 4.4~17.5X 10° 16~6.4 (13) 
Fe,O, — 2.0 X 105 —7.4xX10-" (11) 
MnFe,O, —2.2* 105 —8.5x<10-" (2) 


absolute zero of temperature obtained by extrapolating the values at temperatures higher 
than the temperature at which the anisotropy constant changes its sign. The purpose 
of this paper is to investigate the sources of the anisotropy energy of ferrites and to 
clarify its nature. 

The magnetic ions in ferrites are Fe’*, Mn°*, Fe’*, Co’* and Ni'*. Fe’* and Mn’* 
ions have no orbital moment, while Fe’*, Co’* and Ni’* have non zero orbital moment 
in their free states. The latter divalent ions occupy the octahedral sites. The crystalline 
field acting on the octahedral site arises from the surrounding oxygen ions and metal 
ions. The part from the surrounding oxygen ions has a cubic symmetry neglecting a 
slight shift of the position of the oxygen ions, whereas the part from the metal ions 
has a trigonal symmetry whose axis lies in either of the four {111} directions, so far as 
we do not distinguish the difference between Fe’ and divalent ions. If we discriminate 
this difference, this part has a lower symmetry and differs from ion to ion. Therefore, 
we can consider that the orbital moment of these divalent ions is quenched, namely the 
ground orbital state is not degenerate, so that the treatment of the anisotropy energy 
becomes considerably simple though the crystals under consideration have cubic symmetry. 
This fact has been proved by that y-values near 2 were found by the microwave resonance 
absorption. 

The sources of the anisotropy energy of ferrites are the following interactions: the 
magnetic dipole-dipole interaction, the effective anisotropy Hamiltonian of each spin in 
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the crystalline field, and the anisotropic exchange interaction which is produced by the 
combined action of the L-S coupling and the exchange interaction. These were pointed 
out by Keffer"? and Moriya and Yosida™ in the case of antiferromagnetism. In the 
case of cubic crystals like ferrites, the magnetic dipole-dipole interaction does not give any 
cubic anisotropy energy in the classical treatment, but its higher order effect contributes 
to the cubic enisotropy as shown by Van Vleck.” For the anisotropy energy arising 
from the other sources, the situations are the same and higher order calculations are 
needed, so that the treatment becomes somewhat troublesome compared with the case of 
lower symmetry. We shall begin with the consideration of the simplest part of the 
anisotropy energy, namely the anisotropy energy coming from the anisotropy of the 


crystalline field. 


§2. Anisotropy spin Hamiltonian for ions under the action 
of the crystalline field 


The cubic spin Hamiltonian of ions whose orbital moment is quenched by the 


crystalline field is represented by 
(SA 4+S/'45.), (2-1) 


where S,, S, and S, are the x-, y- and zcomponents of the spin angular momentum S 
(x, y and z are the cubic principal axes). The constant a may be calculated by the 
perturtation method starting from the states which are split by the crystalline field and 
taking the spin-orbit coupling and intra spin-spin interaction as perturbations’?*”, We 
shall here deal with the calculation of the average value of (2:1) in the case in which 
the Weiss molecular field is acting in a certain direction, €, whose direction cosines referred 
to the cubic axes will be denoted by (n,, n, and n,). 

If we take ¢- and 7-axes perpendicular to the €-axis and also to each other and 
denote their direction cosines referred to the cubic axes by (/,, /,, 1.) and (m,, m,, m,), 
respectively, S,, 5S, and S, can be expressed in terms of S,, SJ, and S, by the following 
relations : 


5,=1,5,+-m,5, +n, 5, 
§,=1,S_ mS, +15. (252) 
§,=1,S, +m, 5, +1, 5,. 
With the use of (2:2) the average value of JS," can be expressed as 
(SA) = (L4 +m') (Se) +103°<S¢") 
Hb? my? {C {S_ Sy}? ) CASES TP} 
+ (L,? + 1;?) my? {C{S,Se}?) FCS ESa} D} (2-3) 


where {AB} is the abbreviation of AB+BA and we have taken into account that the 
averages of the terms including odd powers of 5, and S,, vanish and that (S,") and 
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(S252), etc., are respectively equal to (S,") and (5,75,?), etc. Adding to (2-3) the 
corresponding expressions for (S,") and ¢S."), we obtain 
(Salt Sy SA) acuemencince™ Ese) 
+ (L?mP+leme +h? m2) {¢ at AC {S757} = 25277} 
Peat, 26 A Lae “(48453 *—({S252})}. (2-4) 
If we use the relations 
C15, Sy}? al 2¢ 155.7} +55) —25(S +1), 
( {S, Se?) =2¢ {8.25.7} )— (5/2) (S22) + (1/2) S(S+1), 
in (2:4), we obtain 
(Set +85 +S) =(S,4) +3 C {5,757} ) + (1/2)S(S 41) — (5/2) <S,?) 
+ (L2m2+l2mze+12m2) {3 ( {S25,3} )—25(S+1) +5 (S,2)— 24S} 
H+ (mt tng! pany’) {CS e4) + (S22) — 3 C{SPS7} ) — 1/2) SS +1) + (5/2) Se?)} 5 
(2-5) 
Here we will express ¢ {5,°5,7} >, ( {SPS} and (S,*) in terms of (5,") and ¢S,?)- 
There are following two relations between these three quantities, namely 
26S) HS AY +2 {SPS} + {SPS 7} =F (S+1)?*, (2-6) 
24S) EC {SES} tC {SESE} =S2(S+1)2—S (S41) (Se)... (227) 
The first relation is obtained by squaring the relation S°+S,°+S2=S(S+1) and the 


second by adding two expressions which are obtained by multiplying this relation with 
S. from the right and from the left. ¢S5,.*) can directly be calculated as 


(Se) = (3/8) (8.9) — (3/4) 8 (S$ +1) (S22) + (3/8) S8?2(S+1)? 
— (1/4) S(S+1) + (5/8)<S2). (2-8) 


From (2:6), (2:7) and (2-8) we see that the coefficient of (/,2m,?+/2m2+12m.2) 
in (2:5) vanishes and (2:5) can be expressed completely in terms of (S.") and (S.2) 
as 


(SEAS A +52) = — (21/8) (5,4) + (9/4) S(S +1) (S.2) + (3/8) 82(S +1)? 
— (15/8) (5.7) + (1/4) S(S+1) 
+ (my! +g +5") [ (35/8) {(S5") — (1/5) [S2(S +1)? (1/3) $(S +1) }} 
— (15/4) {¢5.?)— (1/3) S(S+1)} {S(S+1) —5/6}]. (2-9) 


This result can also be obtained by a more elegant method, namely by adding three 
Keffer’s expressions” 


Cry" (S; . Tip =cP, (4,4) std P(e) +eP, (8,4) 
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with cos4,,=n,, ny and n,. 

Above the Curie temperature (5.4) = (1/5) {5?(§+-1)?— (1/3)5(S+41)} and ¢S,2) 
= (1/3)5(S+1) so that the part including (n,*+-n,'+n.") in (2:9) vanishes. On the 
other hand, at the absolute zero of temperature (S.4)=S' and (3, )=S° so that the 
anisotropic part becomes 


S(S—$) (S—1) (S—§) (nF) +n,' +1,"). (2-10) 


This result shows that for this kind of the anisotropy energy the quantum effect is 
significant and it makes the anisotropy energy identically vanish for S less than 2 in the 
whole temperature range. This was remarked by Van Vleck”) as early as 1937. Thus, 
the anisotropy energy of cubic symmetry arising from the anisotropy of the crystalline 
field vanishes for Ni** and Co’* ions. For Fe’*, with S=2, the quantum effect reduces 


the anisotropy constant to one tenth of the classical value. 


§ 3. Anisotropy energy in Mn- and Ni-ferrites arising from 
the dipole-dipole interaction 


As mentioned in the preceding section, the anisotropy energy arising from the 
crystalline field in ferrites remains only for Fe**, Mn** and Fe** ions. Besides this 
anisotropy energy we can consider those arising from the magnetic dipole-dipole interaction 
and the anisotropic exchange interaction. 

The cubic anisotropy energy arising from the magnetic dipole-dipole interaction at 
the absolute zero of temperature can be calculated by the perturbation method, taking 
the magnetic dipole-dipole interaction as the perturbing Hamiltonian. The dipole-dipole 
interaction between two spins can be divided into the following four parts, as done by 


Bloembergen, Purcell and Pound” : 
V = pe tp (A+B+C+E), (3-1) 
A=S,,5~j(1—3 cos?O,,), 
B= — (1/4) [ (Sge—1S ng) (Seg +55) + (Sei F#Siy,) (Seg— Sng) ](1 —3 cos? 4g), (3-2) 
C= — (3/2) [ (See +iS pe) Sg5 t+: (Seg +155) Sei] sin; cos 9,,e—*¥9 + conj. comp., 
E=— (3/4) (Sze t+iS,7) (Seg +184) sir? O,,e 2:9 + conj. comp., 


where the ¢-axis is taken in the direction of the spontaneous magnetization. The part 
A has only a diagonal element in the representation which diagonalizes the spin component 
S. of each ion, and it gives rise to the ordinary classical dipole-dipole anisotropy energy, 
which evidently vanishes in cubic crystals as shown by Kaplan.” The part B has off- 
diagonal elements between the ground state with absolute saturation magnetization and 
those excited states in which one spin of octahedral sites and one spin of tetrahedral sites 
are reversed. The matrix element between the ground state and the excited state in which 
the ¢-component of the i-th spin of the octahedral site is S,,—1 and that of the j-th 
spin of the tetrahedral site is —S,+1 is given by 
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ae (Pps {2) 5 vay VS rg (1 — 3 cos” 4,,) > (3 ‘ ay 


where S,, and S, are, respectively, the magnitudes of the spins of octahedral and tetrahedral 


sites. Therefore, the second order perturbed energy per one octahedral ion becomes 


ALt a 2 pe N\2 
J Lr SpS4 s ( reg — Fag ) : (3-4) 
4(4E,+J4E,) BA; ‘ Vj 


where JE, is an increase of energy due to the change of the £-component of an 
octahedral spin by one and JE, is the corresponding quantity for a tetrahedral spin, and 


>} means the summation over the tetrahedral j-sites surrounding the octahedral :-site. 


BAj 
If we here transform the coordinate system from ¢, 7 and £ to x, y and z of the 


cubic axes by 
F=hx+hyt+hz, 
Q=m,x+myy+m,Z, (3-5) 
C=nyx+nyyt+n,z, 


the summand in (3-4) becomes 


ri— 3h? 2 2 2 
elt: <i ee —6 pel tn. Mice n2 Xt +2n,n., Xig Vig 
8 ~ Ss 3 , S 


6 
aj ij V5 Ysy Yi5 Yi5 


. . S ~~ A 4 

+ 2ngn, 79% + 2n.n, 20% | 4.9 {ni “4 +-n,t 
Poet 8 - . ; d 2 ) 

ri 4; Taj ry} 


2 


4 o° 3 3 5 

Hike eae tie: PP oricer ye ree 

oh tgie One ie aie + 6n,'n,? 2th +-6nfng “829 
‘ 7 


10 


Mj ij Vj Vij 
A BS Agts ata Ves 2 So 3 
3 JFt9 : j 3 z, a Pes 
+ 4n,"n, be + 4n,n,” s7e + 4n,>n, ei A Anca? ‘ae 
ree ’ <9 mM 
rij rij ry ne 
3 Rig Xiy 3 & a 5 bop Pee 
+4n,°n, Wie + 4n,n, sie + 12n n,n, gi Be ao 
Tig Yay Tay 
9 Zig Vey ° x. 14 Ze 
Tene nin pene 2 ig Vig Rig 
i 3 MN» ra + 12n/ n,n, a : (3-6) 
ij V5 


We concentrate our attention to an octahedral site whose trigonal axis of symmetry 
Sie, Sal See ee ee 

i 5 Nig Rag/ Vag ged by cyclic changes among x, y 
and z. The corresponding expressions for the other three kinds of octahedral sites can 
be obtained by changing the signs of two of n,, n, and n,. Thus, apart from the parts 
independent of the direction cosines, the average of the sum of (3-6) over the four 


kinds of octahedral sites becomes 


9(n,itnfitns) SS) x4/r +5 af 2 2,2 2,2 2. 2/40 
u 2 3 ) ee is/Vig + 4(n, Ny +n, n. Ths ny, ) 2595/7 (3 : 1) 


age 
} 
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‘With the use of (3-4) and (3-7), we obtain the anisotropy constant per molecule arising 
from the B interaction as 


(3-8) 


PPS 4 os | ij 3X15 Vij | 
(4E,+4E,) BAj ij 


Te 

The part E in (3-2) has off-diagonal elements between the ground state and those 
excited states in which two octahedral spins or two tetrahedral spins are reversed. Using 
similar notation to that used in the case of the B interaction, the matrix element between 
the ground state and the excited state in which the ¢-components of the i-th and j-th 


spins of the octahedral sites are equal to S,—1, is given by 
~ (3/2) Sw pt sin® 2 (3-9) 
Therefore, the second order energy per two octahedral spins becomes 


9 g . pe A) RE 


a (aur ve M3310) 
4 24E; BB j Ta : 

Expressing the summand here in terms of x, y and z, taking average over four kinds 
of octahedral spins, and picking out the terms including (n,?n,?-+n2n.?+n.?n,*), we obtain 
the anisotropy constant per molecule as 


9 FUSE | vg S007 | Gu) 


4 Ee ies, re 


Similarly, we obtain the anisotropy constant per molecule arising from the excited 
states in which two i and j spins of the tetrahedral sites have the ¢-components equal to 


—S,+1 as follows : 


9. Phe Sa Ss Kaj — 3Xi5 Vag P (Be 12) 


ie Cone 
8 AEs 44; ey 


The C term in (3-2) has off-diagonal elements between the ground state and those 
excited states in which one spin of the octahedral sites has ¢-component equal to S,,—1 
or one spin of the tetrahedral sites has €-component equal to —S,+1. The correspond- 
ing matrix elements are, respectively, 


— 2255, 9 {Se Dit Gig G) Sa Da Ci, Satin} G+ 13a) 
Z BB; BAj 


and 


Benes VS 2849 pea {—Sa dy Vi9 Cay Fes — tg) +85 3 Tey Ces (Fs — Fg) } - (3 -13b) 
2 AAj AB; 
The summation in (3-13a) for an octahedral spin whose trigonal axis is in the direction 
[111] can be written as 
(s 3 faut inn 5,5) SaGutin ) 
Be aA Ze) SS 5 
BB; Tig BA; "53 
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—  Xi5 Vig a” Xe Ves 
S(T ee lon Lm Lyte tly ls tS ee 


BB; "5 BAj Ti3 
a5 Vig + Xp Vig 
sys Ne Mah 0, Be) Oo pat pee Oe ey : 
+i(m,ny+ myn, + myn, +m, Ny m,n, )( aa ro on 7 
(3-14) 


Using (3:14) in the calculation of the second order energy to be obtained from (3- 13a) 
and averaging the obtained expression with respect to the four kinds of spins, we have 


the following value of the anisotropy constant per two octahedral spins : 


: os os ) 2 
36a See Be Se ss, aa N45 Sx =] ee ; (3 15) 
ZN Ea ‘BB; ae BA; Ts5 


Similarly, we get the anisotropy constant per molecule from (3-13b), 


18 Cee 5 dates ge Sy Sete (3-16) 
dE, ABGy Ta; AA; Vj 


where, however, both summations are found to vanish becauce of the symmetry of the 
crystal structure. 

The values of the latter sums appearing in (3-8), (3-11), (3-12) and (3-15) 
are calculated numerically by the direct sum method up to eighth neighbors. In units 


of a/8, a being the lattice parameter, they are as follows : 


21 (xi5 — 3X45 Ya) /vi;= 0.000350 ete (x;5— 3%55 ¥i5 [w= — 0.00104 

BA; j 

>) (x5 — 3x45 43) [14g = — 9.000533 , >) x45 945/7= 0.038 , 

AAj BB; 

>) Xe994g/ T= — 0.017. (3-17) 
BA; 


The excitation energy JE, and JE, can be expressed, using Neéel’s* notatins, as 


4E,=9hs Ay, = Gpyn (8uM); =i 4M.) , 4E, = 9, Hy=Geeyn (a/M , +UM;), (3-18) 


where H,, and H, are the molecular fields acting on the octahedral and tetrahedral sites 
and are expressible as linear combinations of the magnetizations of the A and B sites, 
M, and M,,, per N ions, N being the Avogadro number. 

In the case of Mn-ferrite, the constants n, a and 3 in (3-18) are estimated from 
the experimental magnetization vs. temperature curve in Sec. 6. Using the values of 
(6°13) and (6:14), Sp=S,=5/2 and 4=1/3 ‘and =2/3, the excitation energies 
become 


AE y==251 cmt ode y=47 ecm. (3-19) 


Inserting (3-19) and (3-17) in (3-8), (3-11), (3-12) and (3-15), we obtain for 


Mp-ferrite the following values of the anisotropy constants per molecule coming from the 


BE and C, parts « 
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Kp—oM8 x 10-Ven ; 
Ke== 117 X 10-* cm 1.60 K 10 cm", 
Ke=1.3X10-* em", (Mn-ferrite) (3-20) 


where the value of a=8.55 A is used. This result shows that the anisotropy constant 
from the dipole-dipole interaction has the opposite sign to that observed and that it 
amounts to about 15 per cent of the latter. 

In the case of Ni-ferrite, we use the values determined by Néel” for n, a and (7, 


namely 
p= /20. = —O0.21.and ~=— 0.15. (3-21) 
Then, we have the following values of JE, and JE,: 
JE,=502 emi, JE, =745 ems’. (3-22) 


Using (3:21) and (3:17), a=8.36 A, and the mean value of 5/2 and 1 (i.e. 7/4) 


for S;,, we obtain the following value of the anisotropy constant for Ni-ferrite : 
Keo LO cm « 
Ke 3.33 10 cm 1.16 <10, cm, 
Ke 3 Al X10. cm. _(Nifetrite) (3223) 


This result shows that also in Ni-ferrite the enisotrepy constant from this source is ebout 
ten per cent of the observed value. 

We would better use the spin wave theory for a more accurate calculation, as 
Keffer and Tessman™ did in discussing the anisotropy energy of metallic ferromagnets. 
However, in order to know the order of mezgnitude, the present method would suffice, 
though there are some ambiguities in determining the values of JE, and JE», especially 


for Ni-ferrite. 


§4, Anisotropy energy arising from the anisotropic exchange 
interaction ia Ni-ferrite 


Another source of the anisotropy energy in Ni-ferrite is the anisotropic exchange 
interaction. We shall calculate this anisotropy energy. The orbital degeneracy of Ni?* 
ion in its free state is lifted partially by the cubic crystalline field, which is the main 
part of the crystalline field acting on the octahedral sites, the ground state being singlet 
in this case. We shall here neglect the effect of a small trigonal part of the crystalline 
field. Like the case of the magnetic dipole-dipole interaction we shall deal with the 
exchange interaction, together with the crystalline field energy, as the unperturbed energies. 
The perturbing Hamiltonian in this case is the spin-orbit interaction of one Ni*” ion. 
We shall calculate the perturbed energy of the ground state for completely aligned spins. 

The orbital states of Ni?* ions subjected to an octahedral cubic crystalline field are 


split into the following three groups : 
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hs I’; 


a os Cgv2-) (pot P23) > 0,= 4, 
Qo=(1/V2) (Yo— $2), P2=V5/8 i— V 3/82, C= V 3/8, + V5/8 Yo» 


le 


CaS v'5/8 gar v3/8 x Cimm v 3/8 Purr v5/8 ps5 
j=) E=22., | We jo 
Cxe8) 
where ¢/,, means the wave function of the state in which the z-component of the orbital 
angular momentum is m. As mentioned before, we shall neglect the effect of the trigonal 


field and further we shall put the effect of °P state out of our consideration. The matrix 
elements of (L-S) with respect to (4-1) are calculated as 


0 ¢1 g 3 ¢4 ¢ ¢g 
go | 0 25a Vz S* —V2 S+ 0 ny) ty) 
al Ue cgay has y V15 V15 
2 : ee) ae ee 0 —= §- ———— rey es 
ie ces ; 2v | 323 2V2 2V2 
1 1 Vis fo 
yo V2 St oe AL a 9 aad $2 3) SY Eg! 0 
> AV s2 a | 22. 
) 1 1 V15 V15 
—V2 S- SS 0 =aa5 + 0 — AYA 
"3 4 Saar 2 3 2V2 Ss 2 z 
5 a V15_ a VES 
ot 22 i) apo) 
A ag ig a 
ne Like 0 —zs5+ | “Ps, 0 
2V2 2 
V15 V15 
0) =n (0) = =o 
a 2V2 2 
(4-2) 


Now we suppose that in the ground state each ion is in /’, state and its spin points 
to a direction with direction cosines (n,, my, nm») referred to the cubic axes. Taking the 
spin orbit coupling as the perturbation, the anisotropy energy is given by the perturbed 
energy which includes the biquadratic form of the direction cosines (n,2n,?-+-nn2-+n2n,’). 
Taking the ¢- and y-axes perpendicular to the ¢-axis and to each other and denoting 
their direction cosines by (/,, (s, 1.) and (m,, my, m,), there are following relations between 


the spin components S*=S, -+ iS, and S, and those referred to the ¢-, 7- and ¢-axes, S/* 


apd Si! 
S*= (1/2) {(4—im,) +i(l,—im,)} S’* + (1/2) {(, +im,) +i(l, + im,) } S’~ 
+ (n, +in,)S,’, 


S~ = (1/2) {(l,—im,) —i(l,—imy)}5!* + (1/2) {(L,+im) —1(L,-++imy) } 5’ 
+ (2, —iny) S.’, (4-3) 
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S,= (1/2) (l,—im,) S’* + (1/2) (lL, -im,) S'~ nS. 


As seen from this expression, the fourth order terms with respect to n,, n, and n, come 
from the fourth order perturbation of 4(L-S). In the case in which the diagonal element 
of the perturbing Hamiltonian vanishes in the ground state, the fourth order perturted 
energy can be expressed by 


7 dE, 0 JE, 


n 


> (g|V\n) | Vin) oY | 0) VLD 
ny nl niltg AE, JE. SE an 


(4-4) 


where g and n, n’, n’ mean the ground and excited states. The first term of this 
expression does not give any anisotropy because each factor of it is of the second order 
with respect to the direction cosines and so it is reduced to a mere constant in cubic 
case. 

The perturbation processes which contribute to the second term in (4-4) can be 


divided into the following two groups as seen from (4-2): 


1) Those which include only /’, states as the excited states. 


1. (O—1—2—1—0) 7. (O—1—2—2—0) 
2. (0O—1—3—1—0) 8. (0O—1—3—3—0) 
3. (O—2—1—2-—0) 9. (0—2—2—1-—0) 
(4-5) 
4, (0—2—1—3-—0) 10. (0—3—3—1—0) 
5. (0—3—1—3—0) 11. (0—2—2—2—-0) 
6. (0—3—1—2-—0) 12. (0—3—3—3—0) 
2) Those which include both 1’; and /’, states. 
1. (O—1—5—1-—0) 7. (0—2—4—3—0) 
2. (0—1—6—1-—0) 8. (0—2—5—2—0) 
3. (0O—1—5—2—0) 9. (0O—3—4—2-—0) eats 
4. (0O—1—6—3—0) 10. (0O—3—6—1—0) 
5. (0—2—4—2-—0) 11. (0—3—4—3-—0) 
6. (0—2—5—1—0) 12. (0O—3—6—3—0) 


The perturbed energy denominator for the first group is JE,*, while that for the second 
group is JE,’ JE, provided we do not take account of the change of the exchange energy. 
The numerator is given by the product of 4° and four matrix elements of (L-S) cor- 
responding to each process. The matrix elements of the numerators for the cases of 


(4-5) and (4:6) can be written with the use of (4:2) as 
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1)) shel t/Z)S 8S, 7. + (/2)8,S7 5, 5* 
2. (1D Se SSF Sy 8. —(1/2)S,5* 5,57 
30 C14) Sos, 0” 9. —(1/2)5-S,5*S, 
CA ony 
4, —(1/4)S~S*S*S- 10. —(1/2)S*§$,S~S, 
5. (1/4) 5* StS*S- bls (25-55. 57 
6. —(1/4)SS-S-S* LPC 2IS Opoed < 
Diy Ty 2 topo eo. Y. =5/) S575 S- 
2) (15/2) S,8* S55, 8. (15/2)5~ $_5,S8* 
3. (15/2) Sse Se 9. —(15/4)S* S* S* S* 
(4-8) 
4, (15/2)8,5* $,S— 1000 615/255 SS" Sg 
Se (15/4 )0 Sac. Li: HIS 745° StS oe 
6. (15/2)57S,S* S, 12.. (15/2) do SoS oe 


In the ground state the spin component of Ni*” ion along the £-axis is S, and possible 
processes of the change of the spin component in the fourth order perturbation and spin 


operators producing those processes ere limited to the following six cases :. 
A. (S)—(S)—(S) —(S) — (8): §,/S8,/8,/ 5, 

OS) — Sy Fo — la Gy: Se or) 

By. (5) — OO) = O=1) (8) — (S72 SS os 

B,. (5S) —(S—1) — (S) — (S) — (S) : 94,8’* §,'S,' 

Cc. (S)—(S—1) —(S)— (S—1) —O): SS" S’- S"* 

D. (S)—(S—1) —(S—2) —(S—1) — (8S): STS" S'* §"* 


(4:9) 


where the quantities in the parentheses represent the ¢-component of the spin. Other 
processes have zero matrix elements in the case of spin one. 

Now we shall turn to the calculation of the fourth order perturbed energy. First 
we express the products of four S’s in (4-7) and (4-8) in terms of those of four 
primed S”’s with the use of (4-3) and add them over twelve terms of (4-7) and (4-8). 
Then we find that all the coefficients of the products of four primed S”’s corresponding to 
processes described by (4:9) for the group (1) vanish. Thus, the anisotropy energy 
appears from the group (2) alone. The celculated anisotropy energy arising from the 
second group for each of the six processes of (4:9) is as follows : 


6052 
JE? JE, 


(ning nn? + n,n"), 


30537 inate Ae 
dE, JE,(dE,+4E,) (ning + nein nym"), 
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i at 15.0858 
AE,?(4E,+dE,) 


{1—2(n?ngtnen?+n2n?)}, (4-10) 


a 3028 
(4E, + dE,) JE, JE, 


(n? ny? n,n, +nen,’), 


C 15:/' S? o Grid eee ha ds 
eiagtts (4E +4E 24, (ny ny +n ns +n, 'm"), 
1 x 


2 


~ eae 1/2)) 1 FP wae PE eg 
(4E,+4E,)°(HE,424E,) TM me) 

where JE, means the change of the exchange energy of the ion due to the change of 

its spin component by one in the Weiss molecular field produced by the neighboring 

spins. Summing up the above six terms of (4-10) and putting S=1, we obtain the 


. 9 9 9 9 € 9 Le 
coefficient of (n,?n-+n7n.2-+n,?n,?), namely the anisotropy constant per molecule, as 


goes Tend panes Z : 
4E24E,  4E,4E,(4E,+4E,) 45 2(4E,+4E,) 


w 1 
+ 
(4E,+4E,)4E,4E, (4E,+4E,)24E, 


+— — ; Creal) 
(4E,+4E,)*(4E,+24E,) } 
If we expand (4:11) with respect to JE,/4E,», we obtain 
i dE AE ee 
K, = — 30 ——_—___{| —__+——_]}. Aho lA) 
; ME 4E, \ dE, AE, ) ( ) 


This anisotropy energy tends the spin to point to the {111} direction. It is inversely 
proportional to the fifth power of the energy separation JE in the cubic field so that it 
depends sensitively upon the strength of the cubic field. If we treat the exchange interac- 
tion as the perturbation together with the L-S coupling, we obtain the same result in 
its sixth order perturbation. The above calculation is concerned only with the excitation 
of one Ni ion, but it can be easily shown that processes which include the excitation of 
two Ni ions give only an isotropic energy up to the fourth order with respect to A(L-S). 


The g-factor of a Ni ion becomes 
g—2=— (8//4E,). (4515) 
For the energy separation due to the cubic field the ratio of JE, to JE, is equal to 5/9. 
If we use this relation, (4:12) becomes 
© Ky = —40.3-(4/4E8) (AE, AEs)? (4-14) 


Considering exchange interactions only between octahedral ions and tetrahedral ions, the 


change of the exchange energy JE, at absolute zero using the molecular field approxima- 


tion can be put as 


344 K. Yosida and M. Tachiki 


JE, =2JSrre » (4-15) 


where J is the exchange integral and z the number of tetrahedral sites neighboring an 
octahedral ion and Sj; means the spin of an Fe** ion, namely 5/2. 2Jz can be estimated. 


from the Curie temperature of Ni-ferrite in the same approximation as 
T= (2Jz/3k) [ {Sire(Sre +1) +5yi (Syi +1) } Sire (Stet 1 ga (4-16) 
Using T,=860°K and Sy;=1, we obtain 
4E,=465 cm=",. 2fz=186 cm—. (4-17) 


This value of JE, is less than JE, of (3-22) by ten percent. Inserting JE, of (4-17) 
into (4:14) and taking the value of / equal to —335 cm™' in (4:14) and (4-13), 
we obtain the following table : 


i] 


| 
| | 

—K, cm—!/mole. | 3.5 10-2 | 6.6 X 10-3 La s10—= 15x<i10> 
| 


2.54 | 2.38 Lat. 2.18 


Considering the experimental -value equal to about 2.2, it would be reasonable to assume 
JE,=1~1.5X10' cm™'. Then, we might conclude that the anisotropy constant arising 
from the anisotropic exchange interaction is less than 10°’ cm™' per molecule. 

As another source of the anisotropy energy we can consider the electric quadrupole- 
quadrupole interaction between two Ni ions. As seen from the above calculations, we 
must in this case also consider the perturbed energy quartic in L-S coupling because the 
quadrupole-quadrupole interaction does not include the direction cosines of the spins. Such 
energies would have an order of (//JE)*H, where Hg represents the quadrupole- 
quadrupole interaction in the free state of the ions. This part of anisotropy is estimated 


‘aude we pat He=10% em. ’: 


as. 10; «cm 

Thus, it becomes very probable that the anisotropy energy found experimentally in 
Ni-ferrite arises from Fe’ ions which occupy the tetrahedral and octahedral sites. Using 
the value of the anisotropy constant of Ni-ferrite in Table I, we obtain the fine structure 


constent a of Fe’* ion as 
dpe tahe=1:87X 107" emr, (4-18) 
where A and B mean the tetrahedral and octahedral sites respectively. 


& 
55. Anisotropy energy of Fe®’ ions in magietite 


In magnetite, anisotropy energy arising from Fe** ions exists besides that arising from 
Fe’* ions. In this section, we shall estimate this part of the anisotropy energy. The 
orbital state of Fe*' ion occupying an octahedral site is considered to be split by the 
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large cubic fart of the crystalline field. The ground state is triply degenerate. If we 
assume, for simplicity, that the charges of Fe?* and Fe®* ions on the octahedral sites 
are replaced by their average, the low symmetry part of the crystalline field becomes 
trigonal and its axis lies in one of the four {111} directions. Therefore, the Fe?" ions 
are divided into four kinds of ions according as the direction of the axis of the field to 
which the ions are subjected. 

We shall concentrate our attention to one Fe?* ion whose trigonal axis coincides 
with the [111] direction. If we denote the five degenerate orbital wave functions of Fe?" 
ion in its free state by %, %4, and ¢4,, where suffixes represent the zcomponents of 
the orbital moment, the cubic field splits these states into doubly degenerate states /’,: 
easy 2 )\(o,tos) =¢,, and triply degenerate states [’,: (1/¥ 2 i) (¢,—¢_») =, 
—(1/f V2 i) (¢,+¢_1)=¢, —(1/ v2) (¢,—¥_1) =¢.,. The energy separation between 
these two groups will be denoted by JE. These states are further split by the trigonal 
field, whose expressions are, following Abragem and Pryce,’” represented by 


Vp P aya axteryy FE Oy Py ert OZ + yx + zy) 
= O(e yre y ZeARR xy) feces : (S21) 


The matrix element of this trigonal field with respect to the five cubic wave functions. 


can be calculated as follows: 


Gy Pex © vy Po+ % 
Oye ie = a a =V/3 5 b 
bal 8 0 a W3b 6 

Vo) =x a d 0 0 —26 (SEZ) 
ye ew sb eee hb OC 0 0 
Dy b b —2b 0 0 . 
where 
1 9 4 4 
oS <a Sa a > al gael a 


(5-3) 


1 9 1 4 A 
—— = ¥ i . av . 
: oa ; Bian? tee 


The matrix (5:2) including the cubic part can be brought into the diagonal form by 


the following unitary transformation S:- 


| = a Sa) <a) 0 > 0 
ala? 3 v3 
2. 
Fe sind , —esind ; —yesin? Scvaddierereit COSY 
1 1 or a Gh 
— cos = cas Gi gue t == tosU 6105 sin 
S= 6 : v6 v6 
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—sinf, — , sin/ , On cosf , Oh hed 
/ 2 OG) | 
1 1 A 
ars cos// , atone < 0, sin, | 
where 
2V6b 
tan 2 ee (5-5) 
(a+JE) 
The eigenfunctions and their eigenvalues are 
g | [ ee (Pye + Pert Pry) ‘ 
0 V3 yz z 
Q, oe sin (29 4— Pye— Pee) +cosf. @, 
SG=| ¢, |= ae cos 4 (20,,—@y.— Yer) +sin4.¢, (5-6) 
Ps 4 sin (,.—@.,) + cos 4.5, 
. ae ¥ Lae = cos 9 (Gy.— Por) +sin 4. Oo, J 
and 
= 94 0 0 0 0} 
0 E, 0 0 0 | 
SaSme nO 0 E, 0 0 | (5-7) 
Lao 0 0 E, 0 
0 0 0 0 Biooh ty 
where 


E,=4E cos?d—a sin? —2 6 b sin@ cosf , 
: (5-8) 
E,=—a cos’ + dE sin? +26 bsin4 cos. 

As shown by these results, the trigonal field splits the energy levels into one singlet and 
two doublets. From the distribution of Fe ions around the considering Fe°* ion, it may 
be reasonable to assign the ground state to a singlet. This fact is consistent with the 
g-value near two obtained by ferromagnetic resonance absorption. Otherwise, the enormous- 
ly large anisotropy would come out, because of the surviving orbital moment in the doublet 
states. The actual crystalline field acting on an individual Fe?* ion has a lower symmetry 
than trigonal and is different from ion to ion so that the trigonal field assumed here 
must be interpreted as the average representation. 

The matrix elements of the L-S coupling with respect to the basic functions of 
(5-6) omitting a factor / are obtained as 
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- 
: | 5 - 
oO) i(Sx—Sy) | —i(Sz—Sy) | FF (ie S53 ae (Se Sr as) 
1 al 
x (Fesin 6—cos 0 x( 77 cos 0 +sind ) 1 1 
We? ) 2 x (75 sin 0 —cos 4 ) | x (75 cos+sin 0) 
~Fy Sat Sy+S2) 
. ae (Sz+Sy+S,) : 
1 
ae nee - x (sin 0 cos 6 
2 xX (sin? 0 —2V 2sin? 6) 
+2V 2 sin @ cos 0) 31 S45 
m= ( at y) 
ae Pas 6 


1 
ee (Sa + Sy Sz) 


1 
Fo S +S, Ss 
(sin 6 cos 0 v3 SetSy+Se) 


+2V 2 cos? 0) X (cos? @ 


Ba —2V 2cosOsin§ 
+e (S245) 


conjugate complex | | 


| 1 
0 eva CY bed?) 


(332) 

With the use of (5-7) and (5:9) we can calculate the g-value of Fe?* ion, namely 
g=2(1—AA), 

Auy= >) (0| Ly |") (| Ly|0)/4E, (5-10) 


where / is the coefficient of the L-S coupling, and 


4 1 ieee bates ii 1 Sate 
a i . ——— G— i = si rs ( oo G+ 4 ? 
Ae yy ez 3 AE, ‘ MA sin cos ) 3 El WE cos sin ) 


1 coe ae 1 1 Ee Ne 
SS a, ee — sind —cosé ) ——— - —_(—— cos+-sin@ > 
3 re ‘ca ie ) 3 Faia ) 


where JE,=E,—2a and JE,=E,—2a. Thus, the g-value has a trigonal symmetry. 
The g-values of the other three kinds of ions for which the trigonal axes are in [111], 


[111] and [111] directions respectively can be derived by changing the signs of (xy), 
(yz) and (zx). Averaging (5-11) over these four values, the off-diagonal part vanishes 


and we obtain the following result : 


g-2= Bona ( y= sin—cost! ) — = cost +sin/) (512) 


} 1 
2 DRS) ee 
Compared with the calculation of the g-value, the calculation of the cubic anisotropy 


constant fo Fe2' ions is considerably complicated. The perturbation in this case consists 
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of two parts, one is the L-S coupling and the other is the intra spin-spin interaction 


which has been expressed as 


—p{(L-S)?+ (1/2) (L-S) — (1/3) L(L+1)8(S+1) ] (5-13) 


by Pryce and Abragam”’*” who also have estimated ” to be 0.95 cm™' for Fe** ion. 
The latter interaction is very small in its magnitude, but it contains (L-S)° so that the 
cubic anisotropy possibly arises from the lower order perturbation than the L-S coupling 
alone which needs the fourth order calculation to produce the cubic anisotropy, because 
it has a quartic form of the spin operator S. 

We will omit the detailed description of this perturbation calculation, but its gist is 
as follows. We select the part including the fourth order of the spin S from each order 
of perturbed energy, because the second order term with respect to S vanishes when it 
is averaged over the four kinds of ions. Such parts appear in the second order pertur- 
bation quadratic only in the intra spin-spin coupling (5-13), the third order perturbation 
linear in the intra spin-spin coupling and quadratic in the L-S coupling and the fourth 
order perturbation quartic only in the L-S coupling. In these calculations, we can ignore 
the non-commutability between the components of S because surplus terms produced by 
the commutation have a lower order of S. The calculated result for the coefficient of 
(5,75,7+57572+5252) is as follows : 


9 


ze i : (asin d cos?) +1 _(_1_cos#+sin)| 


9. | dB? \-v2 dE? \ V2 
20a? 1 1 _ a pak mg Ve 
i {i ee. j= 4 = ey pe a i 
x ear BE JE, ( 5 sin /— cos ) +: JE, ( a cos + sin ) 
8 1 30 1 0 1 
+-— A" —— -}- —t + — 
9 ( PAN co a dE Ai AE, ) 


\ 


1 2 AY ibs a > 
x (<7 sin — cos) (sin?/ +2 V 2 sin4 cos)? 


Sane 1 30 1 A ln oe 
ae me + i + eal 
9 dE Ae AES A PAE. ) 


1 2 e me 
x( Joss tint) (cos??— 2 v2 cos 4 sin ()? 


: 1 0 1 2 Oo if 
Jteei : pu! i jaa Ve ee 
4E? 4E, Rr ( 4E? “i dE, JE, ) It AE 


ae see gt | i 4 
x {5 (sinl cos 2.2 sin't)? + 26”? (sin tl cos—2-V2 sin’) + 88_ 
9 9 


eda tT i 
«(Je sin =—=COS ) 
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1 0 1 2 oe 1 
ae eet 
JES dE, # \ dE? | dE, dE, )+ # GE, 
x | 1S ind cos#—2 V2 sin*#) ae Ve | (sintd +2 V2 sind cos) 
3 


ss ( an sin 4 —cos v)( pcos sind 


* 1 a) i Di OF 1 
Ne +(e tt ES} 
| ME, dE2 PB ( 4E2 dE, dE, y it AE, 

/ 


Br ne Ge fe 
x ae (sin cos +22 cos’)? — 96 ; 2 (sin cos +2 2 cos*() + At 
9 


- ( 3 = cos4+ sin 2) 


: i a 1 2 a il 
aby = ; - | es + a ed | 
dE, dE 2 2 ( 4E2 JE, dE, ) ## AE, 
16 : Vea aot: So ie 9 Pa: : 
oe Beto maces, 2 2 )2bs'7) 1 = 2 + (cos*4 —2 V 2 cos4 sin @) 
3 


> es cos + sin iis sin 4 —cos (). 


(5-14) 
In order to evaluate the above derived anisotropy constant, it is tecessary to know the 
magnitudes of the cubic separation JE and the strength of the ttigonal field a and 6b. 
From the point charge approximation, JE and the trigonal separation are expected to be 
about 104 cm~' and 10° cm™', respectively, and in (5:3) the first term is considerably 


larger than the second term so that a is approximately “3 times as large as 6. Putting 


—(2V¥6/4E)b=—P, —a/4E=a, (5-15) 


1 


and using /=—100 cm“ and =0.95 cm™, we obtain the following table which shows 


the g-value calculated from (5:12) for several combinative sets of a@ and (7: 


Table III 
| = —_ 
E | a B g—2 
10! cm—! 0.05 0.15 0.13 
” 0.08 0.24 0.10 
” 0.10 0.30 0.09 
” 0.10 0.50 OLLE 


The experimental g-value obtained by Bickford at high temperature range from 2.1 to 
2.09. Thus, the values of a=0.08 and 7=0.24 would be considered appropriate. We 
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calculated the anisotropy constant with the use of these two values and obtain the follow- 


ing value: 
K,=—3:56X10~2 em,’ per Fe**, ion, (5-16) 


The anisotropy energy arising from the anisotropic exchange interaction might be 
considered to come from the higher order perturbation with respect to JE,/JE, where 
JE, is the change of the exchange energy from the view-point of the molecular field 
treatment mentioned in Sec. 4, in which the exchange energy is treated as an unperturbed 
energy. Therefore, this contribution would be less than (5-16). Thus, the anisotropy 
constant is concluded to consist of (5-16) and the anisotropy constant from Fe’” ions. 
As seen from Table I, the sum of (5-16) and the anisotropy constant of Ni-ferrite is 
nearly equal to the experimental value of magnetite. 

In deriving (5:16) we assumed the uniform charge distribution of Fe*” and Fe** 
ions of octahedral sites. At low temperature where the short range order in the arrange- 
ment of those two kinds of ions develops, this assumption will not be allowed any longer 
even as an approximation. The reason of the drastic change of the anisotropy constant 
in its magnitude and even in its sign might be due partly to the effect of the short 


range order on the crystalline field. 


$6. Temperature dependence of the anisotropy energy of Mi-ferrite 


From the considerations made in the preceding sections, we arrive at the conclusion 
that the experimental anisotropy energies of Ni-, Fe- and Mn-ferrites can be accounted 
for by the fine structure coupling of Fe**, Mn°* and Fe®* ions with the surrounding 
crystalline field. For such anisotropy energies, the temperature variation can be described 
by (2-9). In this section we shall calculate the temperature dependence of the anisotropy 
energy of Mn-ferrite and determine the fine structure constant a for Fe’* and Mn®* of 
octahedral and tetrahedral sites. The reason why we choose Mn-ferrite is that all the 
magnetic ions in this substance have spin of 5/2 and the Curie temperature is relatively 
low so that we may neglect the effect of thermal expansion. 

We shall begin with the determination of the exchange couplings between magnetic 
ions. Since there has not been any experimental data of the susceptibility above the 
Curie temperature, we shall utilize the spontaneous magnetization vs. temperature curve 
obtained by Guillaud and Greveaux® for the determination of parameters. The total 
magnetizations of N ions situated in the tetrahedral and octahedral positions, Wt, and 


Wi,, can, respectively, be expressed by 
Dt —N9Px(S,) a; Mr= —Nopx (S.)»p (6-1) 


where / is the y-factor of ions of tetrahedral and octahedral sites, /4n is the Bohr magneton 
and <5.) and (S,), represent the average values of the spin component along the ¢€- 
axis. Here, we neglect the difference between Fe*®' and Mn?* ions in the octahedral sites 


in order to diminish the number of parameters. Introducing 2 and t which express the 
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fractions of the numters of tetrahedral and octahedral lattice points, we put the molecular 
fields acting on the tetrahedral and octahedral sites, after Néel,2” as 


Ay,= VAA AM + Gant Me 


Ap =GrahMatqer tM > (6-2) 
AES Shy Mee) So: 
Putting g42=ra=—, Qaa=na@ and qpz,=nf and denoting the absolute values of the 


magnetizations i, and Wi, by M, and M,, (6:2) can be written as 
H,=—n(asM, + pM), 
A,=n(4M,+$rM,), 


(6-3) 


where we take the direction of Ji, as the positive direction. With the use of (6:3), 


(6-1) becomes 
M,=M, B- yp [M,n(a4M,+~M,,) /RT | 2 


M;, =M, B52 [Mn (fuM,, cr, 1M ,) /RT | ) 
where M,=Ngp;,S and R=kN, and B is the Brillouin function. (6:4) is equivalent 


to the following set of equations : 
M,=M,B;p[u], 4u=(Myn/RT) - (a@/Mi+eM ,), 
M;,=M, B-» [v] ye le (M,n/ RT) . (BuMp, +/M.,) = 


(6-4) 


(6-5) 


We define ¢ and ¢ by the relations : 
M4/M,=Bs2|4\/Byplv]=¢, u/v=(alg+p)/(Be+ig)=$. (6-6) 
gy is related to the temperature by the equation of 
RT/My n= (8p +7¢) (B:p[v]/v). (6-7) 


Denoting the value of ¢ corresponding to the Curie temperature by ¢,, we obtain from 


(6-7) 
P15) fate | Bell | (6-8) 
dies 7 BUFO, v 


¢, is determined by the following equation which is derived from (6-6) : 
ho? + (Bu—sa)e.—p=0. (6-9) 
Solving this equation, we obtain 
ye= (1/2) {— (28—a) + V (28—a)? +8}. (6-10) 
The magnetization per mol is given by 
Ms=3 (tM, —4M4) =3(L—4¢) M, Bs[] « (6-11) 


If a value of v is determined for an arbitrary value of ¢, the temperature and magneti- 
zation for that value of @ can be obtained by (6:7) and (6-11). The value of v is 
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obtained by solving the simultaneous equations (6-6). As has been shown by Neel,” 


it may be convenient to express them in the logarithmic equations : 
log By» [u] —log B,»[v]=log¢ , 
logu—logu=log¢ , 
$= (aig +p) /(Bp+ig). (6-12) 


The value of a and ? must be taken from 
the hatched region in Fig. 1 in order to fit B 
the calculated magnetization to the experi- 
mental one of Mn-ferrite. We move a point 
(a, 2) in this region with the precision 0.01 
and seek a point which fits best to the ex- 
perimental magnetization curve obtained by 
Guillaud and Greveaux® in the temperature 
region of 25°K to290°K. The values of a 


and /? thus determined are 


a=—0.50, P=—0.10. (6-13) 


Fig. 1 


The magnetization curve calculated with these 
values of a and / is shown in Fig. 2. The agreement with the experimental values is 


very good in the whole temperature range. 


0 0.2 0.4 "0.6 0.8 1.0 


Fig. 2. The calculated magnetization vs. temperature curve of Mn-ferrite. 
The points represent the experimental values by Guillaud and Greveaux. 
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Another parameter n can be determined from the Curie temperature. We obtain 


n—361 (6:14) 
The interaction between the ions of tetrahedral sites and that between the ions of 
octahedral sites are represented by na and n§. These are shown below together with 


those of magnetite which have been calculated by Neéel.”” 


Table IV 
na | np 
Mnh-ferrite | —181 — 36.1 
Fe-ferrite — 282 | +5.53 


Now we shall turn to the calculation of the temperature dependence of the anisotropy 


constant. As seen from (2-9), the anisotropy constant K, in Mn-ferrite is expressed by 


N $y OE i ‘ 15 5 . 
K,= eee | (ad-+axt)( ne (Se) 2 —- a \S(S+1) =5 (S, Dn 
+-2-S($+1) {S($+1) —2} ) 


\ 5 5 9 
+art( > (88),—- 2 ss +1) —2 1452, 


z 
+ -$(S+1) {8($-+1) -2} )], (6-15) 


where A and B mean respectively the tetrahedral and octahedral sites. The average 
value of (S.) is obtained as 


(9)— Bae No —— (042 )om( se Lp Loot 


Mesa ED (6-16) 


It can be shown that (S?*') satisfies the following recurrence formula : 
(SE) = (—9/0p + (Sz)) Se") - (6-17) 


Therefore, if we use the two relations 


ZS.) = (5,8 (S-) coth L—$(S-+1), (6-18) 
3 

z coe i (1—coth*-P ) : (6-19) 
Op Des 2 


together with the above recurrence formula, we can calculate (S,") for an arbitrary n 


value. Putting 


OVD EOE coth p/2=y, 
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(6:17), (6:18) and (6:19) can be expressed in a more simplified form, 
CSU = (0 /Op tx)” 


Ox /Op=x* —xy—S{S+1) (6: 


Ay/Ap= (1/2) A—¥"). 
(S2) and (S,") calculated with the use of (6:20) are as follows : 


(5,2) =S(S+1) +x, Gp 
(S,4) = 3xy+28(S4+1) +2 {S(S+1) —1}xyt+ F(S4+1)?—-S(S+1). (6: 
Using (6:21) and (6:22) we obtain 
35 15 ne Pe 3 
365,819 1S (SA 1) tS BY deere S (Seth) 4565 Hd —2} | 
[22-<5 42 {5841 — 2} (52) +4 S49) 18841) = 2) 
=~ [105-97 +708(S+1) 9° + {405(S+1) —45} x7 
+8S?(§+1)?—16S(S+1) }. (6: 
If we put 
z=Sp= 9p, SH/kT (6- 
we obtain 
«= (Sz) = —SBsl2], @ 
and 
y=coth( p/2) =coth (z/2S) . (6: 
Inserting (6:25) and (6:26) into (6:23) and putting S=5/2, we get 
35 15 5 3 1 
pet ASS) | cs Se —2} | 
| 2-8.) {s(6+1) — 2} (52)4 2 56+) {86+1) -2} | 
Leroy, |i eh , or 
: | 105 B.{¢]( coth 5 ) +245 ( coth Soe 
— 305 B.|z]| coth_* +189|=2 ; 
[z] co - s [z] (6 
Then, we can write (6:15) as 
5 : : 
K.=—N—~{(ace-bayi) [0] +ar8[u)}, (6: 
or 
ik ke 1 1 B ny || a [4] 
M, 24 on {tte ban i tattt (6: 


where 


20) 


21) 


22) 


23) 


24) 


25) 


26): 


27) 


28) 


29) 


On the Origin of the Magnetic: Anisotropy Energy of Ferrites 355 


& = Ms/NG 4x S, 


[u] and [v] defined by (6:27) with z=u and z=v can be calculated with the use of 
the values of a, and n determired by (6-13) and (6:14). Dillon, Geschwind and 
Jaccarino” have measured K,/My of Mn-ferrite over the temperature range of 4°K to 
300°K. We shall select two points, T=4.2°K and T=300°K, and determine the 
values of (a¢+ay%) and a1 so that the calculated K,/M, may coincide with the ex- 
perimental values at these two points. The determined values of (a%-+4y7) and a, 


are as follows: 


Gig ath? LO 2 cn 
(6-30) 
dge—= — 0.817 K 10" *cm™. 
The anisotropy constant vs. temperature curve calculated with the use of (6-30) is shown 
in Fig. 3. The agreement with the experimental velue is satisfactory. This curve is 


very sensitive for a slight change of the a-value. 


— $00 


— 400 


— 300 


= 200 


0 100 200 300 400 500 600 


Fig. 3. The calculated temperature dependence of K,/M, of Mn-ferrite. The points 
represent the experimental values obtained by Dillon, Geschwind and Jaccarino. 


In the vicinity of the Curie temperature, (St) defined by (6221 or (6922 \ercart 


be expanded in a power series of p or z, because the molecular field there is small, and 


we obtain 
6/{dasp SQ). ae" (6-31) 
On the other hand, u and v are proportional to (T,—T)'” in the neighborhood of the 


Curie temperature so that the anisotropy constant K, is proportional to (T,—T)° near 
the Curie temperature. In the calculation of K,/My in Fig. 3 this expansion formula 
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has been used in this region. 
The fact that the sign of the a-value of the ions of octzhedral sites is opposite to 
that of the ions of tetrahedral sites, as seen from (6-30), seems to be reasonable because 
the cubic crystalline field acting on the tetrahedral position is opposite in sign to that 
on the octahedral position. The a-value of Fe®* jon in several alums is about —1.34 
to —1.27X 1072 cm~! and that of Mn2* ion in Tutton salts and fluosilicates is + 0.10 


tor + 0.03.< 10% 


. 3+ 
Fe** ion. Thus, a,% has a magnitude nearly three times as large as that of the Fe 


cm~, The a-value of Mn2* ion is less than one tenth of that of 


ions in alums and has the opposite sign to the latter if we neglect the contribution of 
ay? in (6-30). Recently, Low has measured the fine structure of the paramagnetic 
resonance absorption of Fe’ ion in the single crystals of MgO end obtained a considerably 
large a-value of 1.83 10-* cm™', though its sign has not been determined. Therefore, 
the a-value given by (6:30) does not seem to be unreasonable. For Ni-ferrite, the a- 
value of Fe’* ion of the octahedral site is considered to be about 2.0X107° cm™' and 
this is quite reasonable. Very recently Sugiure et al.”” observed the paramagnetic resonance 
absorption of Fe** ion in the mixed ferrite of ZnOAI,O, end ZnOFe,O, and that of 
MgOAI,.O., and MgOFe.O. and found that the resonance widths extrapolated to zero 
content of Fe** ion are, respectively, about 600 and 180 oersteds. The fact that the 
ratio is equal to 33:1 seems to be favourable for our result (6:30) because Fe*” ions 


in the former mixed ferrite occupy the octahedral sites end those in the latter occupy 
the tetrehedral positions. * 


$7. Coaclusioa 


From the results of calculations made so far, we draw the conclusion that the 
anisotropy energies of Ni- and Mn-ferrites arise from the fine structure coupling of Fe** 
ions which occupy the octahedral and tetrahedral positions. For Mn-ferrite, we determined 
the a-values of Fe’* ions of the octahedral and tetrahedral sites by analyzing the ex- 
perimental anisotropy constant vs. temperature curve obtained by Dillon, Geschwind and 
Jaccarino to be a2.=—0.8X107* cm™ and a2=4.2X10- cm7'. This value of a,% 
seems to be somewhat larger than that expected from the a-value of Fe*®* ion in MgO. 
The magnitude of a,“ in Ni-ferrite is expected from the anisotropy constant of this 
ferrite to be about 2X10°° cm™'. This value is quite reasonable. The reason for the 
large a-value of Fe** ion in Mn-ferrite is not clear at the present stage. However, the 
temperature dependence of the anisotropy constant of Mn-ferrite calculated with the use 
of these a-values shows a good agreement with the experiment. 


For Co-ferrite, the situation is very complex. It has a very large anisotropy constant, 


* G. T. Rado and V. J. Folen have found that at room temperature the anisotropy constant for Fe’ + 
ion at the B site is negative and that for Fe*+ ion at the A site is positive and the ratio of these is about 
3.1 by the magnetic measurements of single crystals of (MgO) 1—,(FeO) xFesO;. See G. T. Rado and V. 
J Folen; Bull) Am *Physi"Soc. Ser. 92, 1. (1956)eulao me wVervould lite te thank to Dr. Rado for his Private 


communication. 
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namely 2cm™' per molecule and also has a very large magnetostriction of A =5.9X 10-4 
and /4,,=1.1X10-*. Thus, it might be supposed that in this substance the orbital 
moment is only partially quenched and the combined action of the electric quadrupole- 
quadrupole interaction, the exchange interaction between Co ions and the spin-orbit 
interaction would give rise to a large anisotropy energy. 

; For magnetite, it is considered that the anisotropy energies arising from Fe’™ end 
Fe** ions are leading terms in the high temperature range. The anisotropy energy below 
the transition temperature at 120°K is orthorhombic because of the orthorhombic super- 
structure of the arrangement of Fe** and Fe*" ions in the octahedral sites. This anisotropy 
energy may be due to the Fe** and Fe®* ions and the magnetic dipole-dipole interaction 
between these magnetic ions. In the temperature region above the transition, where the 
anisotropy constant decreases drestically and changes its sign from plus to minus, the 
effect of the short range order may play a certain role in determining the anisotropy 
energy. In order to account for the behavior of the anisotropy constant over this range, 


precise knowledge about the nature of the order-disorder transition would be needed. 


In conclusion, the authors would like to express their sincere thanks to Professor 


T. Nagamiya and Mr. J. Kanamori for their valuable discussions. 
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Note added in proof 


A recent neutron diffraction experiment by J. M. Hastings and L. M. Corliss (Phys. Rev. 104 (1956), 
328) on Mr-feirite stews that the frecticn cf the tetrahedral sites occupied by manganese ions is 0.8 for 
three samples used. We, on the other hard, assumed that Mn-ferrite is of the inverse spinel type, i. e. the 
fraction is zero. To get out of this contradiction, the following three possibilities may be suggested. 

1. The fraction of 0.8 is assumed to be valid also in the sample used by Dilllon® for measuring 
the anisotropy corstant and in the sample used by Guillaud*”) for measuring the magnetization; Our analysis 
is based on these two mezsurements. Then the following values of ay, and ay, (neglecting the anisotropy 
‘constants arising from the manganese ions) can be shown to explain excellently the curve of K;/M, versus 
temperature of Dillon. 

However, ap, tap.= —1.8X10-°cm™! in this case, which seems to be unacceptable since in Ni-ferrite the cor- 
responding value is +1.87X10-2cm™ (the opposite sign). 

2. The fraction of 0.8 and the value of air, +ayr, found for Ni-ferrite are assumed to be valid for 
Mn-ferrite, again neglecting the contrituticn of the manganese ions to the anisotropy constant. Taking the 
Dillon’s-) experimental value of K;,M, at 300°K-Dillon’s and Tannenwald’s*) measurements give about the 
same value at 300°K-we obtain 


B 
ap, 


=1.37X%10-- cm, ay, =0.50 X 10-2 em-!, 
The ratio ay,/ap, =2.74 is favourable for the experimental results due to Sugiura’) and Rado (private 
communication ) Lut the sign of ais, is opposite to that found by Rado. The temperature dependence of 
K,/M, comes nearer to that okseryed by Tannenwald* (Fig. 4). 

3. The sample used by Dillon” is assumed to have had a different fraction of the manganese ions 


on the tetrahedral sites. This fraction will be denoted by x. The following numerical values found by our 
analysis are assumed to be valid: 


(1—x) a, = —0.82X10-> cm7, (1+ x) ay, =4.21 X10-* cm-!, 


aj, +a, =1.87X10-* cm! (for Ni-ferrite). 


Then we obtain 


x=0.347, at, =—1.26X10-~ cm“, apt, = 3.13 X 10-2 em, 
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é NL oes . y are : 
‘The ratio lajn,/ dip | is 2.48 and the sign of ain, is in agreement with that found by Rado. 
We note that the sublattice magnetizations per ion observed by neutron diffraction experiment and 
those found by our calculation (based on Guillaud’s®?) measurements) are in good agreement : 


neutron diffraction study : our calculation : 
Mp fo} he Mp OK 
aC B)300°K___9 995 ; (mB) 300° : ) 300 u =0.815., 
(mp ) 4,20K (my, ) 4.90% 
m anno kk m ongrk 
(7.4) 300° 0.941 , (Ma) 20071 Grate 
(m4) 4,99K (M4) 4.99 


k,/M, in Oersteds 


0 100 200 300 400 500 600 
Temperature (K°) 


Fig. 4. The calculated temperature dependence of K;/M, of M.,,-ferrite. The points represents 


the experimental values obtained by Tannenwald. 
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Three-body forces among three nucleons are calculated on the basis of the static pion theory. 
It is assumed that only one pion each is exchanged between nucleon (1) and (2), and between (2) 
and (3), although any number of pions may be emitted and absorbed by the same nucleon. The 
validity of this calculation is therefore limited to the case when every nucleon is well separated from 
the other. This three-body potential has a contribution of about 0.22 Mev to the triton binding. 
In a heavy nucleus the binding energy due to this potential is attractive and about ten percent of 
that due to two-body interaction. This effect can be roughly stated as follows. Within a nuclear 
matter the potential between two nucleons takes a different shape due to many body forces. The 
depth is increased by 9 percent and the range is decreased by 13 percent. 


SI. Tatroduction 


The existence of many-body forces among nucleons has been stated for a long time.” 
However, no definite estimation has been made on this subject. Recent development 
indicates that the pion theory of nuclear forces is correct, unless nucleons are very close 
together.”” Also it has become possible to calculate higher order processes on a fairly 
firm basis. It is the purpose of this paper to give the explicit form of the three-body 
force in terms of the static pion theory. 

The process being calculated is this. Particle (1) emits a pion which is scattered 
by particle (2) and then absorbed by particle (3). Some part of this process is thought 
of as exchanges of pions between (1) and (2) and independently between (2) and (3), 
giving the iteration of two-body forces. The other part, which cannot be separated in 
this way, gives rise to the direct interaction between particles (1), (2) and (3). 
Exchange of three or more pions among particles are regarded as small unless nucleons 
are very near to each other, and is not considered in this paper. 

For the scattering by particle (2), experimental values can be used. Actually this 
is a scattering of a virtual pion having zero energy. However, the use of dispersion 
relation makes it possible to correlate this scattering with real scatterings. In this way 


all virtual transitions on particle (2) are correctly taken into account. 


S Il. Three body forces 


The scattering matrix for the zero-energy pion is ‘given by” * 


* We use units in which /=c=y (pion mass) =1. 
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< j, q|S|i, k > = 2710 (0)[ {A(0) 7,7, + B(0)7t,7,} kag 
+ {B(0)7t,t;+A(0)t,7;}0qok 
+2D(0)6,;] &**-2, 


Notations are as follows. i and k are the isotopic number and the momentum of the 
incident pion, and j and q are those of the scattered pion. x is the position of the 


nucleon. A(0), B(O) and D(0) are given by 


2 d; 
Lye +2 | oP), 


—4¢ 
a a be 
BiG) ee Wie rach es 7800) (1) 
27 
D(0) =" (a, +24), 


where o., is the total cross section of the pure 3/2—3/2 state and a; is the scattering 
length in the 1/2 state. In (1), 0, 0,, 7, and o, are neglected. A(0) contains a 
term proportional to i/€. However, it is easily seen that this term gives rise to the 
iteration of two-body forces and must be omitted. 
The three-body potential is given by* 
V®—V (123) +V (231) +V (312), 
Poa | Ale) (er) Bee) (et) or) (or )KoV*) (ov 
+ {B(z*r*) Gr") FAG") (27")} (a'P*) (0°P*) (O'V") (C7) 
PEQ2D(t rt) (OF S(O 4 YX 12) YZ); 
where 
Y@j)= e - %j== |xe—X,), 


i 


Fi HTD [22 4p =r) 
4x 727° J w, 5 


Dead (4, +205): 
4m 6 
Inserting numerical values, 
| Ox,/0,'dp=3.7, 4, +24a,= —0.06. 


Terms containing A and B are due to p-wave scattering and the last term proportional 


to D is due to s-wave scattering. This s-wave term was derived by Drell and Huang‘ 


* In differentiating Y(x), there appears a term proportional to d(x). This contact potential must be 


omitted. 
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and by Gelbard.® However, since they took Born approximation values for scattering 
lengths, their potential was about two hundred times larger than this potential. Actually 


this term is negligibly small. 


SI. Contributions to triton binding energy 

For the triton wave function we choose the simplest one, namely, 
a(1)n(1) a@(2)n(2)  a@(3)n(3) 

= F=| a(a)p(1) a(2)p(2). a(3)p(3) Cay 

B(1)n(1) B(2)n(2)_— B(3)n(3) | 


where @ and # are spin functions, p and n are isotopic spin functions and ¢(123) is a 


totally symmetric function of x;., %», and x,,. With this wave function, 
(0Y(123))=2 (A+B) | (3 cos*Oy—1) f(x») F(%s,) ¢2(123) dx dx,dx,+O(D). (3) 


where 
cos Fy= (Xj:%y,) /X Xo 5 


and 
f(x) =(4 pee ep 1) en, 
pen x 
The contribution of the three-body force to the triton binding is 


4U= (PV @) =3 (PV (123) PM). 


For the evaluation of (3), a detailed wave function is necessary since 3 cos*?/—1 is not 
positive definite. In order to get a rough idea of the magnitude of JU, we assume that 
the triton forms an equilateral triangle. The length of its side may be determined from 
the Coulomb energy of He’, and is equal to 1.3. In this case, 


MU~3 (A+ B) (—4) f? (1.3) = — 0.22 Mev. 


The three-body effect is very small in pure s-state. If there is a considerable amount 


of p- and higher states in triton, the three-body force becomes important. 


SIV. Three body forces in heavy nuclei 


As a simple model for a nucleus, we take a very large Fermi gas with both spin 


and t-spin saturated. Its radius is taken as A’, With this wave function Y, we 
calculate 


U=(VSVV), 


where the summation extends over all nucleon trios. The direct integral vanishes since 
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spins are saturated. Two exchange integral remains.* 


U=U, +U, > 
Cr =3\ V (123) 0(13) 0 (22) 9(31) dx,dx.dx. ; 
Uses | 7423)(13) 923) 91) dedeste,, 


where is the density matrix of the nucleus, 


e(12)= >) or (1)¢,(2). (4) 


oucleus 


ton > : 
, is the exchange energy for the interchange of two of the interacting trio, and U, 
represents the two symmetric permutations of three nucleons among themselves. 


We first take U, and calculate 
Av (13) =| V® (123) (22) dx 


This quantity, which is a function of 1 and 3, may be called the change of two body 
interaction within nucleus. This means that U, can be calculated as if there is an 
additional interaction JV between any pair of nucleons. Substituting (2) and (4) 


for V™ and p, 


<= 2, 
e 13 


4® (13) = (t't*) (a'V) (6) [c HE De™| ; (5) 


13 


where 


C=2(A+B) =0.007 , 
D=—3(A+B)=— 0.010. 


With this 4°, 
U,=—0.3 MevxX 4 (6) 


where A is the mass number of the nucleus. 


The triple exchange term is found to be 


Us=0nled Mev, (7) 


These values are rather small compared with the actual binding energy per nucleon 


which is. about 15, Mev. Of course -(6) and’. (7). are underestimations of the actual 


situations due to the crudeness of the model. While tensor forces are important for the 
nuclear binding, they are completely neglected in the Fermi gas model. For instance, the 


potential energy calculated from the Yukawa potential 


V® =¢/4n- (tt) (6) (GV) -e-*/x 


* The integral over x is assumed to include. the summation over spin and t-spin. 
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gives only 4 Mev per nucleon. The strong correlation between nucleons which is certainly 


present within a nucleus will make exchange integrals larger. 
The change of two body force JV can be transformed in a simpler form. The 


effective two body force in a nucleus can be written, since C and D are small, 


vq ave + ave 1 (ex) (or) (or) 2 


— C+ 4z)x} (8) 
1—d4 x 


where 
A=), (Co s42) C5008, 


4u= — (9°/4n2) *D=0.12. 


(8) shows that within nuclear matter, depth of the two body potential is increased by 
9 percent, and its range is shortened by 13 percent. 

Manipulations in (8) may be justified if we consider the effect of many body forces. 
A virtual pion emitted by nucleon (1) may be directly absorbed by nucleon (3) and 
give rise to V. Or the pion may be scattered by nucleon (2) on its way, and this 
is the content of JV. The pion can be scattered twice or more before it is absorbed 


by (3). Contributions of these terms may eventually be summed up into the form (8).* 


§ V. Conclusions and discussions 


Two conclusions can be drawn. One is that the contribution of the three-body 
interaction is about ten percent of that of the two-body interaction. The other point 
is that the many body forces due to s-wave scattering is extremely small contrary to the 
expectation from perturbation theory. The scattering length calculated from the lowest 
order perturbation theory is 


1 ry2 
: (400,). = eae See 
3 47 


while its experimental value used in this paper is —0.02. Such a small interaction cannot 
be responsible for the saturation of the nucleus, for which some other reason must be 
looked for. 

The exchange of three or more pions among nucleons is neglected in this paper. 
For nuclear interactions at short distances these terms will be very important. It seems 
that the contributions from such short distances is rather large for the nuclear binding. 


The binding energies calculated in this paper, therefore, cannot be taken too seriously. 


* If there is a scattering term App’¢;2(p) in the interaction Hamiltonian, the total Hamiltonian can 
be written as 


H=3(p°+1) bi? (p) + Aop’be?(p) +> =} (1— 4) {p?+ (14 dy) "3622(p) + 


From this Hamiltonian, nuclear potential of the form (8) is obtained. 


Pion Theory of Three- Body Forces 
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In the preceding paper we have calculated the three-body forces in the static approximation. 
Using the result a strong spin-orbit coupling, compared with the Thomas term, is derived in this 
paper. Though it is not sufficient to explain the observed spin-orbit coupling for itself, we expect 
that a considerable part of the nuclear spin-orbit interaction should be due to the many-body forces. 


§ 1. Introduction 


Recently experimental evidences have revealed the presence of rather strong spin-orbit 
interaction in nuclei. 

The scattering experiment of neutrons or protons on He* can give information about 
the unbound states of He® or Li? respectively. Since each of them contains only one 
nucleon outside the tightly bound a-particle core, Li? and He® are the nuclei to which 
the single-particle description can certainly be applied. The resonance peak of type Pj) 
occurs in the neutron scattering at an energy several Mev higher than that of type pyjs. 
It implies that the spin-orbit splitting in 1p state is of the order of several Mev. Similarly 
the scattering of neutrons on O"° suggests’? that the doublet splitting in 1d state is about 
5 Mev. 

The direct demonstration of the polarization of the scattered protons has also verified 
the presence of the spin-orbit coupling very clearly. The double scattering experiments” 
have been performed with protons of a few hundred Mev as well as those of several 
Mev. It was shown” that the order of magnitude of the observed polarization is correctly 
given by the same spin-orbit interaction as at low energies. 

From the existence of the strong spin-orbit interaction we can understand immediately 
the occurrence of magic numbers, on which the nuclear (jj)-coupling shell model is based. 
The change in the binding energy of the last nucleon at the magic numbers 50 or 82 
is about 2 Mev. This means that the doublet splitting of the 1y or 1h level has at least 
this magnitude. 

Various explanations of the nuclear spin-orbit interaction have been proposed so far, 
which can be classified grossly into the following three categories : i) the relativistic effect 
(Thomas term), ii) the higher-order consequence of tensor forces and iii) the two-body 
spin-orbit coupling due to the nucleon recoil effect. 

First the Thomas term has the right sign but is too small in magnitude to explain 
the observed effects.” It is written as: 
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H'=3\(8/2M'e) (r;*dV (7;) / dr.) (Us,). (1) 


Here V is an effective potential energy of one nucleon in the field of all the others, M 
the nucleon mass, and [; or s; is the orbital or spin angular momentum of the i-th 
nucleon. The Thomas precession gives the doublet splitting only of the order of 100 
kev. A replacement of one factor M in Eq. (1) by yp, the meson mass, has been 
suggested by many authors.” However, most of their arguments are based on the wrong 
hypotheses with the type of 7-meson. 

Second the higher-order effects of phenomenological tensor interaction were discussed 
by Feingold and Wigner" who calculated the level splittings of He’ and Li’. Their 
results are somewhat small but of the right order of magnitude to account for the 
observed data. However, the possible equivalence of the spin-orbit coupling and the 
second-order consequence of tensor forces has not completely been clarified yet and it 
remains to be investigated. 

Recently, the third explanation was proposed’) from the view-point of the meson 
theory. The calculated two-body spin-orbit interaction is not proportional to M™ as in 
Eq. (1) but is proportional to M~' and has the correct sign. The result is probably 
reliable in the region where the distance of two nucleons is not so small. In order to 
compare it with the empirical one, we shall reduce it to the single-body interaction, 
using the Fermi gas model and cutting off its strong singularity at the origin, which 
should not exist in reality. In Sec. 2 we shall find that its magnitude is not sufficient 
enough to explain the empirical data, though it may be several times larger than the 
Thomas term. , 

Now we know many sources which lead to the spin-orbit interaction. However, 
anyone of them cannot explain the empirical interaction for itself. In Sec. 3 another 
derivation of the spin-orbit coupling is shown. It originates from many-body forces in 
the nuclear matter, for which meson-theoretical calculations were performed in the preceding 
paper.” It seems to be another important origin which leads to the observed strong 


spin-orbit coupling. 
§2. Reduction of the two-body spin-orbit coupling 
to the single-body one 
The calculated two-body spin-orbit coupling has the expression,” 
V9) = — (2/M) (f/4n)2{(L-+x) (142+) /2"} exp(—2s) 
x [3 +2(t,: 72) ]-[L-S], (2) 

where S=(0,+6,)/2, L=xX (pi—p.)/2 and x=x,—%y, 

(we put b=c=p=1 hereafter). 


For simplicity we assume that every nucleon distributes uniformly in a sphere with 


radius R. Then the desired single-body interaction is 
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(v/4)| Ve Oke (3) 
rok 
where is the density of nucleons. Provided that the distributions of momenta, spins 


and isotopic spins in the nucleus are at random, expression (3) is reduced to 


» f(x) [*X pp G,| dx, (4) 
in which 
f@) =— (3/2M) (f?7/4M)*{ (+x) (1 +x+ 2%) /x*} exp (— 2x) (5) 
(4) can be written as 
[xX pi, O,|'S(a); (6) 


where 
Sas (o/xi) | f(x) (%,— 2%) x,dx,. 
2SR 


(6) has similar form as the Thomas spin-orbit coupling (1) since S(x,) is large only 


when x, is near to the nuclear surface. Instead of obtaining S(x,), we calculate 


|Sooes 


in order to compare the magnitude of the present spin-orbit interaction with that of the 
Thomas term. We assume the nuclear size to be sufficiently large compared with the 
range of interaction. Then the surface of the nucleus can be regarded as a plane, on 


which we set x and y axes. Then 


|. | (x, —%9) « f(x) dx, 


=2 “dk, | (Xi Xe) nf (XK) ONe 
= — (42/3) mo tdt (7) 


where x, is the cut-off radius. Therefore 
F(x.) =—¢ mio t'dt 
= (3/2M) (f°/4n)*| (+e) (1+t+e) /e}exp(—20) dt 


= (3/2M) (f?/47)*[4 (x¢+ 2x, + 3) exp(—2x,) +) /t+2/#)exp(—9 de] ; 
(8) 
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The numerical values of the quantity in the parenthesis of expression (8) and F(x,) is 


tabulated in Table I. 


Table I. 
Se eietesenessssseeneeneneneneeseeeeeeeeee 
Ube (il 5 

Xe 2 (xo?-+2x0+3)exp(—2xe) +) leases Jexp(—a)de | F(x.) Mev cm? 

0.3 1.88 0.72 107% 

0.4 1.26 0.52 

0.5 0.91 0.37 

0.6 0.68 0.28 

0.7 0.53 0.22 


In order to compare it with the Thomas term, we integrate Eq. (1) with respect 


to Wi 
|" /2m") ("dV /dr) dr (1-6) 
= — (1/4M?) Vay (L- 9) /R. (9) 


If we rather arbitrarily take (V),,= +20 Mev, we have — (1/4M’)(V),, = —0.22X 107” 
Mev cm*. On the other hand, the corresponding quantity can be derived from Eq. (6) 


and. (7) 
—F(x,)-(U-0)/R. (10) 


Therefore, the meson-theoretical spin-orbit coupling is of magnitude about 2~3 times 
as large as that of the Thomas term for reasonable cut-off radii, x,=0.4~0.6. 
§3. Derivation of spin-orbit coupling from three-body force 


The additional interaction between two nucleons in nuclear matter, which arises from 


three-body force*®), is proportional to 
| (6%) (4°P%) (0P') (0'F) YusYude (11) 


(Rigorously speaking, we must subtract the contact interactions in Exp. (11). However 
it does not affect the result below.) We define a component of the density matrix, 


(1, 3) =02,0%[1/(27)*] | exp{—ig(m—x,) }0 (Qa (12) 
where 
Bog Py 
p(q= (P,: Fermi momentum). 
0 M.ger PE 


The energy expectation value involves the following term, 
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[C/(2n*)*] | $1) (oh) (o'p) (kp) /(E+1) (P+) 


ee 
2420 


Xexp {—ikx,,— ipx,,} 2(13) i) (3) dkdpdx,dx,dx, 
= {C/(ax")*(2n)°} | 9 (1) {io (kX p) (kp) /(B+1) (P+ 1)} 


X exp { —ikx,,.— ipx,— qx} 7(q) (3) dkdqdx,dx.dx,, (13) 
when 
C=129(A+B). 


In the right-hand side of (13), the term independent of spin is omitted since this term 
does not contribute to the spin-orbit coupling. Using the Taylor expansion of ¢/(3), 


$(3)=$(1) +i(%—x,) PPC) +... 
(13) can be written as 


| B(1) Ee(1) $(1) dx, , 


where the effective potential Ex for the state ¢/ is written as 
Eese(1) = {C/ (27°)? (27 )*} | {io (kX p) (kp) /(F+1) (P+ 1D} e@ 


xX P-p, exp { —ikx,,— ipx., —iqx,,} dkdpdqdx,dx.,, (14) 


where P is the momentum of ¢. It can be shown that the first term in the Taylor 
expansion which is independent of P does not contribute to the integral, and the 
higher-power terms with P can be reasonably neglected. 


We assume the nucleus to be very large and integrate E. (1) along zaxis. 
|; Beu(1) de, = — {C(2n)/(2z*)*} | io (lex p) (ep) (kp. 0b, —p,) 


O(qu— ke) 8 (qy—hy) /(R +1) (p?+1) (hp. +E) (G.—&. +1€) (pe — 9. +38) 
x P-p,(q)dkdpdq 


Putting k+1=kK+a;, 
=— {C(am)/(22)*} | (oyg.— ory) (Gi-+93-+hep.)/ {(K +03) (p-+03) 
x (p.— 9. F1€) (q.—k. +i€)} - (P+ q/|q\} 0 (q—P,) dk.dp.dg 
= {C(2x)*/(2n*)*4} | {2Gi-+q3) +1/ (gi +43 +1) (G+) lal} 


x (a ,F 4, —Os0,e) 0(\q| +P,) dq 
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= {C(27)*/8 (27°)? | { (2g? sin’?O +1) /(q? sin’?0 +1) (g?+1)} 
x q° sin’*G0 (q—P,) d°q(o,P,—o,P,) 
= {wC(27)*/4 (2nt)"}| P} sin20 (2P3 sin?0 +1) /(P2 sin’? +1) (P2+1)} 
x simt.dU (PSG) 2. (15) 


The integration of last equation can be carried out easily and 


[- Ben(1)de,= {Cm (2m)°/4(2n)*} {P3/(PE+1)} 
x [8/3—1/P(2-+1/Px Pp +1 log] ( Pp+1—Pr) / (WPe+1+Pr) |] 
ECO). ae 


Inserting the numerical values, Pp=3/2 and f*/47=0.08, 


[| Ben(1)de, — — 0.94107" (Ia) /R (Mev.cm). (17) 


( 


This result is about 4.3 times as large as that of the Thomas term, as seen from 


the discussion in Sec. 2. 


§ 4. Conclusions and discussions 


The derivation of the spin-orbit coupling as stated in Sec. 3 can be understood 
physically as follows: First let us assume the existence of the spin-dependent three-body 
force. Or more visually, a meson emitted from nucleon 1 propagates via nucleon 2 to 
nucleon 3. If the nucleon 2 distributes uniformly in space, such as in the inner region 
of a heavy nucleus, the path of the meson between nucleon 1 and 2 would be a straight 
line on an average. However, in the region near the nuclear surface the direction of the 
meson emitted from nucleon 1 must be different even on an average from that in which 
the meson atrives at nucleon 3. This fact leads to the spin-orbit coupling, or the 
different self-energy values of the nucleon according to the relative directions of its spin 
and orbital angular momenta.” 

Conclusions of this paper are : 

i) The meson-theoretical two-body spin-orbit coupling has the effect about two or three 
times as large as the Thomas term. Of course, it may be somewhat increased because 
of the ambiguity with radial dependence of the interaction in the small distance between 
two nucleons and possible correlations between their positions. 

ii) Our spin-orbit coupling derived from the meson-theoretical three-body force is about 


4.3 times larger than the Thomas term. The existence of the correlations may also 


* This kind of spin-orbit coupling was suggested by Prof. Y. Nambu in private communication. 
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increase this magnitude further. It is probeble that the higher-order corrections for 


three-body forces have a large effect. 

iii) The experimental spin-orbit coupling” is 40 times larger than the Thomas term 
with the magnitude as evaluated in Sec. 2. The net effect of Thomas term, two-body 
spin-orbit coupling and many-body interaction, which have the common correct sign, seems 
to be only about one fifth of the experimental one. Although we have underestimated 
the effects of many-body forces or two-body spin-orbit couplings because of the roughness 
of the Fermi gas model and the ambiguity in the small distance region, a considerable 
fraction of the strong spin-orbit coupling should probably be attributed to some other 


causes. 
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The motion of spinning test-particles in the field of a spinning sphere is investigated. The ben- 
ding of light rays is calculated, and finally the perturbing forces on the Newtonian elliptical orbit 
are determined. 


S$ 1. Introduction 


Lense & Thirring’ calculated the gravitational field due to a homogeneous, uniformly 
rotating sphere on the basis of Einstein’s linearized law of gravitation. They calculated 
by standard perturbation theory the secular variations in the six Newtonian orbital 
elements. 

In the present paper we shall extend their results upto higher approximation (upto 
terms containing w*) by making use of the exterior gravitational potentials due to a 
rotating spheroid, given by Clark”. 

We shall also consider the spin of test-particles simultaneously, for which we apply 
the equations of motion for the spinning test-particles by Papapetrou”, Corinaldesi and 
Papapetrou”. 

In a recent paper, Rayner” evaluated the external field due to a rotating sphere 
after Whitehead’s law of gravitation. We shall show that for terms beyond the first ap- 


proximation, Hinstein’s theory differs from Whitehead’s. 


§2. Solution for a rotating spheroid 


The gravitational field is assumed to be weak. Notations x,, %, x, are adopted for 
three spatial co-ordinates and t=x, for the temporal one. 
The metric tensor is then set 
G = Guu Pays (2-1) 
H i h Il introduced by means of the 
where ¢,, ate the Galilean values and h,, are small. y,, are introdu y 
relations 
Ynys Juv Gee Devs (2-2) 
Einstein et al. pointed out that the inverse relations are 


Saul Od Che gj? Yop: (2: 3) 
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Now, from Clark’s” solution for a spheroid rotating with an angular velocity w about *;, 
axis, the external potentials (non-periodic) are 
¥yy= — 16 pr /3r, + 4aper2/15[ 1071/7; +19 {— 2/1 +3 (x +%2") Fecha b 
Vy = — 167 7,°eox,/ 157, + 4p Er) wx,/105| 28/177) — 1 2/rP +15 (x2+x,7) /1,7], 
yg +1627 Pex,/ 157; +47 9€ 1x, /105| — 28/177? + 12/7? — 15 (x? +2") /n1'], 
yy =16Tpry! w*[1/10573—x2/35r,°] + 4a pew"| Ar, (1/37? —x3'/7,) 
ter? {—12/7P +90x2/7y7 +15 (x1? +257) [ry — 105 (x? +07) xo°/17} J, (2-4) 

Yoo= 167 pr,'w*|1/1057,°—x,°/351,"] + 4pew"| Ar! (1/31? —x1°/17,) 

tore {—12/17 bP +90x2/17 +15 (x2 +x") /7y7 — 105 (x,2 + x2") x17/r1'} J, 
¥49= LOT Pr) WX, Ko/ 357° +47 Ew"| Ary) x;Xo/Ty YT,’ X 


X {90% %2/174' + 105x,x2(% +22") /r"} J. 


where 
A=—162.0.) e459) — 16 


m=4/3-mpr,(1—€/2), 
A=8/15-7p7,,(1—€), 
I= —4/15-7pr,'e. 


(2- 4a) 


For a perfect sphere i.e. €=I=0, periodic terms giving rise to gravitational waves 
do not come at all. From (2-3), (2-4), (2-4a) the corresponding simplified h,, 
becomes 
hyg= —2m/1, + Aru? /7r, [2/3 — (x2 +x2)/r2], | 
by = —2Awr/1,7, hyy= +2Aux,/1,3, 
hy= —2m/7,+ Aru? /77,- (x2—x2), 


ho = —2m/r,— Arew?/7r>: (x2 —x2), (2-5) 
hy = —2m/r,— Ar ew? /77)[2/3 — (x? +x2) /r?], 
Pigee2Ar Oi iXe) 171s 


~~) 
§ 3. Equations of motion of spinning test-particles 


The co-ordinates employed here are approximately isotropic rectangular co-ordinates, 
the corresponding isotropic polar co-ordinates are obtained by putting x,=r, sin @ cos ¢, 
K.—1, sin 0 sin @, -x,==7, cos. 

Accordingly, the fundamental tensor of the gravitational manifold transforms into 

Iu= —1—2m/r,— Ar7w?/773 (1 —5/3 «cos 0), 

Jog —1¢ (1 +2m/r,— Aru? /217,°- sin? 6), 

Jo,= —1? sin? O(1 4+ 2m/r,+ Ar2w?/7r,°- sin? 0), (3-1) 
Jy=1—2m/r, 4+ Aru? /777 (2/3 —sin® 0), 

Ii9= Arfw?/217,°: sin 20, Jo4=2Aw/r,- sin? 0. 
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Comparing the above set with the corresponding one given by Rayner’ (equ.. (5-3) 
of his paper), we conclude that Hinstein’s theory differs from that of Whitehead in the 
terms containing w*. Therefore, perihelion shift, bending of light rays, and other astrono- 
mical effects in the field of a rotating sphere will be slightly different from the two 
theories. It will be worth mentioning here that recently Clark’ has shown that these 
two theories do not agree again on the acceleration of the c.g. in a two body system— 
an effect primarily depending upon the terms beyond the first order. 

Now, neglecting terms from O|m’/r,‘|, the non-vanishing Christoffel’s symbols of the 
second kind are 


iv =o —3[2m/12—4m?/r° +3 Are? /7r'- (1—5/3-cos’ @) |, 

feat =2Aw/r,’-sin 6 cos §, 
A =—7,1 —m/1,+2m?/r? + Argw? [71 G/3-43/2) sin’ 0) |, 

eal = —2Aw/r;’- cot O, 
es = —r, sin? O[1 —m/r, + 2m?/r?— 34770" /14r,°- sin’ 0], 

{sat =— Aw /1,?- sin’ 0, 
taal = 1/2[2m/r2—4m?/r?—3 Ar w? /77,' - (2/3—sin? 0) |, 

He Pe 4 

Fel =Aw/rT,s 
{2} <1 /nla—m/rs+2mt fret Ardea! 141 sn? (3-2) 

{13} = —3Aw/r? sin’ 0, 


eal = —1/r,[1—m/r, + 2m?/1?—3Are 0/147," sin” é|, 


ea = Ar,Zw?/211r,°-sin6 cos 0, 


tH =1/2[2m/r2+4m/r2—3Areo?/71, (2/3 —sin’ @) |, 


Fa = — Ar Zw? /7r,°- sinfcosf, 


i — —sin 0 cos 0[1+2A4r,2u*/7r,° : sin’ O], 
toa = Ar fw? /7r,°- sinOcosf, 


oe =cot O[1 + Ar 2w?/77,) + sin? @|, 


| re | = — Aru? /211,: sinOcos8, 


| a = —3Ar 20? [712 sinfcosf. | 
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The sets (3-1), (3-2) can easily be transformed into spherical polar co-ordinates by 
the substitution 
r= (1 1/24) yo (3-3) 
Now, the equation of spinning test-particles in the basic field #/,,, as given by Papa- 
petrou”, is 
D DS** =) 
mu* + u, SE LN AAT Ss eh (0) 3-4 
Ds Ds / Pisa ( ) 


where the tensor S** represents the spin angular momentum of the test-particles, u* and 


R,, as usual denote the velocity and R-C curvature respectively. The quantity DA /Ds 
is defined as follows. Let a tensor A be given on a line L; then A is extended 
(arbitrarily) to a tensorfield in a small tube surrounding L. Now denoting by (4), 
the covariant derivative of this field, one writes 

DA: 


So (Ara hy Mi 
Ds ( vt 


This formula shows directly that (DA /Ds) will be a tensor. 
Inserting the transformed values of (3-2) into (3-4), one finds after some elemen- 


tary calculations 


BO) rato BY mle malo) a Bar BY} 


2 
—2m?/r?—2Aw/1- sin? 6 s — 3 Aro? /14r'- (2/3 —sin® 0) —6Ar20?/7r*- sind cos “ “ 
é ie 


~3Ar20%/141'- (15/3 cos 0)( ais ~ Argut/72 (2/3 —3/2-sin Oe y 
dt dt 
+3/14-ArZw?/r?+ sin' o( ay, (3- 4a) 
dt 


armies 


d°) dr . 
dt? t 


—sin 4 cos Te y —2m/r? =< dé) 
fie t 


+4Aw/r*-sin @ cos @ * 


Pale ; 4 i] V4 : ; be 4 
+ Aru? /21r*- sin cos (<) — 24r,°w*/77r* sin’ 0 cos a( + | — Ar Zw" /211°-sin @ cos 6 
by 


(4 ry oo is sin cos @ 


Mg OF gt dr. nee 3m ab & 
ig an es dt ery |" r(1—2m/r) sin?0- S841 fre + s*| <0, (3- 4b) 
d°*¢ dr do d) do dr dé di 
dG) Pt 2 d 
a +2/r Ae? + 2cot J— See 2m/r zr ae ee -cotl epee OU i 
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+2A4r,70?/7r* «sin 6 cos 6 ° - —3 Aru? /7r* -si ino * —3m/rE 


dO «. dr ov 
1—2 — = $23 1 |= F -4 
x | r¢ m/r) i +1/r 7 0 (3-4c) 


where E represents the integral of energy. It is to be noted here that the spin-spin 
product terms are omitted for the sake of simplicity. 


§ 4. The advance of perihelion of an equatorial orbit 


We shall now discuss whether the set of equations (3-4) admits of any solution 
representing a motion in a plane passing through the rotating central body. The general 
condition comes out to be that such a motion is possible only in the plane 0=7/2 and 
with S?=S"=0, and rS*=S.40 i.e. the central spin and planetary spin must be perpen- 
dicular to the plane of motion and consequently parallel or antiparallel to each other. 

For the motion in the equatorial plane we get from (3-4a), (3-4c) 


d’ dé \? 5 4 ey ga d ee od 
= —1(4) +m/?=R=m/r°}3( 77 ) 2r%( ) | 2m hi +240 /1° 


+ Are? /1414 + 3Arew?/142' (= is is —3Arw"?/14r°- (4 dp 0 (4-1a) 


te Cody dl eed de :. ud db 
Se J = 1 —2Aa 3A Gg 
yet ac aide ager a ae ae LER sy 
_ 3mS. dr ) C41B) 
Er’ di 


where R and @ denote the radial and transverse perturbations. 
From the standard perturbation theory, the rate of perihelion shift is 
da /dt=h/me | — Reos(¢—@) + P(1+mr/h?) sin(d—@) |, (4-2) 


where the instantaneous elliptic orbit is given by r-'=m/h'[1+e cos(—@) |. Using this 
Newtonian approximation in the perturbation terms and writing (¢—@)=€, eqn. (4:2) 


goes over into 
ee =1/e[m?/h?. (2e+2e sin® § + 2e? cos” E&—e sin? € cos €) 
dt 
—2Aum/h’. {2e+ (1 +e") cos &} 
— Ar,2w*m/14h"- (cos E+ 2e cos? € +e? cos* €) 
+ 3Ar orm’ /14h. {4e+ (1 epee cos € + 4e* cos” ¢ 


+ 3e? sin? € cos € +e’ cos’ § E+ 2¢% cos? € sin? ¢} 


— 3$,m?/Eh?. (2e sin? § +e? sin” é (4-3) 
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Treating S.(~(1—2m/r)~'S.) as approximate constant of motion, perihelion shift 


per revolution becomes 


do= da=6r m/e —82Aw m/b’—2ArZ wm /7h' 


+127 (1+9¢?/32) Ar2w?m'/7h° — 67S,m° EP’. 
Reinstating c, perihelion advance per revolution occurs (in circular measure) 
do=247'a2/2T?(1—e) — 322120, /5CT (1 —e)*? — 201'w 1?/35C a (1 —e*)* 


+9673 (1 + 9e?/32)r,'w .°/35CT? (1 —e?) §—247°7,20,/5CT (1—e*)*”, (4-4) 


where, 
a= the semi-major axis of the planetary orbit, 
e= the numerical eccentricity, 
c= the velocity of light in vacuo, 
T= the period of revolution, 
r,= the radius of the central sphere, 
@,= the normal component of the central spin w.r. t. orbital plane, 


r,= the radius of the planet, 


vy 


w,= the normal component of the planetary spin, 


The last four terms in (4-4) denote the spin effects. The central spin-corrections 
are significant only for certain satellite orbits in some planet-moon system. The first 
order central spin term was first derived by Lense and Thirring”, and is of almost similar 
form as that of the planetary spin-term. 

Lense and Thirring” in their calculation omitted the terms of O|V?| (where V deno- 
tes the maximum velocity of a planet in its approximately elliptical orbit), which is 
actually of the order of the Hinstein advance of perihelion. They counteract this omiss- 
ion by adding the Einstein term afterwards, a questionable procedure, although their final 
result may well be correct. It is better to adopt a more exact method of calculation, such 
as that leading to equation (4-4). 


§5. Deflection of photon-track 


The law of propagation of light is characterized by the equation 
de =), dx* dx” =0, (sl) 


To within the approximation which we are using, and in the system of co-ordinates which 


we have selected, the velocity of light is characterized, according to (5-1) & (3-1) by 
the relation 
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GEL ee ee dx, dx 
—2 0 ergs nd 
dt m/r,+2Aw/r;' (% it K, ) 
—2Ar, oO f217, (a2) 


Now, for a ray of light, travelling parallel to the x, axis in the x,—x, plane, at a 
distance of r, from the origin, we have approximately 


~_ 
%—TN 


dx, rae 


x,=0. 
Applying these results, (5-2) becomes 

L=1—2m/r,4+ 2410/13 —2Ar20? /r,’. (5-3) 
We can therefore draw the conclusion from this that the ray of light will be deflected, 


i bees eae 
in all, to the extent a= pyres dx, towards the sun. 
xj 


On performing the integration we get 
a=4m/r,—8Aw/1;7 +8Aw?/211,. (5-4) 


When the spin of the photon is taken into account (the amount of spin is assumed 
to be 6 and along the x, axis), the deflection goes over into 


a=4/r,[m—2Aw/1,+2Aw?/21|[1—1/421,|, 
causing a slight dispersion 


ie 


——,[m— 24/1, + 240*/21), 
0 


From (5-4) it is clear that light will bend differently in two opposite sides of the 
solar axis. This difference is 32GMw/5c’ radians. Relative magnitude of this correction 


w.t.t. the ordinary relativistic term is 87r,0/5c~1.06 X10~° and therefore negligible. 


§6. Slow rotation of the planetary plane 


Let the instantaneous orbital plane be one ¢-constant plane, so that (dé/dt) is ne- 
gligible compared to (di/dt). Moreover, let the major axis of the approximate ellipse be 
along x,-axis, and the non-vanishing component of planetary-spin be r5'°=S,. With the 


above simplifying assumptions, from (3-4c) 


rsin | # 42/12 ee +2 cot 0S | — p= — 2/1 sin 
dt 


+4 Aur/r- con — 3m/ EPS. 0 (6-1) 
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where @ is now acceleration orthogonal to the orbital plane. 
Using the standard perturbation theory, the planetary plane will rotate at the rate 
(See Fig. 1) 


dQ/dt=(P r/b) -sin 0, 


(6-2) 
di/dt=(Pr/h)-cos@. _| 
Because the instantaneous ellipse is given by r-'=m/h?-(1+ecos@), from (6-1) 
and (6:2) 
42=0, 
(6-3) 
and di=1677,20,,/5CT (1—e*)*” radians/revolution | , 


where «,, is parallel component of the central spin w.r.t. the elliptic plane. The 
spin of test-particle, in this specific orientation, does not contribute to the rotation of 
orbital plane. 

The planetary plane is gradually tilted until the same is oriented normal to the cen- 
tral spin. This suggests an explanation of the fact that almost all the planetary orbits 
cut the solar axis normally. 


§ 7. Determination of the perturbation on the six 


Newtonian orbital elements 


Let a and e be the semi-major axis and eccentricity of the instantaneous elliptical 
orbit of a planet moving (not necessarily in the equatorial plane) about the central sphere. 
Let the plane of the instantaneous ellipse intersect the celestial sphere (of centre 0) 
in the great circle N//N’ making angle 
i(0 Si 7) with the equatorial plane. Let 
the angle between the arbitrarily chosen 
initial line ON joining O to the node N be 2; 
let 9% be the angle NO// where // is the pro- 
jection of the perihelion on the celestial sphere, 
and let ¢ and y be respectively the (current) 
angles NOP and //OP. Finally let R be the 
component of the disturbing force along the 
current radius-vector OP, T be the component 
tangential to the projected orbit (in the direc- 
tion of ¢ increasing), and W be the component 
orthogonal to the orbital plane, so that R, T, 
W forms a right-handed triad. 


We shall now derive the perturbation forces 


R, T, W from the equations of motion which 
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we have already calculated. Our method is essentially similar to that followed by Rayner” 


dr di) d 
Writing ee ae =V,, rsin @ oe =V, & 2A4w=K, from the set of equations 


(3-4), the perturbing accelerations come out to be 


d°r 
ce (S yar sin” es )+m/r8=R=m/ (Y= 2) 5 — 2) gl /t 


+K sin @/ r°- Vet 3Krj@/28r'-( setts in? #) 
2 


+3Kr,w/7r*-sin 0 cos 0 V, Vy+3Kr,.2u/28r'- (1 —5/3-cos® O)V,2 
+ Kr,°0/14r*. (2/3 —3/2 sin? 0) V2 —3Kr,20/28r'-sin® 6 V,? (7+ 1a) 


d*) dd : ay , 
|< are jr ay, —sin @ cos (2) |[=0=2m/1-1, Vy —2K/? cos OY 


— Kr°w/42r'*-sin 0 cos OV.7 + Kr2w/7r'- sin 0 cos V2 + Kr /42r': sin 6 cos 0 V,? 


—Kr,20/14r* -sin®? OV V, 
+ Kr20/14r'- sin 0 cos os (1—2m/r)sin 0V,S®+1/1-V, S®],  (7+1b) 
ie . 


r sin o| £9 4-2 2/1 AO +2 cot d@ # | 


D=2m/1? VV g+2K cos 0/7 -V 


dt dt 
—K sin 0/r°-V,,—Kr20/71'*- sin 0 cos VV V+ 3Kr°0/141'- sin? VV, 
+ 3m sin 0/Er-|(1—2m/r)V, S¥+1/r-V, S*], Calc) 


where R is the radial perturbation, 0 and @ are components of acceleration in the direc- 
tions tangential to the parametric line of and @ increasing. 

An examination of fig. 1 will show that, if » be the angle between the component 
directions 9 and T of the perturbing forces, then 


a) 1 ) Og) cd le tiaal 
| OREECOS)amesitie” 0 C72.) 
le Seetlen Occ S12: Sen Cos Ligue! hap D 


Also, from the elementary theory of spherical triangles 
sin 0 cos Y= —cos # sin 1, 
sin 0 sin Y=cos 1, (7-3) 

cos @=sin # sin 1, 

tan (6—2) =tan ¢ cos i. 

Now, denoting the orbit of the planet by r-t=m/h. (1+e cos ¥) and total angular 
h 

1 ek 1» dp _ 1, 

dt 2 dt 2 
we obtain from (7:1), (7-2) and (7-3), 


momentum by - 
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R=3m'e? /h’r?- sin? y — 2mbh* /r* + 2m /r* + Kh cos i/r* 

+ 3Kr2w/7r'-[1/6 —1/4- (1—sin® i sin? &) —me/2r-sin x sin 2¢/ sin? i+ m°e*/4h°- sin ¥ 

x (1—5/3-sin® ¢ sin? i) 

+h/6r?(1 —sin? i sin? $b) - {2/3 -sin® icos* $—3/2- (1—sin*isin’Y (1 +sin*i)} |, (7- 4a) 
T =2m’e/r*- sin y—Kme/br°-cos i sin y+ Kr,°w/7r'- sin? i [f°/6r°- cos® ¢ sin ff sin? i 
X1/(1—sin?isin® ’) 4+-me sin y/2r- (3 cot” i—cos® ) —dsingscos (1 +1/3- me’ sin” y/h*) | 

+ 3m°e/Ehr®- sin y| cos i-S*' +sin i cos fS'2/V1—sin® i sin? ], (7 - 4b) 
W =Kh sin i/r*-[em/h?-cos ¢ sin ¥+2/r- sin | 
—Kr,2w sin 2i/14r'-[2me/r-sin 7 cos # +sin ¢/2- (1 +m*e?/3h*- sin? Z) 


+h /r?-sin /(1—sin? i sin") - {cos? i— 5/6 - sin* i cos” ¢} | 


+3mh/Er*-|(1—2m/r) ¥1—sin* i sin’ gy S* 


+ mesin y/b?- {S'? cos i/ “1 —sin’ i sin? ¢ —S™ sin i cos ¢/} |. (7-4c) 


The first order central spin terms in the last set of eqns. (7-4) are exactly the 


same as those obtained by Lense and Thirring”, Rayner". 


I record my sincere thanks to Dr. T. C. Roy for some illuminating discussions. 


References 


1) J. H. Lense & H. Thirring, Phys. Z. 19 (1918), 156. 

2) A. S. Eddington, Mathematical Theory of Relativity (Cambridge, 1924), 82. 
3) A. Hinstein, L. Infeld, & B. Hoffmann, Ann. Math. 39 (1938), 65. 
4) G.L. Clark, Proc. Roy. Soc. 177 (1941), 227. 

5) G.L. Clark, Proc. Camb. Phil. Soc. 43 (1947), 164. 

6) A. Papapetrou, Proc. Roy. Soc. 209 (1951), 248. 

7) . Corinaldesi & A. Papapetrou, Proc. Roy. Soc. 209 (1951), 259. 
8) J. L. Synge, Proc. Roy. Soc. 211 (1952), 303. 

9) C. B. Rayner, Proc. Roy. Soc. 222 (1954), 509. 

10) C. B. Rayner, Proc. Roy. Soc. 232 (1955), 135. 

11) G. L. Clark, Proc. Roy. Soc. Edinburgh A 64 (1954), 49. 


383 


Progress of Theoretical Physics, Vol. 17, No. 3, March 1957 


Low’s Scattering Equation and S-Matrix 


Hideo FUKUTOME 


Department of Physics, Kyoto University, Kyoto 


(Received July 24, 1956) 


Without reference to the details of the interaction, Low’s scattering theory is formulated including 
scatterings of bound particles. The Low equation is derived in two forms: the differential form in 
the Heisenberg representation, and the form like the second order perturbation formula in the Schré- 
dinger representation. Corresponding to what state we use as the comparison state, there exist various 
types of the Low equation and expressions of the S-matrix. From these Low equations the symmetry 
properties of the S-matrix are deduced. Using the differential form of the Low equation, it is shown 
that the Low equation in which the comparison state is the vacuum can be linearized, and has infini- 
tely many solutions as has been pointed out by Castillejo et al. 


$1. Introduction 


Recently a new formulation of the scattering problem in field theory has been pro- 
posed by Low.” Chew and Low” have applied this theory to the fixed source meson 
model of Chew and made a great success. They have shown that Low’s theory has satis- 
factory features and advantages in many respects. Although many analyses of this theory 
have been accomplished, many points about its general character still are left unclear as 
it differs so much from other theories so far introduced. 

On the other hand there have been several attempts to formulate and study the S- 
matrix theory without reference to the details of the interactions, for example that of 
Lehmann et al.”) Though the first motivation of Low’s theory has not been along such 
line, it seems to belong to such category in essential points. 

The aim of this paper is to formulate Low’s theory from such a point of view, and 
to investigate immediate consequences for the structure of the S-matrix and the properties 
of the Low equation. In the following derivations we generalize the theory so as to 
include scatterings of composite particles and derive the Low equation in the two forms, 
that is, the differential form in the Heisenberg representation and the form like the 
second order perturbation formula in the Schrodinger representation. Further we show 
that there exist various types of the Low equation according to the various possible choices 
of the comparison state, whereby Wick’s® technique is applied, and using these Low 
equations the symmetry properties of the S-matrix are derived. Lastly, we show that one 
type of the Low equations in which the comparison state is the vacuum can be linearized 
and in the course of its linearization the same arbitrariness that has been found by 
Castillejo et al.) enters into the linearized equation, therefore there exist infinitely many 
solutions of the Low equation, and the conclusion of Castillejo et al. holds in general. 
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§2. Assumptions and definitions 


We consider a closed physical system consisting of interacting fields. We assume for 


the system that it has the displacement operator P, which has the property 
[P,, O(n) ]=i3,0(x) (2-1) 


for any arbitrary Heisenberg operator O(x) of the system. Also we assume the existence 
of the vacuum state i.e., in the orthonormal complete eigenstates VY of P, there exists 
a state Y, which has the lowest eigenvalue of H=—iP,. We normalize P, (subtract- 
ing the eigenvalue of the vacuum state) as P, /,=0, then all other eigenvalues of H 
are always positive. 

The eigenstates /,, may be divided into two groups in accordance with the boun- 
dary conditions of the scattering experiments which we suppose to be specified in the 
remote past or future. There are a group of states which represent one spatially localized 
entity and ‘suffer no real scattering. For example, the one particle states and isolated 
bound states belong to this group. We call such states the steady states. The states 
belonging to the second group initially contain at least two spatially separated parts and 
suffer real scattering. We assume that the initial condition for the states of the latter 
type is expressible by a superposition of the former steady states, i.e. it approaches asymp- 
totically to an independent assembly of the steady state particles in the remote past or 
future. We assume also that we already know all steady states and their eigenvalues of 
P,. Our theory treats the problem of scattering between the steady state particles, but 
it does not provide any procedure to know what the steady states and their spectrum are. 

To proceed further we take a system consisting of the nucleon field, g(x) and ¢b(x) 
and the charged meson field, A(x) and A‘ (x). We begin by defining the following 


operators for the steady states: 
| GCN oh) AG lhe) |Va) dor, 
qa (7) =Na'fo(Palf (x) |Po)iv (x) doy. 


Here ¥,, is the one nucleon state and we describe its all quantum numbers by a single 
29 


(2-2) 


symbol “a” which includes the three components of momentum, the spin and charge 


indices, and 
N= | Cal) [Pdi Clo @) 0 0) do, 


Note that N, does not depend on o. Other notations follow that of Schwinger.” 
For the one meson state “",, 


a? (0) =N5".4'(x) A, (PJ A(x) |V,) dor, 
| G80) =Nofo(W|A'(x) | Py) A(x) doy, 
with N,=fo(P [A (x) [P,)8,(V A(x) |p) dor, 
and plx) yg (x) =A, f(x) gx) —f(2) 3,9). 


(2-3) 
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For the two nucleon bound state Ps 
ge (O)=NON§ B(x) Ps) 27 12 (Lol: $4) (x): [La doy do,,”, 
qe (o)=NOI (|g (x) P(x): [Por Tp? P(x) P(x) :do," do”, 


and N,={\(¥,| BK) P(x): [Port HACE ol: 1) Pa):| 0) do! do,2, 


here the product of field operators is to be taken in the sense of Nishijima’s.” 
By the same way we define operators q{?(o) and qs (o) for all steady states V,. 
From above definitions it follows immediately that 


(Pela (o)|Po)=1, (Folge) |¥.) =1. (2-5) 
Taking o as a flat one and using the relation 
Ole t) =e Ore) ashe (2-6) 
we can separate the time dependence of g/*(t) as follows; 


qe (t) — pith qs (0) eo UH-iE,, . 
(2-7) 
qx? (t) — ptH+ ith, qi? (0) eT tH, 


Using (2-7) we get 
(Ziulgs (ct 00) |¥",) = ie (F ulgs” (¢) |¥o) 


=lim e* Fut, ) (F y\qo (0) | 59) =0, 


t>to 


for an arbitrary state Wy, because Ey,+E, is always positive. Then holds identically 
qs (40) ¥,=0. (2-8) 
Also we get 


(F ulgs> (+ ©) |) = lien CF ulgs” (2) |¥'o) = lim ete TF lad alge C0) | Says 


so that it does not vanish only when E,,=E,. From the definition of g{ it can be 
easily shown that (Y4|q,(t)|%,) has nonvanishing value only when Py;=P,;(i=1, 2, 3,) 
therefore it must be Py,y=P,, (Y=1, 2, 3, 4) in order that (PylqS'(+0)|¥%,) does 
not vanish. However, the energy-momentum conservation or some other conservation of 
quantum numbers between the steady state and the other states fails, therefore it is the 
case only when Vy =, that (Y\g5>?(40)|%>) does not vanish. 

From this and (2-5) we get 


(alg Ce © ) |?) =O > 


or 


qs (£0) 0 =. (2-9) 
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Thus (2-8) and (2-9) show that gS?(+©) and gi?(+00) are the creation and 
annihilation operators of the steady state particles respectively. This interpretation does 
not hold when t4-+©o, but we use q/*)(t) as the auxiliary quantities. (2-8), (2-9) 
and (2-7) show that we can put the commutation relation of qi (t) and g§(t) as 


(+) ms =D 
ee (t), av (4) le=9 is io 


[eS (), 98? Jle=[9° O, gs Ole=0, 
where the plus commutator corresponds to the states s and s’ containing the odd num- 


bers of fermion, the minus commutator to the states containing the even numbers of 


fermion. 
Next we consider the time derivatives of q{*)(t). From (2-7) 


edie =i{(H, g(t) |--E. gs (®)} =V2 (0), 
t 


Ags? cia 
[AO =HttH, gS ()- +E. 9? O)} =—-V (0). 
t 
The forms of time dependence of V‘~(t) and V{*(t) are the same as that of q‘~ (¢) 
and of q{")(t) respectively. The expressions of V{*’(t) can be obtained easily by using 


the lemma: 


9 | O(x)doy=3,0(). 


Oo (x) 
For example for the one particle states 
VO (t) =Na" $C? 9, — a) B(x) » (Polo (x) | Pa) dx, 
| VS? (t) =Ne'§.(L —m") A(x) - (P| AG) |¥ 0) d*x, 


(2-12) 


where m, and m, are the physical masses of the nucleon and the meson and where we 
have used the fact that (V|qh(x)|%,) and (¥,|A(x)|¥,) statisfy the Dirac and the 


Klein-Goldon equations respectively. 


§ 3. Seattering state and definition of the S-matrix 


In this and next sections we consider the one nucleon-one meson scattering state VY, 


as an example. /",,, satisfies the Schrodinger equation 
AY j= (E,+E,) Fo 


Following Wick” we decompose Y,, into two parts. Though Low has taken the 
one nucleon state, as the comparison state his choice is not the only possible one. In the 


relativistic theory there exist still other possible choices, i.e. 
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i) Pa =qa an () Fot+yo(t), 
il) U1 (t) Ue ats Varkt) > (3 ‘ 8) 
ii) Fo=G (Hest 70". 


The second one is what Low has used. In the right side of (3-1) the first terms may 
be interpreted as the incident wave, and the second terms, which we determine later, as 
the scattering wave. In the static nucleon model the case ii) is the only possible one, 
in the relativistic theory they have equal validity and corresponding to these possibilities 
there exist various types of the Low equation and expressions of the S-matrix. From the 
physical point of view the case ii) in which non-relativistic limit can be easily taken is 
the most important one, but as will be shown in the later sections the case i) has the 
advantage of more simplicity compared with the others. In the following derivations we 
treat the case i) mainly for the later use, and for the other cases write the final results 
only. 

Let us determine 7,,(t). As YW, is the state vector in the Heisenberg representa- 
tion, it does not depend on ¢. Therefore differentiating both sides of (3-1)-(i) by 4, 
we get 


OF. 
Ot 


Here 95 (Pee gae Ch) Gna: (f)'2 


According to whether the boundary condition of ¥,, is specified in the remote past 


; fa) 
Blity tS) (yyw Lays (0 
Ot Ot 


or future, we have 


t —) 
wo@=—f 2 Oa v, 3-2) 
5 t 
co —) 
rat) =( 42 Oa v,. (3-3) 
t i 
So that 
t —) 
$=a@P (OP, | “4 Oo B= 9G 0) Bs (3-4) 
Paes t 
V5=4q5(t) w+ ("2ae Oa, v=) (+00) By. (3-5) 
t t 


Using (2-7) and (2-11), (3-4) becomes 
S=aP OM i] VOW ae, 


ett (H-Bq- By) 


E,+E£,—H+ie 


= (b) ? 5-1 VEO) 2s (3-6) 
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here V(t) =VO (Hag? (0) +4h° (V5? (t) and € is an infinitesimal real positive num- 
ber. Also we get for /{, an expression where the sign of € is reversed. In the ex- 


pressions (3:4) and (3-6) ¢ is quite arbitrary, we may take t ast+co. So we get 
LT i= qa (0) vi—i\ Fas aE) dtY 


= V 7, — 2710 (H—E, — E,) V. ACO) T., (3 ’ 7) 


here we have used (3-5). 
The next problem is to correlate the above results to the S-matrix. We define the 


S-matrix in the usual way as 
Su v= (Fx|F x). (3-8) 
This can be written as 


Su.v= lim (Fula (t) |F.) = lim (¥ | qi : (t) |W x) , (3 9) 
t>—c t>+o 


lr OPP Ol 


here N=(a"e, 6”,:--) and gv Q= > 


Substituting the precise expression of q‘~(t), it can easily be shown that the expression 
(3-9) for the S-matrix coincides with that of Nishijima”) even when the initial and final 
states include bound particles. Next substituting (3-7) in (3-8), we get 

Syax = (PF u|P a) = (Ful Pa) — 2710 (Ey—E,—E,) (F u| VS (0) |Fo) 
=0 x, — 2710 (Ey—E,—E,) (Pn| VP (0)|%>). (3-10) 
Thus we have got the expression of the S-matrix for the case i). 


For the other cases we get the following results in the similar manner. 
For the case ii) 
Pi =9?()¥.4+—— V0) F (3-11) 
(2 Seams an EB. sae Bey rer b a 
= VW 5,—2710 (H—E,—E,) Vi (0) ¥,, 
Saab <P — 2710 (E,,—E,—E,) (Fay Ve (0) |F.) ° (3 ir 12) 
For the case iii) “a” and “6b” are exchanged in (3-11) and (3-12). 
The equivalence of (3-10) and (3-12) is shown in the appendix. Though the 


various expressions of Y,, have the same value, their scattered parts by themselves do 
not. 


§ 4. Derivation of the Low equation and symmetry 


properties of the S-matrix 
We begin by defining the following quantities : 
Uy a Gt) = = (Pulqe ()|%,), (4-1) 
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W ua (t) = (Fnlaa (4) (Fo). (4-2) 


In the limits t>-+ co they become 


Un a (+ 00 ) SO gis W var ( os co) =0, (4: 3) 


Oy ss (— co ) =) area W ut cw ( 7 co) =0, (4 is 4) 


where we have used (2:8) and (3-8). Using the relation 


tt(H-F,-F 4) 
5) z Lo e a b 
Ia (t) P 0 Lo 2s 


ee ry (0) Ys, 
Bop je » (0) 


the time dependence of Uy, (t) can be separated as follows : 
et t(Hy-Eq-Fy) 


Un a (t) = Ou,ad eB F,= lard e Meas > (4 ss 5) 


Re Te = (VG) © For! Watts), subtricting (Falqet-&) |v) 20 
from the right side of (4:2), we get 


W stan (t) = (Fl (qin? (#) — qian (— ©) ) | Po) (4-6) 


t (+) t 
= (3 |{ 29 © ne) = ical! Soar, 


—o Jr 


et t(Hy-Eq-Fp) 


i, “LE; +Ey 
with Tym =(E x|VG (0) |%,). 


M,ahs 


Next let us derive the Low equation. We consider the following quantity and in- 


serting the orthonormal complete set 3, into it, we get 
CllideO. > OL? y= Gill @, VEr@I.)20 
=F qs (OP) Fl dO |Fo) +P ol ai? © |P) Pail aaron) |Po) 
= SV Gi a Ua + WF oo (QW arn (1), (4-7) 


where the dot represents the time derivative. 


In the same way we get also 
—i(F |[q9i, VE ].|%o 
— eh Obes nC) Wasps (t) + 3105.0) W at aror (t) (4-8) 
M d 


These are the differential form of the Low equation. The covariant form can easily be 
obtained by substituting the time derivative with the functional derivative with respect 
to o. The boundary conditions of these equations are given by (4-3), and the S-matrix 
can be obtained by (4-4). The equations (4-7) and (4-8) are the identities of course, 
but we can interprete them as they represent the equations, which connect U(t) or W(t) 
— the matrix elements of the g-operators between arbitrary states and the vacuum state 
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— with the vacuum expectation values of the commutators of the q-and V-operators. 
To solve (4-7) and (4-8) we have already to know such vacuum expectation values, 
otherwise they become only identities. Through these terms (or through V operators 
appearing in them) the structures of the interactions enter into the Low equations. 
In this respect Low’s theory differs from that of Lehmann et al.; the theory of Lehmann 
et al. does not concerned with the structures of the interactions at all, but Low’s theory 
includes them through these terms. For the other cases such quantities we have to know 
are the expectation values of the q-and V-operators for the one nucleon or one-meson 
state. Such term could have been evaluated easily for the static nucleon theory (so 
called the Born approximation term), but for a more complicated theory evaluation of 
them will be a more difficult task. 

These Low equations in the differential form can easily be converted into the form 
like the second order perturbation formula. Substituting (4.5) and (4-6) in (4-7) 
and (4-8), we get 

Tae Tian A 
UO a Boh eae M,albl M,al : RecN £- M,ah M,alb! : (4-9) 
M Ey +tEy—Eytie M E,+E,+Ey 


* * +f 
B) = = Ce Sem a Nal Tit,a0T Ma's! 
oa! b! ,ab alb! ab z es > 
M E,tE,—Eytie M Ew +E,, +Ey 


here T oatot ab = (FI [qin (0) ? VS? (0) ] x | Py) 
and eo att a= (Z| qin (0) > aon. (0) i Fig) . 


(4-10) 


In these form of the Low equation the S-matrix are given by (3-10). 
The physical meaning of W and J is given by the following relations which are 
proved in the appendix; 


Way oo (te Og PhS Wh aw (t) = — UF 23 (63 (4-11) 
i = {Sa T*, a= a Tae ° (4 i 12) 


where the meanings of the symbol “ —a” and ‘“* —4” are as follows; for the meson 
index the state ““b”’ is time reversed we use (the word “ time reversal”) in the sense 
of simple time reversal plus charge conjugation) and the sign of the energy E, is reversed 
For the nucleon index the state “a” is time reversed, the sign of the energy E, is 
reversed and the spinor covariant components of the state “a”, which appear in the 
equation (2-2) and enter into through the equation (4-1), are multiplied by the Dirac 
matrix ilo i.e, (Fy|(0) |.) and (%,\4'(0)|%,) are substituted with (7, 10 (0) |) 
and (Vid (0) ¢7|V,.) where V,,, is the time reversed state of /,. Note that the opera- 


ae. ie . : 
tion “ — ” is not a simple time reversal. 


Using (4-11) and (4-12), (4-7)~(4-10) can be rewritten in the unified and 
symmetrical form, 


11 odips a(t) =2Un alot (t) id prget (t) — SUI -a—» (t) Oh Sw ast (t), (4 k 13) 


. ae * 
Tig ab = T sary ,ab =} Ss = Maret Tas sae SS Ti,—a- Ty—at—w 


WE | AE basi oleh see Ee 


» (4-14) 
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here T ator ap (t) = (7 [ qiie, (t) ’ VS (t) | { | fy) : 


We shall prove in the appendix that Tyr av=To-a-»,-a—-m When E,+E,=Ey+Ey, 
therefore the substitution a’, b/>—a, —b, a,b>—a’, —b’ and E,+E,—-—(E.+E;) 
in the equation (4-14) does not cause any change in the right side of (4-14) when 
E,+E,=E,+E,, so that we get 


ok =T —al—b/ for People +Ep. (4 S 153) 


albl ab -—a-—b, 


This is one of the symmetry properties of the S-matrix. 
In the similar fashion we get the following results for the other cases. 


For the case ii) 


iD” sare ap (t) = DU" arnt (t) Uren) oe SAL tr aht) Oy aor (4 E 16) 


M 


> 


IRE OPES gage yes 
IE sas = RLS 7 a (0) +3) ig I ,alpl M,a = a Mlal—b Mya zt (4 17) 
M Ey +E, —Emu+te M E,—Eyw—Eytte 


where U's. (t) = (Fuld?) | a), Tx = (Ful\Vs” (0) |P 0); 
and T'caroran(t) = (F ar|[gi (4), Vo? (¢) J-|Pa)- 
The symmetry property of T” is 
oe eh ee gee a tot) Ba t-b—En a Es, (4-18) 


For the case iii), “a” and “6” are exchanged in (4-16) ~(4-18), and in the ex- 
pression of J,’ the minus commutator must be changed into the plus commutator. 
From (4:15) and (4-18) we get the symmetry properties of the S-matrix because 
T and T’ have the same value on the energy shell and are connected to the unique S- 
matrix by (3-10) and (3-12). 
Ran av = I pupa —al—b! 


(4-19) 


=== Razer 
a Re ote alb > 
% 
here Rar aD me Sato! [a0 Ow b/ ab * 


The second relation in (4:19) is the familiar Gell-Mann-Goldberger crossing relation. 


$5. Linearization of the Low equation 


One of the most remarkable features of the Low equations is their non-linearity. As 
we have not yet met such non-linear equation, they raise such questions as whether they 
have unique solution and whether their non-linearity is an essential one. About the 
first question Castillejo el al.» have recently obtained a negative conclusion using a special 
model. In this section we will show generally that the Low equation in which the com- 
parison state is the vacuum can be linearized and in the course of its linearization the 
same arbitrariness that has been found by Castillejo” et al. enters into the linearized 
equation, so that we have infinitely many solutions for the Low equation. 

We use the differential form of the Low equation. For the case i) the Low equa- 
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tion is written down generally as follows : 


SU yu (2). z(t) F DWE (OW a(t) =Aun (6), (5-1) 
vf yf 

SU¥ (OW rat) FU OW 1u() =Bu wl), (5-2) 
Zz L 


where Uz,u()= (Pra ()|%o), Want) = (P71? |Po), 
Ay. w(t) =i(F lq), VP Ole Po), 
By.w(t)=—i(F [qe (), VP Oslo), 
VP OQ=qPW), —VPM=qPO, 

and the minus sign corresponds to the case in which M, N states include even numbers 


of fermion, the plus sign to the case in which they include odd numbers of fermion. 


(5-1) and (5-2) can be written compactly in the matrix product form, 
U* (t)U(t) +EW"(t)W*(t) =A(t), (5-3) 
U* ()W(t) +EW? (1) U*(t) =B(e), (5-4) 


here € is the above mentioned sign operator. 


The boundary conditions of them are 
U(+o)=1, W(+o)=0, (5-5) 
and the S-matrix is given by 
S=U(—0). (5-6) 
Let us solve (5-3) and (5-4) when A(t) and B(t) are the known arbitrary opera- 


tors. It can be easily shown that (5-3) and (5-5) have the following first integrals, 


U* ()U(t) +€W? (t)W* (t) =1— | aw + A* (t) dt=I (8), (5-7) 


U* (t)W(t) +EW7(t)U* (t) = — Were) +&B"(t) )\dt=J(t). (5-8) 


In our case I(t) and J(t) are 
Tnw(t) = (Pollqi(), d& (4) Jz| Fo), 
Juw(t) = (Polly), 4%? (2) ]¢|P0) =0, 
so that 
Ty,y(¥F ©) =0y, x. 


Then the relation (5-7) reduce to the unitarity of the S-matrix when t->— co, 
Next we introduce a matrix ~(t) by 


W (t) =U(t) p(t). (5-9) 


In the following derivations we omit the time index in U (t), etc. for the sake of brevity. 
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Inserting (5-9) into (5-3) and (5-4), they become 


UtU+€p" U'W*=A, (5-10) 
U*W +E&p" UT U*=B. (S711) 
Taking the complex conjugate of (5-11), and inserting it into (5-10) we get 
(1—€p"Ep*) Ut U= A— Ep BX. (5-12) 
Similarly we have also 
(1—&p"&p*) U*W =B—Ep" A. (5-13) 


In the same way we get from (5-7), (5-8) and (5-9) 


(1-60 €0") U* Us=l— cor], (5-14) 

(1—€p"Ep*) Ut*W=J—Ep" I*. (5-15) 
Writing 

Ct — ef eo)" =x; (5-16) 

— Cp =), Getz.) 


(5-12)~(5-15) become 


XU=A+YB*, XW=B+XA*, 
(5-18) 
KUSI+YJ*,. XM=J4XI*. 
(5-18) suggest that U and W are the linear combination of U and W, so we put 
U=Ua+WB+é, 
: (5-19) 
U=W;y+U0-+7, 
here a, (3, etc., are the matrices to be determined later. Insertion of (5-19) into (5-18) 
shows that (5-19) statisfies (5-18) when 
ja a Oe 0", (5-20) 


la +JB-+C=A, 
a0) 
Jo* + 19*-4+4=B. 
and 
Xt —X7* —C=0, 
s hoe (r22) 


Xy—YE*—7=0. 
Taking the complex conjugate of the second relation of (5-22) and inserting it into the 


first one, (5-22) become 


Xt —YX*y*— (1—YY*)C=0, 
(5-23) 


Xy—YX* C8= (1 YY*)y =0. 


394 H. Fukutome 


Remembering that 
Maz (1) ey 
Ewt=YU",; 


(5-23) become 


Ut(+EW77* —C=0, 
; : (5-24) 
Uty+éw tex —n=0. 
Thus the final result is 
(5-25) 
W=Wa* +UB*+7, 


where a, 3, € and 7 are the matrices satisfying (5-21) and (5-24). It can easily be 
shown that the U and W, satisfying (5-25) with (5-21), (5-24) and the boundary 
condition (5-5), satisfy the original Low equations (5-3) and (5-4). The equations 
(5-25) are the homogeneous equations for ¢ and 7, therefore they have solutions only 
when the determinant 


Ut—1, €w? 


Chae U? —1\| 


is zero. (In order to explain this, we refer to the results of the theory of finite dimensional 
linear equation. Of course, for the continuous spectrum cases the direct usage of its 
terminologies is not correct, but the essential points are same also for the continuous 
spectrum cases.) As the rank of the determinant can be taken arbitrary, € and 7 can 
contain many arbitrary pramaters. Turning t to —0oo (5-24) become 
$*¢(— 00) =¢(—@), S*9(— 00) =7(— 2), 

therefore €(— ©) and 7(— co) have non vanishing value only at the points where S=1 
or phase shifts pass nz. Thus this arbitrariness of £ and 7 is the same one as what 
Castillejo et al. have found. 

The above method can not be applied to the other types of the Low equation, but 
as the above result is so general we can conclude that the Low equation does not fix 
the solution of the scattering problems. The essential simplicity of the case i) type Low 
equation consists in the fact that when they are decomposed into partial waves they are 
separated from each other and the mixing of the partial waves does not occur, but for 


the other types of the Low equation, as is well known, mixing of the partial waves 


occurs so that it becomes complicated to solve the equation. 


$6. Example 


For practical calculations it is convenient to rewrite the equations (5-25), (5-24) 
into the equations for T and J. Using (4-5) and (4-6), they become 


Low’s Scattering Equation and S-Matrix 395 


: _ =e de QaeO) eee, B, w(0) 
iT yy w=4y,n(0) +>) Mo Tag Ee. SEY Ae LE ee @\ 
4 Ey—E,+ie 7a Ey +E, +Cuw( Ne 
(6-1) 


che Teno tan ate (0) 
~iT y w= B*u.x(0) +3} M,N PLN an ur &1,n(O a (0 
Ey—E,-+1€ za EytE, uw ( ), 
ST Bw Caw) sh En Fran tO) 
7 


; = 0, 
E,—Ey—ié L E,+Ey 


(6:2) 


= 0. 
Ep Eye L E,+Ey 


From (5-7) and (5-8), I and J are given by 


Si Tia nr.n (0) +51 Sore ae C7 (0) Es 
L 


9 i 
Ty .w=9u.w— (eT (Ay, vt Aku), 


mM” ¥N 
; (6-3) 
Juxc= einer (Bu vw t+éu By mu) ° 

As an example of our method we treat here the case of Castillejo et al., ie. the 
Low equation for the neutral scalar meson interacting with the static extended nucleon 
and in the one meson approximation. Although in this example the comparison state 
is the nucleon state, not the vacuum state, the nucleon indices drop out of the Low 
equation and it becomes the form which we have treated in section 5, hence we can 
apply our method to it. 

In this example the Low equation can be written in the form of (5-3) and (5-4) 
and the matrices A and B are given by 


KAO LLANE: A oe | aay uA 
pa(0) =~ Brg (0) = SLM y] Ae, 4) 


47” i Or w; = Oy 


where p, q ate the momenta of the meson, v, is the form factor of nucleon, w; are 
the energies of the bound states (0<w;</) and A, are the coupling strengths of the 
bound states. Also from (6-3) and (6-4) we have 


4 1 v 20, A,(@, +4) U% 
aaa ee ; Alo, +0, Pr, (6-5) 
pg (9) =9p,9 an? Yo, [ 7 (w2—w,2) (w2—072) Vv Wy 

1 Up 20, A, (o,— a) Bort (6 6) 
an? Vo, “© (2—a,f) (w2—a7)” Va, 


Pd OD ieee 


In this example the difference of T and Zu disappears and the two equations in (6-1), 
(6-2) and (5-21) reduce to the same one. So we put 


ele 


Lf get Rep at a ee 9 pene (6-7) 
mt Are? V Wy Se) Fe, 


*) Our 4(w) is connected with Castillejo et al’s h°(w) by he (w) =he (w) [a2 
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1 UB v 
ed a =p) Tanta Sa et (6 8) 
Pp q 
C,,(0) = —m9.9(0) = — Peep), (6-9) 
ges a 4m? Vw, VO, 


where y(w) and z(w) are the real functions of w. Using (6-4)~(6-9), the matrix 
equations (6-1), (6-2) and (5-21) reduce to the equation for h(w), y(w) and z(w), 


Ke) 1 ; 

h(w) =y(w) +2(@) — i: kv, FO Case Ss pas der, (6-10) 

i h* (wp) at h(x) Jeo) kv,2 dw,=0, (6-11) 

w\ W,—wW—1€ oO, +0 
y(w) +z(w) +i [> 40; Ay Ox | y(w,) kve dw, (6: 12) 

a Ble (w2—w*) (w2—-o, 
2, A, 
7 w2—w 


The equation (6-12) can easily be solved by putting 


20, A; 


9 9 "y 
On— 


y(w) +z(o) =>) (6-13) 


Inserting (6-13) into (6-12) we get 
A, \. 24, Rav, 


A+ eee 
7 w (w,—,) (o7 —,7) 


dw,,— A, | 2a —<z(a,)kuedw, (6-14) 
7 


2 
Ju WO; — W*;, 


=I he 
Also we have 


es ay (w) =1+ +" 20, A 


r a 2 2 
4 W;—wW 707—o,2 i Re —w—te aa 


ke bg VST) 
jt D 
—- | — 20% 2(e,) vg dw,.. 
% wOf—w 
Putting z<(w)=))R, 0(@—2,) with arbitrary real numbers R,, and 22, we can show 


that h(w) given i (6-15) satisfies (6-11). Thus we get the solution for the Low 
equation by 


L feuznnass 1 Dh 2u, A; 1 
b(w) =( Sy 2004 V4 2 ("Cy eet tp Nn sata, (6-16) 
i WO;—-W Tde\ § OF —OK/\O,—W—1E =w,+u 


—R(o) | 


é a 1 1 
with R(w) = S} R's —+ , and A, given by (6-14). The form of this 
n Be, —i@ 2,+wH 
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solution differs slightly from that of Castillejo et al., but it can easily be brought into 


the form obtained by Castillejo et al. For example when then there is only one bound 
state, it becomes 


ts 1 2A kOe : 

[4(w) | = 5 tz | eo EY a. RO ee (6 ‘ 17) 
2A, TJ Wy — WX WA,” Ayo 
pA aay 1 Be 2— 0? 
TT Jp \O,— W— i€ o,+w AyWy 27 —w 

d a a3: 24 eS kw, Dre 
an pew aeRO) yy ee | x ). 
mT Ju (w—w,,)? 


In (6-16) the conditions for h(w) that have been used by Castillejo et al. to get the 
solution of the Low equation are satisfied explicitly and RK,’ and @, are quite arbitrary 
except that R(w) has a convergent value. On the other hand the form of the solution 
of Castillejo needs some restriction for the parameters appearing in the solution and is 
unclear to see to what extent the form of the interaction fixes the solution of the Low 


equation. 


§ 7. Conclusion 


Summarizing the above results we can conclude that the Low equations have a fairly 
general character independent of the detailed structures of the interactions. However, 
differing from that of Lehmann et al. they contain some respects of the interactions 
through the term T, in the equations (4-13), (4:14), but as has been shown in § 5 
they are not sufficient to fix the solution of the scattering problems uniquely. Our 
method employed in § 5 is the rigorous one, and independent of any approximation like 
one meson approximation, therefore the conclusion of Castillejo et al. holds in general. 
The Low equations are the frames for the structures of the S-matrix, and, as have been 
stressed by Castillejo et al., they resemble in many respects the Wigner-Eisenbud dispers- 
ion formula. They need some knowledge about the outer parts of the system, but do 
not concern the inner structures of the system. The general structures of the S-matrix 
are determined by them, but they leave infinitely many parameters. 

In conclusion the auther would like to express his sincere thanks to Messers. Y. 


Munakata and H. Tanaka for their kind discussions and encouragements. 


Appendix A 


We give here the proof of the equivalence of (3-10) and (3-12). In the same 


manner as has been given in section 3, Y, can be written as 


a 


il e 
P= 40 (Pot —— VO OE (A-1) 


Then 
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aa es Se 
(FalVO ()|F) =EaVE? Ol? |Po) + Cul 0b aan, AO! ye aD 


a 


Using (2-11) the second term of the right side of (A-2) can be rewritten as 


(PRO Op VO O lo) (A:3) 


L 


: . 1 4 3 
= (Fx {LH, qh (t) |—E,gs Je) } oar Via *(E) ei 0) 


a 


= (Falak ()(Ey—E,— 4) = 


1 : 
VS) |F 0) 
EH (¢)| 


= (Pn\g (OVO (t) |Po) 


Pa) oe 1 = 
ae (Ex—E,—E,) (¥ n\49h AG) Fcc FT ae AOD) ara 


a 


Therefore 
(Ful |F.) =(FulVS ()|%,) for Ey=E.+E,. (A-4) 
Q.E.D. 
Appendix B 
(Proof of (4-11) and (4-12))" 


The charge conjugate operators of q‘*)(o), etc., are given by 


I) =Na!| HPO) Padre $@) dor (B-1) 
4.0) =Na"\H(a7.Fal b) [Eo) dor, (B-2) 
(0) =—Ns"| (PA ) [¥,) 9A) do, (B-3) 
b(@)=—Ns A) IAG) Pdr, ete, (BA) 


where ie Y’, are the charge conjugate states of Y,, Y,. The connection between Vy 
and /y is given by 
Vy=C¥ y, (B-5) 
here C is a unitary operator. 
The simple time reversed state Vj of Uy, is given by 
Py=Vh R, V y= RE 7*, (B-6) 


here R is a unitary operator. 
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The time reversed (simple time reversal plus charge conjugation) state VY, of Vy 
is given by 


V y= 0% RC, y= RC UX, (B-7) 
By R and C the fields operators are transformed as follows; 
(C-” R d(r, 4) RC’) =i, $(r,—2), (B-8) 
(C~” RG (r, t) RC")? =— iP (r, —) py (B-9) 
(C” R“A(r, t)RC’)"=A(r, —2), (B- 10) 
(C7 R-14* (r,t) RC’)?=A‘ (r, —1). (B-11) 
From (B-7) and (B-8) we get 
(L |p (x) |W a) = (RCP | h(x) | RC? FX) (B-12) 
= (Fe 4| (C7? RPG) RC*)?|F 0) = (GF alipoh(r, —#)|Fo), 


here we have supposed for the vacuum state 
RG Vira, ania Ue ee 


In the same manner 


(F 4|h (x) |2o) ae (F lid em = 1) One a) > (B- 13) 
(F\A(x) |F.) = (F 2 Ar, af LEN (B-14) 
(F A(x) |%.) =(F nlA(@r, —4)|%o)- (B-15) 


Using (B-12) we can rewrite g{?(o) as follows : 
qe (T)=Ni oP) Fol) |Va) doy (B-16) 
S=NGoh (x) rv (Pralipo (r, —t) (Vo) dor. 
Comparing (B-16) with (B-2) we get 
qa (7) =4X2 (a). (B-17) 


The meaning of the symbol (—a) has been stated below the relations (4-11) and 
(4-12) in section 4. ; 


In the similar manner we have 


qu (7) =—G(o), (B-18) 
gs (co) =—4q (2), (B-19) 
gy (o) =—4q (ce). (B- 20) 


The difference in sign in (B-17) and (B-18) might seem contradictory to the relation 
qs? («) =q5* (@), but it is the consequence of the two valuedness of the spinor with 
respect to time reversal, and from this two valuedness we have been forced to take the 
plus commutator in the equations (4-7), (4:8). From the relations (B-17) to (B-20) 
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we get immediately (4-11) and (4-12). 


Appendix C 


Let us prove the relation 


(C-1) 


here 


T carer ap (E) — peas sen (t) for c +E,=—E, +E, 
(ee a(t) a —i(¥,| qin (t) > qa (¢) |, | P) ° 


Using (B-17) ~ (B-20) 
ee ae -—al—bl (t) aad i(%,| qe) > ri poe (t) i | F ) 


(C-2) 


a i Cea [asi (t) > qin (t) | + | Py) 


=i 5 (Hilla ©, qiier (t) |. | Po) ECF olLair (4), daa? (4) | |%o) 


O itl hath y- 


Saye Far*o Cap gG(0), 4’? () Jel Po) + Toa, (8): 


The first term of (C-2) is zero when E,+E,=E,,+E,, (C-1) has been proved. 


1) 


2) 
3) 
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An arbitrary perturbation term in the quantized field theory is expressed explicitly in terms of 
generalized Feynman parametric integral, after all integrations of momenta are carried out. By means 
of this general integral formula Dyson’s power-counting theorem as well as the absence of odd order 
divergences are proved rigorously, and Lehmann’s spectral function p(w) is given explicitly in pertur- 
bation expansion. Some remarks are made on the convergence of perturbation series. 


$1. Introduction 


Although the quantized field theory has advanced remarkably since the appearance 
of the Feynman-Dyson theory, it is recently believed generally that the renormalized 
field theory may be self-inconsistent. It seems, however, that in some of recent works 
concerning such points somewhat doubtful arguments are found. Therefore it is desirable 
to review the recent works on a more reliable foundation. This paper is an attempt for 
such purpose. 

It seems quite queer to the author that many great investigators believed any 
perturbation term would be absolutely convergent provided that the usual divergences were 
absent, despite the fact that it is never so. For instance, in Dyson’s proof” of the 
power-counting theorem (see § 4) the absolute convergence is assumed implicitly and 
hence this proof is inadequate. This point is not a merely mathematical problem. 

Though Feynman’s calculation method” is very powerful and beautiful, it is in its 
original form still inconvenient mathematically for higher order terms—especially for the 
investigation on the general properties of perturbation terms. Hence we derive a more 
convenient general formula in a compact and explicit parametric integral form for any 
perturbation term, by means of which the power-counting theorem is proved reasonably. 

Since the physical meanings on the formula is clear, it is also applicable to the 
spectral functions in Nambu’s terminology.” As the result, we obtain the explicit 
perturbation expansion of Lehmann’s spectral function ¢(u),” and at the same time the 
general spectral representation of many-body Green functions, but the latter does not 
coincide with Nambu’s postulate.” 

Further the formula is applied to the problem on the convergence of the perturbation 
series. And it proves that what one can prove to be divergent is merely Z-factor but 


not the renormalized propagators. 
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§2. Derivation of the general integral formula 


We change a given Feynman diagram into the following form for convenience sake : 
1) Without regard to the kinds of elementary particles, every internal line by the cutting 
of which the number of disconnected graphs does not increase is denoted by a solid line, 
and the other internal line by a dotted line. 
2) External line is extinguished and put the mark X at the vertex. Mass term, if we 
consider it, is similarly marked. 
3) Every line is given a direction. But it should be same with the direction indicated 
in the original Feynman diagram for fermions. 
Let us call such diagram “ Q-diagram.” In a Q-diagram any closed circuit is com- 
posed of solid lines only. Each of solid lines and dotted ones corresponds to a propagator. 
These are marked by numbers i=1, 2,...,@ (a@ is the total number of propagators). 


A boson propagator denoted by a solid line is 
1/{(pi+4:)?+Mi}, (2:1) 


where p; is an integration momentum, g; a constant one and M, the square of mass m,, 
and the quantity with a bar means that it contains an infinitesimal negative imaginary 


part —i€. Similarly, a fermion propagator denoted by a solid line is 
(—i7D, +m) /{(pi+9:)?+M3} > (2-2) 
where D, is the following formal operator (cf. Appendix A) : 


1 M; fe) 
Dt | iM. (2-3) 
B bd 0q; 
The dotted line propagators contain no integration variables. 
In order to perform the integrations of p,, we make use of following generalized 


Feynman identity or poly-beta function formula : 


Z 
1 (224) hu ae eae 


i l r (2-4) 
IT Av IT (i.—1)1, |) (>) yA)" 
i=1 i=l 


with 


l Ul 


dx =I dx;-O(>}x%;—-1), (x,>0). 
t=1 Acer 


i=l 


By means of (2-4), the integration part of the given perturbation term can be written 
n ‘ PS t 

di Sf M d'p, 

- ! - =(a—1)! dx _— =e (2-5) 

IT (pi+qi)? +M;} {P(p)}* 

i=1 


J 
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where 


9 (p)s= 21 mpi t2 Di GiPi tL, 


GC=%4%> 
5 (2-6) 
L = 2 x,(M, “Tr Ue)s 


Deedee 0 Ce (0) 
i=1 G—1 e 


and n is the number of independent variables p, which is given by” 
n=a—m-+r (Gaz) 


where m is the order of the perturbation term (i.e. the number of vertices) and r the 


number of disconnected graphs. 


Theorem 
If aie>2n, 
4 
\.: i dp; ee yn (al 2p= ty 1 ; (2-8) 
19 (p)}* (a—1)!  U%(x) {Vq, x} 
The meaning of the used symbols is as follows : 
U(x) = Dae (2-9) 


where >} covers all such possible combinations that p,,, Pya--+» Pv,, are linearly independent. 
kQ/U)s (2-10) 
Q = Ue: (446,440, -- +404)”. (oul) 
C is a closed circuit belonging to the Q-diagram, and C,, C,,..., C; are the lines belonging 
to C. The double signs should be taken as plus or minus 
corresponding to whether their relative directions on the round of 
C are same or not. Ug is a homogeneous expression of (n—1)-th 


order defined similarly to U with the remaining x, except %c,, 
Sis SinaXa,< 2 covers all possible closed circuits. For example, 


for the Q- Missin of Fig. 1, 
= (x, 4x5) (% +04) + +e) Xe (%+%5), (2°12) 
Q=x5(qi! — 44! — 95 +95!) + (Xe) (Gi F942 195) + 
+ (x45) (go +95' +4,')°. 


Proof 


If p,, Po--+> Pn ate independent, we can write 


e(p)= >} Ge Pipi ooo beta L, (2-14) 
t,j= 4=1 ‘ 
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. . / . . 
where 4,;=a,; and 6, are linear expressions of x; and of qj), respectively. We introduce 


a matrix notation : 


A= (4;;), 
(A™) = Ui,/det A, (2-15) 
where Y,,; are the co-factors of a;;. In (2-14), if a linear transformation 
pi= Pi ees ') 499 (2-16) 
is performed, 
g(p)= 2 iyPiPy— DA) bibs is: (21g 


Furthermore, we transform it into a diagonal form : 


0 (p") =p? +L— Dd) Ai, b:b,/det A, (2-18) 
i id 


where c; are the eigenvalues of 4. In the form of (2-18), the integrations can be 


easily carried out by means of the integral formula’, 


4 2° 

(ee (m2). (2-19) 
(op M)™ ~Cn—1) (m—2) eM” * 

The numerical coefficient of (2-8) is obvious from (2-18) and (2-19). The 


denominator of the last factor becomes 


(det A)?(L— 2 Y,jb:6,/det A) *-*” (2-20) 
n 
using i c;=det A. 
aa 
Now, det 4 is obviously invariant under unimodular transformation, and hence it is 
irrelevant to the choice of basic momenta. Since if py, Py.---5 py, are chosen as basic 
momenta the term +%,,%,, ... %, comes out from the main diagonal line of det A, 
det A must contain U given by (2-9). Then we consider a quantity R== det A—U, 
which is evidently an n-th order homogeneous function of x and a sum of the terms 
indicated by such combinations of suffices (»,’, »,/, ...,%,) that py, Pro's+++) Pv,r are not 
independent. We assume that such terms exist. Then since Puts Prars+++> Pv, are not 
independent, there exist the momenta independent of these, one of which we denote by 
pi. If a base containing p, is adopted, we can regard that p, flows along a closed circuit 
in the Q-diagram. If all x; corresponding to the lines that compose the circuit are put 


equal to zero, then since 
4j,=4,;=0, (j=1, Diswavs n), (2-21) 


det A=0, and of course U=0, while R*=0. This is a contradiction. Hence it must 
bema=0 ie. 


det A =U. (2-22) 
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Next, we prove that 


Q= 2 M jbib; (2-23) 


can be written in the form as (2-11). Similarly to the above case, we consider p, 
flowing along a closed circuit C, and choose it as one of basic momenta. When all x; 
belonging to C are equal to zero, from (2:21) %,,=0 except i=j=k, hence Q=Qe, 


where 
Qo = Mindi = Uo: (+ 90,4... £96, (2-24) 
Since this holds for every circuit exclusively, a quantity R’/=Q—} Qo is zero whenever 
a 


all x; of every circuit are equal to zero. But since any term of R’ is of (n—1)-th 
order, the circuits which contain no x; belonging to the term always exist. In order 


that these are consistent, it must be R’==0, ie. 
O= > Qo - (q.e.d.) 
From (2:5) and (2-8) we get as the final result* 


DP AMUILEOe (2-25) 
Ua) VQ) 


(ntiy"(a—2n—1)![ 


where f(D) is a (matrix) function of D-operators yielded from fermion propagators (2-2) 
and derivative couplings. The effect of D-operators is calculated in the following way. 


To operate D, firstly is equivalent to multiply by a factor 
¥(q, 2) = (2x) OV /84:) =q—U HS) Vow (get) (2-26) 
CH 


to the integrand, where C(i)’s mean circuits containing line i. When D, operates further, 
we get a term, in which the power of V diminishes by one owing to the integration of 
M, in (2-3), multiplied by a factor 


Xi (x)= —% AY,/0q,=U™- >) +U c6,9: 9=Xp) (2-27) 
ED 


C 
with “2 numerical coefficient, besides the term of Y;Y; In (2-27), C(i,j)’s denote 
circuits containing both of lines i and j, and 0 is a usual 4-dimensional Kronecker’s 
delta. The double sign should be taken as plus or minus corresponding to whether the 
directions of lines i and j on the round of C are same or not. Since X;; does not 
contain g or M, we need no more new kinds of factors if D-operators operate furthermore. 


Therefore we can easily write down the result that f(D) operated, using Y; and X;;. 


§ 3. Expression by external momenta 


In the last section we expressed explicitly any perturbation term in the parametric 


integral form. But it is somewhat inconvenient that we must use the quantities g; which 


* Similar parametric representations have been used by Hurst,” Thirring®) and Petermann”), but no 


one of them gave the explicit form or treated fermion propagators. 
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are undetermined uniquely by external momenta k;. Therefore in this section we consider 
to express V and Y; as functions of k,. 


First, we find easily for vacuum polarization 
a 


V(x) =M (x)= 21M, « (3-1) 


i= 


There is no problem. Then, we 
consider self-energy (Feynman) 
diagram (Fig. 2). Since external 


momentum is k only, we can write 


V(k, x) =M(x) +4 (x)k, (3-2) 


with 


Po 
n(x)=W (x) /U(x), (3-3) 
where W(x) is an expression 
of (n-+1)-th order which is k 
determined in the following way. 
Introducing a matrix of (n+ 1)-th 
Bidar Fig. 2. Fig. 3. 
ar LE b; | 
B(q, x) =| *7 : (3-4) 
b, A 
we get from (2-20) and (2:6) 
V (q, x) =M(x) +det B(q, x) /U(x) (3-5) 
for general V. Comparing (3-2) and (3-5), it follows 
W (x) -P=det B(k, x), (3-6) 


in which the actual values of q; in Fig. 2 are used. If we suppose the vacuum polarization 
graph (Fig. 3) which is obtained by the conjunction of two external lines in Fig. 2, the 
matrix A of Fig. 3 is just B(k, x)|,~,, that is, W equals to U of Fig. 3. Since the 
connected line denoted by 0, however, does not really exist, x,==0. Thus the general 


form of W(x) has been found explicitly. For example, for Fig. 1, 


W (x)= XXoXq EX oXy EX yNgXq fF XYXoX_, $f XyXyX, b NX nXq Ee Xo Xs XyX Xs. (3 -7) 


Since the supposed momentum p, could be regarded as the (n+1)-th independent 
variable, every term of W(x) must contain x; which belongs to the circuit along which 
Py) flows. Therefore we obtain an inequality as 


0S) SSeS, (3-8) 
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where 4 denotes a sum over an arbitrary set of lines connecting two points of intersection 
with the external lines in Fig. 2. As such sets with no overlaps exist at least two for 
a proper graph, an upper bound of y is 1/2.*? 

Now we can easily generalize the result to the diagram Fig. 4 


with /+1 external momenta, between which the conservation law 


l 
eek, (3-9) 


> 
i] 
ries 


holds. We write 
(4 
V (k, x) =M(x) +33 7 (x) RAS) 75 (x) bik; « (3-10) 
i=! i>j 


If /—1 external momenta vanished, Fig. 4 would reduce to a graph 


such as Fig. 2. We discriminate 7 of the reduced graphs by the 


same superscripts as the suffices of the remaining k;. Then Fig. 4. 
m= 
and E289) 
— » (if 
NT I3—Hig=Y ae 


the right-hand sides of which are known. Hence from (3-10) and (3-11), 
z 
V (k, x) =M(x) +3) 9 EA Dy (x) +9 (x) —9 (x) eek, (3-12) 
i=] i>j 


Finally, we consider the expression of Y; by kj. In Appendix B it will be proved 
that 


Yi(k, x) =(U Oe an + W 00,1 (x) +h (3-13) 


for the self-energy graph (Fig. 2). The notations are analogous to those used in (2-27) 
in relation to Fig. 3. For the example for Fig. 1 


Y= UM (Ki Koh Fas FAK) bey 


(3-14) 
Np aes (eX) hy BReTC. 
For Fig. 4, we have 
Z 
Y,(k, x) = (U Cap ps (21 + W Soa) ky (3-15) 
= i 0,4 


Thus with ignorance of the explicit expression of V(q, x) ((2-10) and (2-11)), we 
can write down the effect of D-operators using (3-15) and (2:27). Hence we may 
use D-operators for functions of V expressed by k;. 


* Though the physically requested upper limit is 1/4, that is not yet proyed mathematically. 
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§4. Proof of power-counting theorem” 


From the rigorous standpoint the integral of perturbation term cannot be regarded 
as the well-defined one a priori. Because since the propagators D,;, J, and Sy» are not 
usual functions but pseudo-functions” which have continuous singularity, the integral may 
be meaningful only when an integration method is actually indicated. For instance, the 
derivation of Feynman’s formula (2-19) is not covariant under Lorentz transformation 
of the integration variable p, although the right-hand side of (2-19) is of course Lorentz 
invariant. Therefore from such point of view the order exchange of momentum 
integrations and parametric ones in § 2 should be regarded as the definition of the general 
perturbation term, which is the most natural generalization of Feynman’s method. This 
method satisfies the following requirements, as is easily verified from the general integral 
formula : 

1) It is applicable to any perturbation term. 

2) The result of integration is unique. 

3) It is formally covariant. 

It will be verified in Appendix A that the use of D-operators does not give rise to any 
ambiguity. 

Now, Dyson’ has used a non-linear transformation of energies, (47) in his paper, in 
order to prove the power-counting theorem. But this integration method has very 
unsatisfactory features, namely it destroys the conditions 2) and 3).**’ Therefore since 
his method should not be applied to the actual calculations except the case of n=1, we 
can by no means assert that the theorem has been proved (his proof is incomplete also 
in other respects). Hence we must prove it by means of the general integral formula 
reasonably. In order to prove the power-counting theorem more elegantly, we make use 
of a more general formula which is applicable also in the case of a<2n+|f/2| (€ is 
the power of D’s in f(D) and | | is Gauss’ symbol), 


(2i)"(a@—2nve—1)1a le : [Ua Wy. io (4-1) 
JU) P(e x 
with 
d(x, =O"'/ (s—1) dy H dey D(Y+S} x1), Ky YEO) (4-2) 
V (k, x, y) =yA+V (k, x) (4-3) 


instead of (2-25). (4-1) is derived by multiplication by a factor Cie where 
a—2n—|€/2|+5>0, before (2-4) is applied. A is an arbitrary constant but must be 


; : + 

By the terminology of ‘“ power-counting theorem” we mean the theorem that in order to judge the 
ultra-violet divergence of any perturbation term we have only to count powers of the denominator and the 
numerator of the integrand, 


ve ‘ . : : 
In fact, we reach to different results corresponding to the choices of basic momenta or his variable 
9) 
@. 
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positive due to a physical requirement.*? 

We first examine the divergences of (4-1) without f(D). The divergences may 
happen from zero points of U and V, but the latters would not exist if € were finite. 
Hence for the ultra-violet divergences we have only to examine zeros of U. Since every 
term of U is non-negative, U=0 requires some of x; are zero. Then, if the number 
of the independent closed circuit contained in the part of x;=0 is m, U has a zero 


point of just m-th order. Therefore the condition that the divergence does not occur is 
Dee Die) Cals 2.0/9 0) (4-4) 


for any choice of independent circuits (@’ is the number of lines x,=0). Because if 
(4-4), ie. a!—a’/a = 2m, holds, 


TOC) Scone Ti Kee (4-5) 
t=). 


and hence the integral (4:1) (but not (2-5)) is absolutely convergent when € is finite. 
Thus we have proved the power-counting theorem, which is stated in the following 


manner : 
Theorem 


When we regard as if only m(m=1, 2, ..., m) independent variables p, were variables 
and the other n—m independent ones were constants, there are no ultra-violet divergences 
if the power of the denominator (ie. 2a’) is always higher than that of the numerator 
(i.e. 4m). 

Next, we must examine the effect of f(D) on divergences. From (2-26) and 
(2-27), it proves that Y; have no singularities and the poles of X;, occur in first order 
only when all x, belonging to a C(i,j) are zero. Therefore since the order of the new 
poles induced by a product of D-operators is the maximum number of their pairs contained 
in the part of x;=0, we obtain, instead of (4-4), as the convergence condition 


a! —[C'/2|>' 2m (m=1, 2,...39), (4-6) 


where ¢/ is the number of D-operators contained in the above part. By (4-6) the 
power-counting theorem has been proved for the general case. 

Finally we remark the fact that Y,; have no poles. This means that odd D cannot 
induce any new divergence, namely any odd order divergence never appears. This fact 


is already pointed out for the electrodynamics." 


§5. Relation with spectral functions 


The zero points of V are classified into two kinds. 
i) The case in which they occur at the limits of integration (ie. x;=0,;). Then the 


* Negative 1/A corresponds to a propagator of imaginary mass, therefore physically unallowable. But, 
of course, ALO is indifferent for the case of a>2n+ [¢/2]. 
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integral may give an infinity for €>-+0. But since in this case V=M,, it can happen 
only when M,=0. Hence it is an infra-red divergence. 


ii) The other case. From the formula 
1/(u—i€)” =PF 1/u” + (zi/(m—1)!)d@-? (—u), (5-1) 


where Pf denotes Hadamard’s pseudo-function,® it proves that instead of divergence there 
appears an imaginary part, on which we shall study below in detail. 

We consider a connected graph G(r=1 in (2-7)). The matrix element corresponding 
to G is ic-,, where c is a positive constant and =, is the expression (4-1) without 
the coefficient (7°i)". The imaginary part of 24, which corresponds to real processes, 
appears from only V7, because iy in f(D) is not imaginary in the true sense. Hence 
from (4-1), (4:2), (4-3) and (5-1) by the transformation y=1—f, x,= tx), we have 


ImS,= me f(D) dx’ | fs (1 — pt ag est-O a (k x!) aa (1—#)A)dt. 
(s—1)U?(x’) 
(5-2) 


Since the formula 
2! 
([—1)! 
holds even for m<0 in the sense of 
Be? (u) = (ul /|m|!) 0 (u), 
provided 2>0, (5-2) becomes 


oe) (u) i 


rt : 
| em—"'(1—t)1- 0) (tu— (1-8) A) dt ® (5-3) 
0 


Im2'g= =| FD) gre-m-9 (7 (k, x)) de, (5-4) 
U(x) 
which is always meaningful. 

After the above preparation, we consider the relation between the general integral 
formula and spectral functions. From (4-1) and (3-2), the contribution from G, which 


consists of / proper self-energy parts, to a modified boson (scalar) propagator 4',(k) is 
given by 


Se Bs 0 ye 
U?(x) {y(x) + M(x, y)} 


In (5-5), the dotted line propagators in the Q-diagram are excluded from V for con- 
venience sake, hence 2=a—2n—/—1, and correspondingly the definitions of 7 and M 
are slightly modified ; m is the mass of particle under consideration, and F (R, x;y) is a 


function caused by f(D). Introducing a parametric integral (2-4) and a new spectral 
variable u, we have 


[4,(8)]o= —2i- BHI p/ (5-5) 


(Rtn?) (47) 


* This is obtained by integrating the imaginary part of Feynman identity. 
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, ne (8+s—1)! “5 ECR; %, eles ) : 2 Pee = 
4, k G —21 =. = USENET DA Kay B+s 
[ ( )| 2 (47) x 2(x) 7 (x) {va t) dt 


|" 0 (u—tm'— (1-1) M(x, y)/g)) 4, (5-6) 
Ces a 


Further expanding F(*, x, y) into a (finite) power series of (k’-+-u) and integrating by 


parts on each term, we can write 


0 


[4ie(8) o= —25 [00 a, (5-7) 


using some real function o;(u). The lower limit of integration in (5-7) is zero owing 
to o@(u)=0 for u<O from (3-8) and (5-6). The form of G,(u) is decided from 
the comparison of real parts of (5-7) and (5-5): 
U 
oq (u) =og(u) + >) Ag, 0% (u—m’) (5-8) 
j=0 


with 


ee ae | ie d°-)(y(x)u—M(x))dx, (5-9) 


making use of (5-4). o@(u) has no spectrum at u=m?® for a stable particle. Ag; are 
some (usually divergent) constants, which are removed by mass and coupling renormali- 


zations. 
Thus the existence of Lehmann’s spectral function o(u)® has been proved by the 
perturbation method, and at the same time we obtain the explicit perturbation expansion 


of p(u) : 
p(u) =8 (um?) +S} 9" Pm (u) 

with Pn (t) =D) ene Fe(u); (5-10) 
O=1, en=| Pm udu, 


whete o,, is the total sum of o, of order 2m except irreducible mass terms.*) In (5-10) 


the relation between o(u) and the renormalization factor Z 
Zt=["pudu (5211) 


was utilized. 
The Green function of fermion is similar. For example, the expression corresponding 


to (5-9) is (for proper graph) 


* In the actual calculation it is convenient to use the above method also for general mass renormali- 


zations. 
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1 1 f(D) je6-0 
bad) OF Pye pa ee hes meee — M(x) )dx- : 
ipko (u) +o? (u) ny (4n) » ) U2(e) (y(x)u (x)) sora 
(512) 
Particularly, for y’-term of the ps(ps) meson theory this becomes 
= 1 
bo AT, (1) 2) 1 kx +m 
Gipk= Vino 40,9 = AL iret 
-4(x(1—x)u— (1 —x) m? — xp?) dx- ; (5-13) 


we 


where o2 =o0+¥ uo, and m and /# are the masses of nucleon and meson, respec- 
tively. o,) and o,” are calculated very easily and naturally coincide with Lehmann’s 


results.” 
The above considerations are immediately generalized to many-body Green functions. 


For simplicity we take up the three-body Green function of the meson theory : 
ALPE eps Gna ei Cae Gras (Ri, Re", hy") (5-14) 
(ky = ky—k; -) 


Though V in this case contains three momenta k,”, k,” and k,? the above method is 


applicable if we regard k,” and k,” as mere parameters. Thus we have 


9 9 9 2 ) / Pat k, he =) 
Gra (h2, bee, Be? = Parr (ty, —ke aed, 5-15 
waht, Ai, kB) =] Parle (5-15) 


where (,,, are real. Hence 


Gas (hikes ee jee » Us) 3 0 (ke +uy) 0 (hk. + u,) dudusdus, (5-16) 
u, 


which is the spectral representation of the three-body Green function. Taking imaginary 
part of (5-16), we obtain 


Pras (ty, Ug, Us) = Im Gy, (—u;, —ty, —ts,). (5-17) 


Therefore the asymmetry of (5-16) on the suffices is merely apparent and they are 
mutually exchangeable. The expression (5-16) differs from Nambu’s one”, 


YVyrr (V1, Voy Va) 
2 ius t > Fy | 
ee +0,) (ke +0) (ke +.) tire cae 


which was postulated without any proof. But it is easily proved that (5-16) is more 
general than (5-18). Of course v, do not correspond to Uy. 


$6. The convergency of perturbation series 


On the convergency of perturbation series it has been already investigated by Hurst,” 


. 11 . . 5 WA 
Utiyama and Imamura," Thirring,” Petermann” and many others, and some of them 
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proved the series is actually divergent in the case of ¢* interaction. In this section we 
shall study this problem more elegantly and critically by means of the general integral 
formula. 

First we rigorously review the proof of divergence for arbitrary boson-boson direct 
interaction. We adopt the following Feynman cut-off. Introducing a universal cut-off 
parameter /l, we define the cut-off propagator 


il A—M, =\s . dM, (6-1) 


(p+q)?+M, (ptqo?t+a Im, {(p+q)?+M}? 
instead of (2-1). This cut-off method does not destroy the unitarity of S-matrix. The 


general integral formula then becomes for (6-1) 


i Kd x 


2 e=(2a—2n—-1 i 7 dM, 
t ( ) Ue. _72e-2n 


which is always convergent. 
As mentioned in the last section, when V has zero points &,, has an imaginary 


part. Therefore we assume 
V (kx) 0; (6-3) 


namely we consider the case that any real process does not take place. Then =, is 


positive definite. 


Now it should be noted that 


BES Day ES: (6-4) 


where 5} means the sum over all combinations of (%, Y:, ..-,%,). The right-hand side 
v OD 
of (6-4) obviously has the maximum at x;=1/a (i=1, 2, ...,@) under the condition 


a 
Si 1. Hence 


4=1 
iG (17a) < Peg he (6:5) 

From (6:2), (6:5) and (2:4), we obtain 

”. (2a—2n—1)! ae) 


ie A (6-6) 
2*%.(2@—1)! (Vmax (A) )*™ 


Oy 


pines 


alternatively a lower bound can be given also in the form independent of A. (6-6) 
has the form (const.)” asymptotically, where m means the order of G. Therefore if N,,,, 


the number of graphs of order m, increases so that (1/m)log N,,—> 0, the series is 


divergent. 
Now, we must remark about the vital restriction, (6-3). If it is removed, any 
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estimation by inequalities is impossible, because the integrand becomes a pseudo-function™. 
In fact, we can show that a very slight variation of an approximation for the integrand 
of (6-2) can change the sign of Re 2g. This suggests when real processes take place 
the sign of Re 2, depends sensitively on the detailed form of the graph. Hence it is 
very probable that the series will converge in this case without unreliable hope on 


7-matrices. 


The above proof takes no account of the renormalization. Petermann’’ 


has shown 
the mass renormalization cannot change the situation for g’-interaction, though his 
estimation is rather rough. But he did not consider the coupling renormalization because 
of its arbitrariness. From Lehmann’s standpoint mentioned in the last section, however, 
the renormalized propagator is represented by the imaginary part and what comes out 


from the real part of self-energy is Z= >) 9°"A,,(cf. (5-8)). Thus what we can prove 
G 


to be divergent is nothing but Z-factor,**’ and hence we have no definite information on 
the renormalized propagators. 

Finally we remark on the proof of convergence by Salam and Matthews,’” and 
Edwards,” who have made use of Fredholm theory. But their proof is very doubtful, 
because in the applicability condition of Fredholm theory they use the absolute value of 
a pseudo-function, which is meaningless and for which, of course, the power-counting 
theorem breaks down. 

As a conclusion, it is perhaps impossible to prove the convergence or divergence 
of the perturbation series without exact calculation of integrations. Therefore it is more 
preferable to consider the series of /(u). 

The author would like to express his sincere thanks to Professor T. Inoue for his 
continual encouragement and to some members of Yukawa Laboratory for their helpful 


discussions. 
Appendix A 


We shall discuss D-operator introduced in § 2 in more detail. The exchange of 
D-operators and the p,-integrations should be regarded as the definition as mentioned in 
§ 4 because of their improper integrals. But they will commute in the ordinary sense 
if the lower limit of M,-integration in (2-3) is cut off at A, when the propagator has 
such a form as (6-1). Hence the exchange of them means automatically that tends 
to infinity after cut-off calculation has been carried out. The absence of odd order 
divergences mentioned in § 4 is due to the use of D-operator, or Lorentz invariance in 
physical terminology. 

We remark on higher powers of D such as D; that appears in the case of derivative 


couplings. This is defined conveniently as if the second D, differs from the first D,, so 
that 


* Thirring” asserted the proof is valid for arbitrary external momenta if the power of V is always 


. . . . l 
even. But this is clearly a mistaken idea, because, for example, | du] (u—ié)?= —2. 
Jo1 


** What can be proved rigorously is Z- (cf. Appendix C). 
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Dy Div = (pit gia pit dy ; 


— ‘ : (A-1) 
(p:+9,)?+M; (pi +4:)°?+M; 
Then the expression corresponding to the identity 
(Di+M,) /{(pi+q:)?+M;} =I (A-2) 


can be proved from the general integral formula directly. We easily get the identity 
Y;+M,=90V /dx, (A-3) 
from (3-5) by means of Jacobi’s theorem of determinants, and also 
24 Uw =9U/0x, . (A-4) 


Therefore for an arbitrary § (<0) 


OV /Ox; , 40U/0x; 
D?+M, a1 Ms 
( ar Ne ie +1 Be Vas 27 F UV® 
= — 87 (0/0x,) (1/U°V*). (A:5) 
Further we note 
d’x (4 *) 
= (f— aon tiles NGG) 
papa PAF RD) | ais \ 


with 
dx Idx, 0.) x;—1), 


because, by means of Euler’s equation for a homogeneous function, integrations by parts 


and u-0/(u) =—d(u), 
(B42) | oe als slg 


dx x,d'x 
“3 [lof 
S| \5 2778 Uy 


Thus we obtain by an integration by parts from (A-5) and (A-6) (putting P=a—2n—1) 
1)! SiG oheD (sana)? dx®, (A-7) 
(a—2n—-1) (Di +M) | OO, = (a—2n—2) NG 


as was expected (the superscript (i) means the exclusion of x,). 


* Differentiating by M;, we obtain 


pe pide 


U2Vatda;-2n-1 =O, 


which is useful to prove the expression corresponding to (A-7) in the case of cut-off propagators. 
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Appendix B 


We verify the formula (3-13) (for simplicity we put i=1). From (2-26) and 
(3*3) 


Y= ° det B) (B-1) 
CF 2e05 00; q=k 
where g=k denotes to use the actual values of q,; in Fig. 2. 
| Ay14y9-+. dy | | DRDS ae, 
oe, nee B=q, | 49499 +++ Fon |= 491499+++4on | (B-2) 
2x, Oq, | Pee A | ee eres | 
| Ani 4ng-++ Ann | nj An9+ ++ Ann 


If the matrix of Fig. 3 


334595 by 
j=0 
= by A998 (B-3) 
b diy A 


is introduced, from (2:27) and (2-26) 


Sh ae W oo) -O= — (1/x;) (0/0q;) (172x,) (0/0q,) det B' 


C€(@,1) 


| A149 +++ Fon 
- Ao A99 +++ don a: (B-4) 
EE eee 
| And, Ann 
Hence we have only to prove 
(91413 — 4) oer= —aogk, (j=1, 2, ..., n). (B-5) 
Now, we denote by C one of closed circuits which pass 
two points of intersection with the external lines in 
Fig. 2. (On dotted lines C may overlap with itself.) 
1) The case in which C does not include line 1. ine 
We can regard that both p, and k flow along the 0 if 


circuit which consists of a branch of C and line 


O in Fig. 3. Then g,=0 and (5;) p-.=ayj-k. Seb 
2) The case in which a branch K of C includes line 1. 


We can regard that p,, k and p, flow along C, C=K+L 
K and —L(L means the other branch of C, ie. 
C—K) plus line 0, respectively (see Fig. 5). Fig. 5. 


Then aj), (6;),-~ and a, correspond to the intersections of C(j) and C, K and 
—L, respectively. 
Thus (B-5) is valid for both cases 
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Appendix C 


The calculation of o(u) in §5 is rather inconvenient on account of the presence 
of improper self-energy graphs. Hence we introduce a propagator defined only by proper 
self-energy, S}*: 


fs = 4,5*d,. (Gx) 
As is well known 

4,=4,/(1—4;'dP). (C-2) 
The renormalized propagator 4%, corresponding to J* is defined by 

Wm =Z-'dy=4,/(1—4;'4n). (C:3) 

Then from (C-2) and (C=3) 

45,= (1--Z) 4,+ Za? . (C- 4) 
By virtue of the same argument as in § 5, the spectral representation of J*, is possibile ; 

4%, (8) = —2i Fda (C:5) 


Substituting the spectral representations in (C-3), 


Aerie {r= +m’) (aah, (C:6) 
JRP+u e+ im? Re+u 


In (C-6) multiplying by k +m? and taking the limit —k—>0o, we obtain 
| o* @du=1-Z, (C-7) 


provided the theory is consistent. From the imaginary part of (C-6) 


p 


U—-uUu 


Pr (o)do)?+ (ume) Cu) )*} 
(C:8) 


p(u) =9(u—m) +0%(u) | (1+ um’) | 


Thus p*(u)= 0 if p(u)= 0. 
From (C-4) and (C-7) we obtain the explicit expansion of ¢*(u) corresponding to 
x10): 


Pw) = SP"), 
m—-1 

po (u) =o%(u) — St 2k_,oF (u), (C-9) 
z=1 

es =e (u)du, 


where o*(u) ate the sums of og of order 2m over proper graphs only. If y*(u) has 


been calculated, p(u) is given immediately by (C-8). 
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Note added in proof: The inadequacies of Dyson’s proof of the power-counting theorem are mainly 
caused by the unreasonable application of Cauchy’s theorem to the multiple integral. According to his 
original proof the contributions from the “displaced poles’? may diverge even for “ primitive” integrals, 
contrary to his assertion. On these details the author will communicate privately to interested readers. 

[To §2] In (2-5) and (2-6) it should be understood that p;==0 for dotted lines. In (2-24), zz means 


the value when all x; belonging to C are equal to zero. 
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Two methods of the renormalization are proposed for unstable particles. One is connected with 
the resonance in scattering and the other with the time development of the unstable particle state. 
The relation between the two formulations is discussed. Arbitrariness in the choice of the renormali- 


zation procedure comes from the uncertainty principle of the quantum mechanics. 


§ 1. Introduction 


Ever since the establishment of Tomanaga and Schwinger’s covariant field theory in 
1948, we have a consistent method for treating the quantized fields with renormalizable 
interactions. However, we have so far considered only stable particles such as electrons 
or nucleons, hence it would be worth while to discuss here the field theories concerned 
with unstable particles. Lack of knowledge of the renormalization theory of unstable 
particles will be fulfilled in the present paper. 

In formulating the renormalization theory for unstable particles, we would refer to 
two theories, i.e. the renormalization theory for the stable particles and the resonance 
theory for the atomic nuclei. There are, however, some essential differences between 
stable and unstable particles. One of them is the uncertainty relation between the mass 
and the life-time of the unstable particles, which is due to the fundamental nature of 


quantum mechanics. 
Taking account of such essential differences we shall construct a theory of unstable 


particles satisfying the following conditions : 
i) Our theory must coincides with the current one when the width 7 tends to 


zero. 


* Now at Department of Physics, Purdue University, Lafayette, Indiana, U. S. A. 
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ii) When the coupling constant y is small, our theory has to give the same result 
as obtained by the perturbation method. 

iii) After the renormalization procedure is performed, the theory contains no 
divergences. 

vi) Needless to say, the theory must be simple and convenient and physically 
intuitive. 

Under such wide restrictions, theories that we can construct consistently are not 
unique. We believe that the following two theories are most reasonable and simplest. 
It is our aim to construct general theories, but for an illustrative purpose, we shall first 
confine ourselves to the well-known Lee model’ with a change in the mass relation, ie., 
my >my+p. This permits the natural decay of the V particle. 

One of the most reasonable methods treating the unstable particle V is based on 
the resonance scattering of 4 and N through the formation of V. As in the resonance 
theory for the atomic nuclei, we can define the “ observed”? mass of V by the energy 
at which the phase shift 0 becomes 7/2, (the pole of the reaction matrix” K). The 
lifetime of V can be defined as the reciprocal of the width of the resonance. Above 
procedure can be performed compactly in terms of the modified propagator S + (E) of the 
V particle. And the renormalization of the coupling constant can be performed analo- 
gously to the stable case. (§ 2.) 

The second method is based on the analytic continuation of the S-matrix” for the 
N+ scattering. S;(E) has a pole at E=ms—iys/2 in the lower half plane of the 
complex variable E. This pole can be shown to coincide with that of the S-matrix, and 
the ‘‘ observed” mass and the width of V can be defined by ms and js. The renor- 
malization constant of the coupling constant can be defined as the residue of S,(E) at 
this point. Contrary to the first method, this turns out to be a complex number. This 
fact may be the major defect of the present procedure. Using the above defined my and 
7s, it can be shown that the amplitude for the one particle V state obeys the radioactive 
decay law. (§ 3.) 

The difference between above two procedures is due to the difference in the choice 
of the parameters, such as the mass and the coupling constant. Both theories give exactly 
the same value for the “ renormalization invariants’, e. g., scattering amplitudes and the 
phase shifts. They give actually different values to the mass and the life-time of the V 
particle. This circumstance originates in the difference of the definitions for those quanti- 
ties, the measurements of which correspond to different experimental methods. In principle, 
the mass and the life-time given by one of the two theories can be expressed as the 
known functions of them given by another one. We can regard the two theories as 
equivalent in this sense. 

Further, it will be shown that the difference between two definitions is of the order 
(7/m)*, so that it can be neglected on account. of the uncertainty principle in the case 
of long life-time. In the actual case, the experimental observation is performed on either 
the resonance phenomena (e.g. 7'+>p scattering) or on the time development of the 
unstable particle (e.g. a-~2 decay). It is also a well-known fact? that in order to 


Quantum Field Theory of Unstable Particle 421 


investigate the energy dependence of the scattering cross section one must use a mono- 
chromatic and therefore very long train of waves while in order to investigate the time 
development of the decay process one must produce such unstable state by using non- 
monochromatic and therefore short train of waves. In the above sense, it would be 
concluded that the relation between two theories is rather complementary. The first 
method is convenient for describing the scattering, the second for the description of the 
time development of the unstable particle. 

In § 4 we try to generalize these theories to the cases more usual than the Lee 
model. We use a formulation similar to but a little more general than that of Arnous 


and Zienau.” 


Then every-thing goes parallel with § 2 and § 3 using general Hamiltonian, 
except that we must neglect vacuum polarization. Treatment of the time development 
of V particle state is more natural here than in § 3 as we start from the formation of 
V by a collision. It justifies the procedure in § 3. The result thus obtained is the same 
as in § 2 and § 3 with the addition of an expression for the dissociation probability of 
the unstable particle. , 

In § 5 we compare and discuss the two theories. Appendices A and B are devoted 


to the mathematical manipulations which are necessary in the text. 


§ 2. Renormalization procedure in terms of the K-matrix 


In this section we consider first the scattering process between # and N particles, 
defining the “ observed”? mass of the V particle by the resonance energy, and perform 
the appropriate renormalization of the coupling constant. The Hamiltonian of our system 


with which we are concerned is that of the Lee model”; 


H=H,+H, 
=m fp Pyp+tmy px Pw + [on aj. a,dk 


+9 (Hix ine ant git yy [dk See. ab), (2-1) 
where #p, #y and a@,, are the annihilation operators of the V, Nand @ (with momentum 
k) particles, and m,, my and / are their “‘ bare’ masses respectively, and w, is V ke + pe. 
To avoid the troublesome appearance of the “ Ghost” state,” we introduce the cut-off 
factor G(w) which suppresses the ultra violet divergences. Of course, after the renor- 
malization procedure for the mass and the coupling constant is performed, there should 
be no divergence in the limit of no cut-off G(w) > (27) ~*”. 
Lee’s case and ours is the mass relation between V, N and 6: 


Mp > my +P (2:2) 


The only difference between 


which permits the natural decay of the V particle. In (2-2) my is the “ observed ” 
mass of the V particle the definition of which contains some ambiguity as we shall see 


later. 
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Setting 
IN+0, p)=| (Kk, pai dh|N) + C(p)|V> (2-3) 


we solve the Schrodinger equation 
(H—my—w,)|N+4, p»)=0 (2-4) 


with the boundary condition that y(k, p) represents the incident plane wave with mo- 
mentum p plus the outgoing spherical wave. In (2-3), we denote the state of a “bare 2 
V particle and that of a “bare” N particle by |V) and |N). Substituting (2-1) and 


(2-4), one can readily obtain 


G (w 1) 1 


A — ape 
ZOO pO) ot G 


1(k, p) =0(k—p) —9C(p) 
(2-5) 


eed , 
C(p) = ae G(o,)S;(a,+my), 


where S;(E) represents the modified propagator of the V particle and is defined as usual 
by [Sp (E) |-'=[S,(E) |"'—S(E). On account of the special form of H, 


Vv there exists only one proper self-energy graph as given in Fig. 1 and 23'(E) 
S;(E) are given by 
: of G?(@) dk 
X(E)=—¢| ; 2-6 
N ) 2w w—E+my—i€ ( ) 
| [S3(B)] SE =m tie gt| SOO) et a7) 
V 2u w—E+my—ie€ 
Fig. 1. From (2-5) one obtains the scattering phase shift 0(w,) by using the 


standard method : 


if 2 im F p G : (v,) Sy (w, Fe my) 


pcot d(w,) =—=-4- fs 
7 #) TH gG* (w,) 8} (w,+ my) | 


On the other hand one gets from (2-7) the following relation : 


Re[Sy(E)]'=E—m,+9°| 760) y_dh _ 
20 wo—E+my 


27° ¢?V (E—my)?— 2 G2(E—my) for WE > nbs 

ot ! {oats ; vv FP, 

ay mS; (E) | -| A (2-9) 
for E<my+p, 


where p denotes the principal part of the integral. By the help of (2:9), (2-8) is 


rewritten as 


m Ke [S ‘f ( a), my) (Be 
asm [Sp (w,,-+my) |7! ‘ 


cot 0(w,) = — (2-10) 
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According to Lippman and Schwinger” the reaction matrix K is given by 


C~ im Wd y-1 

K(E)=— 5 tan 0(o,) SSMS) 

7 m™Re[S,(E) |-* 

(Ges Is) 
E=my+a,. 
The resonance of the N-( scattering occurs at the energy satisfying 0(w,) =7/2 
(the pole of the K-matrix), and one may define the “ observed” mass of the V particle 
mx by this energy. From (2-11) and (2-9) mx statisfies 


Re [Sy (mx) | 
G?(w) : dk 


= (0), (2912) 
20 O—mytmy 


=m x— M+ | 


and the correction of the mass 0m, which must be renormalized is given by 


Go) dk 


20 O—My+my 


Imp =m —mx=¢'| (27-13) 

In the case that V be a stable particle, my <my+y and my and Omy are given by (2-1) 
and (2-13) with the omission of the j-symbol. Conversely, the root mz of (2-12) 
corresponds to the mass value of V for the stable or the unstable case according as its 


value is smaller or larger than my+ /. 
The renormalization constant of the coupling constant for the unstable case can 


again be defined* by i 


—1__ fe) ‘Ce E -1 
KDE Re Sp ( )] mie 
wm iGo) dk 
=I a) 5 (2-14) 
a =a 2 (w—my+my) (o—my+my— €) 


in conformity to the stable case. In contrast to the stable case the above defined Zx% 
does not necessarily satisfy the relation 0.< Z,<1 and one cannot interpret Zerase tie 
probability of finding “bare” V particle in the “ observed”’ V state. This fact seems 
to originate from the following circumstance ; as will be proved in the Appendix B, for 
the case of unstable particle the scattering states (2-3) form the complete set in the 
subspace My +My =N,+Ny=1 (N's are the number of the particles.), and there is no 
room to treat the “observed” V state as the stationary state of H. 


The renormalized coupling constant 7, is defined, as in the stable case, by 
Jx=LKG (2-15) 


and the renormalized propagator for the V particle by 


* In (2-16) the order of the limit and the integration cannot be exchanged and the integrand is not 


positive definite. 
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S}x(E) =Z_S)(E). (2-16) 
Using (2-9), (2-13), (2:14) and (2-15) one gets 


[Spx(E) ]- = (E=m,)(1 +9x(E —m,) 


x lim| ACT ie oem dk 
€>0 20 (w —E+my) (w —my+my) (wo—my— € + my) 


+itGk | (@) O(w—E+my) dk. (2-17) 


One observes that S}.,(E) contains no divergence even in the case of no cut-off 
G?(w)> (27) 7°. 
Further we can define the width (the reciprocal of the life-time) of the V particle by 


fr/2= sm [S; x(mx) | 


=27°92G? (my—my) V (mg—my)?—/. (2-18) 


One sees that 7% just coincides with the result of perturbation theory except the substi- 
tution of @—>9;, mmx. 


Finally the scattering cross-section for N+ @ is written as 
o(E) =47 sin’ 0(w,) /p 


pean (Sm [Sy (E)]|- yo 
pP (RelS;(E)]-*)*+ Gm[S, (E) 1")? 


E=my+y,. 


(2-19) 


Multiplying the denominator and the numerator of (2-19) by Zx, one can express the 
o(E) by using S{x(E) in the exactly similar form. This shows that the o(E) 

“renormalization invariant”. In the neighbourhood of E~m,, one can approximate 
Re[Spx(E) |-'~E—mg and Ym[S)x(E)|"'~7x/2 and o(E) reduces the well-known 


one-level formula for the atomic nuclei : 


o(E)~*™ ag 2) y9- ger (2-20) 
p (E—mx)’?+ (7x/2)* 
Evidently the above discussed renormalization procedure satisfies the four conditions 


mentioned in the introduction and is convenient to treat the scattering problem of N+ 0. 


§ 3. Renormalization procedure in terms of the S-matrix 


In this section we find the S-matrix for the N-+4 scattering and try to define the 
mass and the life-time of the V particle by the method of analytic continuation” and 
perform the renormalization procedure adapting to this definition. 


The S-matrix for the N-+-@ scattering is defined by 
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SCE) sey 9 (wy) ee 2 
> 


cot 0(w,) —i 


(3-1 
E = my+ Vn, 
where the phase shift 0(w,) is given by (2-10). Substitution of (2-10) in (3- 1), 
yields 


S(E) =[Sy (E) *"/[Sp (BE), (3-2) 


therefore, to find the pole of the S(E) in the lower half plane of the complex variable 
E is equivalent to find the zero point of [5\;(E)|~' in the lower half-plane. For this 
purpose we study the properties of *(E) given by (2-6). Performing the angular 


integration we get 


OR 2 a am 
29 ee ra Se CD eed cl Py (3-3) 
u w—E+my—ieé 


Fig. 2. Integration paths for Y(E). 


For the sake of i€ in (3-3), we must take the integration path C, in Fig. 2 for the 
real value of E>my+y. To perform the analytic continuation of \'(E) for the general 
value of Z=E—m,(YmE<0) from the real axis E-m,+y: to the lower half-plane 
of complex E one must take the integration path C in Fig. 2. Deforming the path C 
into C/-one can separate \'(E) into the integral along real axis and the contribution 
from the residue at the point w=Z. Putting E=E,—iE,(E,>0), and performing the 


above procedure one gets* 


2 2 ae 
3 (E,-iE,) =-27¢| ( Cte) VO Kida 
Jt W—E,+my+iE, 


+27iG*(E,—iE,—my) V (E,—iE;—my)?— | (3-4) 


At this point one can define the “ observed’ mass ms and the width 7, of the V 
particle through the equation 


(Sodus t75/2) loo 0, (3-5) 


ro satis oa 
* To perform this procedure rigorously it is sufficient to demand G(w) that \ G2(o) V wo — p22 da< co 
wu 


and G(w) kas analytic contiruation in the lower half-plane. 
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From (2-7), (3-4) and (3-5) one gets the following as the determining equation* for 


Ms and is 

“ | G2(o)(@—mstmy) dk 

Ooms =m) —mMs=7F ne a 

J (w—ms+ my)? +75/4 20 
+ (27)’9°n, 

is {1+ AUG) CE ee mate (3:6) 35 

2 (w—ms+my)?+7s/4 20 
with 


G?(ms—my—i7ys /2) “A (ms—my—i7s /2)*—L=s —in. (3 . 7) 


In actual case ms—my>js, and so 


EV (ms—my)?— 2G? (m,—my) and 7~0. 

In this procedure it is natural to define the constant of the coupling constant re- 
normalization by 

Zs tS) | 

OE Bam its)? 

G?(w) dk 


—-—, (3-8) 
¢ 20 (we—mst+myt+i7s/2)° 


rae at 


instead of (2-4). The path C in (3-8) is given in Fig. 2. The renormalized coupling 
constant defined by 
Js=Z5VP° (3-9) 


naturally becomes complex number, the imaginary part of which is smaller than the real 
part by the factor (js/ms)*. This is one major defect of this procedure. The renor- 
malized propagator S;;(E) defined by 


[Sps(E) J" =Zs[Sp(E) 


ae sae (3-10) 
x (1-9 Gi(w) | (E=ms+i7s/2) dhe ) 
t 9X0) (E—my—) (o+my—ms+i7's/2)? 


contains also no ultra-violet divergence in the limit of no cut off. 


The above discussed procedure evidently satisfies the four conditions in § 1 as in the 


* In the following we assume for simplicity that (3-6) has only one solution. 

** At first sight one feels that the result of (3-6) does not reduce to the stable case since the 
residue part of (3-4) is multiplied by 2iz and the imaginary part of (2-7) only by iz. This is due to the 
overlcok of the finite contribution from the second term of the left side of (3-7) in the limit of 75-0, 
-ecause jit €/x*+e°=70 (x). 
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case of § 2, and the scattering cross-section o(E) for N+@ reduces to (2-20) with the 
interchange of suffices K to S in the neighbourhood of E~ mg, if one neglects the second 
term in the second bracket of the right side of (3-10). It would be worth-while to 
note that S;(E) analytically continued to the upper half-plane of E from the real axis 


has neither zero nor singularity in this domain. So that 


SiQ=_| $f (Eyed =0. far reo, (3-11) 


and the pole of S(E) in the lower half-plane has one-to-one correspondence to zeros of 
[Sy (E)]}-’, since [Sy (E) |*~* has no singularity in this domain. 

Finally in order to see what physical meanings have ms and js defined by (3-5), 
we treat the one-particle state unstationarily and follow its time development. Assume 
that a “bare” V particle is produced at the rate f(t,) at each instant, over the time 
interval T defined by 


1/ms<T <1/ys. (312) 


At the time ¢ our system can be repesented by 
va 
T(t) =| Ofte ae? f(t) aay whee 0 (3-13) 


Substituting the special form of H in (3-13), we find that %(t) contains the component 
of V and that of N and @. As will be shown in the Appendix A and § 4, S;(t) 
defined by the first equation of (3-11) and (2-7) can be written as 

Sp et ek ee ee foraat, = ts, (014) 
=0 forlah =f. 


Therefore one obtains 
dM 
diy (QSVE =| do Set) fH). (3-15) 
Further by the help of (A-11) in Appendix A it is possible to represent S;(t) as 


. m 74 
Sh (t) = Lge tims tal 4 at "Q(E)e dE, (3-16) 
27 J-o 


where ms, 7s and Zs are defined by (3-5) and (3-8). On the other hand f(é,) can 


be decomposed as the Fourier integral : 


er 


fits) = ei¥tog (v) dy, (3-17) 


and one may choose g() such that it has a peak at Y~ms and its width is much 


smaller than ms and ms—(my+/4), for f(t) has non-vanishing value only in the interval 
(3-12). Substituting (3-16) and (3-17) in (3-15) and performing the time integration 


on t,, we can neglect the contribution from the second term of (3-16) in virtue of the 
> 
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interference. For the first term of (3-16) we use the following relations : 


ae = 
dtyertims i I9e~t0 | ent erg (OF ae 


0 d 


i(m tT /2-¥)T __ 
_ rilme tt git oe t(mo~t s .. 1 dv 
J iGng—tie/ ZED) 


wy te § (m tT o/2) t J (ms) ' ( nic ms > *:) ; 
One obtains 
fy (t) wt Lge ts ts! G (ms). (3-18) 


Equation (3-18) shows nothing but the radioactive decay law of the V particle and it 
is natural to interpret ms and 7 as the “‘ observed” mass and width of the V particle. 

From the above analysis it is concluded that the method of the analytic continuation 
of the S-matrix is adapted to the description of the time-development of the unstable 
particle. It is the most amusing point of this procedure that the defining equation (3-5) 
is very simple and the mass and the life-time of the unstable particle are determined on 


the equal footing. 


§ 4. Generalization 


In this section, we generalize the results of the foregoing two sections. The formal- 
ism is restricted, however, to the case where the vacuum polarization can be neglected. 
(a) Preliminary formulations 

We will first develop a time dependent formalism’ which is suitable for the de- 
scription of an unstable particle. An essential step in the formalism is the separation of 
a scattering process into two parts, according as it takes place through the formation of 
an unstable particle state or not. In the following, we denote this unstable particle as 
V, as/in- § 2 and § 3. 


Suppose a certain state vector /(t) in the Schrédinger representation be |I[> at 
t=0, then 


(40 —ikt 
P(t) =e eye dE = iT) ofre rs 
(acim y= — 1 | "dE TY for 150, (4-1) 
where 
E*=E+ie, H=H,+H, (total Hamiltonian). (4-2) 


Let a projection operator to the state of one “bare” V particle be denoted by A([AH,]=0) 
and put . 


PEs: ne a 
Cae ay G=CUSA), G=eu: (4-3) 


Then G;, satisfies 
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(E3-H,) G3 A, Git — A): (4-4) 
Solving (4-4) with respect to 1G, and (1—A)G,, we get 
AG,=S;(E) U(E) (1—A) (E*—H,)“, 


—A 1—A 1—A 
(1—A)G, =~ 4 UGE 
a BO, | eae ee \ Wren 
Fe UES HE) UE (4-5) 
per Bea, 


0 


pier 
U(E) =H, [1— (1 —A) (E*—H,) 3H, =[1 H(A) (E*—H,) 7' 
S$} (E)=A[E* +H,—3(E)}*, 
3 (E)==AUC) A=AH, A 
+AH, (t= 7) (= (B= HAH a= A) (B4*§ =H). 
In the same way we get for G, 
AG = SLE), 
(1—A)G3= (1— A) (E* =H) U(E)S/(E). 


1> 


(4-6) 


(4-7) 


(4-7) is equivalent to the results of Heitler® and Arnous end Zienau. The first equation 
of (4-7) means, in view of the equation (4-1) and the definition (4-3), 


Si (E)=—i| dee” (V|e™|V). 


In the case where the free vacuum coincides with the true vacuum, we have |V)=q},|vac) 


and puttin p(t) =e" he" ~we get the well-known expression” 
P g $ g P 


5B) == if diye Py (6) 9} (4) Dee (4-8) 


Equations (4-1), (4-5) and (4-7) constitute the desired time dependent formulation. 
In addition, by utilizing the foregoing results, we can write the S-matrix with the 
use of operators defined in (4-6) in a form convenient for our purposes. According to 


Lippman and Schwinger,” the S-matrix is given by 
Sa =0n—2 710(E,—E;) es (Ea) ? 
yes (iat = (H, a (Beli Til) ss (4:9) 


where a and 6 denote final and initial states respectively and they are eigenstates of H). 
On the other hand, we have 


G2@*—-H) (Eh) TB) ees Hy) 


If Ala)=A|b)=0, that is, if we are dealing with a scattering of particles (and not the 
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development of one particle state), we get by using (4-5) 


T(E) = (U(E) 5S; (E) U(E) + UE) ) aw « (4-10) 
By the same procedure, we can write the K-matrix which is given by 
; Sea 
Ka=(H,|1- eh H, | ie (4-11) 
in the following form : 
K»= (U,(E)S, (E) U,(E) + U,(E) ) a (4-12) 


where U,(E) and S,/(E) are obtained by replacing (E* —H,)~' with p/(E—H,) in (4-6). 


Finally we add a relation concerned with the imaginary part of +(E). 
Pemeoil) ACU E)—U- (hy 
= AH,[1— (1—A) (E-—H,)“' H,}-1((E* —H,) "= (E- — hy) ) 
x (1— A) H,[1— (A4— A) (E* —H,) 1A, A 
= —27iAU* (E)d(E—H,) (1—A)U(E) A. (4-13) 


In a special case where the N-0-V interaction acts only for s wave of N+@ and the 
channels are open only to the two-particle state N+, we get in the centre of mass 


system 


2i¥m2(E) =—27i 1 — Aa 3 


7 ** _|(k|U(E) |V >|24, -13)! 
“ae (an | |U(E) |V >| (4-13) 


where k denotes the momentum of 4, v, the velocity of 4. 
(b) Resonance in scattering. 


In terms of T defined by (4-9) the differential cross section for scattering is given by 


27 9 

dt a= ——— | 1 PACE) 2: (4-14) 
Unt+Up 

Since the first term in (4-10) can be interpreted as the scattering amplitude through 

the formation of an unstable particle, we first consider the case where the second term 

in (4-10) vanishes as is the case in § 2. In such a case, when E equals to my which 


is the root of 
RelS,(E) ]-"*=0 (4-15) 


and if the conditions stated above (4:13’) hold, we get by using (4-10), (4-13’) and 
(4-14) 


aT ) 3 
ey ea cine SECA do=—- do. (4-16) 


9 47° Ri 


This shows that s wave of N+@ is just in resonance at this energy. Consequently, the 


K-matrix has a pole at this energy and mx is an eigenvalue of 
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(1- = Pe WA at (4-17) 


0 


Further, putting as in (2-14) 
e fe) Bod 7- 
Le ae lor Cae) | (4. 18) 


we have in the neighbourhood of E=my 
Ba (vy) IT —7 (E-mu tif x/2)", ea) 
(x= Zp27|(V|U(E) |k)|20(E). (4-20) 


(4-19) is the well-known one-level formula of resonance scattering and my and 7, are 


usually called energy level and level width re- 


N @ spectively. (4-20) means that the level width 
is obtained if we calculate all graphs of the type 
N 6 ‘ shown in Fig. 3a with the exception of those 
shown in Fig. 3b and multiply its result by Zx. 
& The last procedure is the so-called external line or 
Vv 
(b) 


wave function renormalization. 


Next we consider the case where the second 


(a) 


term in (4-10) does not vanish. In this case a 


igre pole of the K-matrix or an eigenvalue of (4-17) 


is no longer given by mx but, in view of (4-12), by the root of 


S,(E)=E—m,— VF 1— 2 _ (A), | |V) 


=E—m—(V|H, (1+? _a—+H, (4-21) 


p hy p fy. Pe Teton 
+P 0-H, PE Mt )IV)=0 


0 


From the relation between the S- and K-matrices S=(1—i7K)/(1+i7K), the scattering 
amplitude, the level width and the renormalization constant are given by the same ex- 
pression as (4-17), (4-18) and (4-16) excepting that U and S; should be replaced 
by U, and S,. 

In Heitler’s damping theory the energy levels are determined by (4-15), and not 
by (4-21) which gives the poles of the K-matrix. But (4-15) and (4-21) give the 
same results for the beginning few terms in their perturbation expansion. 

(c) Time dependent consideration (1) 

In this subsection we will investigate a process where two particles N and é collide 
with each other producing an unstable particle V which again decays into N and 4, 
namely, we will consider N +0 scattering time-dependently to find expressions for mass 


and life-time. 
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Let the initial state be a wave packet with regard to the relative coordinate of N 
and # which is an eigenstate of H, and be denoted by |I). Since the total momentum 
conserves, we consider it in the centre of mass system. We make the thickness of the 
wave packet much smaller than the life-time of the V particle” in the unit c—b=1. 
Consequently the energy range of the incident wave is much broader than the width and we 
can assume it to contain the mass of the V particle. 

We denote the amplitude of V by ¢/(t) and the amplitude that the relative coordinate 
of N and @ is x by (x,t). Then by using (4-1) and (4-5), we obtain 


g(t) = — (271) 7 “ dEe{V |S} (E) U(E) (E* —H,) |), 


G(x, t) =0)(x, t) +0,(x, t) +9.(%, 4), 


dy (x, t) =x LL, (4 22) 


9,(x, t) =— (2zi)| dE e a\(E* — Hy) “UE LE* — H,)~“|1 9, 


Li ae OT Eee 


x (x| (E* —H,) “U(E)S; (E) U(E) (E* —H,) ™|I). 


¢, is the incident wave itself, ¢, is a scattering amplitude without forming a V-particle 
state. It can be shown, by the same argument as below (4-25), that the latter is 
scattered away from the centre as soon as N and // collide, in so far as it has no resonance 
denominator in the energy range of the incident wave. Therefore it nearly vanishes far 
behind the front of scattered waves where 6, dominates. For this reason we discard 4, 


in the following. Making use of the formula 
(E* Hy) t= if deseo 
we have for ¢/ and ¢, 


pa : 
Git) sees) ds(V|I(t—s) | |x)d°xd,(x, 5), 


ote (4-23) 
a(x, ==) de | “ds Cale J 5-1) | |x) dx 60%, 8), 


with 
I(t) =—(27i)- | dBe#"S;(E) U(E), 
Shs yeates (aniy-"| dEe™ U(E)S/ (E)U(E). 


In general S;(E) has branch points at E=m+np)(n=1, 2, ...), and owing to the i€ 
in (4:1), the path of integration with regard to E has its detours at branch points in 
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OEE Dh PRION My +2, upper half-plane. If the energy 
Sa ae range of the wave packet lies between 
(oh x G Parsi, gil pees 2, we get 
E-plane ns elts2 (4:24) below, by changing the 
ig. 4 integration path as shown in Fig. 4. 
Ko=j/oyes0 fore; =.) 
iE iase” S858 St U7 (nig — i7s/2) Zs tL, (t) fot, £0, ,(4224) 
J se 08 UF 1753/2) AU(ms—i7s/2) Zs 
+h5@ for ‘50; 
with 
: ? a fe) , : 
[Sp (ms—i7s/2) | 0: Zs =—— [S,(E) |" | : (4-25) 
OE BH=mg-tT 5/2 


In (4-24), I, and J, are the integrations along C, and C,. Since we assumed the energy 
- of the incident wave to lie between my+/) and my+2/%, I,(t) vanishes approximately 
owing to the s integration when ¢ is large. J,(t) also vanlishes approximately except at 


the front of scattered waves owing to s and r integrations. Consequently we get 
P(t) wy =i| ds (t—s)exp [i(s—t) (ms—ijs/2) | 
0 


x Zs(V|U(ms—i's/2) | |x) d?x 64x ), 
(4-26) 


(x, t) re rer = | dr (x\e~i”# U(ms—i7s/2) |7> P(t—r), 


(t—t,— R/ (vy+v9) > 1/ms.) 
where @(t)=1 or 0 according as t—0 or t<0. Since we assumed that the wave packet 
is thin, if N+ interaction has a short range (both as compared with the life-time) we 
get 


b(t) ~ AO (t—t,) exp [—i(ms—i7s/2) (¢—4) ] hee 


Ai = if "dsZ.dV| U||x)0 0% s)dx exp [is(ms—i7s/2) , 


where f, is an instant of the N+ collision. This approximation depends on the shortness 
of collision time of N and @ to form V as compared with the lifetime of V. Actually 
the exponential decay of ¢/ becomes obscure and the value of ¢, is undetermined to the 
extent of the collision time. 

As for the N+@ amplitude, we assume, for the sake of simplicity, that decay products 
of V are only s wave of N+. From (4-26) we have 


(co. (a) - £2 : fete. 7 —tkR ae \ 
or (x, n=-if dr ae é a eer (| U(E) Vy b (t—1). 
0 0 1 
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The term ce” is of higher order in 1/R and we can neglect it in the region R>1/m. 
Substituting (4-27) we get 


OT (x, )= A) dEga(E,)exp i[kR-E,(¢—t,) | (th) /22, 


a mnythy 


a(E,) =k(vy +09) 2, (k|U(E) |V)/27, 
; | (4-28) 
E,=VE+mi +VE +H, 


(Uy +9) 2,= k(k’+mx) Feces ave Ho) ma 


The term (—1) in the first equation is again of higher order in 1/R and we drop it~ 
In the neighborhood of E=ms, we make the expansion 


ki,=kmy = (E,,—ms) (vy+ V9) i! 


and move integration path upward or downward according as R/(vy+v,)—(t—t,) is 
Positive or negative so as to drive it away far from the pole. Then the remaining 
integrals vanish approximately owing to the damping (near E=msy) or oscillating (off 


E=ms) factors. The contribution from the pole becomes 
O° (x, t) Sia (me—i75/2) $h(t— Roy +0») 2) 
X exp i[km, R—img R(vy +09) ‘mel - (4-29) 
Consequently 
[re (4) |? oc e758, 


JR, 1) P= [all (O— ROy +09) 59) | 


(4-30) 


(4-27) and (4-29) allow us to interpret ms and 7, defined in (4-25) as the mass and’ 
an inverse of the lifetime of V. 


We add here the justification for the treatment in § 3. ¢ and 6, in (4-22) can 


be written in the following form without any approximation 


d()=—|" dECSi(E))s | 


exp [iE(t— 4) ] f(t) dty/27, 


6,(x, ) =|" dE (x|(E* —H,) UE) Si (B)|V) 
" (4-31) 
x | exp [iE (4) | fla) dt,/2 7%, 


fl) =| dEe~™ (V |U(E) (E* —H,)“|D) 2. 
This is identical with amplitudes which we will get if we take as initial state ‘‘ bare” 


V states superposed chronologically with a weight of f(t.). This also means that “bare ’” 
V particles are produced at a rate of f(t,). Even if the V particle is produced through 
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other mode, it may be expected that we can write its amplitude in the form (4-31). 
In that case we can carry out the same calculation as above, if we assume suitable properties. 
for f(t). This justifies to make a calculation concerning V starting from “bare” V 
states superposed chronologically as in § 3. 

(d) Time dependent consideration (2) 

In this subsection we will find an expression for the dissociation probability for an 
unstable particle V by using (4-30). We consider a sphere of a radius R, in the relative 
coordinate space of N and 4. As stated below (4-22) and (4:25), after the front of 
scattered waves have passed the surface of the sphere, there remains only decay products 
and the “cloud” around V inside the sphere. Since (4-30) gives the total amplitude 
of N+4 at a sufficiently large distance from the centre as compared with 1/m, we obtain 
the following results : 

Outward probability flow at the surface : 


he Ry) =47 Ro? (vy +0 9) ms|O"" (Ro, t) 5) 
=47 R,?(vy+v 9) ms|a 2)h(t— Ry(uy+v9) ~*) ie 


Total probability within the sphere (including the probability of V): 


P=| Js Rde=Je, R) /7, 


vet 


Total probability of outgoing waves within the sphere : 


ae | ar R|o(R, )?dR=[ I(t, Ry) J V7, 


Total probability of “ dressed”’ unstable particle : 
P=P,—P,=J(t, 0)/r=47 R’(vy tp) la]?}6(4) P/7; 
Dissociation probability = (“‘ bare” V_ probability) / (dressed ” V probability) : 
Z'==[470 RB? (vyt+v,_) |al?/7]-- (4-33) 


In the above calculation we extended the integration of P, to R=0. Actually (4-30) 
hold only if R>1 /ms and in the region R~1 /ms the distinction between decay products: 
and the “cloud” around V are obscure. The contribution to the total integral from 
that region is, however, of the order 7/m and the uncertainty of this order seems to be 
unavoidable. So we extended the region of the integral to R=0. (4-22) may, therefore, 
be greater than 1 by this order. 

Next we evaluate (4-33). By substituting a(E,) of (4-28) in (4-33) and making 
use of (4-13’) we get 


Z!=7s[2 (Vy +9) ms| Ux t%) Sm (E) | ies 


J=ms-itg/2 


Yim means that we first calculate the imaginary part when E is real and then consider 


its analytic continuation. By neglecting a quantity of the order (7/m)° we get 
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(4-34) 


Lisp st\2 Seat 2B) 


F=mg-t7Ts/2 


§ 5. Discussion 


We have discussed the renormalization procedures for the unstable particle, in terms 
of the reaction matrix K in § 2, and in terms of the S-matrix in § 3, and generalized 
these procedures in § 4. All procedures satisfy the conditions in $1. 

In the first procedure, the mess and the width of the unstable perticle are defined 
by the level and the width of the resonance scattering, respectively. In the second pro- 
cedure they correspond to the frequency and the demping coefficient of the probability 
amplitude for the unstable particle. 

We have found it most difficult to attribute a physical meaning to the renormalization 
constant of the coupling constant. The following discussions are devoted to make clear 
its physical meanings and the ambiguities in its definition. Defining the mass and the 
width of V by the first procedure, using (2:9) and (2-13), we can write (2-8) as 


pcot 0(w,) = — (E—m,x) 1+ 9°F (E)) /279°G?(a,), (5-1) 
with 
a) = G*(w) : dk 


20 (ae Boe my) (wo—my+my) 
Let / be any real constant, and putting 
LUA =14 FFA), 


(5-2) 
N=L(AF, 


one can rewrite (5-1) as 


E—my) Aton F Eda FA) 


, ( 
p cot 0(w) = —- ae 
279; G*(w,) 


ead 
The renormalization procedure has been performed by this process. The reasons why we 
have taken A=my and adopted the definition (2-14) are the following : 

i) The second bracket of the left-hand side of (5-3) becomes 1 at B= ..end 
the one level formula (2-20) is deduced in the neighbourhood of E=m,; 

i) From (4-20), 2, corresponds to the renormalization for the external line. 
Further, in the second procedure, Z, has only the physical meaning that it corresponds 
to “the coupling constant renormalization for the production rate of the V perticle,” as 
can be seen from (4-27). For the practical purpose it is very inconvenient thet Z, 
becomes a complex number. This defect may be removed by using the ambiguities analo- 
gous to (5-2). At all rates it is impossible to -discuss rigorously the probability of 
finding “bare”? V particle in the “observed” V state, since there exists no stationary 


state including unstable particle. Only by neglecting the order of (j/m) one cen discuss 
the above probability as in (4-33). 
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Next, we shall discuss the differences of the various definitions about m, 7 and Z. 


Writing (2-17) as 


[Sy (E) |= Ze (E—mx+ A(E) +i7 (E)/2), (5+4) 
and using (2-18), one sees that ) 
r(mx)=7~ (mg) =0 and AJ(E)/3E | =0. (5-5) 

B=m ir 


4(E) and 7(E) have no divergence. From (3-5) one gets 
[Sy (ms—i7s/2) -'=Zx [ms—mx 


+ d(m.=i7s/2) +i (7 (ms—i7s/2) —7s) /2]=0. (5: 6)x2 
Taking 07/9E~O(j/m) one finds from (5-5) and (5-6) that 
ms=mx(1+O(7/m)*), 7s=7xA+OZ/m)’). Cee) 
From (3-8) and (5-5) one gets also 
Le Ze IO e/m) 2). (6-8) 
Finally, as 2|Sm 2 (ms—i7s/2)|=Zxl7 (ms—i7s/2)|, one finds from (4-34) 
Z'=Z,(1+O0(7/m)) =Zs(1+0(7/m)). (5-9) 


From (5-7), (5-8) and (5-9) one sees that the various definitions about m, 7 and Z 
coincide with each other except for the quantities of the order 7/m. 
From the preceding analysis we can draw the following conclusion: The two pro- 


** observed ’’ mass and 


cedures in § 2 and § 3 attribute different physical meanings to the 
the width of the unstable particle, and their differences are of the order (7/m)*. This 
fact owes its origin to the uncertainty principle. ‘When 7 is small, their differences cannot 
be detected by experiments. In principle, the mess and the lifetime given by one pro- 
cedure can be expressed by those given by another. In this sense, one can regard two 
procedures as equivalent. These circumstances are quite similar to the case of the virtual 
level of deuteron, which has been summarized by Ma.*) In that case it is also known 
that the definitions of the virtual level in terms of the K- and S-matrices are most 
reasonable.” 

It is interesting, according to Lehmann," to decompose S;(E), the modified pro- 


pagator of the unstable particle, in terms of the mass 
Si(E) =| "p(@)de(E—e tie). (5-10) 


From (A-17) in the Appendix we have 
(1) =0 (e—my—) 181 Ce) PG [SH (0) P'/z. (5-11) 


Wineceeis no discrete term in (5-11) 4s in. the-stable ‘case (see (A“20))°" In the 
neighbourhood of «~“mx~ms we can approximate [Sy (ey | Ar tem) + i7/2], 
7/2=Z3m[S;(m) |". (The suffices S or K for m, 7 and Z are ignored.) We get 
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> > 


x ints | ei" 7/2 sel 
/ (xk) Zz heer ee (7/2)? = 


and see thet («) represents the superposition of the various mass states, the centre of 
be . . . . . . / a) z 
which is at m, the width of which is 7. In the limit 7/20, («)>Z0(«K—m); p(x) 


seduces to the stable case. 


Appendix A Mathematical properties of S(t) 


In this section we shall study the mathematical properties of 5; (t) which has been 
used in the text. To make clear the differences between unstable and stable cases, we 


shall designate them respectively as a) and b), and consider both cases at the same time. 
As in § 4, we define S;(t;—t,)” by 
Si (1—2) =(O|T (Pr (1) $5 (2)) |0), (A-1) 
where $, (1) =e" h,e7'"" is the Heisenberg operator at time ¢,, and |0) represents 
the true-vacuum. As in § 4 we have from (A-1) 


Sy (1—2) =f Ve for ti—t.> 0, 


(A: 2) 
=@ for ¢t,—t,<0, 
which has been used in (3-14). The Fourier transform of (A-2) yields 
Si(E)= —i{" eS) (t)de=—iKV|[ ede) 
=(V|(E—H,+ie—H,)“|V). (A-3) 


Exploiting the relation (Q—H,)“'=Q'+Q7'H,Q'+:-. with Q=E—H,+i€ and 
substituting (2-1) in (A-3), we have the relation used in (2-7), 


ACL es 


$:(E) =| E—m,—¢"| edt: Sah 
; 20 E—my—w+i€ ( ) 


Next, we shall obtain the integral representation of Sj\(t) for the both cases, a) and b). 
Case a) 

In § 3, we have shown that the S,)(E) has a pole in the lower half plane of the 
complex variable E. In that case we have started from the real value of E> my+}, and 
continued anelytically Sy (E) defined by (A-4). On the other hand, it we start from 
the real value of E<my+y, and continue S/(E) to the lower half-plane, the second 
term of (3-4) does not follow. For S'(E) for E<my-+ yp defined by (3-3) is represented 
by an integral from f£ to + co along the real axis in the w-plane. The value of Sj (E) 
for E>my+/ continued in this way is the complex conjugate of (A-4). (The path of 
='(E) must be taken as C, in Fig. 2, § 3.) This fact shows that the point E=my+yp 
is the branch point of S/(E). 

Remembering these facts we shall obtain S y(t) for ¢>0.. The Fourier inversion of 


(A-3) yields 
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sHQ=L|’ Sie ae=— | SE (Eyeetide for. Peo, . WAS) 
2 27 J Cy 


fa —O+7€ 


where the integration path C, is given in Fig. 5. 


Fig. 5 Integration paths for Sy’(E) for the Case a). 


Along the path C,, S;(E) is continued from E>my+y and has a pole at E=ms—iy;/2. 
"The value of integral (A-5), however, is not equal to the residue of Sj (E) at E=ms—i7s/2 
since the contour C, includes the branch point my+y. If we take the path C, which 
‘coincides. with C, for E>m y+ / we get 


=) Seb je. dh 2 ger 8, 78) (for | 0, (A-6) 
27 JC1 
where 
Zs'=9[S;(E)]"/E | (A-7) 
E=mg-itg/2 

is given by (3-8). Next, if we take the path C, which coincides with C, for E<my+f/, 
we obtain 

i [ si(B)e""dE=0 for t>0. (A-8) 

DIG I Cy 


The proof of (A-8) is easy, since along the path C,, S;(E) is continued from E<my+ ft 
and has no singularity in the lower half plane. 

Finally we obtain two integral representations for S i(t). The first one is obtained 
by decomposing the integral path C, into Cy and the real axis for E>my+y. Using 
(A-8), and remembering that S,(E) for E>my+p becomes complex conjugate of (A-4) 
along the path C,, we have 


SQ =| [7 [SO —S" Ole Mae 


=2n9'|" IS (E) [°?G (E—my) V (E—my)?— ff dE 
m +h 


N 


=o [da 5, (E)|?exp [—i(myo)é]. for #>0. (A-9) 
20 
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On deriving (A-9) we have used (2-9). The physical meaning of (A-9) will be 
stated in Appendix B. 

The second expression for S,(t) is obtained by decomposing the path C, into C, 
and the real axis for E<my+y. We denote the difference of the values of SE) on 
the two branches C, and C, as Q(E). Using (A-6), we obtain 


Jr 


. mn ty 
S(t) =Zs exp [—i(ms—i7s/2) | t+ 7 [ e “dEQ(E), (A-10) 


which has already been used in § 3. 
Case b) 
In this case the pole of 5, (E) appears on the real axis at the point E=m,p<my+/, 


instead of the point E=ms—ijys/2 in the Case a). 


Fig. 6 Integration paths for S;’(E) for the Case b). 


Instead of (A-6) and (A-8) we have 


= { si@ejemaE=o for t>0, (A-11) 
+ | Sy (E)e dE =Z,e4v' fort >0, (A-12) 
where 
“G?(o) dk 


Z7'=0[S;(E) V/9E | =1+9° (A-13) 


20 (a-— my. +my)? 
is the renormalization constant for the coupling constant given by Lee. Sj:(t) is agaim 
given by (A-5) in this case. Corresponding to (A-9) and (A-10), we have 

Sp (t) =Z,e'"r' as | (Sy (E) —Sy Ciara te dE 


yt 
—imy,t 2 Fhe t ! 9 
=Z,e0" +o°|dk ie |S) (my+) |? exp | —i(my+w)t] (A-14) 


and 


m nyt 


| err dEO CE). (A-15) 


SoC = 
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It should be noted that another expression for Z, than (A-13) can be obtained by 
(A-15). As lim S(t) =0, we have from (A-14) 


t> +0 


ates coi 
at =| dh OS (ner 0) 2. (A-16) 
w 


Finally we calculate o(«)™ in (5-10). 
Case a) 
The Fourier inversion of (A-9) yields 


Sy (E)=27 an duc \Sv («) |G? (xe —my) Vv = my)* — Pe 
m y+ E—«+i € 


which proves that 


(Kk) =27 PA («K—my— f) |S (i) |? G? («—my) 


XV («— my)? = P= |S¢(«) |?Fm [Sy («e)]-1/z. (A117) 
Case b) 
Similarly, from (A-14) one gets 


p(k) =Z,0(k—my) Sle |S\- (x) Pym [S; Ca es (A-18) 


Appendix B The complete set of state vectors for the 
system including unstable particles 
In this section we shall prove that for Case a) the scattering states of N+ form 


the complete set in the subspace M,+Rp=MytRyp=1. For Case b) we must of 
course add the “observed” V particle state |V > to the scattering states in order to get 


a complete set. 
As the first step of this proof we can show that the scattering states |N+4, P> 


defined by (2:3) and (2-5) are correctly ortho-normalized. Using the well-known 
formula 
(w,—W,—1€) (a,—w,+i6)™ 
=(w,—,—1€) 1 ((w,— W, +1 €) -*— (O,— 0,1 €) cat 
we get 


(NEA, qIN+A, p)=C(p)C*(q) +| x(k, a) db (ts, p) 


=0(q—p) (B-1) 


where y and C are defined by (2-5) 
For Case a), using (A-9), (2-3) and (2-5) we have 


$7 (1—2) =|C(p)C* (p)exp [| —i(my+o,) (t,—t,) |dp 


= (Cop, (1) |N+4, p)dp<N+4, plpy (2) |0) foreet Oe 14( 5.2) 


ou 
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Comparing (B-2) with (A-1), one observes indirectly that the scattering states |N+0, P> 


form the complete set. 


For Case b) the “observed” V particle state |V) is given by Lee” and 


\Vy=Ze" | + \x(ieart dk\N), 
(B-3) 
(hk) = —9 ZG (a,) (204) 1? (op —my + my) 


with Z, given by (A-13). Using (A-14), (2-3), (2-5) and (B-3) we have also 


S71 —2) =Z, exp [—im, (44) ]+| |C(p) |? exp [—1(w,+my) (t,—ty) |dp 
=(0\%,(1)|V (VP; (2) |0) 
+\(olpe()iN+8, p)dp<N+9, p\P+(2)\0) for t,—t,>0. (B- 4) 


The comparison of (B-4) with (A-1) shows that the scattering states |N+0, p) and 
“ observed” V particle state |V)> form the complete set. 
The direct proof is also elementary but tedious, and we shall write the results only 


ig 


JIN+4, pydp(n+4, p|=|dhat |N)(Nlax + VV 


for Case a), 
(B-5) 


7 r 


\IN+4, pdp(N+4, pl + |V)CV|=|dkag|N)Nlax + |V XV 


for Case b). 


In the above proof, we have used the scattering states |N+4, p) solved with the 
boundary condition that 7(k, p) contains the incident plane wave and outgoing scattered 
wave. If we use the solution solved with the boundary condition that 7(k, p) contains 
the incident plane wave and standing wave, we can reach the same conclusion. In this 


case the incident wave vanishes in the normalized standing wave solution at the resonance 
energy for Case a). 
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The magnetic octupole moment @ of the nucleus is discussed on the basis of the shell and 
collective models. In the strong coupling case of the collective model, 2 becomes smaller than the 
shell model result because of the quenching of the moment along the symmetry axis of the deformed 
core. This fact is in agreement with experimental data (for Ga‘!s*3, In!!5, and I!) available at 
present. 


Introduction 


We have a good deal of information’) about the magnetic dipole moment /4 and 
the electric quadrupole moment Q of atomic nuclei. On the other hand, we know little 


%) ie., the magnetic octupole and tht electric hexadecapole 


about the next higher moments, 
moments. Since experimental data of these higher moments have just begun to be 
published,” we think that it is a timely attempt to give a theoretical review on these 
moments referring to the standpoints of current nuclear physics. Thus in the present 
paper we shall discuss the magnetic octupole moments. The electric hexadecapole moments 
will be investigated in a forthcoming paper”. 

After stating the preliminary introduction (§ 1), we investigate the octupole moment 
in the cases of the shell model (§ 2) and the collective model (§ 3). The results are 
discussed in § 4. It is shown that if the strong coupling case is valid in the collective 
model, the deformed core plays an importent role in suppressing the values of the octu- 
pole moments as compared with those for the shell model owing to a small projection 
factor P,. Experimental data available at present (Ga, In, and I) are in more favour 


of the strong coupling case than of the weak coupling one (cf. Table 1). 


§ 1. Preliminaries 


The magnetic moment operator of order / in unit of the nuclear magneton eh /2Mc 


is defined by” 


MY DP iP, (cos 4) | ; |g ee + G0 | b) (1) 
n * A 


BE 
- sp il 2 


where $1 and o™ are the orbital angular momentum and spin operator for the n-th 


nucleon, P,(x) is the Legendre function, and 
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N=1, Js=5.587 for a proton, (2) 


| G=0, .9,=—3,826 »for asneutton. 


In our definition (1), we have neglected so-called interaction effects for brevity. If 
. ° . . . > M 
the wave function for a nucleus with spin I in the magnetic substate M is 7’, then the 


magnetic moment M™ of order / is given by 
M® = (7, ME }). 


. . . 5 _ : : : (1) 
This quantity vanishes for even 4 and 4>2I. The magnetic dipole moment / is Me; 


and the magnetic octupole moment 2 is defined by Schwartz”) as 
Oo= = M (3) 
to make the majority of moments positive. Evidently 2*;0 for I=3/2. We shall 


list down typical expressions for 2 based on various nuclear models for comparison. 


§ 2. Shell model 


In the extreme single particle model, 2 is given by” 
6. 3 @i—1)C+2) % [U—3/2)%4+9.] for I=j=l+1/2 BS 
2 @t+4) (21+2)> “™ (r¢r45/2)9,—9,] for T=j=l—1/2. 


If we plot 2.,,/<7?) versus I, we obtain the lines similar to Schmidt lines for the 
magnetic dipole moments. For a configuration (j)” of m (odd) equivalent nucleons in 
the ground state ([=j), the expression for the octupole moment is again given by (4). 
In contrast to the magnetic dipole moment, all experimental values of 2 known so far 
are far from the shell model values (4) (see § 4). In this connection, it is interesting 
to see {2 in the collective model though there remains a possibility to explain these 


5) 6) 


deviations by configurational mixing of some kinds. 


§ 3. Collective model 


We want to examine the octupole moments in the collective model. The octupole 


moment operator is written as follows in the collective model. 
QOL == (Pp ¢ 
Dp= 2, + 28, . (5) 


The particle part, ”,, is given by eq. (1) with change of sign and the summation 
should be taken over the extra particles outside the core. If the nuclear surface is 


expressed by 
= ea @ | +3) Bin Yr; ¢)),; 
im 


then the core part becomes 


OCs i aw 2 * ! 
Qe PE RA Sm C17 — 5m) ak a, 
28 Arh Mie ) au 2m > 
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where 9,~2Z/A is the g-factor for the core and the higher order terms are neglected 
(see Appendix).* Then the Bohr-Mottelson’s theory” ” can be applied in straightforward 
manner to obtain Q=(¥/, 0,07). We shall adopt in the following the same notation as 
the reference 8. 

To see a main feature of the collective model, we shall take the simple case in 
which there is only one particle outside the core. We shall investigate two extreme cases, 
where the coupling, Fine = —R(1) 3) Gon Yon, between the extra particle and the nuclear 


m 


surface is quite large or small. 
(A) Weak coupling case. 


Let us start with the weak coupling case. Using the perturbation procedure, the 
octupole moment correct up to the second order in H,,, is easily calculated (I= De 


Q2=2,42., (6) 
where 
0,=2.,, E eas) olf") Gholi) 
2C gran (bo + Ay) (bo + 4,4) 

x (=) (204 1 GIT; 23) LoD) 

CAAT 
pele sy UIP)” ‘|, (7) 

2G Fi (hw + 459)? 
2,= mie ghat pak WOES ~ Sm (17 —5m?) (j'2I—mm]| j/2ID)?. (8) 
28 ra EES: m=—2 


Here, according to the Bohr-Mottelson’s notation, the energy difference J,,, of the particle 
lf’) = CGilVallj)/“2j+1, and Racah and Clebsch-Gordan co- 
efficients are used. .,, is given by eq. (4). 

As a special case when 4,,(j’*=j) is large and j may be considered as a good 


levels with j and j/’, 


quantum number, 2,, and %, are simplified as 


2.=9. | op monk {AREY errt 1234 GF er] (9) 
6 Taste 327 bwC 412(I+1)? ATED) 
(iene 45 Gp R? Rk? 5 (al 1) Ged) (10) 


2242 bwC Te We 
(B) The strong coupling case 


Next we take the strong coupling case where it is convenient to use the expression 


(A3) for 2¢%,. Then using the strong coupling wave function described in reference 8, 


we obtain the following result, 


* Qc,,, is in good approximation free from the higher order deformations than 2. This is in contrast 


to the case of hexadecapole moments discussed in reference 4. 
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B= P, (2,3 25 (11) 
where P, and 2, are given by, 
— __21(2I-1) (21-2) (12) 
9 2T4-2) (214-3) L2E 404) 
500 ° 
9 = T—,/ —I eRe, ‘eke 
gon 3" 


and Y., is given by eq. (4) if j is assumed to be a good quantum number, otherwise 
it is complicated. The value of the projection factor P, is quite small for small value ore 

Strictly speaking, eq. (11) is correct for higher spin I than 3/2. In the exceptional 
case, I=3/2, the degeneracy of two states [with (Q=3/2,7=7) and (Q=1/2,7=0), 
see Appendix III of reference 8] occurs and the wave function becomes complicated. 
Consequently the octupole moment for this case differs from the expression (11) and is 


given by 


G9 3 (for’ I='3'/2) (14) 
35 35 
where 2. ,, (I=3/2) and 2) are given by eq. (4) (evaluated for J=3/2) and eq. (13).” 


§ 4. Comparison with experimeatal results and conclusion 


Needless to say, much information about atomic nuclei is derived from the investiga- 
tion of the magnetic dipole and the electric quadrupole moments. Similarly we can 
expect that the magnetic octupole moment is also useful for investigating nuclear properties. 
Unfortunately, not many data are available at the present ‘making such analyses difficult 
to perform. Therefore, we content ourselves here with just comparing the experimental 
results with our theoretical ones derived in the preceding sections. Such comparison is 
done in Table 1. One can see that the observed values are very small compared with 
the predictions from the shell model presenting a striking contrast to the case of the 
magnetic dipole moment. This large discrepancy may be explained either by the con- 
figurational mixing method or by the collective model. If one takes the former, one 
has to introduce new configurations into the ground state which contribute to 2 but not 
to fand Q. This would make the necessary computational work very complicated and 
has the disadvantage of introducing many configurations to be fitted to the nuclear data, 
Le. I, #, Q, 2, etc. On the other hand the collective model gives more clear-cut 
explanation of small observed values for 2, as is seen in Table 1. 

In the collective model, the second order deformation of the nuclear surface gives 


major contribution to 2 while higher order deformations are unimportant for our purpose 


* On deriving eqs. (11)~(14), we have replaced the expectation value of f(B, 7) with respect to the 
vibrational wave function by f(f, 71), where 8; and 7; are the equilibrium values of the shape parameters 
B and 7 (see references 7 and 8). The values of 2 obtained from eqs. (11) and (14) will be a few percent 
larger than those obtained without employing this simplification. 
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Table 1 


Comparison of the observed and the theoretical magnetic octupole moments 


hell single | collective model 
ho observed | particle | —— a —— 
it assign- | model || weak coupling case strong coupling case 
ment 5 on a | pete 7 2 | za oa oe —— 3 Atom 
OK) | Bap I?) | Qolr®) | Belkr®> | ikr®> “| Bole» | Or 
| | | s |} ray ‘- a 7, an = =i 
aah 0.502 | 
Ga’? 3/2 | pale +0019 | 168 | 119 | —0047 | 1.14 — | 0.86* 
. 0.679 i | 
Ga‘! 3/2 3/2 +0.019 | 168 | 1.20 | —0.045 | eS — | 0.86* 
Bey EO ee 5g Le cet me 4:69 elpen 3.039" "|| 0.012 3.02 ~0.39 | 1.26 
0.037 | | 
I | | 
pa Seal madi 6 Bee cen Sile> a8 | 0.70 | ~0.010 | 0.69 —0.35 | 0.29 
Equation used Re EGE) WW ex)-20 9 aya M6) Mood (22) 18) A). 4) * 


2 is expressed in unit of nuclear magneton ef/2Mc. We have used (r?)= (3/5) Ry?, Ry=1.44.A'/5 x 107}%cm, 
k=40 Mev, and C, hw etc. have been calculated from eqs. (II 6), (II 6a) etc. of reference 8. 

and neglected in § 3. When the strong coupling case is valid, the great reduction of 
the value of 2 is caused by the projection factor P, which represents the transformation 
to the space fixed frame from the body fixed frame. Thus the present available data 
of 2 are more favourable to the strong coupling results than the weak coupling ones. 
It is noted, however, that these values are obtained using the hydrodynamical estimations 
of various parameters, bw or C, etc., and thus they will change more or less by the use 
of more reliable estimations for them which have been discussed by Marumori et al.” 
Anyway one can conclude that as far as the observed nuclei are concerned their values 
of 2 are fitted by the collective model. One should also remark the fact that the 
octupole moments in general give a useful test of the validity of the collective model. 


To analyze 2 in more detail, we shall wait for further accumulation of experimental data. 
Appendix 


The core part of the octupole moment is given by 
o,=— 9, <M (r)7 4°? (0) } de (A1) 


where J, —~2Z/A is the g-factor for the core and the angular momentum density A((r) 


is given by” 


A oes 
AM (r) = a Mr > ALS ee as ‘ 


a XG a 0 


After a straightforward calculation, we find 


op = - 4 RVIr = m (17 —5m*) a7Qons (A2) | 
TT m=—2 


where higher order terms are neglected. We also notice the relation 
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3 AMR: 
4z [ : 


r — -* — 
Qn = Tin] Pt > B= 


In the strong coupling case, it is convenient to use the following representation (again 


using the notation of reference 7), 


ono = aor SBR > Dir = O58 a,dy (322— 3224) 31M) a s 
(A3) 
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The electric hexadecapole moments Q“) of atomic nuclei are investigated on the basis of three 
nuclear models, i.e., shell, liquid drop, and collective models. The effect of the deformed core on 
this higher moment is discussed in detail. It is shown that experimental values of Q™ shall be used 
to test the validity of the collective model (Bohr-Mottelson’s theory), and the core part of Q() is 


useful to derive information about the core deformation of order 4. 


S$ 1. Iatroduction 


Following to the previous paper’? which has dealt with the magnetic octupole moment, 
we would like to investigate the electric hexadecapole moment in this paper. Although 
experiments as to the latter so far performed are scanty”, we may expect in the near 
future the accumulation of experimental data with advanced techniques at the present. 

Another motive of this work came from a_ theoretical aspect. As is well known, 
values of the quadrupole moments of many nuclei are much larger than those expected 
from the simple shell model calculation. This fact has led to the collective model of 
the nucleus in which the deformation of the core plays an important role. Analyses 
given so far show that the more the nuclear core deforms, the farther the quadrupole 
moment deviates from the shell model value. We consider that such a situation should 
be valid also for the case of the electric hexadecapole moment. In the latter case, however, 
some effects ignorable for the case of the quadrupole moments (e.g., higher order defor- 
mations) should be taken into account. 


The electric moment operator of order 4 is defined by” 


A 
M= yet (-1 eats P, (cos 4,) 12, (1) 
where €,=1 for a proton, €,=0 for a neutron, Ze denotes total charge, A mass number, 
and P,(x) Legendre Polynomial. The second term in the braces represents the recoil 
effect which has to be omitted for 4=0. This term is negligible for a proton compared 
with the first term but not negligible for a neutron. 
If we take the wave function as Y;" for a nucleus with spin I and its z-component 


M, the electric moment of order / is given by* 


* We sometimes call. this quantity the spectroscopic moment to avoid confusion with the intrinsic 


moment discussed later. 
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QM = (F7', Gp Py’). (2) 
Q=0 for odd Aand 4< 21. eQ"=Ze is the total charge of the nucleus and 20” =Q 


is the electric quadrupole moment. 
In the following, we will present the electric hexadecapole moment Q™ in the case 


of the shell model, Rainwater model, and the collective model (§ 2), and then, try to 


discuss on the effect of the core deformation to Q” (§ 3). 


§ 2. The hexadecapole moments in the various nuclear models. 


A, Shell model 


The shell model result may be considered as a standard with which the results from 
other models are compared. Therefore we start from the case of shell model. 
In the independent particle model, the hexadecapole moment of (j)” configuration 


(m=odd) is given by” 


( 2m—2 3 
2, cae ow 2, (=), (3) 


SY Mm 


closed 


shell 


Fig. 1. 


Expected trend of Q\) in the independent particle model as a subshell is being 
filled, see eq. (3). 
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¢ : 
where Q,°? is the hexadecapole moment in the extreme single particle model, and it is 
given by 


eee 


(A— 


(4) 24° 3 DO) 


sp 8 (2142) (2I+4) wie VSSeae oy (4) 


Obviously Q\ =0 for even-even nuclei in this model. As is shown from eqs. (3) and 
(4), Q® is positive for a less than half-filled shell and negative for a more than _half- 
filled shell (see Fig. 1). This characteristic is opposite to the one for the quadrupole 
moments. 

The independent particle model which neglects interaction between nucleons has 
failed to interpret the values of the quadrupole moments of nuclei. To improve this 
circumstance, the idea of the configurational mixing has been introduced.” For the 
electric hexadecapole moments, we can introduce the configuration mixing in an analogous 
manner. However, we think that such an analysis should be performed after sufficient 


experimental data has been accumulated. 


B. Rainwater model 


For many nuclei, the values of the quadrupole moments are quite larger than those 
predicted by the shell model. This fact has led to the deformed core model.” Ac- 
cordingly, we consider that for those nuclei with large quadrupole moments the hexadecapole: 
moments should also be affected by the deformed core. 

First, to examine the hexadecapole moment of the deformed core from a simple 
geometrical consideration, we teke a uniformly charged liquid drop of an ellipsoidal shape. 
The hexadecapole moment of this ellipsoid is always positive irrespective of the lengths: 
of the three axes. If we restrict the deformation to the spheroidal shape, we can find 


the simple relation between the intrinsic hexadecapole moment Q,? and the intrinsic 


quadrupole moment Q, 


ets! ; 
Q ee (5) 

This suggests that for the nuclei with large Q, (i.e., with large core deformations), the 

values of Q,'” should also be large. This relation (5), however, is valid for the intrinsic 

moments. The observed moments are obtained by multiplying to them projection factors 

which transform the quantities from the body fixed frame to the space fixed one. It 

must be noted here that the projection factor P, for the hexadecapole moment ts generally 
smaller than the one P, for the quadrupole moment. 

The result of the above-mentioned ellipsoidal model is valid for any amount of 

deformation as far as the deformed shape is ellipsoidal. However, it may be too special 


to restrict the deformation to the ellipsoid. Therefore, we take more general shape of 


the nuclear surface of the core* 


* For the case of the spheroid, there is a relation 4227/35 (a2)? if we neglect the higher order terms. 
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R=R,|1+4,+4,P,(cos () +a,P,(cos 4) +--+] (6) 


and examine the contribution from each mode of the surface deformation. Here 4, ay, 
a,,---are assumed to be small quantities, and a, is introduced so as to make the total volume 
constant (=47R,°/3). Neglecting the higher order terms than a, we can find the 


intrinsic moment of the core, 
QZ Rolf ay + (ay)*f. (7) 


Information about the deformation of the order 2 has been obtained from the 
investigation of the quadrupole moment. Therefore the contribution from the second 
term in eq. (7) are supposed to have close relation to the quadrupole moment. In fact, 


if we denote the contribution of a, to OX as Q,/, we can find a relation similar to 


eq. (5) 


a2 (a2 )?A 


Fig. 2, 


Expected trend of deformation parameters ao, a, and of Q-/ZRo! =1/34;+18/35(a)?, as a 
sutshell is being filled. f=fraction of the subshell filled. For OCF <f. (or fo <af el) the 
substates are filled from j downward; + j, +(j—1),::-(or from 1/2 upward; +1/2, 3/2, 4-6). 
For details see Moszkowski and Townes, ref. 7). With their notation, a. and, a, are ap- 
proximately given by 


= 2e€ 1¢ Py) +2 €o’¢ Pa)? 


ao— = 3 = 
DR,’ Ryrz(Ro), 
a4 = 71 (ao)*+ 42 ¢P;>, 
where 
0.1143 40.3429 x 
bbiaaalee Tal: V0) Ph 
DR Rns2(R) 
2(1—0.3704x)427Ry2D ’ 


q2 
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cet QI aa ZRMa)* | 
Q./\ =——_ (Q,)?, | (8) 
142 | ayes: ZR2a | 

Hee 5 (te GOR | 


Information about the deformation of the order 4 which contributes to the hexadecapole 


moment has not been furnished by the investigation of the quadrupole moment. Here 
we can obtain it by analyzing the hexadecapole moment. 

To proceed further we must know the values of the parameters, a, and a,, of the 
deformation. For this purpose we use the Rainwater model. (In practical calculations 
we have followed the way described in the appendix to the paper by Moszkowski end 
Townes.”) Then, we see the general trend of a,, a,, and Q,” as a subshell is being 
filled (these are shown schematically in Fig. 2). a, is of the order of (a,)*. Q,” is 
usually positive and may have negative value just before a shell is filled. Furthermore, 
the value of Q," becomes quite large about a half-filled shell, and there it is larger than 
the one predicted from the extreme single particle model (e.g., for rare earth elements) .* 


This shows that the effect of the core deformation is very important as expected before. 


C. Collective model 


Now we consider a nucleus consisting of a core and extra nucleons and introduce 


the surface coupling between them. Bohr-Mottelson’s collective model”” furnishes effective 


means for this purpose.** The nuclear surface is described by*** 
RG, 9) =Ro [1 +3) D3 aim Yin 9, 2) J (9) 
and the surface coupling between the deformed core and extra nucleons is given by 
Ags @ tell O, (10) 


He Ea ee >a k (r,,) > Him as GES Gn) ° 
p 


m 
Here the summation over p means the summation over the extra nucleons outside the 


core. The hexadecapole moment operator in this case takes the form, 
)_-Qe@ Z 
oF ‘i Biot Ovo: Chay) 


The particle part Q(‘”,, has the same expression as eq. (1) but the summation must be 


taken over the nucleons outside the core. The core part is 


* If we take j=7/2, Z=70, A=170, 42 Ry O=14X A2/3 Mev, x=0.60, and DRo* Rn77—= 40 Mev 
(see reference 7), then the maximum values of ao, a;, and Q,“1)/ZRo! are ~0.27, ~0.086, and ~0.067, 


respectively. 

** For the sake of convenience we use the same notation as Bohr-Mottelson’s®) but with small alteration. 
We have two types of deformation corresponding to /=2 and 4. Therefore, we distinguishbetween cor- 
responding quantities /w;, Cz, Bz, etc.; by a suffix /(/=2 and 4). 

***In the summation 3S) in eq. (9), terms of /=3 and [>:5 can de neglected. 
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a Qm AS, 


Q) =i ay * (420m|2m) (4200|20) |. (12) 
18 


where higher order terms are neglected. 
The argument given in the preceding section shows that the deformation of order 


4 is small or the second order quantity as compared with the deformation of order 2 
which is the first order quantity. Furthermore the energy /w, of a surfon associated 
with the deformation of order 4 is much larger than the surfon energy bw, of the 
deformation of order 2. These considerations make it plausible to treat the surfon 
phenomena corresponding to the deformation of order 4 by the perturbation theory*. 
Considering the lack of the experimental data, we shall restrict our following discussions 
within a simple case in which a single nucleon exists outside a closed shell. More general 


case will be discussed briefly in § 3. 


€-1. The weak coupling case 


First we deal with the weak coupling case assuming both H™ and H™ are small. 
Since H' and H™ may be regarded as small quantities of the first order and the 
second order respectively, we calculate up to the second order by the perturbation theory 


using the Racah’s technique. Then, 


OPM = OU. FO LRH 0! 4) (13) 
The particle part is 
2 =Q9(1 +8), 


boy > G hy Le G h,| j’) aa (ess | i) 
2Cy I" (hot diy) (bo, + Jyy) (711 Qp.onl lj) 


x (—1)?" (2I4+-1) Ww Cj" Tj' T; 24) 


d=k?. 


(14) 


_ pp bors ue, (I=)) 
2C, IF (bawg+ diy)? 


where ¢ is a correction term arising from the interaction of the extra nucleon and the 
(@) : . . EN . . Pn fe ° . 

wy is given by eq. (4). (fA I=GINII/“ 2j7+1, and 4,9 is the 
energy difference between the single particle states whose total angular momenta are j 
and j’. The core part Q,/" and Q,/" are the contributions from the surface deformation 


of orders 2 and 4 respectively, and are given by 


surface, and 


* We have assumed that the effect of the deformation of order 4 can be treated as perturbation. This 
assumption, however, may not always bold ard a more rigorous treatment of deformations of higher order 
than 2 becomes necessary. It brings forward a new problem which we shall leave for the forthcoming paper. 
However, we can immediately expect that, in such a case, the moment of inertia of the deformed core, the 
energy levels of nuclei, etc., will deviate from tkcse predicted by Pohr-Mottelson theory.2) Also the defor- 


mation of order 3 may be useful to explain the lowest excited level with the opposite parity to that of the 
ground state. 
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Fie =n Se Te) EROS fet ‘ 1 1 
87 H FP bw, or bo, + 4, bus 


ag! id! 


xX (—1)" 75 (21+1) (1410|10) W (1212 ; j4), (15) 
and 
hee ZR k, (Que aye te =3) 


Ree SNe mt hy 
327 C, Q2T42)@TEA 18) 


If all dj's (j’j) are large enough and j is regarded as a good quantum number, eqs. 
(14) and (15) can be more simplified. 


garg 9 {4 +1)*= 1231+) +630 


-1287— $o, G [?(1+1)? 


TOE Ne Aah 


Tal) 


15 tw hp aetions2'T(2 19) 
Art Vehiw, Cy 4 (2.1)*(2T+2)* 


Q [Gy ee 
c 


8 (= 33) RN (211) (21 3) 


i (15’) 
224 7? 40(T+1)? 


‘C-2. The strong coupling case 


Next we proceed to examine the case where the strong coupling treatment for H” 
and the weak coupling treatment for H\ are appropriate. The unperturbed Hamiltonian 
H, and the wave function /$”” were given by Bohr (eqs. (94) and (118) in ref. 8) 
and are not stated here. There are two types of perturbing terms in the Hamiltonian, 
the one being H' and the other U (cf. eq. (94) of ref. 8). The latter, U, contains 
only the non-diagonal elements with respect to the strong coupling states. In this section 
we would rather like to know relative importance of two contributions from the defor- 
mation of orders 2 and 4 (denoted by Q,/” and Q,’", see below) to the intrinsic 
hexadecapole moment. Since the major part of the former, Q,/"), is given by the zeroth 
order wave function ZS” itself, the effect of the perturbing term U may be ignored. 
More precisely, one can say that the better the strong coupling approximation holds the 
smaller the effect of U. Moreover we introduce additional assumption that the total 
angular momentum j of outer particle is a good quantum number (eq. (19), however, is 


free from this assumption). Resulting expression then will be read as 


Q% =P, {99 +2.) 148) +Q"9] a7) 


where Q® is given by eq. (4), and 


45 ( Rae 
= 2 
ee PA KES ) 


id (eens (18) 
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Q i oe Ry s(21=1)(2 13) i (19) 
: 327 CG, (214-2) (214+4) 
21(2T—1) (2T=2) (2f=3) (20) 


t (274-2) (alte) Co eA ree 
In these calculations the expectation value of the function f(3, 7) of the shape 
parameters {7 and 7 has been replaced by f(/3,, 7,), where 3, and 7, are the equilibrium 


values of 3 and 7 (cf. ref. 8 and 9). A very crude estimate for 0 is given by 


k2 


oe (21) 
23a, 


d= (—)(21+1)W CII; 44) (1|h,|D2(14 Tol ID)?- 


Fortunately this expression gives so small value for O that it will not be necessary to 
improve it further (|0|< 0.01). 

The intermediate coupling case can be worked out but it is not discussed here. 

As we have seen above, we can state the following irrespective of the weak or the 
strong coupling when the total angular momentum j of the extra nucleon is a good 
quantum number. Between the core part of the hexadecapole moment due to the defor- 
mation of order 2, Q,’, and the core part of the quadrupole moment, Q,, there holds 
the same relation as eq. (8) for large values of nuclear spin I. (For the strong coupling 
case, the relationship holds between the intrinsic moments Q,’” and Q..) The value of 
Q,' is always positive. 

We notice that, for the case of a closed shell plus one hole, we may just change 


> and k, in the expressions obtained above. 


the signs of 


§ 3. Discussion 


In the preceding paragraph, we have examined the hexadecapole moment in various 
nuclear models. Let us now discuss the result obtained. In particular, we shall emphasize 
the important effect of the deformed core on the hexadecapole moment. 

A deformability of the core and accordingly the value of the quadrupole moment 
strongly depend upon the strength of the coupling between the deformed core and the 
extra nucleons. Quite similar situation should occur for the hexadecapole moment and, 
in fact, it is confirmed by the argument presented in § 2 C. The core moment due to 
the surface deformation of order 2, Q,./, is directly connected to the quadrupole moment. 
The deformation of order 4 has nothing to do with the quadrupole moment but con- 
tributes to the hexadecapole moment. Thus, the experimental data of the hexadecapole 
moment will provide more detailed information about the core deformation than those of 
the quadrupole moment do. According to Rainwater model and collective model, Q,/ 
is always positive but Q,’’"” is not always so. For example, Q.” > 0 for the configuration 
consisting of a closed shell and one extra nucleon while QQ." <0 for the one consisting 


of a closed shell and one hole. Therefore oe becomes quite small or even negative 
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just before a shell is filled (see Fig. 2). 

For the sake of reference to our present discussion, let us exhibit some numerical 
examples of the hexadecapole moments. Choosing some typical nuclei such as tabulated 
in Table I, we have calculated their hexadecapole moments using the expressions obtained 
above and shown in Table II. It should be noted here that results for the collective 


Table I Quadrupole moments in unit of 107% cm2* 


observed 


. | quadrupole 

rector | spin Talat Qin Table | guRGtUPHIe | mcment inthe | 10, 
AL? © 5p | (dsj2) 7? | 0.15 | 0.04 4 
51Sb?21 5/2 | den 205 —0.13 

5) Sb!23 7/28 Iz/9 whys | O85 5 
ggbr} 7/2 | (fr/2)7 10.2 

Lull | 7/2 | (95/2) —1** 57-013 = © 0.18 3241 
31a!) Tie | (97/2) 7** 4.3+0.4 0.18 | 2442 
eaBi20? 9/2 hoje [04 =02 | 2 


* Taken from the review article by Blin-Stoyle*). 
** According to Mayer and Jensen!!), the corfiguratiors of these nuclei are as follows: 
Lu: (97/2)~! (d5/2) ®Chisjs)*, 
Tal): (g;/2)~) (dsj2)® (Ars/2)?°. 
model in Table II were obtained from the expressions valid for the case where only one 
particle (or a hole) exists outside a closed shell. Also the assumptions that (a) the 
total angular momentum j of the extra particle is a good quantum number, and (b) the 
values of bw, and C, are taken from the hydrodynamical estimations* are adopted. 
Therefore, these results should not be taken too seriously.** 
When there are many particles outside the closed shell, one may use the following 
estimate for the hexadecapole moment avoiding such an orthodox manner based on the 
(4) 


collective model as was done in §2 C. Here, Q™ will be expressed as 


OMe +P”OQ,™, (22) 


where Q,/" is the contribution from the extra particles outside the closed shell (which 
(4) 
2 


is given by 


= 4 
is regarded as a core) and the core moment P'”Q 
a 
c e=seq. 35 


1 for the weak coupling case, 
po — 


P, for the strong coupling case. 


Bees ; er 

* The hydrodynamical estimation of C. or fw: has recently been criticized by Marumori et al.,’” 
who have obtained theoretically the strong dependence of C; on the shell structure in agreement with our 
experience. Similar situation is expected to occur for C or bw;. Moreover we do not have good informa- 


mation about the strength of coupling k;(r). ; 
** Since the configurations!) of Lu'°, Ta!§!, and Er'®’ are not “ closed shell -- one nucleon”, their 


values of Q‘) in Table II are not correct, see Table III. 
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Heavier nuclei far from a closed shell have large values of core moment Q,"° and thus 
the shell dependence of the spectroscopic hexadecapole moment Q\? may be approximately 
represented by that of P'”Q,". Appreciable difference between Q" and PQ. would 
occur about a closed shell. Moreover if the strong coupling case is valid, Q™ becomes 
smaller than the intrinsic moment, Q,, because of P’? ~P,( <1). Especially for small 
values of the nuclear spin I, P, is so small that Q\ might become comparable to or 
even smaller than QS given by eq. (4). For nuclei with large spin and far from a 
closed shell (these nuclei generally have large quadrupole moments), Q will still be 
larger than Qt). These circumstances may be used in testing experimentally the validity 
of the collective model and, particularly, its strong coupling case. 

For nuclei with large quadrupole moments, the strong coupling case of the collective 
model is expected to hold in a good approximation. Then eqs. (5) and (22) suggest 


(4) 


a “semi-empirical”? mean to estimate the value for Q Here the quadrupole moment 


will be written as 
Q=P.(Q, + Qe) 


I(T) 
(+1) (2I+3) 


; in the strong coupling case 


so that one has* 


qr=p| w+ (29-9). (23) 


The results listed in Table III are based on this semi-empirical formula with observed 


quadrupole moments and eq. (3) for Q,,. 
Table Ill 


If one wishes to present the core moment 
Values of the hexadecapole moments calculated 


Q,/’ due to the deformation of order 4 


explicitly, one may take 


by semi-empirical method eq. (23) 


(observed yalues of the quadrupole moments 


used are taken from Table I.) O~P, | Q @4 1 1 Eine 
eddie! Sak tae > 
nucleus Q® /¢r4) : 
oe ere =2,) +a] (24) 
Lu175 0.4 
Tals! 0.2 and can find Q,/’ from observed values 


of the quadrupole moment and _ the 
hexadecapole moment. 

We want to make some remarks on experimental possibilities to get the hexadecapole 

: : 12 = . 

moment other than hfs technique. As was emphasized by Wheeler,” the /“~-mesonic 

atoms ate the excellent tool of measuring the charge distribution of the nucleus. There- 


fore the hexadecapole moments can in principle be obtained from /~-mesonic atoms though 


* Strictly speaking, the particle moment P,Q,“ is not correct. For large value of Q, however, con- 
tribution from Q,, is so small that it does not practically affect the result in Table III. 
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in practice there remain many technical difficulties to be overcome, e. g., 2 new accurate 
method of measuring the energy of 7-ray must be developed. Next, the matrix elements 
of 7-transitions are known to be proportional to the intrinsic electro-magnetic moments. 
Thus the E4 transition probabilities between the states belonging to the same rotational 


) 


series will be quite enhanced as compared with Weisskopf’s estimate’ if the nucleus has 
a large hexadecapole moment. The cross-over transition (4*—0*) in heavy even-even 
nuclei, if observable, may be an example to be checked. On the other hand, the E4 
transitions between different rotational levels should occur with very much slower rate 
than Weisskopf’s rate on account of the poor overlap of core wave functions. We may 
be able to pick up many other phenomena concerning the hexadecapole moments but 


leave them out of the present scope. 
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The wave propagation in the two non-linear fields is studied, one of which is the Born-type field 
and another the relativistic hydrodynamics. The discussion is restricted to one dimensional propaga- 
tion ; the formation of shock waves and the energy distribution are investigated with special attention 
on the basis of the method of characteristics. 


$1. Introduction 


The several non-linear field theories have been proposed by many authors in order 
to overcome the difficulties inherent in the field theories of elementary particles, such as 
the saturation of nuclear forces, the infinite self-energies, the mass spectrum of elemen- 
tary particles, and the meson multiple production in high energy nuclear events. In the 
non-linear theories, the familiar law of superposition ceases to be valid, and dynamics of 
these fields in which the non-linear character of the basic equations plays a decisive role, 
is not yet in the mathematical perfection. This is one of the reasons why the attempts 
on the non-linear theories have been discouraged inspite of their physical realities, which 
might be expected by physicists. It seems to be desirable first to investigate the solu- 
tions of non-linear wave equations before we go over into the physical discussion on 
them and the problem of quantization. 

However, discussions on general non-linear wave equations, even under the special 
physical conditions, are very difficult. Hence it seems to be most adequate in the present 
stage to discuss only some typical equations which have been considered in the field 
theories and to recapitulate the non-linear wave propagation in these equations. 

In this paper, discussions will be done for the two special equations of the scalar 
variable @: one is the so-called Born type’ (§ 3), the other is the equation of the rela- 
tivistic hydrodynamics proposed by Landau and Khalatnikov”® (§ 4). We moreover 
restrict discussions to propagation in a one-dimensional space of violent disturbances initially 
localized in a small spatial region and invading the quiet state (the vacuum). Corres- 
ponding to this physical phenomenon, we may consider the following initial condition for 
@: $=0¢6/AOx=0 at t=0 for all x and 06/0 is not equal to zero only in the small 
region. 

For example, if the Born type equation is assumed to represent a complicated non- 
linear motion of some string and @ is interpreted as the displacement from the equilibrium, 


the above specified initial value problem turns out to be that of the motion of the string 
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struck suddenly at the center of it. In the case of the Landau-Khalatnikov’s equation, 
using the relations between the scalar potential and the hydrodynamical quantities settled 
down by them), we can restate the above condition as follows : the fluid is initially at 
rest and localized in a small domain and proceeds to expand adiabatically into the vacuum. 

It is worthwhile to explain the corresponding physical meanings of the above con- 
dition in the meson field theory. Heisenberg’? considered the Born-type equation to describe 
the motion of meson cloud suddenly excited by the nucleon-nucleon collision at extremely 
high energy and invading the vacuum from the nucleon source. The relativistic hydro- 
dynamical equation was originally introduced into the field theory by Landau” in order 
to account for the meson multiple production and its detailed physical correspondence 
has already been given in his paper.” 

The purpose of this paper is to obtain the solutions of these two equations satisfy- 
ing the above specified initial conditions. Especially, the following two subjects will be 


investigated with the special attention : 


(i) Do shock waves occur ? 


(ii) Energy distribution at each instance. 


In linear wave motion any initial discontinuity is preserved and propagated along the 
characteristics (light cone). However, non-linear wave motion behaves in a different 
manner. Suppose there is an initial discontinuity between two regions of the field 
quantity. Then there are the following alternative possibilities: either the initial dis- 
continuity is resolved immediately and the disturbance, while propagated, becomes continuous, 
or the initial discontinuity is propagated through one or two shock fronts. In fact, 
shock fronts are the most conspicuous phenomena occurring in non-linear wave propa- 
gation; even without being caused by initial discontinuities they may appear and be 
propagated; the underlying mathematical fact is that, unlike linear partial differential 
equations, non-linear equations often do not admit solutions which can be continuously 
extended whenever the differential equations themselves remain regular. In the succeeding 
investigations, these possibilities will be discussed for the above two equations. 

The energy distribution is concerned with the structure of self-interaction which may 
give rise to the concentration or dissipation of wave energy during propagation and here 
is another striking difference between linear and non-linear waves. The following calcula- 
tions will give for both equations the analytical expressions to the variation of energy 
distribution in the course of propagation. This result may serve as the criterion for the 


basic equation proposed if the comparison with experimental data is possible. * 


§2. Linear equation as preliminaries 


The propagation characters of the linear hyperbolic equations with constant coefficients 


have been known in detail. For the better understanding of the succeeding discussions. 


*) The unit 4=c==1 is used, in which » is the pion compton wave length. 
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we shall review, in this section, their main features in connection with the physical con- 
dition under consideration. Consider 


with the initial condition : 


3 
a gee a LG Spe pea ese at_ £=Q, (2-2) 
Ox Ot 
in which 
=a (=const.) For” | x"|Se aj 
Up (x) 
==0) for_| x | >a. 


The solution of the above initial value problem may easily be obtained by the Fourier 
transformation. However, this method can not be applied to non-linear equations. In 
place of this approach, we shall use throughout this paper the method of characteristics 
which may be well applicable to both cases. The latter method is especially effective 
for the equations with two independent variables and not containing the potential ¢: 
explicitly. 
The equation (2-1) can easily be transformed into the following system of differen- 

tial equations : 

u,+u=0, 

u,+v,=0 ; (2-1a) 
or 


(u,—™) — (v,—%) =0, 
(u, + u,) + (vy, +2) =0. 
By introducing a set of new variables 
X—t=/2 7, xti=v2 é, (2-3) 
the above equations become 
u,—U,=9, eta) 
patter (2-1b)"" 


The two sets of lines in the (x, ¢) plane specified by €=const. and 7=const. are called 
C~ and C* characteristics respectively. The whole (x, ¢) space can be divided into. 
three kinds of regions a, and 7 by the characteristics issuing from some special points. 


on the initial line t=0 as illustrated in Fig. (1-1). 
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Fig. 1-2 


Let us now consider the meaning of the equations (2-1la, b)” in more detail. 
These equations lead to 
u—U=const. along C~ 
and 
u+v=const. along C’, 
when ¢ and y are respectively kept constant. 


Then, we have the following relations for the values of u and 7 at any point G in 


Padche big. 12 ) 


u—v=const. along GE (C-), (2- 4a) 
u+v=const. along GE’ Lore (2- 4b) 
‘The initial condition yields 
es at E and E’, 
and consequently we have 
u=v=0 in 7 region. 
Let us proceed to the analysis in “ |3-zone.” This zone consists of two parts 3* speci- 


fied by x= 0 respectively. However the present initial condition and the differential 
equation are invariant under the inversion of x and therefore w is symmetric and u is 


antisymmetric, i.e., u(x, t) =v(—x, t), u(x, t)=—u(—x, t). Hence it may be sufficient 
to consider only /7' zone. In this zone, the initial condition gives 
u—v=O0, 


utv=a, at any point, 


namely 
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v—=u—a/2, throughout * zone. 
Similarly we have 
C= a) 2 throughout ~ zone. 
In a quite similar way, we have 
utv=a along C*, 
u—vU=—a along C-, 


or, u=0, V=a@ in @-region., 


The energy density H= (1/2) (u2+72) has the following value in each region: 


ary. neha Aue ees a-region, 
H= a? /4 SpieteveierieteyereeXe /3-zone, (2 : 5) 
(Oe Wane dae cect 7-region. 


The above result shows that the wave energy is always concentrated near the wave front, 
after the wave is swept away from a@-region. The initial discontinuities at A and A’ are 
preserved and propagated with the light velocity.* 

The essential point of the method developed here consists in the transformation of 
the original equation into the system of the ordinary differential equations with respect 
to the characteristic directions. 

The transformations of this kind may be applicable to general differential equations. 
Since the characteristic lines are, in general, determined by the coefficients of the highest 
derivatives in the original equations, in the linear theories they are given without regard 
to the initial condition. However, in non-linear theories they may depend on the field 
quantities, accordingly on the initial conditions. 

It will be shown in the succeeding discussions how the transformation into the 
characteristic direction can be performed in the non-linear differential equations and that 
the method of characteristics will be well applicable also to these non-linear theories. 


§ 3. A Born type non-linear equation”” 


Let us consider a non-linear field ¢ defined by the Lagrangian : 


L=P {1+1-2(62—67)}1? (32) 


2 


where / is a constant with the dimension of (length) ~. 


Then, we have the following wave equation for ¢: 


* The method of solution exhibited here cannot be justified in the rigorous mathematical sense, 
because the relations (24-a; b) are valid only if u and v are continuous along C*. However this difficulty 
can easily be overcome if we start from the smoooth initial distribution for v(x) and tend to the limit given 
by (2-2) after the all calculations were performed. This procedure, of course, gives the same result obtained 


here. 
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(1—1-? 62) b., +21? 6. Ga— (A +1? 8.7) bu =0, (3-2) 

or 
(2—P)u,+ (u—v,) ww— (W+P)v,=0, (3 -3a) 
+, =0, (3-3b) 


in which u and v are defined by 
u=0,, U=— >, 


As was done in § 2, we shall transform (3-3a,b) into the two ordinary differential 
equations with respect to the characteristic directions. Multiplying them by indeterminate: 


functions /, and /, respectively and adding, we have 
{2,(—P)0/dx+ (Aue 4.) 9/9t} u 
+ {(—Auv+4,)9/dx—4,(W +P) 9/dt}v=0. 


Hence the above equation may be transformed into 


2, (v—P) ug + (—4,uv +7) vo = 0, (3-5a): 
or 
(Av + A.) ug —4, (+2) v,=0, (3- 5b) 
if the characteristic direction at any point is defined by the following relations ; 
1, (v=) / (Aue dy) =%o/to (3+ 4a) 
and 
(— Aww) /{—2, (8 4E)} =x5/ty 5 (3 - 4b) 


where o means the length of the characteristics, and x,=dx/do, t,=dt/do. 
The direction x,/t, in (3-4a, b), however, is restricted by the following equation 3; 


(—P +0?) t,?—2uvt,x,+ (P+?) x,?=0; (3-6) 


which is derived by eliminating /, and 7, from (3-4a; b). Corresponding to two reall 
roots t,/x,=A/, and 4_ of (3-6), we have two characteristic curves with the length ¢ 
and 7 respectively. Namely, these curves C* and C~ are defined by 
fy =A, x= 02: Cx 
(3-7a) 


ty—A_ X,=0 : G 


> 


where 
A= (w+ s)/(?—P), 
re Li (3-8) 


Now the original equations become a couple of the ordinary differential equations with 
respect to these characteristic directions o: (¢, 7). In fact, eliminating 2, and 2, in 
(3-4a), (3-5a) and (3-4b), (3-5b), we obtain the equations : 
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u,—A_ v,=0, (3 -9a) 
Uy, =A ,0,= 0. (3 9b) 


The solutions of the above equations give the relations between u and v and these cor- 
respond to the families of curves in the (u, v) plane. These curves are denoted by /’* 
characteristics corresponding to the C* characteristics in the (x,t) plane respectively. 


Finally, we have the following system of equations equivalent to the original equation ; 


haits: v,—A_v.=0, 
(Ga tA, %&e=05 

ah ty —A,v,=0, 
Ga t,—A_ X= 0. 


It follows also from the above equations that 


te Vp —%& Up,=0, 
(3-10) 

t, Ue —Xy, Ue = 0. 
- This relation indicates that the angle between C* and x-axis and the angle between /’~ 
and u-axis are complementary to each other and the similar relation holds for Tan 
C~-, and the knowledge of J” characteristics may give the behaviours of C characteristics. 
in the (x-t) plane and vice versa. However, it should be kept in mind that this relation 
of representation has its meaning only if the transformation Jacobian is not zero and this. 
condition can not necessarily be satisfied for the physically realizable state (i.e., the 
constant state and the simple wave region which will be explained in the succeeding 
discussion) . 

In the following treatment, it may be more convenient to refer to the equation 


(G2—w?) ug? + 2uvugd, — (CE +0") v. = 0, 
Sa Py? Sy 

or 

& (du? —dv*) = (udu—vdv)* ; on /’-characteristics, (3-11) 
which can be derived from (3-5a) and (3-5b). The integration of (3-11) ts easy 
and it gives the general solution : 

v=mu + pl, (3-12) 

in which p= 1 —m?, and m is an arbitrary real constant whose absolute value is smaller: 
than unity. The above relation shows that I’* are straight lines. The somewhat de- 
tailed calculations show that 


v=mu- pl corresponds to 


I’-, if pu—lm>0  (A*=1/m), 
(3 -13a) 


Pt, if pu—Im<o U=1/m), 
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and v=mu— pl corresponds to 
['*, if putlm>0 (J_=1/m), 
at (3-13 b) 
[’-, if putlm<0) (A,=1/m). 


The above relations indicate that 4* is constant along C~, therefore all the C* curves 
are parallel to each other at their intersecting points with an arbitrary C curve. The 
same relation also holds for C~ curves. This leads to the remarkable character of the 
solutions that the curves C~ can never cross each other and the same is true for C’, 

namely C* and C~ families are those composed of parallel curves.* 
Let us now consider the general method of solution for an arbitrary initial value 
problem. When the initial conditions: v=f(x), u=g(x) at t=O, are given, we always 
have the two values of m, say m=(x,), from 


the equations 


f(%) Sm (x) g (x) ae p(%) l, 


ee 
ial p(%) = V1—m(x,)? 
for each point x, on the surface t=0. These 
values of m determine the /’* families in the 
(u-v) plane and accordingly the C* families 
in the (x-t) plane can be drawn on the basis 


of the relation (3-10). On the other hand, 

the relations (3-9a, b) or (3-13a,b) are 

Fig. 3-1 valid along C*, hence the values of u and v, 

‘The C* characteristics of the equation (3-2). at the cross point of the two curves C* and 


C~, can easily be obtained from (3-13a, b). 


(a= 


It is especially interesting to consider the initial condition in which f(x) and g(x) 
are not arbitrary functions, but satisfy a relation 


f@)=rg(x) +p, p=vi--, 


with a parameter /4; in other words we are considering the initial distribution, in which 
one of the m(x,)’s, say m~(x,), is reduced to a given constant “4. If, moreover, pI— 
du>0 is assumed, it turns out that the relation for /’~ is valid on the initial line t=0. 
Accordingly, the relation 


v(x, t)=puu(x, #) + pl, 


holds over all (x,t) space, because the relation for /’~ is preserved along C~. On the 
other hand, we have 


v(x, t) =m (ee es =p (%,)1 


*“ This important character may largely exclude the possibility of the occurence of shock waves (cf. (4)). 
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és 
along C*. From these, u and v take some constant values along C* and C* becomes 
a straight line. As was already stated, the lines C* are parallel to each other, there- 
fore the initial shape of distribution is shifted along C** without any deformation while 


C 


xX 


Fig 3-2 The propagation of the permanent simple wave. 


propagated, that is, the solution is the permanent wave propagating with the phase 
velocity #. (cf. Fig. 3-2, in which the lines denoted as C* are not the true C* 
but their projections on (x-t) plane are true ones.) In the above example, con- 
trary to the general one to one correspondence between /’~ and C~-characteristics, all the 
C>-curves in (x-t) plane correspond to a single /’~ by virtue of our special initial 
relation between u and v. In general, such a domain of the (x, t) space, say D, as 
those corresponding to one /’* or /’~ line in the (u-v) plane is called a simple wave 
region. As is obvious from the above discussion, the simple wave has the remarkable 
property that the characteristic line C* or C™ contained in its region is surely straight. 
However, in general, it is not true that those C* or C™ are parallel and the simple 
wave preserves its initial shape during propagation.** 

In most cases of non-linear equations the C characteristics in the simple wave region 
are the families composed of the straight lines with different slopes, and in those cases 
shock waves may occur.” We also mention the following important theorem concerning, 
the simple wave. 


Theorem : 
The region adjacent to a region of constant state is that of simple wave.-----: (Ay 


On the basis of the preceding discussions, the solution satisfying the following in- 


itial conditions will be given without any approximation : 


at t=0, o=u=0, 


==) for |x| >a+6, 
v Ea, (aan (= 0) for aX| x | Sat, 
=a (S04 for | x |Sa, 


* In the present example this can be seen more easily as follows: Using the relation for [-, we 
have v,=uy, then it results immediately from (3-3b) that u,+pu,=0, or u=f(x—ypt). 
** In the hydrodynamics the peculiar example of this kind has also been acknowledged as the Karman~ 
Tsién’s gas, which is fictitious and may not physically be realizable. 
*** cf. R. Courant and K. O. Friedlichs loc. cit.; especially chapt. IL. § 29. 
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in which @ is a constant and u(x) is a smooth function as a whole and symmetric with 
respect to x. The limit 60 will be taken after all calculations are performed. In the 
first place, the C~ issuing out of (a+6, 0) and C* out of (—a—6, 0) are the straight 


lines whose tangents are +1 or —1 respectively, because in the vacuum (4=t-—0), 
J,= +1. Refering to the procedure employed in § 2, we divide the (x, ¢) space into 
the three regions a, 9, 7, by the C* characteristic curves mentioned above (cf. Fig. 
3.3).** 
(i) 7-zone 
Q' y Q Any point in this region is con- 


nected with the vacuum (I) and (I)’ 
Cc Ga respectively by C* and C™ running 
across the /3-zones. 


Since 


“=v=0 Jin (1) 


vacuum ([’) vacuum ( [ ) 


ust —9=—D.infL)e 


B’ a+bB 
we see that 
Fig. 3-3 The chracteristics of the equation (3-2) 
u=v=0 

at every point in 7, and that PQ and PQ’ in Fig. 3-3 are the straight lines of gradient 
m/4. 
(ii) | @-region 

We subdivide this region into the four regions @, @,, @,,, and a@,, illustrated in 
Fig. 3.4. 
(a) . @;-region 

In this region, both /’* characteristics should be given by v=mu-+pl so as to be 
continuously connected with the initial conditions v=a>0, u=0, at t=0. 


Using the initial conditions, we have 


m,= +~V¥1—(a/l)? (=const.), 


and 
v=m,u + p/l 
representing 
HES. for m,> 0, 
and 
) ie for m,<0. 


Then, we obtain the relations 


) At the present stage of discussion, we can only say that among the C+ characteristic lines drawn 
m Fig. 3-3, BC and B/C’ are straight lines and as for other lines we can say nothing whether they are 
straight or not unless more detailed calculations are performed. 
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v=—|m,|u+P,l alone: Ci, 

v=|m,|u+P,l along C*, 
which give v=P,l/, u=0 in the a,-region and 
the straight characteristics AD, A’D with 
Ay.= F|mz. 
(b) a region (cf. Fig. 3-5) 

By the similar argument, we have 

v= m71(x%))ut Py (xy) i 


with 


m11(%)=+ Vv1— (Up (Xo) /L)? ; 


Fig. 3-4 The alalysis of a region 


or 

v= —|mz,(x')|ut+Py,(%')! along C-, 

v= | my (x9) jut Pr (x) L along C*. 
From the above equations, u, for example, becomes | 

u=l- {Py_(x9") — Par (xo!) } /[ |mezr (%0") | + |r (%0"”) |], 
which shows the curved C* characteristics. 
(c) @y,;region 
This region is adjacent to the constant state a,; therefore, according to the theorem 

(A), it is the region of simple wave. We have, in this case, the relations v= —|m,|u+P,l 
along C~ prolonged from the a,-region and v=|mj,(x,) |u+Py;(%)! along C* prolonged 


from the @;;-region. 
The values of u and v at a cross point between C~ and C* can be given as follows ; 


vl {Py myx) | + Prr(%) | meal} /[ |r Xo) | + Jel], 
u=l{P,—Pj,(x,)} /| |mz| + |m7)(%) |]. 


‘The values of u and v are, of course, not constant; however they are constant along C*. 


Hence, C*’s are the straight lines parallel to AP and C~’s are the curves parallel to AE. 


(d) @py-region 

The values of u and v in this region can be settled down at each cross point 
‘between [’*(C*) issuing out of a,,(x>0) and /’~ (C7) out OF a4 (% Ole 
‘We have 


v= |my,(%!) [ut Pir (%!)! along C*, 
v= — |my,(%") |ut Pr (x)! along C’, 


‘with the solution 
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v=1{P,,(x)') | m7 7(X0'") | + Py ca) |m 77 (%,") 1} /L |zz (x0"”) | Te |m yy (x, ) We 
u=l{P,, Cae) — P,,(x,') } /|\m71 (%"") | ae m7, (% ) ae 
C*’s and C~’s are the families of the curves parallel 
to AE and A’E’ respectively. 
(iii)  3-zone 

We consider the solutions in the region 


3° (x>0) only; the solutions in another region, 


3-(x—0), can easily be obtained from the sym- 


metry. In this case, we also have the three 


Eigteos> 
The C+ characteristics in @;7 region. 


regions 3;, 3,, and ,3;,, as are shown in Fig. 3-6. 


(a)  -zone 
We have v=u along C* prolonged from 


the vacuum (I) and also 


p= — | m7, (Xo) |u+ P77(xo)! 


along C~ issuing out of @,;. The solution is 
v=u=IP};(x) fla e |m71(X) |]. 


These values are constant along C~’s and give 
A~=1 along them. C~’s are of course parallel 
straight lines of gradient 7/4, while C°’s are 
parallel to the curve BE. This region is, of 


course, that of simple wave. 


b 3 ,,-zone 
(b) Px Fig. 3-6 The definition of 8 zone, 8; zone 


By using the similar argument, we have is CQ\BEQ, Brz, ©Q.ETQs3 and Brzz, 
in this case & QsFPQy 
v=u along C’, 
v=—|m,|u+P,l along. G.. 
and 
v=u=(P,/(1+|m,|) (constant). 


—_—?> . . 
C's are straight lines whose slopes are equal to unity and C*’s are also straight and 


parallel to EF. 
(c) 3;,7-zone 
In this case, we see that 


v=u along C™, 
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(—a,o 
a ’ ) (a, 8 
U==0 
Fig. 3-7 Wes 
The characteristics of the equation (3-2). Fig. 3-8 The C characteristics and the spatial 


distribution of u and v in the limiting case: 6-0. 
v= —|my,(x)|ut+Pr(x)! along C, 


and 
peu=lP,,(x) /[1 + lm) [J 


C~’s are straight, C*’s are parallel to PF and this region is of simple wave. Let us 
now consider the limit 60. In this limit, as is obvious in the Fig. 3-7, the regions @,, 
and a@,, and the regions of simple wave tend to vanish and there remain only the 
regions of constant state, and on the boundaries between these a, 3 and 7, the values 
of u and v are discontinuous (cf. Fig. 3-8). It is quite interesting to compare this result 
with that of the linear equation (1-1) illustrated in Fig. 1. At a glance we see that 
the solution of the non-linear equation under consideration is quite similar to that of the 


linear equation. The differences are as follows: 


(1) JAPA’ is not equilateral, hence C* are discontinuous at P. 
(2) the breadth of the -zone and the values of u and v in it are different from those 
of the linear case. , 


As for the energy distribution H, we have 


2 


H= {1? + u?} -[1 + 1-2 (—v?) JP —P 


mz {{1 aa (a/l?} 1? = 1 in the a@-region, 
So) ali Sah 8) a Batt in the /-zone, 
—0 in the 7-region. 


Let us now proceed, on the basis of the results obtained here, to discuss the two 
subjects cited in § 1: the occurrence of shock waves and the energy distribution. 

As for the former, this non-linear equation yields the similar result as that of linear 
equation and the peculiar phenomena characteristic to most non-linear equations, the for- 
mation of shock waves, does not appear in this case, so far as the present initial condi- 
tions are concerned. Hence it may be said that this model belongs to the special class 
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of non-linear equations (for example, such as Karman-Tsién’s gas in the hydrodynamics) . 
However the so-called Born-type equations are rich in variety of the form of Lagrangian 
and it may be possible that the modification of Lagrangian destructs the above special 
character entirely. 

We also investigate the difference between the non-linear and the linear equation 
existing in the energy distribution. The spatial breadth of 2 zone (=a+OP) increases 
as a@ increases, (@ cannot exceed /), and a considerable amount of energy remains near 
the origin until the critical time ¢,: t.=a/“~1—(a@/l)? which is larger by the factor 
(1—(a@/l)*)~'” than that of the linear equation. Therefore, if the value of a@ is so 
large as to be comparable to /, these effects may be expected to be observed. However, 
the following numerical calculation shows that these are, in general, too small to be 
recognized. 

Let us assume that /=6, the initial energy H=360, and a=0.07. The value of 
! can be interpreted as the inverse of the nucleon compton wave length. And the above 
values of a and H stand for the corresponding quantities in the event where a nucleon 
of energy 10"ev collides with a nucleon at rest giving rise to a sudden multiple pro- 


duction of mesons which carry away a half of the total energy. For these values, we have 


a~5.970, 
hence 


OP 0.61 0.85 X 107'8cm. 


§ 4. Relativistic hydrodynamics”*” 


Consider the equation 


0 { 06 / 06 \? 
a Ox, OX, ) a Sie. 


which may be derived from the Lagrangian 


L=}(6,-6.)°. (4-2) 


This equation was proposed by Khalatnikov” as describing a fluid with an extremely 
high temperature. In the present paper we shall investigate the mathematical behaviour 


of the above equation with the same initial condition as that of § 3 without regard to 
its physical background.* Putting 


d,=u, ¢,= =U; 


we have 


*) The result obtained in this paper is fairly good, even in the region of low temperature, compared 


with what is derived by using another equation which is confirmed to be valid in the region of low tempera- 
ture. 
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(3u?—v*) u, + 2uv(u,—v,) + (u?— 3v") v,=0, (4-3a) 
i Ue — Os (4-3b) 


The above equation is analogous to (3-3a, b), hence, applying the same method as was 


used in § 3, we can solve this equation.* For the C characteristic equation, we have 
(3u? —v*) t.”— 4uvt, x, — (u?— 3v?)x,2=0, (4-4) 
or 
dt/dx=/, = {2u+ V3 (w?—v*)} /(3u—v?), (4-5) 
We have also the relation 
v—y’?=—T?” (4-6) 
in which T is the temperature; then in the quiet gas of temperature T,, 4 reads 
L=F v5. (4-7) 


This may, of course, be interpreted as the sound velocity in the rest medium. It should 
be noted that in the vacuum T,=0 and /, is indefinite, therefore the vacuum is the > 
singular region of the original equation.** On the other hand, the /’ characteristics may 


be given by 
P*: wm—AY=0 along C*, (4- 8a) 
[eek i, — A, U,=0 along C~. (4- 8b) 
Hence, also in this case, we have the following relations of representation 
ty Us — Xz Uy, =0, ty Ug Xp, Us = 0. (4-9) 
Corresponding to (3-11), the equation for u and v turns out to be 
2 (udu—vdv)* + (uv? —2*) (du? —dv*) =0. (4-10) 


This equation may easily be solved by putting u=T sinh@ and v=T cosh. 
The result is 
Vay See GOS SS, (4-11a) 
and 
Yee een (KBs hes (4-11b) 


in which 


*) As for the general scheme to transform the equations of these types into the characteristic equations 
we can, for example, refer to R. Courant and K. O. Friedlichs, loc. cit. The succeeding equations may 


directly be obtained, if the formulae cited there are used. 
**) In the region in which the relation u=v holds, we have 44=A- and the equation is parabolic. 
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X=vU—u4, (4-12a) 
V =o, (4-12b) 


and C’s are the integration constants. The correspondence of (4-11a, b) to the /’+ 
characteristics can be given by calculating dv/du on the basis of the above solutions. For 


this purpose, it is convenient to write /, as 
A= —[X?-Y?42V3 XY]/[X?+Y?—4XY], (4-5)’ 
which will often be used in the following arguments. In this way we have 
[*. YOVs) — CXG-Ve) 0, along. C* : dt—Ay dx=Dig (4-13.a) 
Poy YO-VT) —CXOtYs® =20~ PalongeG- =: di—A_dx=0. (4-13.b) 


Let us investigate, in some illustrative examples, the peculiar characters of the simple 
wave. This may, on the one hand, be the answer to the subject (i) in §1 and, on 
the other, be of use for the succeeding discussions. 


We consider firstly the solution satisfying the following conditions: at t=O, 


u=0 for all x, 
v=a, (=const., not zero) for x>a, 
v=a (x) for xa, 


in which v(x, 0) is smooth as a whole (cf. Fig. 
4-1). As the region (I) is a constant state of tem- 
perature T), the region (II) is that of simple wave. 
According to (4-7), we have in (I), 


Fig. 4-1 C*: t=VW3x-+ const. 
The characteristics of the wave invad- 
ing the quiet state. I is the constant C-~: t=—wv3x +const., 


(quiet) state, II the simple wave region. 


and in (II), 
¥ SATE? Cin) XO ott 0. —alonviGs (4-14a) 
YO-VS) —C XUV) = 9 along C~. (4-14b) 


Inserting the initial conditions, we have 


C(y) a (pes C,=a,°Ns 3 


> 


and 


= y= Ve VS /2 5 
SL aac oe Mlle (4-15a) 


(4-15b) 


Yaa V2 gy C- VO | 


Accordingly A, becomes 
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1, =VH2—V3)}/ W— (2— V3)}, (4-16) 
with 
V=(a/a,)¥8 4(24+ V3), (4-17) 


There exist the following two cases concerning 
the behaviour of 4,, according as a is larger 
or smaller than a,. 


Ne me (Ley = 1) 


A, decreases monotonously from “3 as V 
increases monotonously and 4, tends to unity in 
the limit of V=o0. (cf. Fig. 4-2) 

This means that the velocity profile gradually 


steepens and it gives rise to discontinuity sur- 


faces, that is, shock waves.")* 


a @CelkK ah) 


Fig. 4-2 
The characteristics of a compression wave show- (2) a<a 
ing the occurence of a shock wave. 


A, increases as V decreases monotonously 


B A V= Qo 


Fig. 4-3 
The characteristics corresponding to V<1. v=a, A v=& 


Fig. 4-4 The characteristics of a rarefaction wave result- 
ing from the discontinuous initial condition: v=ay 


(const.), for x=x43; v=a, (const.) for x<x4. 


from unity, and tends to + co as V approaches 2— V3, then jumps discontinuously to 
—oo as V exceeds 2— 3 and increases monotonicly as V decreases. (cf. Fig. 4-3). 
Contrary to the case (1), we have, in this case, C*’s spreading out of (III) as ¢ in- 
creases. 

We are especially interested in the discontinuity limit of B>A4 in which v(x) 
decreases suddenly from a, to a. It may easily be understood that in this case, the C* 


characteristic lines become a bundle of lines issuing out of A as are illustrated in Fig. 


*) In fact, this corresponds to the compression wave in the non-relativistic hydrodynamics. 
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4.4 and hence the region (II) is smoothly connected with the constant regions (I) end 
(III). This indicates the remarkable fact that the initial discontinuity at A is immediately 
resolved. The simple wave, which was discussed in the above example (2), corresponds 
to the rarefaction wave in the non-relativistic case which can be produced by the motion 
of receding piston. We illustrated in Fig. 4-5 the characteristics of a rarefaction wave 
in which AB is the trajectory of the piston with 2 constant terminal velocity. We shall 
encounter this case, when we shall deal with the initial value problem under the physical 
conditions explained in §1. The analytical character of such centered rarefaction waves: 
will be given later. 

Now we are ready to answer the question (i) in § 1. As can be seen in the above 
example, the equation (4-1) has such conspicuous properties characteristic to non-linear 
equations that the initial discontinuity is resolved 
immediately and the disturbance, while propagated, 
becomes continuous while the discontinuities, shock 
fronts, may appear and be propagated even without 
being caused by initial discontinuities. It should, 
however, be noted that we have also the same 


characters of solutions in the non-relativistic hydrody- 


namics.” 
A Let us now consider the case of a flow invad- 
Fig. 4-5 The characteristics resulting ing the vacuum. The initial condition is supposed 
from a receding piston. 
to be 
at t=0, 
pane dl A oi G=const,) eee eee eee eee | XxX | = a, 
v 4=%(x) Pe aass santtes a<|x|Sa+, (4-18) 
== () eee een esses | x | >at+b, 
u—O0 for all x, 


that is, the initial velocity of fluid is zero and the enthalpy (or temperature) is given 
only in the region: |x| a+6. It was already stated that the vacuum is the singular 
region contrary to the case illustrated in Fig. 3.3. Hence, there exists the essential 
difference between the following two cases, the one that of invading the vacuum and the 


other the quiet gas. 


(i) a@-region (cf. Fig. 4-6) 

The definition of a@-region and ,3-zone are somewhat different from those given in 
§ 3, and the @ region is defined by the characteristic lines C> and C* issuing out of 
two points A, (0, a), and A’, (0, —a), respectively (cf. Fig. 4-6). 


In this region, we have 


YOC+VS) —e2VT XI) —o along C*, 
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Vy d-Vs) =a 2V3 XO) = () along Cres 


hence, we obtain the solutions 


x=a, Y=a, (4-19) 
or 
V=a, u=0, 
and 
AF = 43 
(ii) 2 y,-zone 
(G35 


* p A’ oleae 
Fig. 4-6 Tha characteristics in @ region. Fig. 4-7 The characteristics in 8* zone. 


f7;-zone is defined, in this case, as the region being adjacent to a@-region and bound- 
ed by the characteristics C* and C™ issuing out of P and A respectively. (The defini- 
tion of 7, may be obvious from this). (cf. Fig. 4-7) 
This region is that of simple wave and we have 


yYCtVs) —@Vs)> XC-Vs) — 9 
along C*, and consequently over all $7,; and 
y (gi C5) x) "s=0 


along C~ issuing out of AB. In this equation C(¢) can be given as C(¢) =~ (¢)? "8 
from (4-8). 
These two equations give 


Y=alt V3 2 Ue HE 
Naat? py Cry, 
or 
3 = /9 s—-/2 
w= (1/2) (an) 7. (@/%) VS? 4 (a /a) V3, , 
4 a /2 a /2 
u= (1/2) (aw)? {(a@/%) (Oe ee) ey 


The values of u and v are constant along the straight C~’s with gradient 
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Ae =A Qh 3) VK = Qa ie ite} 


in which V=(a/v,)¥* (cf. Fig. 4-7’). In this region (x >0), where V = 1, the slope 
of C~ is equal to — V3 for V=1 (corresponding to AP) and becomes steeper as V 
increases up to 2+ 3, is parallel to taxis for V=2+ V3 and then tends to the 
line of gradient 7/4 as V increases up to co. On the other hand, the value of 4* 
tends to unity as V—>co, hence the C™ starting from B tends to the C” issuing out 
of A in the limit of (x, t)—>co. Hence we have the infinitely extended region ABQ 
which is called /3)-zone, corresponding to the discussions in § 3. 

However, we are interested only in the limiting case 6-0, or BA. Noting the 
fact that the 3},-zone is just the region of rarefaction wave produced by the piston reced- 
ing to the positive x direction whose trajectory is given by the boundary characteristic line 
AQiim (Fig. 4-7), we can easily perform this limiting process, the result of which is 
shown in Fig. 4.8 (the terminal velocity of piston, in this case, is the light velocity). 
It can be seen from the above example that the wave invading the vacuum is not the 


compression wave but the rare- 
AS 


faction wave, contrary to that invad- 
ing the quiet gas. This indicates 
that the energy distribution near 
the wave fronts is entirely different 
uy eae from that of linear equation. 

We investigate, now, the analy- 
tical behaviour in the /-zone intro- 


duced above. In the /3-zone (Fig. 
4-7’), we have: 


A_=const. along C7, 
or 
t=/--(x—a), (4-20) 
and 
YOHV) _ Ve X0-V) —¢ 


over all /-zone. 


Fig. 4-7’ The change of A~ due to the vari- 
ation of V, V=1 corresponds to the curve AP in Using the above relations and the 


Fig. 4-7. expression (4-5)’ for 2-, we can 


express X and Y in terms of 7 
as follows* : 


X=al(A—1) /{(2+ V3) A+1)} [OPV (4-21a) 
Y=al[(A—1) /{(2+ V3) (A41)} JSP PWT, (4-21b) 


*) For the sake of convenience, we write hereafter 4 in place of A_. 
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or 
X=al(t—x+a)/{(2+ V3) (t+x—a)} OVE (3 21a)! 
Y=al(t—x+a)/{(2+ V3) (t+x—a)} Oo VB PVE, (4-21b)’ 


‘This gives u and v in terms of x and ¢, and the solutions in -zone can be settled down. 


On the other hand, the C*’s are naturally not straight lines and they are given by the 
differential equation 


Dede ea BY) ay). 
Inserting (4-21a,b) into this equation we have 


dt/dx= (2t+ V3x— V3a)/(W3t+2x—2a), 


or 
(¢+x—a)?-Y3 /(t—x+a)?*¥® =const. (4-22) 
Introducing the new coordinates 
Ee 2, f= = 2, x! =x—a, 


Lect we have finally 


Q This equation gives the graph of C* in the (x, ¢) 
space: (Fig. 4-8). The integration constants can 


be given by the values at the cross points of C*’s 


and AP. The boundary lines between and 7 
i hae ss regions are thus settled down: they are illustrated 


ie in Fig. 4.10. 


Fig. 4-8 The characteristics in f* zone (iii)  7-zone 
in the limit: 6-0. yy 
In this region, we can transform the original 


Fig: 4.9 The behaviours of C* curves iu 8 +zone. 
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equation into the linear equation by means of the Legendre transformation, which could 
not be used in the region of constant state or simple wave. It was shown by Khala- 
tnikov” that by this transformation the original equation is reduced to the linear one 
with constant coefficients, which is easy to handle aside from the complexities in boun- 
dary conditions. By this procedure, he hes obtained the solution corresponding to the 
flow invading vacuum. Employing the same method, Amai, Fukuda et al.” have also 
obtained the solutions under more general conditions, which include our initial conditions 
as the special case. They also investigated the solution in this 7 region on the method 
of characteristics, but in some graphical approximation. In the present paper, we shall 
try to solve analytically by means of the same method. 


In this region, we have 
y (-V¥s) —C(A)X" rvs a () 


along a C~ which is the prolongation of that in the /-zone, say AB (cf. Fig. 4-10). 
Inserting the relations (4:21a, b), which are valid in the /3-zone into the above equation, 


we have 
CYA) = (24+ V3)? a3 (A+1)?(A—1) 7. (4-23a) 
According to the similar calculation, we also have 
Yorvs) _C(#)X°-V —9 along C*, 
in which #/=t/(x+a), 
GiAdies (20k V3) BAe (44-124 1 (4-23b) 


and the symmetry v(x) =v(|x|) u(x) =—u(|x|) for x< 0, has been used. Hence we- 
obtain the solutions 


Y=a(2+ 31) EVOL (A 1) PAs 1) ea a) / (Ae 1) ree 


X=a(2+ /3) Va [(Q—1)/(+1)] VET (A —1) /[ (A 4.1) JOO, 
(4-24b) 


The temperature T is given by 
DAS On 2 73) [AI (A+1) (1/1) We (425) 


Since in the above expressions, the field quantities are given as the functions of 7s, the 
shape of C* in the (x,t) space should be studied in order to obtain the spatial dis- 
tribution of these values. In the following discussion we shall investigate the shape of 
C~ in this region ; the knowledge about C* may be obtained from that of C~ because of 
the symmetry. Noting the representation relation (4-9) between [’* and C~, we see 
that in the (Y, X) space*, the directions of /’'’s and a C~ are symmetric with respect 


to Y-axis. If we draw a C~ in the (Y, X) space, where ¢ and x axis is put to coin- 


*) Coordinate space (Y,X) is given by the 7/4 rotation of (u, v) space. 
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cide with v and u axis respectively, we have the following equation ; 
dX/dY = —dX,/dY, 


at a cross point between a /”* and the C~, in which dX/dY is the slope of the 1” 
and X, and Y, is: X,=t—x and Y,=t+x. Along I’*, we have 


Yor Vase COM) AFT? 0 , 
Hen 
dX/dY =— (V3 +1)X/(V3—-1)Y, 
dX,/dY,= (V3 +1)X,/(V3 —1) Yi. 


Hence we obtain the following equation for C; 


Yo. CX re (or Nemes (4-26) 
or 
(t-+x) V3 *1—D(t—x) "9 "=0, (4-26)! 
t in which D is an integration constant and 


can uniquely be determined as the function 
of 7’. Following the similar way we can 
obtain the equation for C* in which the 
integration constant is expressed in terms 
of 4. Then, representing / and /’ in terms 
of x end t, and inserting these expressions 
into (42-4a, b), we have the solutions se 
and Y (or u and v) as functions of x and 
t. However, as the final result obtained 
in this way is too complicated to evaluate, 


we rather prefer to use the following 


simple but strict graphical method with 
Fig. 4-11 The characteristics in 7 region. the aid of the analytical expression (4-26) 

-. for the curves C*. 
From (4-26), we have Fig. (4-11) for the graph of C in which each curve is 
determined by each 4 and #%. The values of X and Y are given by (4-24.a, b) in 
terms of A and /’, hence the value at the cross points of a C* and a C-, illustrated in 


Fig. 4.11, is to be uniquely determined. 


(iv) Energy distribution 
Let us now investigate the energy distribution. In the following discussion, we shall 
calculate the amount of energy contained in f-zone and 7-region after a sufficiently long 


time. From (4-2), the energy density H can be given by 
H=(V—#) (3/4) 0 +4). (4-27) 
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At any instant, the energy contained in the whole 7 region can be given as the total 
energy minus the energy contained in the whole /-region. Hence we try to calculate 


the energy contained in’ the /3-zone. 
From (4-22), the boundary curve PR can be given by 
(¢-+-x/)?- V8 = (2— V3)? (2a) (¢—x/) 5, (4-22)’ 
in which x/=x—a, or 
+ a/A PR =a—a/yyer, er (4-22)” 
in terms of 4=¢/x’, in which is defined by 
p= (2—V3)?(2a) -¥5 (4-28) 
The above equations give the value of x’ on the PR ata given instant, t=¢,, or the cor- 


responding value of A=/,; /, tends to 1 as t,>co. Therefore we may assume the fol- 


lowing expression for the above /,: 
Alaeke (v0) "tor t> 13 (4-29) 
Inserting this into (4-22), we have 
y~ —2V73/(24+ V3) ~—0.93, 
k& {2(2+ V3) al V72CO-VS) (7 -46a¥5 ) Ft (4-31) 
‘On the other hand, inserting (4-21a,b) into (4-27) and integrating over the * at 


an instant t=t,, we have 


Hy =(a'/4)| PEE AT +ZVE de, (4-27) 
in which Z is given by 
L=(Zw 3) 7 (A—1) A+ Do. 
The total energy is equal to H at t=0, 


i.e. H=2* (a‘/4) 3a. (4.27)! 


Denoting 


We dx’ aoe [,, 


vo 


and transforming x’ into 7, we have 
T,=2t(2+ v3) ‘wt(1 +wy)~? dy», 
in which 


w= (4-1) (A+1)7; 
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andn0 Sw 1 Sh co) for. ne Te 


Using the above property of , the integral of (4-32) may be estimated as follows =. 
(4G +1) So tm) dS +1) (4-33) 


From (4-29), (4-30), (4-21), we have 
mot tay (k/2) 7 BOS ne Vs) - (4-34) 


Inserting (4-33), (4-34) into (4-27)', and neglecting the terms decreasing in the 
order of t,' or more, we have 


aa 72 7 ‘ i Wied 
sie B.06a(iva) Hy, 2S ae Qeiagtt,/a)-"". (4-35) 


This indicates that the amount of energy contained in the /-zone decreases slowly with 
time, and is mainly determined by the factor (t,/a)~""". We have 


(t/a)~°°P~1/2.1 for t2.2XK 10°, 
1/11 for t2.2X 10" ; 


in the ordinary scale*, the above values of f correspond to 1072’ sec. and 107" sec. res- 
pectively. In other words, the amount of energy contained in the 7-zone is one-half at 
t~10-% sec and gradually increases with time and at t~107"’sec. the major part of 
energy is contained in j-region, or the energies concentrated near the wave fronts dissi- 


pate gradually with time. 


§5. Concluding remarks 


We have proved that under the specified initial condition, the Born type equation 
treated in this paper has not shown any feature characteristic to non-linear theory. 
However, it might be doubtful that this conclusion holds even for other equations of 
Born type. Similarly the nature of the smoothing away of the energy distribution 
shown in the extremely relativistic hydrodynamics might be changed due to the slight 
modification of the original equation. However, for the study of these kinds of problems, 
it is desirable to do somewhat more general discussion. 

The author would like to express his sincere thanks to Professor Y. Tanikawa, Pro- 
fessor S. Tomotika and Professor Z. Koba for their advices and to Mr. N. Mugibayasi 


for his discussions. 


*) The value of a is taken to be 4=0.07 corresponding to the nuclear dimension (cf. § 3)- 
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A gas model taking account of interatomic interactions is proposed for liquid He®. Assuming that 
the interaction potential can be decomposed into Fourier components, 47g(k) ei" (r: interatomic 
distance), we describe the motion of the system using the method of Bohm and Pines. If we regard 
the expansion coefficients c, c,--- of g(k) in powers of k as parameters and presume suitable values 
-of these parameters with reference to the value of sound velocity proposed by Mikura, the experimental 
data of nuclear susceptibility y and specific heat Cy, it can be shown that the number of collective 
modes is of the order of one percent of the total degrees of freedom, so that the influence of the 
collective motion on x and Cy is negligible in the vicinity of 0°K. The deviations of y and Cy from 
those which follow from the simple free particles theory arise mainly from the exchange interactions. 
Considering only these exchange energies but neglecting the influence of the collective motion, we 
can explain the temperature dependence of z in the whole temperature range provided that we take 
account of the k-dependence of the exchange energy per particle, while the temperature dependence 
of Cy is explained only up to 0.3°K. 


S$ 1. Tntroduction 


The specific heat of liquid He* has been measured by de Vries and Daunt,” Roberts 
cand Sydoriak,?) and Osborne, Abraham and Weinstock.®) The experimental results are 
presented by the curves in Fig. 1. The remarkably high specific heat at low temperatures 
would seem to require a Fermi-Dirac type gas model for liquid He*®. We plot in Fig. 
1 the specific heat of ideal Fermi-Dirac gas for which the degeneracy temperature is 
‘T,=5"K, which is determined from the actual mass of a free He*® atom and the density 
of liquid He*. On the other hand, the observed nuclear paramagnetic susceptibility 7 
of He® by Fairbank et al’. was shown to be in close agreement with that predicted for 
an ideal Fermi-Dirac gas with a degeneracy temperature of about 0.45"K. We show this 
in Fig. 2. This corresponds to an ideal Fermi-Dirac gas of an effective mass of particles 
about 10 times as large as the mass of a free He® atom (cf. the plot in Fig. 1. of the 
specific heat of ideal Fermi-Dirac gas with a degeneracy temperature T=0.45'K). 

The aim of this paper is to see in what way this discrepancy for the simple Fermi- 
Dirac gas model is amended by taking account of the interactions between the particles 
in an approximate way, i.e. by describing these interactions according to the method 
developed by Bohm and Pines» for electrons. To start with free particle plane waves 
and to avoid the difficult problem of dealing with the hard core potential, we take a 


system of particles which interact with much milder potential V*(r) than the real one 


W(r). 
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Fig. 1 Specific heat of He*. (a), smoothed experimental results (dotted curve for Roberts, 
Dashed curve for Osborne); (b) and (c), Cj of ideal F.D. gas with degeneracy tempera- 
ture of 5°K and 0.45°K, respectively; (d), calculated Cy curve for 7.=0.25 in our 
statistical theory; (A), (B) and (C), calculated phonon part of the specific heat 
corresponding to the cases (A), (B) and (C), respectively. 


We describe first in § 2 the collective motion of the system using the method of 
Bohm and Pines. It will be shown that the number of collective modes is of the order 
of one percent of the total degrees of freedom. In § 3, we then calculate the nuclear 
paramagnetic susceptibility y' at 0°K and specific heat Cy in the vicinity of 0°K, using 
the collective description. From this calculation we conclude that the influence of the 
collective motion on y and Cy is negligible and that the deviations of y and C, from 
those which follow from the simple free particles theory arise mainly from the exchange 
interaction. We neglect, in § 4, the influence of the collective motion over a considerable 
range of low temperatures and calculate the temperature dependence of xy and Cy, by 


Fermi-Dirac statistics considering only the exchange energy. The results improves those 
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Fig. 2 Plot of T/C vs. T. (4=nuclear magnetic susceptibility of He*, T=absolute temperature, 
C=Curie constant); Experimental result of Fairbank et al. is presented by heavy line. (a) represents 
the Curie law, (b) is the curve for ideal F.D. gas with degeneracy temperature of 5K, (c) is 
the curve for ideal F.D. gas with degeneracy temperature of 0.45°K and this coincides with the 
case (71;=0.22, y.=0.25) in our statistical theory. (d) and (e) correspond to the cases 
(71=0.75, 72=0) and (7,;=0.60, 7.=0), respectively, in our theory. 


which follow an ideal gas model, but the bending of the Cy, curve in the vicinity of 
0.3°K remains unexplained. Perhaps the coupling between particles and phonons would 
increase abruptly when the temperature exceeds this point. In § 5, some discussions are 


given on this point. 


§ 2. Collective description 


We assume that the interatomic potential V*(r) can be decomposed into Fourier 


components and denote its Fourier coefhcients by 47g(k). Then the Hamiltonian of 


our system can be written as 


SP an Sg (be Or"? 2 —a0 S) 9 (k), (2-1) 
ES ip kyiJ k 


u 


where n is the total number of particles in a box of unit volume. Denoting by q, extra 


variables and by p, their conjugate momenta, the Hamiltonian 
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pend a +20 S39 (Wer? PSs pai 3S (ang (pe “*—2an Fy (k) 
wi Bs, 
is equivalent to (2-1) if subsidiary conditions 
p-i=0 (k<k,) (4-3) 
are imposed, where 
Pe=—pte, GET (2-4) 


To take out the collective field we apply after Bohm and Pines the unitary transformation 


g=SP with 
S=exp E Sa (ang (h))"gee"| ; (2-5) 
ikck 


‘The transformed Hamiltonian and subsidiary conditions become 


H= Fiat ely Ee EAS > (2 ; 6) 
Aart = a) Pi —27n SS gk), (2 - 6a) 
a7) k<k. 
ae ul San 1/2 bk r iker; 
H,= — Sd (47g (k) Re) "6,- (pi )4 eri, (2- 6b) 
mik<k - ‘ 
oe oe ( Px p- rt 7929-2) (2 - 6c) 
tig a ay Sh g (kerr p, (2-6d) 
K>k 
2, 0={ p-»—i (47g (k) D1 € pa "s} D=0 (k<k,), (2-7) 
where 
47 mm, 
&,=k/k, m= Ry} . (2-8) 
m 


In obtaining H,.. we have neglected terms like q,qe'“*?*(k +10) by random phase 
approximation. Here k, is the maximum wave vector beyond which the organized oscilla- 


tion is not possible. Then the number of collective degrees of freedom is given by 


n! =k /6n°. (2-9) 


Let us introduce the creation and destruction operators for the collective field, a, and ax 
c cC > 


which are defined by 
qu= (b/20,) ? (a,—a*,) , pr=t (ba, /2) aad CH 4_,), (2-10) 
| 4x5 dj | =D ppp > [ a, Ay. | =([ax, dj | =0. (2 aS 1) 


In terms of these variables, we then write our Hamiltonian and subsidiary conditions as 
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A= Aart oF A+ Aeon = Hae be, ’ @ : 72) 
Fart = See = an >) g(k) ’ (2 - 12a) 

4 2m k<k 


aang "fe, (pt) 


1 
Wace wo res 
EIDE OZ 


aye rt +e rigkE,- (p.—)| V2 2b) 


bo 
= k * 
Ay = 2 (a; a, + a,dy ) at: 
: k 


Stith ee bX: 
> — (Wz, —@;) (aa + djd,— a,a_,— a ,a; ), 


ib c D, c<k (OA 

(2-12¢) 
Hi, =27 >) g(k) Mab eare, (212d) 

k>k 

- 

. me 1/2 
0,0= {af +a4— ae) Seen O26 (kSR). (2-13) 
DW), G 


In order to eliminate the particle-field interaction H,, we perform a canonical transforma- 


tion on our operators (r,, p;, 4,,4;) to get a new set of operators (R,, P;, A,., Af). 
The relation between these two sets may be written as 


Fp en Ty cateic. (2-14) 


The generating function S is given by 


Ate, (P.— che 
2 


eit R -ike R; 


ce! i SI tent e,-(P.- =A 


vote 
m tk<k 


O) iA 


Bh PY EPO i) SREP, COR 
oO, ————_—- — O,—- — ++ —_ 
\ m 2m m 2m 


Onis) 
Putting the sum of the lowest order commutator arising from H, and the zero-order term 


ba 
from Heat Ss 


k<k 


(a*a,+a,a{) to be zero, we get the following dispersion relation : 


4rk-y (k) 1 
jase : : 
m 25, —k- P,/m)?— PE [ane 


(2-16) 


Thus the lowest order terms of our canonically transformed Hamiltonian may be expressed 
as follows : 


eh = leben ahs Aeon Ap a aa tig Nie > (2 ‘ We 
P- il — 2. (€, ‘ Je 
= eS OREO (R —2in Ghee (2h 7a) 
Fp > 2m “pune I Ce be? (4 . fay oe 
eC Ox a ) ae, be 
2m m 


Hoy = CARAT AAD), (2-17b) 
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[«.-(r—%)][a-(P.+%)] 


waite GG, —k- P,/m—bR/2m] 


eal Mfr (et8) 


exp[ik- (R,—R,) ] 


—ik-(R,—R,)]- — me eer i 
seep Res Rls age ee 
i= ee g (k) et Bi“ Bp) : (2-17d) 
t,jk>k 
ij 
and our new subsidiary conditions in the lowest order reduce to 
My Loe O _exp(ik-R,)9=0 (k<k,). (2-18) 


7 @,—|k- P,/m—bk /2m)?? 
The measure of the success of eliminating H, is the smallness of the expansion parameter 


a=((k-P,/ mix)? 4», (2-19) 


where the average is taken over the particle momenta and the collective field wave vectors. 
We shall see later that the order of @ is less than 0.3. We note that the new  sub- 
sidiary conditions do not involve the collective variables and our collective coordinates 
occur only in H,,,, and thus describe a set of uncoupled field. The frequency of these 
collective oscillations of the field is given by the dispersion relations (2-16). 

For sufficiently small k we expand (2-16) in powers of k-P/ma@, and bk’/m@, and 
obtain a solution @,. If we do this and assume an isotropic distribution of P;, we find 

a= coe + (28) S) Pi. = (SF) epee, (2-20) 


nm” @;,/ i 4m? Oy 


In obtaining the mean value of 4) P;, we have to use the eigenfunctions appropriate to 


t 
our new Hamiltonian. Now, we write the stationary state wave function as 


Dg ov MUI, vase den) 5 


brac=IT by, (pudexp[ — (| pul?/2bax) |, (22 15 
ny 


where h, is the n-th Hermite polynomial and X represents the eigenfunction for a set 
of particles interacting through H,,.. For the lowest state, we then get 


P| 
k<k 


P.=PoecX)=[exp— { > 


4 pu|?/2be,} |-X,CR,, tery Roy (2-22) 
where we approximate for X, the usual Slater determinantal wave function composed of 


plane waves appropriate to the ground state of the individual particles. S\P? in (2-20) 


v 
may approximately be evaluated by assuming a Fermi distribution of particles at absolute 
zero; we then find 
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2 \2 2 
apo +2 7128) e+ 7 ( 
5 m<W, 


ey a. 2393 
eae | (2-23) 


(OF, 


where P, is the momentum of a particle at the top of the distribution. Expanding 9 (k) 
in power of k, 


9(k) =a tak+:--, (2-24) 


and inserting this into @, in (2-23), we get the frequencies of collective modes in powers 


of k; 
Op=CktCR +: , (2-25) 


where, neglecting terms of order a®, ¢,, ¢,,... are given by the following relations : 


be Aq Se) 3 NOV d/D 
a(t)" p43 (EY 
m 


aon (3 (LI 28))a tA Ya 2)). 


(2-26) 


¢, is the parameter corresponding to the sound velocity at low temperatures and it is 
determined by two parts arising from potential and kinetic energies. Unfortunately, the 
measurement of the sound velocity of He* at very low temperature has not yet been 
made. Mikura" proposed a numerical value of ¢, of 1.36X10‘cm/sec, assuming an 
empirical relation of M. R. Rao.” Taking this value, our expansion parameter 
a=1/5-(P,/me,)?((1+(6/e)R++:-) "4, turns out to be ~0.3. For an adequate value 
of parameter c, or ¢,, which we shall find later by comparison between our theory and ex- 
periment, @ becomes less than 0.3. Thus, in our case the separability of individual and 
collective motions is not bad. 

The second term in H,,.,,, which may be interpreted as the effect of the elimination 
of the particles-field interaction on the particles, becomes in the approximation of small 


a 


? 


Ha > P/2m, (2-27) 


K= Zeki dem {4,42 sey shi + =A, Hl sb 


9mmc, 


Si de SO A, = (b/mc,) Manat Ne m9) 


Gere irae = fue, Gs) ea 


where S=k,/k,; & is the wave vector of a particle at the top of the Fermi distribution. 
In deducing (2-27) we assumed an isotropic distribution of P; and the Fermi distribu- 
tion at absolute zero. Adding (2-27) to Pian); we obtain 
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Krea=(1—X) >) Pi/2m=)>) P;/2m*. (2-29) 


Individual particles behave as if they had an effective mass m*=m/(1—X). 
H 


in the approximation of small @, may be written as 


H.,.=—20 3 g(k) —Se Po Ex: Pd lV ar _explik: (Ri—R,)], 
hick = = ; E 
‘He 1$8(1422 B+... Dar 


1 


TDs? 


where (V2) ,»>=S‘P?/m’n. From the fact that the summation is only for k<k, (later 
we will find beSO 4b) and 1+¢7(1+ (6./¢) e+...) /V7>ap~ (1/3@) +1~3, we can 
see that H,,, describes very weak long range particle-particle interactions with the potential 
screened by the factor ~(1/3@). Then we can safely disregard H,,, in comparison 
with H,,.. 

We shall now evaluate approximately the ground-state energy E, using the Hamiltonian 
A= Ayat+ HooutHer, and wave function J,=¢),.:X,. We treat H,, as a perturbation 
in our expression for H. The short range interaction energy (H.,)>=E..., is given by 


1 Kot j exch 
Ego = — om Si) 40g ek | edhe (2-30) 
2 k, kek, (27) *J 
[ke Ke | >k, 
[de ,| 110 51 <ko 


xeh ; : 
where €;,°" is the exchange energy between a particle with a wave vector k and all other 


particles of parallel spin in the Fermi distribution. We evalute this as follows : 
+ 4 (8) — 212 (B—& +2 Ke} 
(Ock<h—k), 
— “0 |" (KB) +— (HR) £4 (eeEyee > Be 
cies ethet'S 4 24} 


exch —. 
€ le = / 


(ore (ae anes ‘ 9 ono 1 1 sys 5 1 
—— j— (K+ 2k) (e—R#)2?#— +— (BF = (3k; --k)k 
Pg Ht 2k) (i)? + (EB) + GR +R) 


+ get beep e a 
3 8 


(Ry — ke <kR<k,). (2-31) 


We then calculate E,..., by summing €%°" over all k within Fermi distribution. We find 


Bzes aa amie 


oy arokl no tO A es 3 
0, ae ee ee 
9x8 Cerne 32° 


Zcreren 5 25 59 
4 64 64 Sie 32 64 64 8 256 


(2-32) 
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Then, the ground-state energy E, is given by 
Ey= nf \ (1 — X) —antpt( y+ 2 eskif) +2" 8 (Eh, + Bk) 
5 \2m Suit GY tad? tetas CA wy 
_ nia, (1 — f+ 2g! —1 9") 
16 32 

GEE. 5 b9 5 2555 . 4553-139 23, TID. aS ee 
— — in’ cki( 1 —— 8 +——/? ees el ates o BB | 

5 ( Gi adh oags2001 93rt, iea-cio4 . Peet 256 ) 

(2533) 


—1.0} 


Al ae 10 ‘erg 
i 


We now obtain Pyyi,==k./k) for that 
value of § for which the ground-state 
In Fig. 


energy E, is the minimum. 
3, we plot E,=E,— (the terms which 


are independent of 7) as a function 
of 3 for several cases denoted by (A), 
(B) and (C) which correspond to 
the various values of parameter cy) 
(or ¢,) as illustrated in Table 1. 
We described the curves (A), (B) 
and (C) in the figure neglecting the 
dispersion terms. In later paragraph, 


the values of dispersion parameter Cy 


Fig. 3. 


are determined for each value of c 


so as to coincide with the slope of yT7—vs—T curve at 0'K. These values are tabulated 
in Table 1. By taking account of the dispersion terms, Ej-vs-8 curves (B) and (C) in 
the figure are replaced with dashed curves (B) and (C) and yin are slightly displaced 


Table 1. 
a 
Case | co X 10789 | ¢>10! 11 12 | Colm zx LO 

(A) 2.34 1.36 0.53 0.14 | 9.86 7.80 
(B) 3.12 | 1.50 | 0.71 | 0.07 5.02 6.03 
(C) | 3.72 1.60 0.84 0.02 1.66 5.02 

| | 


toward smaller values. 


our cases. 


Thus we find that P,,;, takes a value of about 0.3~0.4 in all 
Then the ratio of the collective degree of freedom to the total degree of 


freedom is 


n! /3n=%2° = 0.01. 


496 S. Yomosa 


$3. Nuclear paramagnetic susceptibility and specific heat 


in the collective description 


a) It may be supposed that in the neighbourhood of 0’K the influence of the 
collective motion on y or C, is not remarkable considering the smallness of the number 
of collective modes. Nevertheless, in order to ascertain the degree of the efficiency of 
the collective motion for 7 and C,, we use the description given above in this paragraph. 
We first calculate the effect of particle-particle interactions on the nuclear paramagnetic 
susceptibility. As it is difficult to take into account the effect of our subsidiary condition 
on the exited states, our considerations are limited to 0’K. 

The internal energy EX per unit volume is expressed as follows as a function of 


n and h, the number of spins per unit volume parallel and antiparallel to the external 


magnetic field H ; 


i? FG: ee Riay | 27en g 
E¥=—"_{ (6n%n)**+ (6%) *} 11 2708 ga 4.4 = wa 3 )} 
ptt ) ( Ve ) 7s ( ol 
__ Co kee + “8 _ kip — EG : ns — oa 2je_t del 
30 2 16 32 
Ty 9 9x3_, 9 xa l px. oR 
——°n?}1—$*? + = p* axe “U(n—n)H, peat 
A Petes) (3-1) 


here we neglect dispersion terms. 

The first term is the reduced kinetic energy of the particles, the second is the self-energy, 
the third is the energy of collective oscillations, the fourth and fifth are the short range 
exchange energy and the last term is the Zeeman energy due to the presence of the 


magnetic field. Maximum wave vector is altered from k. to k* by a shift in spin 
populations. iS ae and * in (3-1) indicate respectively 3*=k* /k,, B*=k* /ko, 


_ px 
pr= k’ /ky where x k are respectively the wave vectors at the Fermi surfaces of the 


parallel and antiparallel spin systems. 
Se = es n j 
If we put i= =i aah and express ky =k, (1+ 2p/n)"*, 3* =A*(1 + = es 
\ n 


we calculate E** to order p* as 


Ee = 2 Pt {1 —28Oh ge (4+ A,k,*)| —" Ka* 


3m mc," 37 
he, 1Qx4 9 *%3 9 ‘ it 

kp —ren'(d ae babel mas — + 9«*) 
327 1% 32 ; 


he 
ie Sant nag = Ak Dh 


Ae 9 
an 4rcy( UN ee Fan ) P — 2/pH. (3-2) 
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Hf we Jput) B= + dvin the conditional equation dE /03*=f(p, 8*)=0, and use the 
“condition f(0, 3) =0, we obtain 
J=bp, (3-3) 


“where 


B—2 (2) (+ Ab) 


as 6/ P,\? 3 Fa 9he, , Deg linainc #e\ Cs) 
RE REET A 7 PCE Ma LLC i a 
5 eal rane has i ) 877 cn 4 C 16 ) 
‘Then (3-2) is written as 
Ei‘ =E,+ 9p’ — 2pH, (3-5) 
where 
RB 
Gi = 
y oe X) 
olen Fae he,k,? , 3 La 
— 37 bn? 22 =( A, Ak, eo) 9 93 
Tcyon | iz nz) ¢ + A,k,/ ) 87 nc, ae e 
il yes 
—Ar SS NN 3-6 
4 (4 Pa ) (3-6) 


oe py 
E** then has a minimum at p=+—-H and at this minimum 
g 


Ep HE gk. Y= 21g, 
7’ being the susceptibility at O’K. If we denote by 7! the susceptibility at O"K in the 


case of ideal Fermi-Dirac gas, we obtain 


1 0. th 
"= 7; iad a ed Ce (3 <7) 
a i thy ai a 1—7, 
~where 
__ OF meyky 4 2 — Po (A+ Ake) — Patoe 1 3g 1 ie 
Sas are bn B 5 ( a (4, +A,k,3 ) 87° me, fe rk 
2 Sine el chs SEMGR, (3-8) 
M= ie (1 ao Re == fie 


a in the denominator of (3-7) represents the effect of the increase of the effective 
‘mass, & the effect of the fact that the energy varies by the shift of k, due to the 
magnetic field, and -( the effect of the short range exchange energy. In any one of 
‘the cases (A), (B) and (C) the order of the values of the collective terms Xx and £ 
are X=0.01, £~ 0.005 7;. It is therefore concluded that the collective motion gives 
only negligible effect on y’; the deviation of y’ from that due to the simple free particle 
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theory arises mainly from the exchange contribution, so we can write as f=40A—p- 
b) We wish now to obtain an estimate of the specific heat of individual particles 
in the neighbourhood of O"K. The accuracy of our estimate is limited, because in 
considering the specific heat we should properly take into account the effect of our 
subsidiary conditions on excited states of the individual particles. The effect is in the 
direction of reducing the effective degrees of freedom of the particles. However, since, 
as we have seen, n//3n~0.01, we might expect that the neglect of the subsidiary 
conditions would be a reasonably good approximation in the vicinity of 0°K. Then the 
specific heat of individual particles in the neighbourhood of 0°K can be written as 


Ge (3-9) 


eT ek ee ee 
3 \de bee BOO Bice 


€=E9 


where (dn/de)._ 


=E9 


is the density of energy levels at the top of the Fermi distribution 
and K Boltzmann’s constant. Now, from (2-31) we find that the energy per particle 
near the top of the Fermi distribution is given by 


igi ls BC: 
2m 87 


€ 


HAF) + SBF) +2b (1 +H )R-—K}. (310) 


Hence we obtain 


C= : = Ce (3-11) 


where Cy is the specific heat of ideal Fermi gas. The effect of short range exchange 
energy is in the direction of increasing the specific heat but its contribution is of the 
order of few percent. If we compare (3-7) with (3-11), the exchange effect in Ci" 
is very weak due to the factor (7° appearing in the denominator of (3-11) in comparison 
with the case of 7'. It seems that the experimental data on the C, and y support the 
above results qualitatively though the data do not at present pertain to the vicinity of 
Onke 

Here we calculate the phonon part of the specific heat. The energy of collective 


oscillations is given by 


Ck 


Of Lae bo, Re 
Evsco= — hi, +— : _dk, es 
iH 2 k ex /KT —1 an? G 12) 


and hence C;*° per mole at low temperatures is given by 
Cy = (N/n) 0E/OT =96 (NK/n) (K/he,)°T°, (3-13) 


where N is Avogadro’s number and we neglected the dispersion terms in @,. We described 
in Fig. 3 the curves of Cj corresponding to the cases (A), (B) and (C). It is noted 
that the value of c, was evaluated by assuming the Fermi distribution at O°K for the 


kinetic part, so that our C'>° curves are approximate at finite temperatures. 
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4. Statistical mechanical consideration on the temperature 


dependence of 7 and C, 


From the fact that the coupling between the individual and collective motions at 0°K 


499 


is negligible, we assume that we can neglect the influence of the collective motion over 


a considerable range of low temperatures and apply the Fermi-Dirac statistics considering 


only the exchange energy, in order to explain the temperature dependence of y and Cy. 


a) In order to calculate the susceptibility we distinguish with signs + and — the 


two assemblies which have spins parallel and antiparallel to an external magnetic field. 


Further, to take account of the k-dependence of the exchange energy per particle 


we reserve the second term ck’ in the expansion of y(k). Then we have 


eh —4n Shy (|k—k"|) = — 


where 
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fle) = — 


e G/AT) of eM zu M41 
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‘Therefore 


pte) 1 (= "ee (KT) 1 N bare _ Fip(0) . (4-11) 
iim, H An? b° YH ‘al bs 53/2 ‘el = e 3/2 
: q) 
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On the other hand we have the condition : 


f= \ 3/2 4 ie 2 3/2 as 
ay ee Gay (RTE esa fia aml ee) (KT,)22. 
: (1++4)9?  (1+q)*” ' 
(4-12) 


From (4:11) and (4-12) we obtain 


Yh ae 1 Ex: ee F,.(C) i (4-13) 


CoG 2s ( (149)? (1+q)%? 


where C=np?/K. 
Expanding (4-13) at low temperatures and taking account of the equations (4-4) and 
(4-5), we find 


40 = 3 é . — ah = [1- a i ) OG, i>) +e] > k4514) 
CG Dy Ih. 8 we 1250 3 

LN hile oe 

3 
1 20055 500 
ee eee a0 ihe are 

P11, 72) =———— ra : 9 a oie? igs 5 aes (4°19) 

1= a=) 1 ——7,){ 1—— 

. 41 3 / \( 3 / 2») ( 3 / ) 


We see that the best fit of our formula to the experiment is obtained when we take 
the values of our parameters to be 7,=0.22 and 7,=0.25. In this case we have 
(1—7,— (8/3) 72) “10, (7, 772) = 10°; so our formula (4-14) approximately coincides 
with that obtained by the simple particle theory of effective mass 10m. The full curve of 
yl-vs-T can be got from (4-4), (4:5), (4:6), (4-12) and (4-13), using the numerical 
table of the Fermi functions Fy), Fy), calculated by McDougall and Stoner.” When 
we neglect the k-dependence of €j°" and therefore put 7,=0 (or c,=0), as we show 
in Fig. 2, yT-vs-T curves go above the Curie line (yT/C=1). The effect of increasing 
the value of 7, is in the direction of increasing the effective mass, as we can see from 
(4-5), (4-3) and (4-2), so that the tendency of going above the Curie line is suppressed. 
‘The thick curve in Fig. 2 corresponds to the experiment due to Fairbank, Ard and 
Walters. 

b) Next we calculate the temperature dependence of the specific heat. If we put 


exch 


likewise for €;; 
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Ce = en + ge, (4-16) 

from (4-4) and (4-5), we have 

exch __ Role - KT \ 5/2 
€ pei aus F (C eee en = eA (¢ 4-17), 
Sail ; (yz) Fa® (4-17) 
ek ‘eb? 
7 — —TeEo se ja /9 a > ’ 4 
ey oC) (4-18) 
and have 
alge ec is d& 2 ee KT Ne 
Eyin= ; yl le a= ) = F, 4-19 

27? ia 4 ear € seein ET Sik ig 1+q ai2(C) » ( ) 


Esa 


am) | ee, exch dé 


(e+ egxeh 


ear mae | 


= cats si co EF a0 +o AT) "r(0| (4.20) 


5 
ATG as J 


where 
Gee KT = (n— ese") / KT. (4-21) 
On the other hand, (4:10) becomes now 


Pat aay KT he 
 272\ =) 


Fy/9(€). (4-22) 


From (4-18) and (4-22) we see that q is independent of temperature and is given by 
qo= —37 From (4-19) and (4-20) and taking into account (4-17), (4-18) and 
(4-22), we obtain 


Fo Fy aE exc, Const = 


1 2m a D \ —3/2 ee 

1——y, KLY?F. 5 4-23y 
(2) G—Sre) ATF). (4-23) 
By the ape method at low temperatures we obtain 


Ce -=x a zn) T{t- geet (= aes 1. (4-24) 


This formula coincides with what is obtained when we substitute m/1—%j, for m in the 
simple theory. Here, if we take the value 7,=0.25 as before, our Cy curve becomes 
the curve (d) in Fig. 1. It is seen that the calculated temperature dependences of 7 


and C, agree with experiments at temperatures below 0.3°K, but the bending of the C; 
curve found experimentally in the vicinity of 0.3°K is beyond our explanation. 

In this situation not very much significance can be put on the value 7,=0.25 obtained 
by fitting our full yT—vs—T curve with the experiment (the value of parameter 7;=0.22 
corresponding to that for 7,=0.25 gives too small. a value for sound velocity). So we 


have rather determined the values of parameter c,(or 7.) below 0.3°K so as to agree 
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with the experimental result ; (1 —7, — 372) ~'~ 10, corresponding to the values of parameter 


¢,(or 7) which are supposed to lie in the reasonable range from Mikura’s value of ¢;,. 


§5. Discussion and the form of V*(r) 


It is supposed that the coupling between particles and phonons which we have 
neglected in our statistical consideration increases abruptly as the temperature exceeds 
about 0.3°K and has a considerable effect on 7 and C,, especially for the bending of 
C, curve in the vicinity of 0.3°K. That the coupling has more remarkable effect on 
C, than on y seems to be because it directly affects C, through the restriction of the 
degrees of freedom of the particles, while for 7 it has two opposing effects, that is, the 
restriction of the degrees of freedom of the particles and the increase of the effective 
magnetic moment //* through the collective motion. For example, if we simply assume 
that » particles move together, we have n*=n/vy< n, p*¥ =v > ps, 

Since the subsidiary conditions are satisfied automatically at O°K, we need not 
consider the restriction of the degrees of freedom of the particles provided that we do 
the effective mass correction. Then the system follows the simple Fermi statistics for n 
particles which have the effective mass m*~m. For excited states, however, we must 
reduce the number of possible eigenfunctions to satisfy the subsidiary conditions. This 


corresponds to the fact that the coupling between particles and phonons reduces the 


15 
(C) 
(0B 
Ou 7S/10 = 65 haan eee ee eee ee 
5b 


~~~ Fermi Surface 


0 — 


—8 
T<10 cm 


Fig. 4. 


the effective degrees of freedom of individual particles. Then our Fermi statistics for 
individual particles collapses, and when the temperature rises sufficiently high, the system 
follows the Boltzmann statistics without distinction of the original character of statistics. 
It seems that the experimental C,. curve follows this consideration. 


Finally we consider the potential V*(r) which corresponds to the above derived 
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values of our parameters. As shown in Table 1, we chose several sets of values of the 
parameters (¢, cs) of (7,, 72) which explain the experimental y', corresponding to the 
cases (A), (B) and (C). We described in Fig. 4 the two groups of potential curve of 
V*(r). For one example of V*(r) we took the following type of potential : 


VG yaa] 7 — Be ~ Yr /y 


and described in Fig. 4 curves for V*(r) corresponding to several sets of values of 


We made the zero point of V*(r) coincide with that of de Boer-Michels or Margenau 
potential V(r), i.e., 


mentee htc = 7.56 +107 cm 


and took for example 4=1.50X10°. For another example of V*(r), we took the 
following one: 


Vi. (Omr<o) 5 (= 256% 105% cm 
El AN ie 
=, Ce<r<s) s5= 4.5010," cm, 


and showed in Fig. 4 the V*(r) curves corresponding to our sets of parameters. It is 
noted that in every case V, has the value of about two times the Fermi energy, €,=6.9 X 107° 
erg. The values of the parameters in case (A) give Mikura’s value for sound velocity. 

The auther is indebted to Prof. Nagamiya, Dr. K. Yosida, Dr. T. Nishiyama, Mr. 
J. Kanamori and Mr. H. Matsuda for their kind discussions and criticisms. 
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Antiproton-Nucleus and Antiproton- 
Proton Interactions 


M. Nozawa, T. Goto, N. Yajima 
and R. Nakasima 


Department of Physics, Osaka University, 
Osaka 


November 26, 1956 


Recent experiments carried out at Berkley’) 
show that the attenuation cross sections 
Ca Of antiproton beams by Cu and Be 
are about twice those of protons.’ Duerr 
and Teller,” to explain these large cross 
sections, took a nuclear model proposed by 
Johnson and Teller,” but the depth of 
potential used there seems to be too large. 

In this note, as an alternative approach, 
we consider the experimental results on the 
basis of a simple optical model.” Taylor 
investigated the fast neutron scattering on 
this model” and took the nuclear radius 
R=1.45 X107-"A™*® cm for Cu and 1.54 
x 107A" cm for Be. Absorption coeffici- 
ent K and mean potential V which de- 
termines a refractive index are energy de- 
pendent and for about 400 Mev neutrons 
K~0.2X10"cem™', V~10 Mev and k,~ 
0.04 10%cm™", where k,=k[ (1+V/E)'? 
—1| and k is the incident wave number 
outside the nucleus. 

Let us take the interaction radius R 
=1.5X10°"Acm according to Taylor’s 
analysis or fast neutron scattering and 
another parameters K and k, are chosen to 
fit the experimental results. For Cu, by 
the choice of KR=3 and k,/K=0.7 (this 


correspends to V=66 Mev), we have 


absorption cross section x, =0.957R* 
=1.085b and diffraction cross section 
G2 e0'D: 

After the numerical calculation the forward 
component (0°~12.7°) of total diffraction 
cross section comes to be about 87%, then 
OT, turns out to be about o,,+o,X 0.13 
= 1256): 


ment with experimental one in spite of 


This result is in fair agree- 


such a simple model has been adopted. The 
further agreement may be obtained by two 
ways: one is to find a method to raise 
the backward component. If the backward 
scattering (12.7° ~180°) increases thereby 
to, say 26% of total diffraction scattering, 
o,4, will be 1.43 b and the situation will 
be improved. Another explanation may 
be given by the modification of the inter- 
action radius, that is, R=1.6 X107~"%A"*cm, 


KR=3 and k,/K=0.7, then 


Oy =1.234b, o,X0.13=0.189b (the 
backward scattering 4=12.7°~180°) 

Catt Ca + 0.13 X og=1.423 b: 
It seems to be difficult to understand the 
rather large interaction radius, but p-nucleus 
potential is deeper than that of p-nucleus, 
so that the tail of the nuclear density is 
more effective and consequently the inter- 
action radius of p becomes slightly larger 
than that of nucleon. 

For p-Be interactions, the same K and 
k, as those for p-Cu are used and the 


results are as follows, 
R=1.5 X107-°A'’cm, KR=1.55, 
kif K=0:7 
Oq, = 0.827 R°=0.251 b, og=0.294 b 
0.15 Xo,=0.046 b 
(the backward scattering 7=18°~180°) 
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Oatt — 0.291 b. 


The same situation as in the case of p-Cu 
Therefore if either 


backward scattering increases to 26% of 


interaction occurs here. 


total diffraction scattering or we take 
R=1.6X10-"A"’cm, a better agreement 
with the experiment can be obtained. 

For comparison, the proton-nucleus inter- 
actions are calculated on the same model 


and the results are listed as follows, 


Keates X1 087A cm, K=0.2%10%em>" 
and k,=0.04 X10'%cm7? 

pCu o4=0.86 b (cut off angle 12.7°) 

p-Be oO 4=0.162 b (cut off angle 18°). 


These results are consistent with the ex- 
periment.” 

From the analysis of p-nucleus interac- 
tions, we can estimate the interaction cross 
section of the elementary process. The 
relation between p—p interaction cross 
section o in the nucleus and the absorp- 
tion coefficient K is K=(3A/47R’*)o. 
Using this formula with R=1.5X<10~% 
Al?cm and K=0.5 X107"%cm™', we obtain 
that 
| =O n.+Fan™70 mb. 


In the case of p-Be, the annihilation cross 
section is 0.17+0.06b and the calculated 
absorption cross section is 0.251, there- 
fore the ratio Cin/Fimersc—@ has the values 
between 0.8 and 10 and the mean value 
of a is about 2. We are able to calculate 
Fm and o,, (in nucleus) from the follow- 


ing two relations, 
a=(P,+0.5P,P,)/(0.5P,+0.5P,P.) where 
Pr o,,,/0 atl P.==0;,,/ 6 


=a Omb. 


Because of the effect of the Pauli principle, 
the scattering cross section of antiproton 
by a nucleon in nucleus must be smaller 
than that by a free nucleon, and then we 
have o,, (in nucleus) =2/3 o,,(free)”. 
Thus the total cross sections and the 
partial cross sections for the various values 


of @ are given below ; 


a Ctr Oy F tot free) 
0.8 74 mb 21 mb 94 mb 
Z, 48 38 86 
4 33 48 81 

10 If 65 TD 


According to these results, we may calculate 
that o,, of P—p interaction is 100~70 mb 
and very large compared to that of p—p 
interaction at energy about 470 Mev. This 
is consistent with some preliminary attenu- 
ation cross section measurements of p beams 
by hydrogen performed by Berkeley group.” 

For example, if we suppose that a nucleon 
isa sphere with radius R~b/m,.c of material 
characterized by a complex refractive index, 
the absorption coefficient K is 0.6~0.8 
<10"%cm™ and the mean depth of potential 
is 120~85 Mev for a=2~4. Although 
this simple model is very crude and may 
give no definite conclusions, it may be ex- 
pected that the interaction of antiproton- 
proton is very different from the case of 


proton-proton. 


1) Chamberlain et al., Phys. Rev. 102 (1956), 163: 
and 6th Rochester Conf. Another preliminary 
data from nuclear emulsion indicated the large 
cross sections. 

2) H. P. Duerr and E. Teller, Phys. Rev. 101, 
(1956), 494. 
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(1955), 783. 


506 Letters to the Editor 


4) Fernbach, Serber and Taylor, Phys. Rev. 75 
(1949), 1352. 

5) T. B. Taylor, Phys, Rev. 92 (1953), 831. 

6) ™M. L. Goldberger, Phys. Rev. 74 (1948), 1286. 
In the case of p—p scattering in the nucleus, 
only the target nucleons are affected by Pauli 
principle and then Goldberger’s result, used here, 
gives the underestimated values for o;, (free). 

7) @Z. Koba and G. Takeda, to be published. It is 
a pleasure to thank Professor K. Husimi for 
the communication of this manuscript. 


Remarks on the Elastic Scattering 
of Deuterons by Heavy Nuclei 


Yoshihiko Nishida 


Department of Physics, Saga University, 
Saga 


November 26, 1956 


Recently Gove’ measured the angular 
15.2 Mev 
elastically scattered from heavy nuclei such 
as Pb and Bi. 
data is the 


distributions of deuterons 
The main character of the 
approximately exponential 
decrease of the cross section from that of 
the Coulomb scattering, beginning at a 
specific angle near 30°. 

Porter” attempted to explain the deuteron 
data by assuming that the main effect 
which lowers the cross section below that 
of the Coulomb scattering is absorption of 
the deuterons from the incident beam. 
A similar theory was successfully applied 
to the elastic scattering of the alpha-particles 
by heavy nuclei. Unfortunately, however, 
the best fit for the deuteron data led to 
a poor result that the mean free path of 
the deuteron near the center of the nucleus 
is much longer than that of the alpha- 


particle. The situation will become worse 


if the effect of electric break-up of the 
deuteron is taken into account. A ques- 
tion arises as to the cause of this curious 
result. Now it will be essential to investi- 
gate the difference between the mechanisms 
of the anomalous Coulomb scattering of 
the deuteron and the alpha-particle. The 
aim of this preliminary note is to point 
out that the above curious result may dis- 
appear by introducing the loosely bound 
character of the deuteron into the nuclear 
absorption, and that the critical angle at 
which the deviation from the Coulomb 
scattering begins, can be related to the 
electric break-up of the deuteron. The 
reduced wave-length of the deuteron is 
much shorter than the nuclear dimensions, 
and Ze°/iV, (where Ze is the nuclear 
charge and V, is the deuteron’s velocity) 
Thus the 


center-of-mass motion of the deuteron can 


is fairly larger than unity. 


be described approximately by the classical 
Coulomb orbit. In the nuclei under in- 
vestigation, the apsidal distance correspond- 
ing to the largest angle of observation exceeds 
the nuclear radius. Thus the decrease 
of the deuteron intensity by the nuclear 
absorption could be understood as a result 
of either neutron or proton in the deuteron 
being absorbed when the deuteron grazes 
the nucleus. Now we neglect the effects 
of nuclear transparency. Therefore, we 
may picture the target nucleus as a black 
sphere for the nucleon. In addition, the 
period of the internal motion of the deuteron 
requires to graze the nucleus. Hence it 
has an approximate meaning to speak of 
the instantaneous position of the nucleon 
during the encounter with the nucleus. 
On the contrary, the period of the internal 
motion of the alpha-particle is fairly short 


compared with the time which is required 
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by the alpha-particle to pass through the 
distance equal to the nuclear diameter. 
Thus there is good reason to discuss the 
nuclear absorption of the alpha-particle, as 
the Porter theory does, using its radius or 
Now it will be 


understood that the introduction of such 


the interaction radius. 


an “‘average quantity” as the deuteron 
radius or its interaction radius is very 
dangerous in the discussion of the nuclear 
absorption of the deuteron. Here we may 
use Glauber’s procedure” to obtain the 
transmission coefhcient with which the 
deuteron is capable of passing by without 
touching the nucleus. This angular de- 
pendence is shown by (a) or (a’) in 
Pig. 2. 

These curves may be considered to show 
a satisfactory trend because there exists the 
possibility that the effect of electric break- 
up of the deuteron may lower the cross 


How- 


ever, they are surely incapable of explaining 


section beyond the nuclear effect. 


why the cross section shows the sudden 
decrease from that of the Coulomb scatter- 
ing at smaller angles. NNow there seems 
to be strong evidence for attributing this 
to the electric break-up of the deuteron. 

When the deuteron (mass 2M) passes 
by the nucleus of charge Ze with apsidal 
distance q and velocity V,, it gains the 
energy of approximately Z’e'/MViiq° by 
the Coulomb field of the nucleus. This 
energy will be transferred to the relative 
motion of the neutron and the proton in 
the deuteron. 
energy to exceed the binding energy of 
the deuteron in order that its electric 
This gives the 


Thus it is necessary for this 


break-up may be possible. 
critical angle of approximately DY Lo” (Ea 
sistent with the experimental data. This 
angle corresponds to the apsidal distance 


of approximately 20.3107"%cm which is 
fairly longer than the radius of nuclear 
interaction. The close connection between 
the critical angle and the character of the 
deuteron will establish the difference between 
the mechanisms of the anomalous Coulomb 
scattering of the deuteron and the alpha- 
particle. It might be mentioned that a 
tentative calculation of the angular distribu- 
tions including the electric break-up of the 
deuteron was tried. The cross section 
o(@) of the anomalous Coulomb scattering 
will be “classically.” given by the expres- 
sion: « (4) =T(@) -[o.(0) —o,(@) |. Here 
@ is the scattering angle, T(@) the trans- 
mission coefficient due to the nuclear 
absorption, o,(4) the cross section of the 
Coulomb scattering, and o,(4) the cross 
section of the electric break-up of the 


deuteron along the Coulomb orbit. o,(@) 


20 40 60 80 100 =120 
@ (laboratory angle) 


= 


Fig. 1. Angular distributions of deuterons elastically 
scattered by Pb28. OOO experimental points; (a) 
(ape - transmission coeflicients due to nuclear 
absorption; (b) (b’) 
curves. (a) (b) correspond to the nuclear radius 
R=1.33 A'/3X107-8cem, and (a’) (b’) to R=1.40 
x A'/3 Xx 107m. 


required _ theoretical 
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was estimated by the semi-classical method 
of the virtual quanta extended to the non- 
relativistic case. The final result of o/o, 
is shown by (b) or (b’) in Fig. 1. 

Unfortunately there exists a considerable 
discrepancy in the slope of the deviation 
from the Coulomb scattering at smaller 
angles where the nuclear effect is negligible. 
This seems to show that in the places 
where the nucleon waves appear by the 
electric break-up of the deuteron, the 
classical approach of the scattering is not 
satisfactory, even if Ze/hV , is fairly larger 
than unity. The distortion of the Coulomb 
wave of the deuteron due to the produc- 
tion of the nucleon waves will strongly 
contribute to the angular distributions at 
larger angles than the critical one. The 
wave mechanical approach is required there, 
and the curves (b) (b’) must not be taken 
too seriously. 

The author is grateful to Professor M. 
Kobayasi of Kyoto University for many 


valuable discussions. 
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K-z Interaction and K‘*-N 
Scattering 


Shigeo Minami 


Department of Physics, 
Osaka City University, Osaka 


December 3, 1956 


The recent experiments on K*-N 
scattering”” have shown the following 
results : 


(i) o(K*+p) >o(K*-+n), 

(ii) the K*-mesons after scattering have 
practically the same branching ratio 
of decaying into various modes as 
the K*-mesons before scattering (i.e. 
the incident K*-beam)*”, 

(iii) the angular distribution for K*-p 
scattering is larger in the forward 
than in the backward direction. 

On the other hand, Schwinger” has 
introduced the K-z interaction in order 
to explain the masses of the strange 
particles and has adopted the following 
values of coupling constants : 

Jv /42~10, Oxn/42~1/10, 

Jen /42~1/10. (1) 


The purpose of this paper is to examine 
the contributions of this K-z interaction 
to K’-N scattering. 


First of all let us pay our attention to 


N K 


Fig 2 
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the ratio of the cross sections for the 
scatterings K*-+n—>K*-+n and —>K’+p, 
K* + p-> Keep. Although there are two 
kinds of diagrams (Fig. 1 and Fig. 2) 
corresponding to the lowest order perturba- 
tion, it would be sufficient to carry on our 
discussion by taking into account only the 
diagram shown in Fig. 1, if the values of 
coupling constants (1) are adopted. 

So long as the charge independent K-7 


interaction 
I xn VTP ba thc. (2)* 


is taken into consideration, the perturba- 


tion gives the ratio 
o(K* +p>K* +p): o(K*+n>K* +n): 

o (K* +n—-K’ +p) 

Sh ge Wey (3) 
where $y and $, are the two kinds of 
K-meson fields which differ in parities 
corresponding to the Lee-Yang model” and 


@, the pion field. 


result contradicts with the experimental one 
(i). 


Then we will try another approach to 


To our regret, this 


* In this paper we adopt such a representation as : 


t3GK =bx*, 36K t= Ox. 


this reaction. Since some virtual pion 
takes part in this process, it will be 
necessary to use our knowledge of z-N 
interaction which has been obtained by 
For (k= N 


scattering, we think it appropriate to regard 


the study of pion reactions. 


the K-7z interaction as a perturbation after 
the z-N interaction has been dealt with 
by means of the Chew-Low formalism” 
for instance. As such a simple approxima- 
tion, let us try to describe preliminarily 
the following model for scattering : firstly 
a virtual pion is produced by K—7Z inter- 
action, secondly this pion is scattered by 
nucleon and finally this scattered pion is 
Fig. 3 and Fig. 4 


are the diagrams corresponding to such 


reabsorbed by K-meson. 


scattering processes. 

First of all the ratio of the cross sections 
for K*-N scattering is re-examined under 
the crude assumption that the so-called 
I=3/2, J=3/2-state in pion-nucleon inter- 
action plays alsoa predominant role in our 
process as in the cases of 7-N scattering 
Then we 


can easily obtain the following result : 


and photo-meson production. 


o(K* --p>K* +p) : o(K* +n->K* -+n).: 


aK" +-n—>K +p) 
== 4 vials (4) 
K N 
Nx 1 
RS haby 
K ok 
eo Xe 
WW N 
Vane 


Fig. 4. 
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This values is consistent with the experi- 
mental result (i). So far as our model 
is concerned, the scattered K-meson has 
the same parity as that of the incident 
K-meson. Thus it may be said that our 
description of scattering is suitable to ex- 
plain the experimental result (ii) with 
respect to the decay modes of K‘-meson. 
Now let us discuss about the angular 
distribution. In the scattering process 
corresponding to Fig. 2, K-meson interacts 
directly with nucleon, so the theory with 
the conventional interaction Hamiltonian 
will predict the predominance of s-wave 
scattering in the energy region (up to 120 
Mev), of which the experiments are now 
carried on. On the other hand, in the 
scattering processes corresponding to Fig. 1, 
Fig. 3 and Fig. 4, K-meson interacts with 
nucleon through the virtual pions only, so 
the impact parameter in the collision will be 
considerably large and the momentum trans- 
fer to the nucleon will be relatively small. 
Thus it may be expected that the angular 
distribution for K’-p scattering is larger in 
the forward than in the backward direction. 
The author would like to express his 
thanks to Professor G. Takeda for his 
kind information and also to Professor Y. 
Yamaguchi for his discussions. 
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Quantum Numbers for Lepton 
Processes 


Yasuhisa Katayama 


Faculty of Culture, Kyoto University, Kyoto 


December 12, 1956 


According to the experiments and the 
theoretical analyses there seem to exist 
remarkable regularities in the lepton pheno- 
For instance, leptons appear partly 


through the “ universality’ of fermi inter- 


mena. 


actions” and weak boson-fermion interac- 
tions’. To explain these facts many 
speculations have been reported, such as 
the introduction of the intrinsic parity” 
and of the lepton number”, and the rule 
that “all lepton processes always accompany 


at least one neutrino ””” 


is a more primi- 
tive one. 

The aim of this note is, by using several 
assumptions, to arrange these features as 
follows : 

A) The concept of the strong interactions” 
in baryon and meson system remains also for 
lepton processes. 

We consider tentatively that all lepton, 
baryon and meson processes which are 
transmuted to each other by some strong 
interactions may have the similar interaction 
that is, n—>p+e +) and 
m™— e+ are equivalent for interaction 
strength (via NN7z), and K*->7°+et +p 
and K'—>e'+v are same (via KK7). Both 


the latters of the above examples are usually 


strengths ; 


not observed, but these circumstances should 
be explained by a more detailed theory.” 
By virtue of this assumption, all wanted 
and unwanted lepton processes can be classi- 


fied into several groups, i.e. T>pe-++v group, 
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z—>e-+Y group and so forth. 

B) Neutrino is a Dirac particle, that is 
neutino and anti-neutrino have different pro- 
perties. 

C) All lepton processes conserve the lepton 
number N, according to Konopinski-Mahmoud’s 
assignment. 

Assumption B) will be clarified in near 
future. As is known, C) is not a sufficient 
condition to rule out all unwanted processes, 
such as Kt->77> + pr* +e*. 


some other new quantum numbers. 


Then, we need 


D) _ Leptons have at least two new-quantum 
numbers, L, and L_ which change their signs 
by particle-antiparticle transformation. 

The new quantum numbers here intro- 
duced are not identified with the strange- 
ness s for baryons and mesons. In order 
to make it identified with it, we are obliged 
to assign the same strangeness” to all leptons 


kinds of 


introduce the three 
) 


or to 
neutrinos.* 


One type of the 


ING Ve Se quantum number as- 
signment for leptons 

(ane a 1 1 ; BP ; P 
home is listed in the table. 
ee oO Using them, we can 


deduce the electric 
charge number Q for leptons and the 


neutrino number 7 as follows: 
C= the 
n=—(L,—L_). 


If we consider that all baryons and 
mesons have L,=L_=N,=0 eigenvalues, 
while all leptons have I=N, (baryon 
number) =s=0 eigenvalues, all elementary 
particles are classified under six quantum 
numbers. Thus we establish the selection 
rules for all elementary processes. 


E) The interactions of all elementary 


particles are characterised by 


max(|4s|, /4L,\, |4L_|, \4L, + 40_)), 


and corresponding to its values 0, 1, 2..., we 
can classify them into the strong (including 
electromagnetic) interaction, weak interaction 
and very slow or unobservable interactions 
respectively. 

According to E), all observed (principally 
allowed) lepton processes together with 
deacy interactions of baryons and mesons 
are classified under the same group and 
unwanted or unobserved processes can be 
ruled out. 

However, there appear new strong inter- 
actions such as 7"—e*-+e , but some of 
these processes are realized in principle by 
strong-electromagnetic interactions. The 
neutrino pair processes such as 7’—>v+v 
for strong interaction and K>7+¥+9 for 
weak interaction are not ruled out by this 
model, and must be removed by considering 
details of the theory or specifying the 


interaction types. 
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He-He Repulsive Potential 


Sigeru Huzinaga 


Department of Industrial Chemistry, 
Kyoto University, Kyoto 


December 17, 1956 


The problem of repulsive interaction 
energy between two normal helium atoms 
is of fundamental importance in the theory 
of molecular systems and yet there exist 
grave discrepancies between the latest 
experimental estimation’? and the latest 
theoretical calculation”. In this connection 
we report here a simple calculation which 
yields rather drastically improved values of 
the repulsive interaction energy. It is 
nothing but a slight modification of the 
of Griffing and Wehner”. 


They adopted simple Slater-type 1s-func- 


calculation 


tions, ¥, and ¥,, as AO’s and constructed 


two LCAO MO-s: 
P1~Yat Xo Fy > 
P2~Ya—No> Fu> 
where 
La= (Z2/7)"exp(—Zr,), 
and similarly for y, with Z=27/16. Now 


let us try to generalize slightly their scheme 
of calculation by taking, 


P1~ Lato 3 Fo» 
Pea Voit Sas 
where 
Xd = (Z/m) exp (—Z'tq). 
The point is that we take Z4Z’. This 


idea was suggested by a united-atom treat- 


ment of the He-He repulsive interaction”. 


Mathematically, this generalization is rather 
trivial but it bears some essential physical 
meanings. In short, 9; and @ must 
reduce to 1s and 2p atomic orbitals, 
respectively, of Be in the united-atom limit 
and in order to cope with this physical 
requirement we should, at least, drop the 
severe restriction of Z=Z’. The calcula- 
tion involved in the case of ZA Z’ is not 
tedious and can be carried out with reason- 
able labor. 
formed at three values of the internuclear 
distance R; 1.0, 1.5 and 2.0 a.u. and the 


results are summarized in Table 1. E is 


Actual calculations were per- 


Table 1. 
Flss) jY tov Spe basis pate 
¥ pie 2.25 2.0 fo 1.75 
Zz a 1:25 et 2/15 1.5 
E(au) | —4.70584 | —532781 | —5.58131 
VR) | 0.98947 a.u. | 0.36750 a.u. | 0.11400 a.u. 


(26.92 e.V.) | (10.0 e.V.) | (3.10 e.V.) 


the total energy of the He-He system and 
V(R) is the repulsive potential energy 
which is defined by E(R)—E(c). In 
the above, we took E( co) = —5.69531a.u. 
in accordance with Sakamoto-Ishiguro” and 
Griffing-Wehner”. We performed numerical 
calculations within the direct availability of 
KAIK’s table” and this necessarily imposed 
restrictions on the available values of Z 
and Z’. 
tion may conveniently be expressed by the 
following approximate formula : 


The result of the present calcula- 


V (R) =8.58817 exp(—2.16097 R) 
aU.) UK ina.) (1) 


This is compared with the corresponding 
formula of Sakamoto-Ishiguro”: 
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V (R) =15.02222 exp (—2.36478R) 
ae (Rin aus) (2) 


Fig 1 shows the potential curves due to 
(1) and (2), together with the experimental 
result of Amdur and Harkness”. At R 
=1.0 the difference between I and II 
amounts to about 12 e.V. but still the 
We are 


attempting further improvements of theo- 


experimental curve lies far below. 


retical calculations and the details will be 


reported in the near future. 


V (R) in eV. 


My ge ay 
Rina.u. 


0 mary : : . 


1.0 1.5 2.0 


Fig. 1 He-He repulsive potential 
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Phys. 15 (1956), 37. 

3) V. Griffing and J. F. Wehenr, J. Chem. Phys. 
23 (1955), 1024. 
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Equivalence between the Line Width 
and the Rate of Energy Relaxation 
in the Inversion Spectrum of 
Ammonia 


Kazuhisa Tomita 


Department of Physics, Faculty of Science 
University of Kyoto, Kyoto 


December 25, 1956 


Based on the observation of the thresh- 
old saturation, Townes’) argued that the 
rate of energy relaxation in the inversion 
spectrum of ammonia is of the same order 
of magnitude with the line width due to 
intermolecular collision. Bleaney and 
Penrose” claimed that Y,/%,=1.75, where 
M, is the rate of energy relaxation and 
@, is the line width in angular frequency 
unit. Reanalysing the data of Bleaney and 
Penrose, Karplus” arrived at a conclusion 
that the same collisions interrupt the radia- 
tion process and restore the thermal equi- 
librium. Here we give a direct proof that 
the rate of energy relaxation should be 
identical with the line width under the 
experimental condition. 

We make use of the relaxation function 
method which was originally developed for 
descriving magnetic resonance (Kubo and 
Tomita)”. According to this method the 


frequency spectrum I(w) is given by 
a) =In{ dte-™9 (¢) (1) 
0 


where @(t) is the relaxation function of 
the electric dipole moment of the ammonia 
molecule characterized by the intermolecular 
collision. If we consider the resonance at 


frequency W,, 
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¢,(t) is written in the form 


Ga (t) =exp {iagt— $a (t)} 3 a= CV, K). 
(2) 
When we develop ¢(¢) in the ascending 
power of the intermolecular interaction, the 
zeroth and the first order terms vanish 
owing to the nature of inversion doublet 
and the dipole dipole interaction, accordingly 


we have 


the (t) = Par (t) oe ba (oim(b) 
; eran UF 
x | ne ful ; )de, (3) 


as the lowest order approximation. Here 
b is the closest distance of approach which 
characterizes a particular type of orbit, and 
< ), denotes the summation over the 


number and the type of collision. 


(9 (6) y=nv | 2=6dby (8). (4) 


o,u(6) is the second moment of the inter- 


molecular interaction 


oiu(b) = Hoe hl AS 
ee J(J+1) J’ +1) 


alt Ri (* ; * dx (5) 


and fy(vt/b) is the correlation function 
of the radial part of the interaction 


Wes LR a de 
MT) 


/¢ is the electric dipole moment and wv is 
the mean velocity and (J, K, M) are the 


rotational quantum numbers of the molecule 


under consideration. bw, is the change in 


energy which is associated with the second 


order effect of the interaction and is given 
by b(w, +4), where wy is the inversion 
frequency of the colliding molecule. This 
is due to the fact that the dipole moment 
is purely off-diagonal with respect to the 
inversion doublet. 

When the pressure is not very high, 


say below 10 mm Hg, we have a condition 

Tou(b) <—. (7) 
b 

In this case ¢/,(t) may be written as 
ba 

#ta(t) =t 3) 3X obar(b)(2) Fa 2") 

=t>VCF (07) =tP, (8) 

FY 

where 


Fy,(6w,/v) =| dre Fale). (9) 


In the equation (8) the quantity /, stands 
for the line width and is explicitly given 
by 

D, res {PT (opt oy) + ¥ (@,—u)}, (10) 


where Y(w,) is the number of transition 
per unit time accompanied by an energy 
change bw,. 

Now the rate of energy relaxation 9, 
is equivalent to the number of energy 
quanta transferred per unit time, and is 


given by 
=) (We + War) FY (We + Wg) 
W, 
+ (W— Wg) F (wg—Wy)}. (11) 
Suppose in addition we have a condition 
2 
ONS San (12) 
b 
then there is a relation 


F (We t+%q) =F (Wg—y) = (0) (13) 
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and it follows immediately that 
Diea0.. (14) 


Therefore the rate of energy relaxation is 
equivalent to the line width in this 
particular case, which corresponds to the 
extremely narrowed case in magnetic reson- 
ance.” That the condition (12) holds in 
usual cases was demonstrated by Anderson,” 
therefore the proof we desired has now 
been completed. 

This note is the result of a discussion 
which the author enjoyed with Professor 
C. H. Townes in Tokyo University during 
the summer of 1956. 


1) C. H. Townes, Phys. Rev., 70, (1946), 665. 

2) B. Bleaney and R. P. Penrose, Proc. Phys. Soc., 
60, (1947), 83. 

3) R. Karplus, Phys. Rev., 73, (1948), 1120 (L). 

4) R. Kubo and K. Tomita, Journ. Phys. Soc. 
Japan, 9, (1954), 888. 

5) P. W. Anderson and P. R. Weiss, Rev. Mod. 
Phys., 25, (1953), 269. 

6) P. W. Anderson, Phys. Rev., 76, (1949), 647. 


The Coupling Constants of Strong 
Interactions 


Setsuko Miyachi 


Department of Physics, Osaka City University, 
Osaka 


January 4, 1957 


From the recent experiments about the 
strange particles it is known that there are 
several strong interactions. In this paper 
we shall estimate the order of the magnitude 
of these coupling constants by the pertur- 


bation methods. For this purpose the ex- 


perimental data on the K*-nucleon scatter- 
ing, the x -proton scattering, and the strange 
particle production by the z~-proton colli- 
sion are used. 

If we assume the spin 3 for A and 5} 


particles, there are four possible assignments 


tH 
i 


of their parities; namely a): A is 
and..>} is. 4-5: 8) :. Ais 4* 
i) iy ise and 33 *is 4) sh Avis? 
and >} is 4*. 


We assume furthermore that the nucleon 


and >} is 47, 


is 4° and the K particle is 0°, then we 
can take the simplest inteaaction Hamil- 


tonian densities as follows, 


Hywn=i9 0 nistaP Pe tH-C 
Ayan=Gib Vbxbx+H-C 

dis hope el CR lice Mo Uti pl CAO: 
Ayre =IY TD Yreat H-C 
Hyyn=IGP xT Tez Pa +H C 


where I’ is either i7, or 1. 

The value of the NNz coupling constant, 
J; /42==10, for ps( ps) interaction has been 
estimated from low energy phenomena, but 
if we adopt here this value, it leads to the 
unfavorable results. Assuming that g,°/47 
should be adjusted at each energy in the case 
of calculation by the lowest order pertur- 
bation, we determine the the value of ef- 
fective coupling constant 7,°/47 at the higher 
energy ~ 1.3 BeV (kinetic energy of 7 
Accord- 
ing to Walker,” the elastic scattering cross 
section at 1.3 BeV is 2~3 mb extracting 
the shadow scattering (4<60°). From 
this data we obtain the value of the NNz 
coupling constant, 1.6 <9,°/47 S 2.0. 


Lannutti et al.?? observed the nuclear 


mesons in the laboratory system) . 


interactions of K* mesons in flight in 
energy region of 30~120MeV. These 
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cross sections are 6mb_ per nucleon. 
Furthermore there are 4 charge exchange 
events and 36 non-exchange ones, namely 
36/4=R. While, according to the Got- 
tingen group” the cross section of the 
elementary process, K'+p—p+K* is 14 
~18mb. To see how to choose the values 
of the coupling constants whens we adopt 
various experimental data, we use 6 mb as 
the lower limit for the cross section, while 
18 mb as the upper limit from the pertur- 
bational expressions for various cross sections, 
and take R=36/4+/9 =5~15. Then 
we obtain the two possible sets of values 
for the NAK coupling constant G,?/47 and 
the NK coupling constant G,°/47 at 50 
MeV in the cases a) and 0). The results 
are given in Table 1. But in the cases 7’) 
and ) we find no solutions. 

We have no experimental data about 


K*-nucleon scattering at high energy—>500 


MeV. But we assume that the order of 


magnitude of G,’/4z, G,/4m at high 
energy is the same as that of the ones at 
50 MeV. 

By Forler et al.” or Steinberger et al.,” 
the cross sections of the strange particle 
production in 7~ +p collision are ~1 mb 
at 1.3 BeV. Moreover Steinberger et al.” 


observed 37 neutral particle production. 
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From these data and above mentioned values 
of g,°/4n, G?/4m and G,/47z, we can 
obtain the four possible values for the 
AS\z coupling constant g,°/42 and the 
SYS\z coupling constant g;°/47 which are 
listed in Table 1. 

We have no reason to exclude any of 
these eight types of solutions in Table 1. 
However if we take the (B) solution for 
the assignment @) which contains 7, in 


of 


these five coupling constants are of the 


interaction Hamiltonians, the values 


same order of magnitude. Thus it seems 
to be possible to assume universality of 
coupling constants. This possibility for 
the strong interaction, however, is based 
on the results obtained by the lowest order 
perturbation. Therefore, in future, with 
more accumulated experiments and improved 
methods of calculation, we shall again dis- 
cuss this attractive possibility. 

The author is deeply grateful to Dr. T. 
Nakano for his leadership, to Professor 
Y. Yamaguchi and Dr. S. Minami for their 


valuable advice. 


1) Walker, Fifth Rochester Conference, 1955. 

2) J. E. Lannutti, Phys. Rev. 101 (1956), 1617. 
3) Dallapota, Sixth Rochester Conference, 1956. 
4) W. B. Fowler et al., Phys. Rev. 98 (1955), 121. 
5) TT. Steinberger et al, Phys. Rev. 103 (1956), 1827. 


Table 1 


case a) 


case 0) 


1.6<9:°/427<2.0 


1.9<G;2/4n<3.4 
0.8<G,2/42<1.7 


2.0 > 9,"/4n 20.6 
0<93"/42<0.4 


(A) 


1.2<G\°/4n<2.3 


0.4<90"/4n<0.4 
18 29s'/4n21.2 


soe atrz20) ' 
9<93"/4n<14 


4>9,/42>1 | 
46 =93"/4n>41 


0<G,!/4n<0.6 
1.5<G,2/4n<2.0 


0.2=92"/42 20 
1.52 93"/4n21.2 


0.2>9,7/4z>1.4 
1.6.>93°/4n>1.0 


|| 0.3<G,2/4n<0.4 

} (B) 

j (C) 
@) 0<G\"/4z7<0.5 
0.6<G,/4n<1.8 

A) 


2927/4 20.5 | © 
0<932/427<0.04 


eee ) 


O0<9s*/42<0.5 


Letters to the Edztor Baliye 


A Remark on the Lepton Processes 


Suteo Got6d 


Institute of Physics, Tokyo Gakugei University, 
Tokyo 


December 5, 1956 


As is well known, the charge independ- 
ence hypothesis proposed by Nishijima” 
and Gell-Mann” has succeeded in explain- 
ing the curious natures of the strange 
particles as far as the strong interactions 
are concerned. But such a theory, as it 
stands, seems to be unsatisfactory for under- 
standing the lepton processes.” ” 

In the customary scheme the leptons 
are not assigned any iso-spin and strange- 


ness.” 


This view-point is usually accepted 
to be supported by the following fact that 
the leptons always interact, except for 
electromagnetic interactions, with a strength 
about 1074 weaker than the strong inter- 
ctions. According to the current scheme, 
we cannot summarize the lepton processes 


) 


in a unified way.” Moreover in that case 


we are obliged to allow such unwanted 


processes ;"” 


Kp $ pr (1) 
Ket +e7 (2) 
Ktom teeter (3) 
Ktonttette (4) 


Ke 7 Sey Dp (5) 
etc. 


However, as far as the charge is to be 
considered as a fundamental property of a 
particle, it seems that the leptons should 
be assigned iso-spin and strangeness, since 
the leptons as well as the baryons and 
bosons have the elementary charge whose 
conservation can be related to invariance 
under a gauge transformation.” 

In this note we assign an appropriate iso- 
spin and strangeness for leptons and assume, 
for each lepton having strangeness s, the 
following relation between the third com- 


ponent I, and charge Q 
Q=I1,+ 44, 


where n means lepton number. 


U—2-- Ss, (6) 
This rela- 


tion is an extention of that introduced by 
Nishijima and Gell-Mann for each baryon 


and boson with strangeness S: 


Q=1,+3U, U=N+S. (7) 


We assume 


N in (7) is baryon number. 
in this paper, as shown in Table 1, any 


* and e” are 


iso-spin of leptons is zero. /4 
taken as normal,” so #@ and e* are con- 
sidered to be anti-particles. The iso-spin 
assignment for baryons and bosons is as- 
sumed to be the same as that of the 
paper (I). 

Since we have introduced the lepton 
number n into the lepton family inde- 


pendently of the baryon number N, we 


Table 1. Iso-spin assignment for leptons 
eee 


Particle I Ts Q=I[3+3u u=nt+s G Transformation properties 
ne (0) (0) 1 Is ay 1 2) 1 iso-pseudoscalar 
e~ 0) (0) —1 I3—1 —2 —3 iso-pseudoscalar 
y 0 0 0 Ts 0) —1 iso-scalar 
oe 
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can sharply distinguish the allowed lepton 
interactions from the strong and electro- 
magnetic ones by the following selection 
rules : 
(i) lepton—>leptons (f4—e decay) 
dn—©, J1=0, dyu—0,, N=0; 
(4Q=0) 
strongly—> stronglys + leptons 
4N=4dn=0, 4Q=0, |41|=4 or 
(b) 


|4I|=1 (41,30), |du|=2. 
Here “strongly” refers to baryon and 


(a) * 
(ii) 


boson. N=0O in (a) means that a baryon 


It 
here that such unwanted 


is not concerned to the #¢—e decay. 
is remarkable 
processes as (1) ~ (5) are all forbidden by 
the selection rule (b). 

Now, if we assume that primary inter- 
actions in the strong ones are of Yukawa 
type and primary weak interactions of 
Fermi type, we can consistently deduce the 
weak interactions as the secondary processes 
from the intermediary of some of the strong 
interactions of Yukawa type and one of 
the weak interactions of Fermi type. 

Finally we mention the energy spectrum 
of the secondary z* in the decay process 
Kt—a*+v+¥ which is allowed by the 
selection rule (a) in the paper (1), while 
it is forbidden by (b). 
this process an interaction Hamiltonian like 
(7-1) in (I), we get the transition pro- 
bability : 


If we assume for 


2 0 


| (5e'—6€+3—2ai) v & — aide 


(9) 


* Dr. S. Hanawa informed to the author that intro- 
duction of “ neutrino number” is useful to summa- 
rize the lepton processes, but in our model ‘it is not 
necessary to introduce the neutrino number. 


Freyuencp in arbitrary soall 
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where M,€ means the energy (including 


If 


(5) is realized in nature as an allowed 


the rest energy) of the secondary 7°. 


process, we should certainly find out, among 
the processes K*—7* +2 neutrals, the 
secondary =* which has the kinetic energy 
greater than the maximum one (~50 Mev) 
of the 2° in the t’*-decays (c/"—>7* +27"), 
since the transition rate of K°>7a*+¥+¥ 
may be nearly equal to that of K;>e* +7" 
+e. 


been identified up till now, so the process 


But such an event as above has not 


(5) may belong to the forbidden one, as 
was shown in this note. 
Detailed discussions will be published in 


a later issue of this journal. 


0 50 Mev 
Kinetic energy of zt 


100 Mev 150 Mev 


Fig. 1 Energy spectrum of the secondary z+ in the 
decay process: Ktozt+t+y+7 
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On a Classification of Light Particles 


Kei Senba 


Department of Physics, Hiroshima University, 
Hiroshima 


January 4, 1957 


Nishijima and Gell-Mann” have presented 
a classification for the strange particles 
under the hypothesis of charge independence. 
With this model the phenomena among 
these particles, and especially the discrimi- 
nation whether the interactions are strong 
or not, have been successfully explained, 
as long as the particles belong to the 
baryon-meson families. 

However, the N-G theory, which was 
constructed basing upon the concept of 
isotopic-spin, has not taken into account 
the decay processes in which lepton (/, e, ¥) 
takes part. The simplest way to extend 
this theory to lepton processes may be the 
application of the charge independence 
hypothesis for lepton. Though this may 
produces good selection rules, we are sub- 
jected to the introduction of the redundant 
neutral particles (/4,¢), as investigated 
by some authors.” 

From the experimental observation for 
the phenomena involving lepton, there seems 
to exist the following characteristic features : 
1) The lepton processes involve at least 
one neutrino, 2) they take place always 
in the pair (4) or (e”), and 3) in two 
body decay only, 4 and e take place in an 
asymmetrical way. 

The purpose of this note is to give a 


* Prof. S. Goto has presented a similar scheme in- 
dependently of us (private communication). 


scheme for classifying the lepton family 
without introducing the charge independence 
hypothesis into leptons. For this purpose, 
we introduce the y,-charge into lepton in 
an analogous manner to the Nishijima 
model, in addition to the lepton number 
(n) conservation proposed by Konopinski- 
Mahmoud.” Then, there should be an 
intimate relationship between the charge 
Q and 7,-charge for each particle.* 


We may write this relation as 


Q=4(n+7). (1) 
We assign these quantities to each particle 


as the following table : 


Table Types of fields 


dese Lorentz Isotopic spin one if 
space space 
jie spinor __ pseudo-scalar i al 1 
e spinor pseudo-scalar —1 1 —3 
y spinor scalar ORT 


a 


An anti-particle, ie. charge conjugate 
particle, has an opposite n-charge to that 
of the normal particle as is the case with 


the electric charge, and we have 
ae SAKE, ey 


where C is the charge conjugation operator. 


C= —Cn, > 


In applying this idea, we assume that 
1) 4y,= +2 for the transitions, baryon 
baryon+lepton, 2) 4y,=0 for the transi- 
tion, lepton—lepton. 

On the other hand, the estrblished lepton 


processes are written as 


(8-decay) N->P-+-e + 

(w-capture) P+poN+y 

(pt-decay) perce YY 

(z-decay) mT'>pt+ty (3) 
(K,,>-decay) oe eile 
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(K,,,-decay) 
(K,.-decay) 


OS > The fe naka 
Ki7" +e I + y, 


Although the lepton number conservation 
is sufficient to make the established proces- 
ses (3) “allowed”, further restriction will 
be required for the unobserved proceses 
Kton-+et+yp*, Ktoa*+et+e, etc, 
to be excluded. For this purpose, 7,-charge 
introduced in our model is useful to pro- 
hibit these unwanted processes, and in this 
case there appear no difficulties of the 
neutral counter particles which were en- 
countered in the charge independence model. 

Details of the present note will be 
published in near future. 

The author would like to thank Professor 
K. Sakuma, Drs. S. Ogawa, T. Ouchi and 
M. Yonezawa for their helpful discussions. 
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Some Identities for Renormalization 
Constants in S(S) and PS(PS) 


Meson Theories 


Kichiro Hiida 


Department of Physics, University of Hiroshima, 
Hiroshima 


December 8, 1956 


Using the approach to a solution of the 
quantum field theory presented by Landau, 
Abrikosoy and Khalatnikoy,” renormalized 


coupling constant yi and renormalization 
constants Z,; are expressed in terms of un- 
renormalized coupling constant (/,  re- 
normalized Fermion mass m and cut off 


momentum 2 as follows :””” 


z 
me? 

(1) 
where O> (b,, 6.) >—©o 
and —2b,+26,.1+6,=—1. 


tion the terms 


gs” (go log? /m*)” (m, n=1, 2,...) (2) 


g=9, 2", GZ=Q" Q=1+4 49, log 


oS a = 0; 


In this equa- 


have been neglected. In this note we shall, 
using the approach, show that there exist 
some identities between the renormalization 
constants Z; for §(S) and PS(PS) meson 
theories. 

Eq. (1), in principle, can be obtained with 
the aid of the Dyson-Schwinger integral 
equations. For simplicity the method 
presented by reference 3) will be used. 
According to their method, this equation 
can be obtained directly without solving the 
integral equations. There we use the re- 
normalizability conditions,” and the asym- 
ptotic forms, for large momentum, of the 
one particle Green’s functions and the 
vertex part in Y order. 

When the main part of interaction 
Hamiltonian H; in pure neutral S(S) and 
PS(PS) meson theories are given by 


H,=9 hd and H;=i9 097,00 (3) 


respectively, the vertex part and the one 
particle Green’s functions, in both S(S) 
and PS(PS) cases, have the following ap- 
proximate expressions up to g,? order for 


the case —pom: 


Pfr P=1 + I¢ tog 2 /p? 
( /7 hag Pe eke 
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| 5, (p) /8,(p) ~ 1-28 log 22/p°, (4) * method as that in the pure neutral case, 
| 8 


| we get, in this general case, instead of 


; ie ; eq. (1) 
Sel P) (An p= 1 — Pog 2/p ve 
: 27 G2,45=Io Q ’ £44=Q,'44, 
Making use of the renormalizability con- Q,>0 and 0> (by; by,;) > —&, (8) 


diti 3?) d : . ° 
be end eq. (4), simple’ calculations where sufhx j specifies the type of the 
y : 


external mesons, and Q—1 and 6,,; are 


Q=1+ fe log b,=b,=—} listed in Table 1. 
ra 


z 
We Table 1 gives us the following two 
and. b.==—1) (5) * significant informations about the identities 
for renormalization constants in S(S) and 


PS(PS) meson theories : 


Let us consider the most general case 


where the main parts of interaction Hamil- 


tonian are given by i) Renormalization constants for S(S) 
4 - case equal to those for PS (PS) case. 

es 2 Ie TOs and ii) Especially in both neutral (j=3 

\ be and a,=0) and pure neutral (j=4) 

Hi=i > Dos FoF in (6) cases, there hold Ward’s identities 


where for renormalization constants, as in 


the case of quantum electrodynamics. 
Gog =4j)J0  Ta= 1 and 4,=4y. (7) 4 y 
In the next note we shall compare these 


Due to the invariance under th a ; . 
er the charge results with those obtained by usual 


conjugation, a, must be equal to a,, and ; 
Jug; seine 1 eae perturbation method. 


any two of three factors a,, 4, and a, can 

take independent values with each other. 1) Landau. Abrikosov and Khalatnikov, Doklady 
In this general case the vertex part and Acad. Nauk U.S.S.R. 95 (1954), 497, 773, 1177. 
Abrikosov, Galanin and Khalatnikov, Doklady 
Acad. Nauk U.S.S.R. 97 (1954), 793. 


3) Pometranchuk, Sudakoy and Ter-martirosyan, 


the self energy parts differ only from the 2) 


corresponding ones in pure neutral case by 


isotopic spin parts alone. Using the same Phys. Rev. 103 (1956), 783: J. C. Taylor. 
———— Proc. Roy. Soc. 234 (1956), 296. 
* These results differ from those of reference 3 by 4) ™M. Gell-Mann and F. E. Low, Phys. Rev. 95 
a constant factor. (1954), 1300. 
Table 1. 
Q;-1 | bi, 5 | bo, 3 | bs, 3 
) See gta hoe) me _(as?— aq?) _ ay? +as? tas") oe) Sao 
jaw Ore (3a;" +43 5 84 |m 4Gai2-+43) | 4(ai2-+ a2) (Ba2+a,2) 
2 | = eae 

: Soy eee (2ay° — a3? — a3”) Car nates ey Eas 

ee basal os) ™ tog Ae 8 (a; + a3") 8 (a\" +43") (a\" +43") 

, A Jo" 0/9 s (2a;°+ ag? a3”) = (2a;?+ a3*+ a4") aie 

fe aq, 1084 /m Aa, 4ay2 


[users en nnn 


By 


ERRATA 


On the Quantum Mechanicslike Description of the Theories of the 


Brownian Motion and Quantum Statistical Mechanics 


N. SAITO and M. NAMIKI 


(Prog. Theor. Phys. 16 (1956), 71) 


1. In the following Table A should read B. 


Page. | line or equation A B 
ee WD 18 | (p. 2) (p. 72) 
80 8 | r | << 
83 Eq. (4.24) | 2Dt | Dt 
83 Eq. (4.26) pi pi 
84 | Eqs. (4.31), (4.32), (4.33) m m 
| Jast term of Eq. (4.33) | (1/mB*) | (1/m?B?) 
91 10 from bottom | system of described system is described 
| 7 from bottom | composed is | composed of 
93 Eqs. (A.12), (A.12’) | to t 


2. From dimension-analytical point of view, it may be convenient to rewrite eqs. (3.3) and (3-5) as 


follows ; 
WATS 
< X(t) X (ta) > =- 3 0(t)—to), (3. 3) 
I 
t+At 
B, (41) =8\ X()di~X(t) pdt, (3.5) 
t 


where f is defined in eq. (3.23), 8=¢/m. This requires slight changes in eqs: (8. 4), (3.6), (3.7) send 
the middle number of (3.8), that is, 


W(X) ocexp(—X2/48ckT), (3. 4) 
t+ At 
<BitCAt) > =p | \ <X (1) X(s) >dtds=< X2>p at, (3. 6) 
t 
¥'{B, (At) too exp{ — B,2(s) /48°ckT At}, (3.7) 


exp{ — (1/48°¢kT dt) S B,2( Ad) . (3. 8) 
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Qn the Vibration of Disordered Linear Laitice 


Jun-ichi HORI and Tekashi ASAHI 


Department of Physics, Hokkaido University, Sapporo 


(Received November 26, 1956) 


The method of trarsfer matrix which was recently developed by Kerner to treat the problem of 
electronic -and structure of mixed linear lattices was applied to the problem of vibration of atomic 
linear chain. It was skown that this method affords effective means of calculating the eigenfrequency- 
distribution of several kinds of lattices, including disordered ones. 

The well-known results for regular monatomic and diatomic lattices, and the results which were 
obtained by Montroll and Potts for linear lattices containing a few impurity atoms, were rederived 
by the matrix method in 2 much simpler way. The eigenvalue equatiors for the lattices containing 
several impurities at arbitrarily given positions were then derived. In cases where the force-constant 
is not altered by impurities the formulas become so simple that we can obtain the eigenfrequencies 
without laborious calculations. It is also possible to derive in’ such ceses a simple approximate eigen- 
value equation for lattices containing impurities distrituted completely at rardom. This equation 
indicates that the mode of change in the distribution of eigenfrequencics is cualitatively the same as 
in the case of one or two impurittes. 

Monatomic lattice with a single hole and diatomic lattice with a single impurity were treated as 
simple examples. An attempt to extend the matrix method to the case in which the next-nearest in- 


teraction between atoms 1s taken into account was also mentioned. 


$1. Tntroductioa 


Recently Kerner’) treated the problem of the electronic band structure of periodic or 
random linear lattices containing impurity atoms by the method of transfer metrices. In 
this paper we show that if we treat a problem of vibration of Linear atomic lattice by 
a similar method, we can obtain not only the same results as hitherto obtained for a 
regular periodic lattices or lattices containing a few impurity atoms, but also, in a com- 
paratively simple way, a considerable amount of information as to the vibration of lattices 
which have more complicated structures. 

The problem of vibration of a lattice containing a few impurities was recently investt- 
gated by Montroll and Potts”, using the method of Green functions. Though their 
treatment is very elegant and several important results are included therein, the calcula- 
tions seem to come out considerably complicated if we attempt to apply it te lattices 
with more complicated structures, ©€.8-, those containing several impurities at arbitrarily 
given positions or at irregular unknown positions. Especially it will prove difficult 
to apply this method effectively to the letter. It is true, on the other hand, that 
for such random lattices there is a rigorous mathematical theory formulated by Dyson 


and Bellman®, which provides us with a general procedure of calculating the distribu- 
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tion of eigenfrequeacies of random lattices. Practically, however, this method will not 
be of great use, inasmuch as it involves mathematical formulas which are hardly wor- 
kable, such as an integral equation whose solution cannot be obtained without formidable 
numerical calculations. The case treated by Dyson is perhaps the only one example in 
which the equation can be solved ia a closed form, which however is not physically 
very significant. Our method, which furnishes much new information as to the vibrational 
modes of lattices with several impurities situated at given positions or at random, will 
meke up, to a certain extent, for the drawbacks of these theories.* 

In $2 and § 3, we explain our method end show that the well-known eigenfrequency- 
distribution for regular monatomic and diatomic lattices can be derived therefrom in a 
very simple way. In § 4, the lattice with one impurity atom arbitrarily located is treated. 
For the case in which the force-constant between impurity and regular atom is the same 
as that between regular atoms (Case M), we obtain the result which is very similar to 
that of Moatroll and Potts. Ia §5, the spatial wave forms of the normal vibrations 
are discussed for the Case M with one impurity atom, end the localized character of the 
impurity mode is demonstrated. 

In $6 we treat the case of two or more impurities and show that in Case M it 
is especially easy to derive the eigenvalue equation for lattice with several impurities. 
In § 7 the effect of randomly distributed impurities is discussed also for Case M. An 
approximate eigenvalue equation is given for the case where a comparatively small number 
of impurities are distributed completely at random, the case which is physically most im- 
portant. It is concluded that also for such a random case the mode of change in eigen- 
frequency-distribution due to impurities is esseatially the same as in the case of one or 
two impurities. 

In § 8 we consider, as a simple application, a case in which one “ hole,” i.e., one 
impurity atom whose mass is zero, exists. It is argued that here we are driven to take 


into account the force between the ‘ 


‘next-nearest ’’ atoms neighboring the hole, so as not 
to break the lattice into two independent portions. In §9 we consider, as the second 
application, a diatomic lattice with one impurity atom. It is showa that under certain 
conditions there appear additional impurity modes from the top of the acoustical branch 
or from the bottom of the optical branch. Finally in § 10, we attempt to take into 
account the force between vext-nearest atoms in a general way. It is shown that it is 
possible to treat such cases by a similar matrix method. For regular lattices we reach 
the seme result 2s hitherto obtained. The eigenvalue equation for the case of one im- 
purity is derived, which shows that the manner of the influence of impurity atom on the 


cigeafrequency-distribution is the same as in the case of the nearest neighbor approximation. 


*) While preparing the manuscript we became aware that a considerable extension of Montroll’s 


theory had already been made by Lifschitz and others®), which includes a general formula giving the 
frequency-spectrum of 3-dimensional random lattices. We think however that our treatment is still of 
value in its methodological aspect and in its simplicity. 


\ 
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§ 2. Regular monatomic lattice 


Consider a linear atomic lattice composed of equally spaced N atoms of the same 
kind. Let the mass of an atom be m, and the force-constant between adjacent atoms be 
A. Then the equation of motion is 

m d?x,/dt? = —A{(x,—x,_1) + eg ea) tae Fe Deo, NE (2713) 
where x; is the displacement of the i-th atom. If we introduce a new variable x,,;— 
x;=y, and put the time factor as exp (iwt), (2-1) becomes 
—mux,=2(¥;—9;-1). (2-2) 


Combining this with the definition of yi, we obtain a system of equations which can be 


written in the vectorial form 


ae ae i Oa Oe 


Multiplying both sides by the inverse matrix of that appearing on the left-hand side, we 
have 


oie a (—mat/A Pere i EGE DX, a) 


where I is the unit matrix. Thus it is seen that the motion of the lettice can be des- 


““ 


cribed in terms of a “ transfer matrix” I+ T, which transforms the “ state vector” x, 


of an atom into that of the next atom X,,;. 


Putting w*=(4//m) sin?3, we obtain for the eigenvalues of the matrix I+ 7: 


1+4,=exp(+2i/). (2-4) 


The matrix U and its inverse U~' which diagonalize T by a similar transformation 
(O77 T U=AzSdiag (A, 1,)) are 
U=(, | )and Ut=_+_( #7"), (2-5) 
pies A 


respectively. It is to be noted here that U~' does not exist when /,=A,. 
We now let the lattice be subject to the cyclic boundary condition Xy,,=X,. 
Then if Xy,,=HX, it is necessary that 
|H—I|=o. (2.6) 
a the present case H=(I+T)*”. Since |I+T|=1, (2-6) is equivalent to the equa- 
tion 
Titace = 2: (27) 
This gives the eigenvalue equation for the frequency «. 
Using (2:4) we get 
Trace H=Trace {U(I+ A)* U-'} =Trace(I+A)” 
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= (1+4,)%+ (1+4,)*=2-cos (2N/), (2-8) 
and the eigenvalue equation (2-7) becomes 
cos(2N/3) =1. (2-9) 
Hence the eigenfrequencies are given by 
w?= (4//m) sin? (nz/N), n=1, 2,---, N/2 for’ even N, 
(N—1)/2 for odd N. (2-10) 


This is the well-known result. 


§ 3. Regular diatomic lattice 


For regular diatomic lattice, there appear two different matrices. Let the mass of 
the atom in odd positions be M and that in even positions be m, and the number of 
each atom be N. Denoting the two different force-constants by 4 and #4, we obtain for 


the equation of motion 


— mx; = —/ Cs, cameo )) == fe (Hep Fae) > | 
r (371) 
— Mux, =A (%5¢41—Xo¢) — Le (Xt Xo449) « 
If we introduce a new variable x,;.;—%x2;=ys; and rewrite (3-1) in the form of vector 
equation, we have: 
X,=( X95 )=( 1 : 3 ; 1 _ \ Xof—1 ) =(I3-F pee 
AE \ Eye (—m/A)o? (/7) — (ma? /Z) Vor-1 A rset 
(3-2) 


and 
: Ree Xa \ 1 1 Xox 7 Ay 
Xj =( Yot-+i Jal —(M/p)e —(M/p)a?+ (4/p) \ Yor ) =(UI+ T,) X5,. 
(3:3) 


Consequently the transfer matrix which coanects the state vectors of two atoms in the 


nearest odd positions is 


I+T'= | ere 
1 = o 

— —(M+m) w?+ is i (M+ m) w? — “ w+ a wo 

u Att pL A Al 


i 


We have now only to use this matrix in place of I+ T in the preceding section. 
Putting 


4sin? = (M+m) ae w— Adie w', (325) 
Au AL 


and utilizing the fact that |I+7’|=1, we obtain the same expressions as in § 2 for the 
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q ; F : . : 
eigenvalues of I+ T and the eigenvelue equation for w. Eigenfrequencies are obtzined 


by solving (3-5) for B=(nz)/N: 


w=|(M+m) 4+) + § (M+ m)*(A+ 2)? —16/44 Mm sin? (nz/N)*"!")/2Mm, 


(N—1)/2 for odd N. (3-6) 


This is again the well-known result, showing that there appear two (acoustical and optical) 
branches of cigenfrequencies. 


$4. One impurity atom 


Let us next consider the case in which one (say i-th) atom in the regular monato- 
mic lattice es treated in § 2 is repleced by an impurity atom with mass M. The equa- 


tion of motion of the etoms near the impurity then becomes : 


= MOX, 4 = —A (Kp —%_9) —L G4 — x), (471.1) 

— Mw?x, = — f(x; — 41) — i —Xs1), (4°12) 

= MOK 54 = — ft (X41 —%,) —7 (Xe41 — Kan) (4-1.3) 
Again putting x;—x,_,=y,_1, we cen write these equations in the form of vector equa- 


tions, as before. Only the transfer matrices corresponding to the above equations come 


out to be different from that of the reguler lattice 7+ T. They are, respectively, 


i if 
+T,= 5 (ho B51) 
Mm / 5 
——w" — — wo 
ps U U 
1 1 
[+ T,= ies (4-2.2) 
| 
Be (i) 1— —w" | 
Us u } 
| 1 1 
Hae | (4-2.3) 
Phe oh L ey, 
— —(w* — ——_w" 
4 A 


We shall call them ‘“‘ impurity matrices” in the following. 


Writing P==(U+ T.) I+ T,) I+ T,), we obtain for H: 
A= (I T)4 4 Pd Tt). 


Since |P|=1 and consequently |H|=1, the cigenvalue equation under the cyclic boun- 
dary condition is again given by Trace H=2. Trace H can be calculated as follows : 


Trace H=Trace {\U(I+ A) U''UCU+ A) U- U---U 'U(T +“) X 
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x UPU(I+ A) U™-:-:: U(I+ A) U™} 
=Trace 1(I+-A)* US PU}, (4-3) 
Putting M/m=f=1+6, 4/p=g=14+9 and w*= (44/m) sin® 3, we get, efter some calcula- 
tions, for the elements of P: 
Pu=1—12 sin?3 + 16 sin’)3 — (4 sin?)3 — 16sin*3) € 
— (12 sin? §— 32 sin’ 8) 0— (4 sin? 3 — 32 sin’ 3) &0 
+16 sin’ 7-07(1+6€), 
Po =1—24 sin? 3+ 80 sin’ 3 — 64 sin’ 3 
— (8 sin? 9 — 48 sin’ 8+ 64 sin’ 7) €é 
— (12 sin? 3 — 96 sin’ 3 +128 sin" 3) 0 
— (4 sin? 8 —64 sin? 3+128 sin® 3) €0 
+ (16 sin‘ 3 —64 sin" 3) 07+ (16 sin‘ 3 — 64 sin’ ;3) €0°, 
px = —12 sin? 2+ 64 sin* 8 — 64 sin® S— (4 sin? 2 
— 32 sin’ 3+ 64 sin” 3) &+ (64 sin’? 3—128 sin’ 3) 0 
+ (32 sin’ 2 —128 sin® 2) €0— 64 sin” 3-0? — 64 sin” 3 - €0°, 
Pi2= 3 —16 sin? 8+ 16 sin’ 3 — (8 sin? 3—16 sin’ 3) € 
+ (2—20 sin® 3+ 32 sia’ 3) d— (12 sin? 3 — 32 sin’ 3) £0 
— (4 sin? $— 16 sin’ 3) 0?— (4 sin? 3 —16 sin’ 3) €0°. (4-4) 


From this and (2-4) and (2-5) we obtain, after somewhat lengthy calculations, for the 
elements of Q=U~' PU 


Os =Qyo =e (1 +i€ tan 3+ 210 tan 3+ 2i0€ tan 3) 


—e™ {210 tan 3+ 4107(1+6€) sin? 8 tan 3}, 


Qie= Qo =e Li(E—20) tan F+ 4i1(0+ €0 + 0? + E60") tan 3 sin? 3}. (4-5) 
Consequently, 
Trace H=(1+4,)**Q,+ (1 +49) 7 "Qs, 
=cos {2(N—3) 3} (Qu-+ Que) +i sin {2(N—3) 8} (Qy—Qu) 
=2 cos(2N) —2(€+20+ 20) tan f sin (2N)) 
+ 408 tan 3 sin {2(N—1) ft. 
+ 80?(1+&)sin? 2 tan f sin {2(N—1)f}. (4-6) 


For regular lattices (f=y=1) (4-6) reduces to 2 cos(2Nj9), just as it ought to be. 
For simplicity let us consider the case 0=0, i.e., Case M mentioned in the introduc- 
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tion. In this case the eigenvalue equation becomes 
f (8) cos (2N) —€ ten 2 sin ONE) =. (4-7) 


The eigenfrequencies are obtained from the points of intersection of the curve 


fh) 


Rigas 1s 


representing the function f(;3) and the line representing the constant 1. Fig. 1 shows 
this for the case N=8 and €=+4. As is seen, primarily doubly degenerated eigenfre- 
quencies are all split, one set of components decreasing or increasing according as € > 0 or 
€< 0, and the other set remaining unchanged. Moreover in the case of €< 0, i.e., when 
the impurity is lighter than the regular atom, the maximum eigenfrequency runs out of the 
frequency band. (In Fig. 1 we took N as even. As can readily be seen, the situation 
remains unchanged also in case N is odd.) Since this extra-band frequency corresponds 


“impurity level” which appears between the allowed electronic energy bands of a 


to the 
metal when it contains impurities, we shall call it “ impurity frequency ” or “ impurity 
mede.”” 


In order to evaluate the impurity frequency, we have merely to put B=z/2+i7. 
Then (4-7) becomes 


cosh (2N7) +€ cothy sinh (2Ny) = +1, (4-8) 
or 
h(7) =coth(2N7) +€& coth 7 = +cosech(2N7), (4-9) 


where the plus sign corresponds to even N, and the minus sign to odd N. If we plot 
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three hyperbolic functions appearing in (4-9), we can see that if €>0 (4-9) has no 
root end if €< 0 it has one, irrespective of the odd- or evenness of N. This is in accor- 
dance with the above result. 

Though the above result and that obtained by Mozntroll and Potts ere very similar 
to each other, they are not ideatical. This is due to our adoption of the cyclic boun- 
dary condition, in contrast to the condition of fixed ends used by Montroll and Potts. 
It can easily be shown that their results are regained if the condition of fixed ends is 
used (see Appendix I). The similarity of their results and ours shows that qualitative 
nature of the change ia distribution of eigeafrequeacies is not so seasitive to the kind 
of boundary condition. 

As can be seen from (4-7), the distribution of eigenfrequeacies is independent of 
the position of the impurity. This is due to the fact that Trace H does not depend 
on the position of the impurity. This situation does not change if the number of the 
impurities is increased, i.e., the eigenfrequeacy-distribution does not in general depend on the 
absolute positions of the impurities, but only on their relative configuration. When the condi- 
tion of fixed ends is assumed, on the contrary, the distribution of eigenfrequencies depends 
on the absolute positions of impurities, since there appears then in the eigenvalue equation 
not the trace but a particular element of H (Appendix I). 

It should be noted here that in Case M, the matrices 1+ T., and 1+T, reduce to 
the regular transfer matrix I+7', and there remains only one impurity matrix I+ T,,. 
Therefore in such a case only one transfer matrix must be replaced by the impurity 
matrix P’, which is I+. In the representation in which T is diagonalized, this means 
that one transfer matrix I+ A is replaced by an impurity matrix Q’=U~'P’U. — Since 
Q=(14+AO'U+/A), Q’ is given by 

Que Qis 
Qs, Oz elt 
e"(1+72 tan /9) i€ tan fe~™ 


= . he i . ; : (4-10) 
=aiortanyoen e~**"(1—7€ tan P) 


fe: 


From now on we shall use Q’ instead of @ whenever the Case M is concerned, in order 


to simplify the calculation. By doing so, we can easily derive, e.g., the eigenvalue equa- 
tion (4-7). 


$5. Wave forms of normal vibrations 


Let us next investigate the spatial wave forms of the normal vibrations for Case M. 
First consider a regular lattice. In this case the equation determining the allowed initial 
vector is, in the representation in which T is diagonalized, 

eve eee ace 
{I+ A)*—B} X= =0, (5-1) 
0 e 2443 == yy 
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¥ Ten OS uf f — —] . . f) . . 
Wwineremed mee (x, 5 )yy/,) a0 a Xh w:Silicé forlthe eigenvalues J=nz/N the matrix in the 
above formula is null, the initial vector is here arbitrary, except for P=z/2, when U7! 


does not exist. Let it be (x,’, yi)", then the state of the (n+1)-th atom is given by 


e2nts 0 x, e2ni3 x,! \ 
. = | (5-2) 
\ 0 ee 2nes yy e728 yy | 


If we return to the original representation, we heve 


| Keka | | {cos (2n/?) +tan fF sin (2n/?)}x,-+sin (2n/2) y,/sin 29 | 
= (6-3) 


Be Vie | —2 ten 3 sin(2n)x, + {cos (2n) —tan ? sin(2n?)} y 


It is seen that the normal vibration consists of stationary harmonic weves, just as ex- 
pected. 
Next consider the case where the M-th atom is replaced by an impurity atom with 


the mass M. The equation determining the initial vector becomes 


[+ A)* 4! (I+ A) 4A 1] X =0. (5-4) 

By introducing (4-10) and using (2-4), we get 
{e** (1 +7€ tan 2) —1} x,’ +i& tan Be% 2D pies) (5-5) 
— $8 tan) Pe PO PMI sch enh en PN. (711-96 tan 8) —1 by,’ = 0: (5-6) 


From (5-5) and (5-6) we obtain the relations 


ed 12 (1 +38 tan |7) 4 (5-7) 
M1 (ee perks en 143 1> 
and 
. Q,—-2NE3 ,4(M—1)43 
pee 1€ tan fe e =i (5-8) 


? aati e215 (y —i€ tan 3) Sr 


respectively. It is easy to verify, by aid of the eigenvalue equation (4-7), that these 


two relations are identical. Moreover we can assert that 


i€ tan B/ {e-™* (1 —i€ tan 2) —1} =—1, for B= (nz/N) 
=+1, for other roots of (4-7) (5-9) 
Hence 
eNtt 92M 1088 


Meer. : (5-10) 


pe N88 2-3 


where C must be chosen so that we may obtain the real vector X, in the original re- 
Thus in the presence of impurity we cannot arbitrarily choose the initial 


presentation. 
It depends not only on the eigenfrequency but also on the absolute positions 


vector Xj. 


of the impurities. 
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The state of the atoms up to the (M—1)-th is given by 


a 
x k+l \ 


J=a+arxrac| 


oN 2 + 242k )tB 
f (5-11) 
—(N-2M +2+2h)48 
| y', . +e (N28 mia, 
The states of the impurity atom itself and of the atoms that follow are given by 


Nig 


xy eX (147 tan 8) £i€ tan Be7 \ 
=Q'X'y_,=C 4 (5-12) 
Ney! —e*® i€ tan 3 te7*" (1—i€ tan 7) | 
and 


Kap f eV*2088 (1 + 3E tan 2) i€ tan Be 
|-ab ai | : (5-13) 


y! wet — eN—-2itis tan ste ee wats tan 3) 
respectively. In particular, X’y,, is 
eX 2M +265) 2448.7 +E tan 9) +i€ tan | 


Xe i G E ij “i 
pene tan $+ (1—i€ tan ))e*"* | 


| (5-14) 


From (4:7) and (5-9) we see that the expression in the square-bracket of the upper 
component is equal to 1 and that of the lower component is equal to +1 or —1 accor- 
ding to whether the sign of the last term is positive or negative. The cyclic condition 
is thus in fact satisfied. 

The amplitude of vibration of each atom can easily be obtained from (5-10), 
(5-11), (5-12) and (5-13). If, for example, we put C=1, we obtain, again by aid 
of) (509))5 


x, =2 cos (N—2M+2)8, 
X,.4=2 cos(N—2M-+2-+ 2k), 
Xy-;=2 cos (N—2)/, 

Xy=2 cos NP, 

Xy4,=2 cos(N—2)/3, 


Xy.,=2 cos (N—-2/) 3, 


Xy.1=2 cos(N—2M-+2) 3. (5-15) 


It is seen that a regular sinusoidal vibration continues up to the position of the impurity, 
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where an abrupt change in phase occurs, beyond which there continues again a sinusoidal 
vibration, so that Xy., may coincide with X,. 
To investigate the wave form of impurity vibration correspondiag to the impurity 
frequency, we have only to put P=7/2+i7. Thea we have, for*C=T- 
x, = +2 cosh(N—2M+2);7, 
x)= + 2 cosh(N—2M+2-+2)7, 


Ky type (—1)*% 3 2 cosh (N—=2)y, 
xy= + (—1)""' 2 cosh Ny, 
Xy1i= + (—1)” 2 cosh(N—2)7, 


Xyvig= +2 cosh(N—2M-+2);7. (5-16) 


This clearly demonstrates the localized character of the impurity mode, which wes already 
found by Montroll and Potts. The alternation of siga of the amplitude clearly indicates 


that the impurity vibration corresponds to the normal vibration with maximum frequeicy.. 


§ 6. Several impurities 


In exactly the seme manner as in § 4 we can treat the case in which several im- 
Here we restrict ourselves to Case M for simplicity. First let us 


purities are present. 
To order to obtain the 


imagine that there are two impurities with the interval M-+-1. 


eigenvalue equation, we need only to calculate 
Trace H=Trace { (I+ A)*-"°Q’ (I+ A)"Q’}. (6-1) 
Using (4-10) and (2:4) we get 
Trace JT (05/7040, On AD Ia eA) * 
+ (Leta pee Ags (hain. Qts 
=2 cos(2N) —4€ tan § sin (2N/) 
—2€ tan? B[cos(2NP) —cos {2 (N—2M— 2) 9} =2h()3). (6-2) 


Higenfrequencies can be obtained from the points of intersection of the curve 4(/3) and 
This is illustrated in Fig. 2. We see that in the 
The 


the line representing the constant 1. 
present case both of the degenerated frequencies are influenced by the impurities. 
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Fig. 2. 


cases, the general trend of the shift being however positive when &- 0 and negative 
when & > 0, as in the case of one impurity. 

If there are three impurities whose intervals are M-+1 and L+1, we have, in a 
similar manner, 


Trace H= Trace { (I+ A)*-"~’Q' I+ A)’Q’ I+ 4) “%Q" 
=2 cos(2N/3) —66 tan #3 sin (2.N;3) 


— 2& tan? | 3 cos(2N/3) —cos {2 (N—2M— 2) 3} —cos {2(N—2L—2) ;3' 
—cos {2(N—2L—2M—4) 3} |—2& tan* | sin (2N/3) 


—sin {2(N—2M—2),3} —sin{2(N—2L—2) {3} 
--sin {2(N—2L—2M—4),3* |. (6-3) 


Following the same procedure, we can obtain the cigenvalue equation for arbitrary 


number and arbitrary relative configuration of impurities. Since, however, in most of 


the practical cases we cannot locate the impurities, and it is as much as we can do to 
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know their statistical distribution, it would be futile to pursue the above-mentioned line 


of argument. We now therefore turn directly to the statistical case. 


$7. Random lattices 


By a random lattice we mean here one in which each atom in a regular lattice is replac- 
ed with a definite probability by an impurity atom of fixed kind, independently of each 
other. In Case M which we treat here this means that each transfer matrix I+ T com- 
posing the matrix H is replaced randomly by the impurity matrix P’. It is clear thet 
also in such a case the eigenvalue equation is given by Trace H=2. 

At first let us calculate the average value of Trace H. In order to do this, it is 
necessary first to average the expression such as (6-2) over all possible relative confi- 
gurations of the impurities, i.e., ever all possible values of e.g., M or L, and then to 
average the obtained expressions over all the possible numbers of the impurities. 

In averaging for example (6-2) or (6-3) over all values of M and L, we must 
notice that M and L eater the formula only as the arguments of sine or cosine func- 
tions. Except when J is very close to zero or 7/2, these terms will oscillate rapidly as 
L ot M varies, and vanish on the average. When [9 is very close to zero or 7/2, co- 
sine functions do not vary appreciably even if M or L changes considerably, and cons- 
equently do not vanish in the averaging operation, while sine functions are nearly zero 
themselves and do not contribute to the average. The distance between zero or 7/2 and 
the /-value at which the average value of the cosine functions becomes negligible com- 
pared with unity depends on the range of variation of M and L. If the probability of 
occurrence of the impurity is sufficiently small, the average value of M or L will be of 
the order of N. Then cosine function will vanish on the average when 7 is apart from 
zero ot 7/2 by the distance of the order 7/N. Thus when N is large, the domains in 
which the average value does not vanish will be very narrow. Excepting these narrow 


domains at the two extremities of the band, we obtain the-efore the approximate formulas. 
{Trace H)ay=(1+4,)"? Qi + (1 +4,)* Qs’, (7-1) 
and 
Ulmce Hyp +7) nh Hy "Olas (7-2) 
respectively for (6-2) and (6-3), since the terms which contain M and L originate ex- 


clusively from the terms containing the non-diagonal elements of Q’. The same reasoa- 


ing will lead in general to the formula 
(Trace A) sy =(1+4,) <% Qn" tC Tehi4s) et Q'e0", Ca} 


for n impurities. 

Next, consider the average over the number of the impurities. Let the probability 
that an atom of the lattice is a regular one be p and the probability that it is an im- 
purity be g. Then the probability that there are impurities is given by the binomial 
distribution. Hence we have 
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he 
(Trace He, res = Si, vC, p N-—n q’"| $4,)7-* Qo + (1 45) Ore (7-4) 


<=) 


In the limiting case where N->co but the proportion of the impurities remains finite, 
the binomial distribution can be approximated by the Poisson distribution. If we let the 
average number of the impurities be Nz, this is given by P(n) =exp(—Ny7) - (7N)"/n!. 
(7-4) then becomes, by aid of (2:4) ard (4-10), 


ae I (,7N)" 


ian nl 


[a4 *™ Qu" + (1+ 42)7™ Q'o9"] 


(Trace H) 47 = 


2 cos {2NP?+ N76 tan f}. (7-5) 
Consequently, the eigenvalue equation determining the average eigenvalues is 
k(2) =2NP+Ny7é tan B=2nz, n=1, 2,---, N/2 or (N—1)/2, (7-6) 


whose roots are given by the points of intersection of the curve k(/3) and the parallel 
lines representing the constants 2nz. It may be seen that all eigenvalues decrease or 
increase according as €>0 or €<0. Since, however, the equation (7-5) is not valid 
even approximately near the ends of the band, we cannot infer from this whether there 
2ppeers any impurity frequency. Except for this point, (7-6) shows that in the random 
lattice with a few impurities the average distribution of the eigenfrequencies is essentially 
the same as in the lattice with one or two impurities. 

We heve thus clarified to some extent the average behavior of the random lattice. 
The behavior of the actual lattice will exhibit some fortuitous deviation from this average 
behavior. We observe here, however, that we can regard the distribution of the impuri- 
ties on the lattice as forming a stationary stochastic process. Then, through the ergodic 
nature of the stationary stochastic process and the invariance of Trace H under transle- 
tion, we can conclude that the average value of Trace H obtained above and the dis- 
tribution of eigenfrequencies given by it give the exact value of Trace H and the exact 
distribution, respectively, for at least almost all actual lattices. Thus the conclusion 
obtained above is valid not only on the average but also for almost all individual samples 
of the lattice. 

Such a simple situation is of course peculiar to the cyclic boundary condition. 
However, since the qualitative feature of the eigenfrequency-distribution seems not likely 
to depend so crucially on the type of the boundery condition, as mentioned in § 4, the 
above conclusion may be considered to be valid at least qualitatively irrespective of the 


kind of the boundary condition. 


§ 8. A hole ia a regular lattice 


In this section we treat, as a simple and somewhat realistic application of our methed, 
the case in which one “hole,” i.e., one impurity atom whose mass is zero, exists. First 
let us provisionally derive the eigenvelue equation for this case formelly putting M=0, 


or E=—1, in equation (4-6). We have (somewhat modifying the form of the equation 
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for the sake of later discussion) , 


[4 Trace H],.1=2 cos(2Nf) + tan sin (2N@) — 20 sin {2(N— 1) 2} | 
=cos {2(N—1) 8} — (2g—1) tan 8 sin{2(N—1) 8} =1. (8-1) 


This procedure is, however, physically unjustifiable, because it is unreasonable that there 
remains finite force-constant between impurity and its neighbors even after the impurity 
has vanished. It will be more realistic to consider that this force-constant becomes also 
zero. We then have to take into account the force between the “‘ next-nearest ’ atoms 
neighboring the hole, in order not to break the lattice into two independent portions. 
Denote this ‘ next-nearest”’ force-constant by 4’. Then, as can easily be inferred, we 


have here to teplace the matrix P by a new matrix 


1 il 1 iL aN 
Ti= | | (8-2) 
3 mo A mw? mor mo 
A A yr} vi a’ a) 
By putting 4/4’=g’, this can be written as 
l 2 y OPEN © 
T= (I+T)*+ (9-1) +T)( 9 5 )U4T). (8-3) 


Calculating Trace H=Trace[(I+T)*~* T’] and putting it equal to 2, we obtain the 


eigenvalue equation 
cos {2(N—1)} — (g’—1) tan f sin {2(N—1) 8} =1. (8-4) 


Comparing this with (8-1), we see that in both treatment the paremeter representing 
the change of the force-constent plays just the same role. That is, we can obtain the 
same result by the first treatment which is physically unjustifiable as by the second 
reasonable treatment if we only use twice the next-nearest force-constant formally as 
the force-constant between the hole and the neighboring atoms. We also see from 
(8-4) that we obtain the same result if we consider an impurity of mass M=mi/// 
instead of the hole, leaving the force-constant unchanged. This means that the relaxa- 
tion of coupling and the introduction of larger mass give the same influence on the 


eigenfrequencies, just as expected. 


§9. One impurity atom ia diatomic lattice 


We consider in this section, as the second example of the application of our method, 
a diatomic lattice with one impurity atom. In the diatomic lattice considered in § 3, we 
replace one regular atom in the odd position by an impurity atom with the mess M’= 


M(1+€&). Then it is seen that we have to replace a transfer matrix I+’ in H by 


a matrix 
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0 0 
I+T"=I1+T'+6 


2 4 
Mar , mMa 
a2 ce 2 


Ma Moa" o mMa'* 


iD aD u / Ap 
=f 7’ AT". (9.1) 
Trace H thea becomes 


Trace H=Trace[ (I+ /A’)*+ U4-4’)*-' UAT’'U’'), (9-2) 
where U’ is the matrix which diagonalizes T’, and A’ is the matrix so diagonalized. 
For simplicity, let us consider the case in which M and m, on the one hand, and 
pe and 7, on the other, do not differ appreciably from cach other, that is, putting M= 
(1+¢)m and p=(1+7)/, we neglect the terms of higher powers of ¢ and 7 than the 
first. With given by (3-5), we have 
mo? = 214(2+E+7) /(A+S) «sin? (3/2), (9-3) 
and heace 
(US ATU) = (U7 AT' UY, 
~— (€/21) (2+¢ sec 2) cot (3/2) exp (213), (9-4) 
for the acoustical brauch, and 
mo? = 24(2+¢ +7) /(1+¢) «cos? (3/2), (9-5) 
and heace 
(UIT! U) = (OP OY) 
=~ — (€/21) (—2+€ sec 2) cot (8/2) exp (2i) (9-6) 
for the optical braach. The eigenvalue equation thus becomes 
cos(2N) —E€(1+ (¢/2) sec /?) tan (3/2) «sin (2N3) =1, (9-7) 
and 
cos(2Nj?) +&(1— (€/2) sec 3) cot (3/2) -sin(2N3) =1, (9-8) 
for acoustical and optical branches, respectively. The interval of the variable 3 is (0, 7/2) 
for both of these equations. Since, however, if we replace the variable 3 in (9-8) by 
z—/? we obtain as the function of 7 exactly the same formula as (9-7), we may use 
(9:7) in the extended interval (0, =) as the eigenvalue equation for both branches. 
w is then given, according to (9-3) and (9-5), by 
w= (A+ #1) (1/m+1/M)sin® (3/2). (9-9) 


Let us use N instead of 2N and 2 instead of 8, in order to compare the above 
results with that for monatomic case. Then (9-8) and (9-9) become 
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cos(2N/) —E(1+ (¢/2) sec 28) tan /9 sin (2N?) =1, (9-10) 
and 


or= (A+) (1 /m+1/M)sin’ 8, o< 9 < 7/2, (9-11) 


tespectively. This is the formula thet corresponds to (4-7) obtained previously. 

From (9-10) we see that, owing to the term containing sec 2/, it becomes possible 
for impurity frequencies split from the top of lower brench or from the bottom of the 
upper branch. The situations are tabulated below. In all cases two degenerated frequen- 
cies split owing to the impurity, and one of them decreases or increases, sometimes being 
pressed out of the band. The direction of its shift is indicated by + or — according as it 
increases or decreases. 7/4 corresponds or does not correspond to a non-perturbed eigen- 
value according as N/2 is even or odd. The two cases ate tabulated separately. The 
symbols { and | mean respectively that the last and the frst eigenfrequency in the 
band is pressed out of the band. One of the two frequencies at 7/4 is regarded as belong- 
ing to the lower band and the cther to the upper band. We see that the eigeafrequency 
corresponding to 7/2 becomes an impurity frequency when €< 0, just as expected from 


the result obtained in monatomic case. 


ao a a 


Branch-> acoustical branch | optical branch 
Case y O=<B<n/4 B=n/4 B=n/4 r/4<B<n/2 
N/2 odd — a kek 
E>0 - |- — 
N/2 even _ _ ab alts = 
ee Oi : a = = uf ee ee ee 
N/2 odd —- + ff | | J = 
s<o eee | 
N/2 even — + | ip uy | — 
N/2 odd + 7 b=. Se 
e>0 | | a : 
N/2 even ~ * 1 —- 4+ 7 
€<c0 | = —— = 2 =| 
N/2 odd fen as | e * 
E<O SSSA a -= : [Se a 
N/2 even | + - = ak | aE 


$10. IJnfiueace of the next-aearest interaction 


Finally we attempt to generalize our method by taking the force between next-nearest 


atoms into account. 
Let the ferce-constant between the (i—1)-th and the i-th atoms be 7/,, and that 


between the (i—2)-th and the i-th atoms be y;. Then, putting the time factor as exp 


{iwt), we have the equation of motion: 
— Im, 0°, == — 4, (x; PW ON CE iat | 


ripe ee en rae ey) (10-1) 
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: : = _ Peete 
By introducing the variables y;,=%;.1—%i, 2% =*i-1—™ and v,=z,-1+z;, this can be writ 
ten as 
Les oe Aga, WAT CO: /, Ps 
ee gcse Piro, Pere fixe ix 
|X; — 1 0 ) ; 
Sebo ele X.=5.Xer wl Cee? 
4A¢4+1 | 
| VER | al 0) (0) 0] 
\ ie ae 0 1 0 


Fi : F : . , rere s iS 
First consider a regular lattice. Putting m;=m, 4,=/, /i=/, and /4/u=f, we have 


(—(1+f) — mo®/n ff 1 


- 0 0 

veo - (10-3) 
1 0 0 0 
1 0 1 0 


Putting mw?=4A sin? 3+4y sin? 28, we get exp(+2i3) and —exp(+2i7) as the eigea- 
values of S, where cos 27=f/2-+cos 23. The eigenvalue equation for w is given by 
S*—1|=0, which is equivalent to |D’—1|=0, where D is the diagonal form of S. 


It may be supposed that f>4 in ordinary cases in which next-aearest interaction is suf- 


ficiently weak compared with the nearest neighbor interaction. Then 7 becomes imaginary, 
and the eigenvalue equation reduces to cos(2N,7)=1. This is the well-known result. 

If an impurity which does not affect the force-constants is introduced, a transfer 
matrix (say (j+1)-th) comes out to be different from the regular one S. Putting 
M=m(1+6&), this can be written as 


1 


SSS JIS=S + 4&(f sin? +sin® 2/3) (10-4) 


= eR = Fea = he = 


OFF 0 
Oe O 
Oe» XO) 0) 
OPORTO 


The eigenvalue equation is then given by |D*+D‘~-° °W-'JSWD/—1|=0, which 


reduces to 
(cos (2N/?) —1) (cos(2Nj) +1) 


a f sin? 8+sin? 23 | sin 2Ny (cos (2N;3) —1) 


cos 2/3+-cos 27 Sit 27, 


sin 2N8 


sin 2; 


fb (cos(2N7) +1) +} =0, (10-5) 

where W is the matrix which diagonalizes S into D. Plus sign corresponds to odd N, 
and minus sign to even N. From. this equation we can conclude that the manner 
of influence of the impurity on the eigenfrequencies is similar to that in the nearest- 


neighbor approximation already studied, as far as the next-nearest interaction is sufficiently 
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weak compared with the nearest-neighbor interaction. 

If we take into account the change of force-constants due to impurity, the calcula- 
tion will become considerably complicated, so that we shall not proceed further. The 
above argument suggests however the possibility of applying cur method e ectively to 


the problems which require more delicate treatment. 


The authors wish to express their thenks to the Ministry of Education for the 
financial aid. 


Appendix I 


Let us derive the eigenvalue equation under the condition of fixed ends. First con- 
sider the case of reguler lattice. Since the displacement of the first atom x, is always 


zero, the component of the vector Xy., is given by 


X44 =hjp V1 
(Al) 
Yn 1= hye Ake! 
where h,,’s are the elements of H. We should have Xy.,=0 irrespective of the value 


Biever tsehice ites requited that ,.=0.. |},..cam, be caleulated with the aid of (2-4) 
and (2-5) as 


hy=sin (2N{) /sin 28. (A2) 
The eigenvalue equation is therefore given by 
sin (2N/?) =0, (A3) 


Whose 1oots-are eeanz/2N (n==15:2..--, N). Wow the number of the eigenfrequencies 
is twice as large as that in the case of cyclic boundary condition, each frequency being 


however non-degenerate. 
Next consider the case in which one regular atom (say the M-th) is replaced by an 


impurity with mass M. Then 
H=UI+A2 *'0' d+A*? U4 (A4) 
whose element h,, is calculated, by using (2-5), as 
Pe Vo—4;) | — O15, Lae Oo (14) ad) 
Ola KEH Aye TER a Pkt OCIS Aye >: 


From this we see that the eigenvalue equation depends on the position of the impurity 


atom. 
If we consider the case treated by Montroll and Potts, we have only to replace N 


in the above equation anew by 2N, and put M=N-+1. Then we obtein 
h,»= —4 sin 28 sin (4N) +86 sin? 3 {1 —cos (4Nf) }. (A5) 


Consequently, the eigenvalue equation is given by 
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sin (4N)) cot 2 =€ {1 —cos (4Nj) }. (A6) 


The roots of this equation can be obtained from the points of iatersection of two curves 
representing the functions on both sides of (A6). The result comes out to be just the 
same es that Montroll and Potts have obtained. 

In the seme manner, one may obtain the eigenfrequency-distribution for the case of 
several impurities. Since, however, ia the present case we have to do with a2 particular 
metrix element of H instead of its trace, calculations become more complicated, and 
moreover the result depends on the absolute positions of the impurities, sc that we caanot 


secure such 2 perspective result as wes obteined in the text for the case of cyclic boun- 


dary condition. 
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Note added in proof 


In the cours2 of publication one of the authors (H) found that in Cas? M an exact eigenvalue equation 


for the random monatomic lattice can be obtained. It is 
cos [Ncos™! (cos 28 — 7 tan f sin 28)] =1. 
In the limit N—> 0 this gives for the density p(w) of eigenfrequencies 
p(@) =2/z(@p2—w*)'/? for ww, 
=0 for w>wo, 


where wo={4A/m(1+7€)}1/*, a reasonable result irasmuch 2s m(1+78)is the average mass of the atom. 
When €<0 there appear the modes whose frequencies lie outside the original band (0 <w:<(42/m)/2). It can 
be shown that all of them have more or less localized character. 
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In order to investigate the many particle system by the variational principle, the cluster develop- 
ment method proposed by Jastrow is systematically formulated. It is a direct generalization of the 
Hartree method, in which two particle functions are included in the trial function to represent the 
correlations between particles. The energy expectaticn value is expanded in a series, each term of 
which is expressed in cluster integrals. It is found that the series converges rapidly when the cor- 
relations are marked only for small particle separations, so that this method is expected to be useful 
especially for the system of particles interacting through skort 1ange potentials with repulsive cores. 


S 1. Tatreduction 


The Hartree method for a many particle system, in which each particle is supposed 
to move independently end to te influenced by other particles only through their average 
field of force, has been an important approximation and successful in  verious problems. 
However, in some cases where the correlations between particles play an importent role, 
this simple approximation is no longer valid. 

In one case, when the range of the interaction between particles is long compared 
with the mean distance between them, many particles may be coupled together to move 
in some organized mode of motion as a whole, as is seen in the typical example of the 
plasma oscillation in a dense electron gas. The recent study by Tomonaga’ made the 
mechanism of this so-called collective motion quite clear. 

In another case, when the interaction is strong but of short range, the actual 
potential determined by the instantaneous configuration of the other particles fluctuates 


from the average one considerably, end the image of the independent particle motion 


becomes far from the truth. Such a situation occurs especially when the interaction 
potential has a repulsive core at short distance as in liquid helium or in the atomic 
nucleus. (In the latter case the existence of the repulsive core seems very likely from 


the analysis of the nucleon-nucleon scattering,” the binding energy difference between 


H’ and He’,” and so forth.) In fact, if we apply the Hartree method to these systems, 


the resulting everege potential diverges to infinity. Actually, the wave function of the 


system must venish in the region of the configuration space where at least two particles 


are found within the hard cere range. In such cases we have to take into account this 


strong short range correlation in some way. 


* Now at Nuclear Data Project, National Research Council, Washington, D.C., U.S.A. 
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If we can construct a theory for this picture, it is expected that the saturation 
property of nuclear forces will be explained. Of course it is not the case has the 
saturation occurs with the close packing of hard cores, because the core itself is much 
smaller than the observed mean distance between nucleons. However, as the wave func- 
tion must vanish in the cores, it is bent strongly in the neighborhood of the cores. If 
the perticles tend to collapse under the attraction of the outer part of the potential, the 
curvature of the wave function becomes quite large and the kinetic energy of the system 
much increases, which will prevent the collapse. 

It has been another mystery in the fundamental properties of nuclei that the shell 
model based on the independent particle picture is, in some respects, 2 good approxima- 
tion in spite of the strong interactions between the nucleons. We know already that 
the potential effective to the internal motion is reduced from the original one at the 
long range part after the separation of the collective motion. In the seme menner, if 
we can eliminate the effect of the strong parts of the potentials that cause the short 
range correlations, the residual potentials become weak, and this may be an important 
clue to solve the problem. 

To construct the theory along this line, as opposed to the long range correlations 
separated as the collective motions, it seems to be a good approximation to take into 
account the quantities referring successively to the single particle, two particles, three 
particles, and so forth, because the probability of finding particles in such a small range 
at the seme time is expected to decrease rapidly with their number. 

Among the investigations of this kind Brueckner and his collaborators” built up an 
interesting method which was critically developed by Bethe." In their method all the 
two particle correlations, as well as some average effects of more then two perticles, are 
taken into account. This may be a good approximation and seems to be a promising 
approech. 

The more orthodox approach based on the variational principle was considered by 
Drell and Huang.” They took the trial function of the system as the usual Slater 
determinant, composed of single particle functions, multiplied by a product of two particle 
functions which vanishes in the cores so as to prevent the particles from entering into 
the cores. Also Dingle’ tried a similar approach to liquid helium. Since this is a 
Bose system, only the product of two particle functions was taken as the trial function 
for the ground state. However, the calculation of the energy expectation value with 


these trial functions became very difficult, since the integrals did not separate. To 


overcome these difficulties Jastrow” proposed to apply the cluster development method 


well-known in the classical theory of an imperfect gas. However, he overlooked several 
terms and calculated only the kinetic energy of a hard sphere gas. In the present series 
of papers starting from the systematic formuletion of this method we shall attempt to 
develop the theory further and discuss various interesting problems including the above 
mentioned ones. 

To illustrate the method most clearly we take here a simple trial function for a 


fermion system. Its generalization will be given in the later part of this series. In § 2 
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we shell show that the calculation of the energy expectation value with this trial function 
reduces to the evaluation of an integral, called a (generalized) normalization integral. In 
§ 3 we shall break down this complicated integral into cluster integrals in a manner 
similer to the decomposition of the partition function of an imperfect gas. In § 4, after 
rearrangement of the terms, the normalization integral will be expressed by a series each 
term of which is a product of the cluster integrals. The ratio of any term to the 
preceding one is of the order of Nw/2, where w is the volume within which the 
correlation of two particles is strong, 2 is the volume of the system, and N is the total 
numker of particles. When correlations ere short compared with the mean distance 
between particles, Nw/@2 is small and the series will rapidly converge. Using the 
technique given in § 2 the final formula for the energy expectation value will be derived 
in §5. Discussion is given in § 6. In the appendix we shall show that the formula 


for a boson system can easily ke derived by making certain modifications to the fermion 
results. 


§2. The generalized normalization integral 


Let us consider a system of N Fermi particles of mass m and denote their space, 
spin and isotopic spin coordinates by x,, (i=1, --:, N), their space coordinates alone by 
r;. The Hamiltonien of the system is assumed to be 

A= —b?/2m % Det Dee, xj) ? (1) 


a (7.9) 


where the interaction potential V (x;, x;) may have a repulsive core for small value of 
the seperation 7,,=|r;—1r;| and may also have an exchenge character. We shall use the 
notation S'a,9, aju 7» and Mey, Mou, -:, for the sums and the products over 
all the combinations and },,;, S),,j,.. °*:, for the sums over all the permutations from 
N objects. 

As the trial function for the ground stete of the system, we first construct the 
usual Slater determinant with single particle functions ¢@;(x), (i=1,--:, N) and then 


multiply a product of two perticle functions f(r,;) to represent the correlation between 


particles : 
Pe key | ea) (ND OPS Ene, (x), (2) 
(é,9) @ cae a 
‘Pi PN 
where the summation is teken over all the permutations Bal oats €> is +1 or 


—1 according as P is even or odd. f(r,;) tends to unity when the distance between 
particles r,; becomes large, and to zero when the two particles are within the core. For 
simplicity we have assumed that the two particle function f(r;;) depends only on the 
particle distance irrespective of the relevant single particle states. Further we restrict the 
single particle functions 9, (x) to be orthonormal. ; age 

Our purpose is to obtain the energy expectation value under the trial function / 


For this purpose we consider a generalized normalization integral 
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(A) = S18, ge, Ga) ITF Cred flr) eae =? 
i NIN ww % (4, 9) 
pi “Py 
TT Bink is x3, x0). [1D (x;) eb Hi (xi). J] dx, . (3) 
G5, é é 
Evidently [(0) is the usual normalization integral (7, 7), and 


Or By Vos = CNY Oe, {oA (x;) + \ Ais (%, %) 


+ Hise es %s 2} fra) GHD). 
(ig : 


(4,9, k) 
If we take 
bp" 9,(x) 
Gin) —_— -- - 
i (x) eater ies 
Hig, x) =— EAE lrmw) 4 Pest Pfr rl) 
freer’) 9:(x) f(jr—r’|) 


dA dan cai LLv(, ae 
g(x) f(ir—r'|) 
Hn (x, x, x") =— Le So P’f(\r—r'|) -P'f(\r’—r") a 
on mai shi mata, of (raat Dog ad ara eae 


where the prime on fp means that it operates on the coordinate r’, then the energy 
expectation value is given by 


V,HV) _ 28 > | 
(HS ES in TB) Jana 
eine RB) age eat hte S 


Note that all we need are the velue and the derivative of I(j3) for 3=0, so that 
we have only to calculate in the arbitrary small neighborhood of 7=0. Hence, the 
order of the product in (3) is not important even if the V(x, x’)’s have an exchange 
character so that the H;,(x, x’)’s do not commute. Also no ambiguity arises in the 


definition of I(j7) from the product over the combinations, since we heve taken in (4) 
Hy (x, x’) =Hy(x!, x), 
Figiy (xt, x, &") CSPI (Mo ee xe) eee (6) 
For convenience, we suppress /3 by putting 
dh (x) = 9; (x) BH @) , 
Jeg (x, x!) =f (145) fs) eB Hij(x, x’) ; 
Jan (x, x!, x!!) = phase (xe, X45 Xm) ; (7) 
Then, (3) jc be written as 


’ 
Dat 


JH ep) Hess) Han es R35 80) TT Sic) = HE dy (8) 
Jv i i, tik 3 i 
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All the problems are now reduced to the calculation of I which we shall simply call 
the normalization integral. 


§ 3. Decomposition of the normalization integral to cluster integrals 


In contrast to the Hartree approximation, the integral (8) does not separate because 
of the appearances of the y’s. But we see from (4) and (7) that, if the f(ij)’s are 
different from unity only for small rig8, so are the function q’s, too. Therefore, we 
first take the integral as if g’s are equal to unity everywhere, and then add successively 
the terms due to the deviations of y’s from unity. In this way we can obtain a series 
which converges rapidly. This is the cluster development method originally used by 
Ursell”” in the classical theory of an imperfect gas. 

To cerry out this procedure explicitly we pick up the parts of the integrand of (8) 
referring only to some subsets of states and construct integrals similar to (8). They 


are 


T= \e*@) gi) dx, 


Tig= @j7—jt 19, 2) is), 
Lin ( pS) Ep pi pj pr 9, 2) 9 (2, 3) g (33 1) g (1, ie 2) | ijk) ? 
hay Le 
pepipy 
Saar ee (9) 


where the suffixes represent the subsets of states, and we have used the notation : 


ese fe, 4 CL, vee n) | i,*++t,) = |e," @) “aay (Ky) A oks. (xp, oe) 
i (%) be (x,y) dx dx, , 
Cjitttjn & fil jn! | AG, <5 0) fie i, 
= (j---jn| AG, «++, 2) fit) & Gf’ | AG, --, 2) fit). (10) 
Especially 
Tee yor Nt 


Note that from (6) 


so thet we need not discriminate the orders of sufhxes. 
From these I;, 1,;, I;, --- we define the cluster integrals X;,, Xjj, Xi, ++ ia the 


following way: 


548 F. Iwemoto and M. Yamada 


L=X,, 
Le ag 
Tea Xa He Male Ng Nat ger eee 
Ps (11) 


and finally we write the normelization integral as 


DD Xin in? Xin ? i 
Nnteowem=N 


where the sum is teken over all the partitions of N states. 

We cain now write down the explicit formules of the cluster integrals. In doing 
this, complication arises from the fect thet ¢’s and ¢’s are not mutually orthonormal 
even if we take y’s to be orthonormal. But, as was mentioned before, we can consider 


8 to be so small that we write 
(g;, b;) =0;,+0()3) 


end we have only to retain the terms up to the first order in 8. From (9) and (11) 
neglecting the higher order terms in 7, 


X;= (¢;, J) (13) 
Xis= (1j—ji|4(, 2) lif), (14) 
Xj p= XTRA XL » (15) 


with 
oe NG Ds Ex pepspe | h(1, 2)5(2, 3) +4(2, 3) 4 (3, 1) +46, 1) 6, 2) 
Copa) 
+1, 2)6(2, AG) aot, 209 (2, 3)9(s, Lh, 23) yee (15-1) 
X= (jkit- kij—jik—kji|b(2, 3) ijk) 
+ (kij+jki—jik—ikj|b(3, 1) |ijk) 
+ (jkithkij—kji—ikj|b(1, 2) |ijh), (15-2) 
where we have split Xj;, eccerding to the order in and we have put 
hes (ey 2) =O y(x, 2) — 1, 
bein (x51! x”) = Gan (x, x/, x”) —1. (16) 


Now let us consider the orders of magnitudes of the cluster integrals. Obviously 
X; is nearly equal to unity. Whea the correlations are of short range, the above defined 
h’s may be appreciably different from zero only when the relevant particles come near 
each other. We shall denote by w the volume within this small range or, speaking a 
little more precisely, the weighted volume with h. It is easily seen that X;,; is of the 
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order of w/2. Here 2 is the total volume of the system where @’s are normalized. 
X‘, in which three perticles are all connected by 4h’s, is of the order of (w/2)*. The 
order of X{2, in which one perticle is connected to the other two by exchanges, is 
8(w/2). If we want to consider up to these orders, there appears one more term X 5h 


of the order of (w/2)* as a pert of Xijny? 


Xijn= ( > Ae Pips Peps |h(1, 2)4 (3, 4) +h, 3)4(2, 4) 
bf \ 
eee eed 
+h(1, 4)h(2, 3) ijkl) 
pa (Xi; Xigt Xip Xt Xe X sn) 5 (U7) 


where two separate /’s are connected by an exchange. 


If we further intreduce the normalized cluster integrals, 


Fr x P a 
X45 = X4/ XX; > 
Xijk Xigjn/ Xe X; Nas 


z (18) 
into (12), the normalization integral becomes 
l= i Keo] (<5, Kei “204 Kean ve), (19) 
where J is given by 
J=1 ts, 2a Kinin soc ey ee (20) 
If we write (20) explicitly, 
Te Gy eh ee ae 


The first sum is taken over N(N—1) /2 pairs and its order of megnitude is N(Nw/2). 
Similarly the second and the third sums are of the orders of N(Nw/)? and N*(No/2)? 
respectively. Thus each term in (21) increases with the particle number N. Therefore, 
we can not approximate J by taking the first few terms in (21). How to arrange all 


terms neatly will be seen in the next section. 


$4. Traasformatioa to the converging series 


In this section we shall show that the normalization integral decomposed into 
cluster integrals in the previcus section can be expressed with a converging series after 


applying the transformation due to Ursell.” 
To begin with we shall try to make a simple and plausible explanation. If we 


neglect the cluster integrals of more than two particles in (21), 


JR IT A+%)- 


(7) 
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Then, if we take all x,,'s to be equal to w/%, the above formula becomes 
J~Qt+o /2) si alan Lo 


Noting that w/@ tends to zero when the particle number N becomes a= and replacing 


N(N—1) /2: (w/2) by ° pay x;;, J can be approximated as 


Sie 


J~ eG. oe : (22) 


In this way we can gather x,;’s appearing in (21) into the exponent when N is large. 
To carry out this procedure more systematically we note that J(---, X53, °*5 Xin, +++) 

expressed in (20) or (21) is a linear function in each variable x, and the coefficient 

of x is just that part of J consisting of all terms whose suffixes do not overlap those of 


x. Therefore J satisfies the following differential equation : 


oJ e) 18 Beles 
So aS ij a +S) 7 Somes _ Aye | oe | . 23 
Ox; J \ d Ox; 4 aa sp Neh ae OX 5x : } i. ( ) 


where in the right-hand side all terms referring to 1 or j are subtracted from J, while 


the left-hand side is the coefficient of x;;. Similarly, 


AN yp oF t£ig.k Ox,) Ox 5 OXpy 
fe) a) 
J els Ine sips 
OX 540 Ox; 
1 a) fe) a) 4 \ 
i= SS Xim —-+x Pee Xion é 
mae Tih ( OX : OXim : OXiem ie OX )+ J ; 
Putting 
J=eNGO, Xij> "'> Xigzks ***) , (24) 
. the differential equations are transformed into 
OG 1 | a) fe) fe) 
= 4 Kg -} Y x; r 
Ix;, N j Ax, ne ( k ee +X 5, ok. )+ IG, 
0G ] fs fe) ale at ‘ aT / fe) 
— — ~ oe 
OX 4, N Ox; 4 bs¥ a ** Ox:, THR Ox, Tae O% is i : 
IG 1 fe) 
= — 14, 
OX; in N Ox, 
‘ fe) re) 3 
= > Xin 2 
# oa ( Ax, . aie a) be = Xiem Ax, ‘ a im Ax, , + IG, 
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Let us solve these equetions by successive epproximations starting from the initial 
value 


Ea Wiser UA Nance 0, =) =0, (26) 


which is easily seen from (20) end (24). Remembering the orders of magnitudes of 
x's we put (26) into the right-hand side of (25), which gives the equation in the first 
approximation, 


8G /Ax.j=1/N . 


Here the index of G fneans the order of approximation. From this equation we obtain 
the first approximation of G, 


SND Se (27) 
5 


which corresponds to the previous formula (22) inferred from the rather crude argument. 


Substituting (27) again into the right-hand side of (25), we get 
{xg e2) (Xin + Xx) io 
cE, J 


8G /Axz~.=1/N , 
8G /Ax;q=1/N . 


Then the second approximation of G is 


(2 1 at XA 2 al 
Ci ta ici aed eS De ty 
N GD 2N G9) 2N i,5.k 
pepe SOD pee as IS Sigh (28) 
N @3,*) N ©,3,%,2) 


and further we can repeat the same process. 

Now we consider the order of magnitude of each term in (28). The first term 
is clearly of the order of Nw/@. The second is of N7'(Nw/2), which can be neglected 
when N is large. The third and the x{)i part in the fourth term are of the order of 
(Nw/2)?. At first sight the orders of the x{j; part and the last term which contains 
X:ju seem to be NB (No/2) 2nd N(No/2)* respectively, which increase with the particle 
number N. However it appears that this is not the case from the following reasoning. 
If we take y’s to be plene waves there is 2 momentum conservation among 1, j, k states 
or among i, j, &, / states since they are connected by an exchange. In this case 1, j, k 
or i, j, k, / are no longer independent, so that the orders of magnitudes of x{j} and 
Xi terms are 9 (Nw/2) and (Nw/f2)* respectively. These relations may continue to 
hold at least in the case when the system is fairly large end the ¢’s are the solutions 
in an almost uniform field of force. The remaining part of x,,,, and the more complicated 
terms arising from the repeated iterations are of the higher orders. 

We can write I from (19) and (24) as 
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Te Te (29) 


and G is given as the series in which the ratio of aay term to the preceding one is of 
the order of (Nw/2 
$5. The energy expectation value in the cluster-developed form 


Now we can derive the energy expectation value io the cluster developed form 
following the procedure stated in § 2. 


From (5) and (29) the energy expectation value is given by 
(H) = (8/88) {Sia X, (B) +NG(B)} [sno - G0) 
After a simple manipulation of this formula we obtain the expectation value of the 


single particle Hamiltonian Par H,(x;) in (4) representing the kinetic energy of the single 


particle motions as 
21 (¢|H(1) |1) 
+ {Gj—ji]H() 4, 2) lif) — G|H() |) Gj—ji] 4G, 2) lf} 
eeu) |7) (ki—ik|h(1, 2) |;k) 


Seen (31) 


* ’ . . . 
The expectation value of S’H,;(x;, x;) which contains the potential energy and some 
es) 


kind of kinetic energy due to the particle correlations is written as 


4) Gj—ji|H, 2)9Q, 2) |i/) 
uJ 


pate fea Pata LI: 2)9(1, 2) |ij) (GjR—kj| 4, 2) [7 


+4 >) ( ae Ep pi pj Pr|H (1, 2)q (1, 2) (2, 3) {2 +h (3, 1)}| ijk) 
Hh ia 
+4 3) CO En pubs pep. |H (1, 2)7 (1, 2)b(3, 4) | ijkl) 
gar alis (32) 


where Bus means th OF OY excladi ij 
s the sum over the permutations hod pena excluding 1, (ij), (kd), 


and (1) re (kl). Finally the expectation value of S? 1 isn (x;, x), X,) arising from If- Vf 
terms is th 


621 ( Da En pip; Pel 9 (C1, 2) 9 (2, 3)9 (3, 1) HQ, 2, 3) ijk) 
5 i 
P 


(33) 
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This term is not zero as wes stated by Dingle” and Jastrow.” The sum of these cx- 
pressions (31), (32) and (33) gives the energy expectation value (H). Note that 8 
should be taken zere in these formulas although we heve used the same notation as 
before. Therefore, P=o, g=f*f and h=f*f—1. 

We made the classification of cluster integrals in the normalization integral according 
to their magnitudes. We may need some slight change of this classification in the 
energy expectation value, because the differentiation by 3 may change the relations between 
the orders of magnitudes of the cluster integrals. This change generally depends on the 
shapes of the potentials and the trial function. However, when the potentials are of 
short range and the ¢’s are the solutions in an almost uniform field of force, there 
occurs little change. For this case all the zeroth and the first order terms in Nw/2 
are explicitly written in (31), (32) and (33). Otherwise, we must pay attention to 
the above mentioned changes of the orders, and must keep sufficient terms in the 


normalization integral. 


$6. Discussions 


We heave generalized the Hartree approximation to include the two particle functions 
representing the correlations between particles. In this case the problem becomes much 
more difficult and we have to develop the energy expectation value into cluster integrals. 
In order to get the ground state wave function we can take the variations of the func- 
tions © and f and seek the minimum of the energy expectation value. However, we 
can not take the variations unrestrictedly. We must confine the functions within the 
domain where the cluster development converges rapidly. For this reason the function 
f can be appreciably different from unity only in the short range. Therefore, we can 
not take account of long range correlations in this method. 

To avoid the complications, we took here a simple f function neglecting possible 
dependence on single particle orbits, momenta, spin orientations, and so forth. Also we 
assumed that f is the function of the particle distance only, but the orientation of r;—r; 
will be important especially to take into account the effect of the tensor force. Further 
it may be necessary to introduce three particle functions, four particle functions, and so 
forth, to represent the correlations which can not be included in the product of the two 
particle functions. The general theory including these effects will be found in another 
part of this series. 

Nevertheless the total spin and the parity of the system are determined by the 
single particle functions, because the product of all the correlation functions must include 
a scalar part, i.e. it becomes unity when all the particles are far apart from each other. 
In order to make the spin and the parity of the ground state definite, we must take 
them the same as those of the Slater determinant. Accordingly we hope our theory 
will partly explain the fact that the simple shell model predicts nuclear spins and parities 
fairly well, but does not generally give, for exemple, correct transition probabilities. Of 


course, it is clear that long range correlations, such as deformation as a whole, rotation, 
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oscillation, end so forth, also play en important role in these problems. 
The saturation property of nuclear forces will be discussed in the next part aad 
thereby we can see the weakening of the effective potential for the single particle motion. 
The authors would like to express their sincere thanks to Professors T. Yamanouchi 
end M. Nogemi for their kind guidence end continual encouragement and to Dr. K. 


Wey for many valuable discussions. 


Appeadix. Cluster method for bosoa system 


Let the trial function be 
PCG, ene, appa OP? UT Firs) (Al) 
(¢,9) 
for the ground state of a system of N Bose particles interacting through the poteatials 
V(r,;) in the volume 2. 
In this case the problem is much easier because of the constancy of the single 
particle functions and the absence of exchanges. We have only to replace the ¢; (x) *s 


sit " < ° 
by 27" and need not sum over permutations in all formulas in the fermion case. 


Then 
A(x) =0, 
Liles 2) — la act xia a Sy 
gens f rr") 
and Hy;,(x, x’, x’’)’s are the same as before. The cluster integrals are 
ee Ly 


age ee ry ela ioe = 


Xiu= 2° {3h(x, x’)h(x’, x”) +h(x, x’) h(x’, x) h(x", x) 
Hg, xX) GR, KY) G(X", x(x, x, x) } dx dx' dx’, 


(A2) 


Since they are independent of their suffixes, we put in (28) 


xj = » = X wy A 
_ — a —s 
Xijh Xi ix = Xo) > 


& ETE. isi . . ° ° : 
Thea neglecting O(N~'), the normalization integral is given by 


Ti enna 


where 
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G=3NXe)—4(NX@)?+EN?X, + : (A3) 


From these formulas we can derive the final formula for the energy expectation 
value : 


= 2 \f@ Por —* repey| anrar 


tee 
Zeon 


Va CO Gof. — a P(r) } 


A (15) b (r24) 82? 7 oF a4 %oy dr yd 1,7. 


INS AL #2 
Soe PO) Pe) PO) Pf) Fok Oe) fra) 
87 rion Tay ddr o.dr., 
eg ace tet WE(Ad) 


with 


b(r) =f* (7) f(r) —1. 
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An expression has been obtained for the differential cross-section for the elastic scattering of 
intermediate energy charged particles by heavy nuclei, using a complex potential and employing the 
variational method due to Montroll and Greenberg. The potential considered is of the type 
V=—(V)+iWp)) inside the nucleus and zZe?/r outside. 

The expression obtained for the differential elastic scattering cross-section has been used in the 
case of scattering of 32Mev protons from gold. These have been compared with the experimentally 
determined cross-sections. It has also been shown that the present method of calculation gives 
results which are in good agreement with those obtained by using the partial wave method. 


Theoretical calculations of the angular distribution of the elastic scattering of protons 
using a complex square-well potential have been carried out by a number of workers,” 
upto an energy of 18.5 Mev. In all these, partial wave method of calculation has been 
employed which becomes somewhat tedious for higher proton energies and heavier 
scatterers. 

For the calculation of the scattering cross-sections of protons of higher energy from 
heavier scatterers we have employed the Montroll-Greenberg” variational method with 
complex square-well potential. This method has recently been used by Izumo’ for 
investigating alpha-scattering and by Mohr and Robson" in the case of neutron-scattering. 


The potential assumed in the present calculations is 
Vir) =—(V,+iW,) for r<a 
a, : (1) 
: Ie 


The scattered wave function for a uniform isotopic spherical scatterer can be written 
as an integral in the following mainer.”’ 
Pan te (sin wr in? 
l =e (12 2) 2 a oak, SIN Ur 
#,(R) = 7 A,| {RP (r) —k,?}r ] — Ket dr (2) 
0 


dv \ wr vr 


where 2k, ettti-ho) 


(kh, AR) (1 — Ket) 


* Present address: Physics Department, Presidency College, Calcutta. 
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k.—k F 2M , 2M 
K=2 4%, PQ) =““(E-v@)], 42=24%¢ 
ccm (r) j re (r) | 


> 0 9 rte) 
2 


w=k?+k?—2kk, cos@ and Pk? +k? + 2k k, cos 0. 
k, is the internal wave number of the scattered perticle. For a potential of arbitrary 
shape k, end a have to be determined by applying the veriational method. 
The Montroll and Greenberg method gives the 


following expression for the scattered 
wave function for the type of potential given by equation (1). 


are ikoR | 4 res 
$h(R) = 14, V4) eva] x 
Bhs i 


x [see Cy) _ Keriatr Jrj2 (va) | Seas Es (w/a) (3) 
(wa) *” (va) *”? (Oe 


where w! = 4k? sin’? /2. 
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Fig. 1. Comparison of differential elastic scattering cross-sections calculated by 
two methods for 18.3 Mev protons scattered from copper. The results of 


partial wave calculations are due to Chas> and Rohrlich. The square-well type 
of nuclear potential is used in both the methods. 


558 S. N. Ghoshal and B. B. Baliga 


The differential scattering cross-section is given by 


o, (J) = R®|¢, (R) [2d 2. 


In equation (3), 4,, K, k,, wa and va are complex quantities. In order to obtain 
the scattering cross-section, it is necessary to separate real and imaginary parts in equation 
(3); 

To do this, we first note that both |wa| and |va| are large compared to 3/2 for 
the values of the parameters employed here. Hence it is possible to write the Bessel 


functions in the asymptotic forms” 


Jnvsj2(%) = V2/ax sin (x—n7/2). 
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Fig. 2. Comparison of theoretical differential elastic scattering cross-sections for 
32 Mev protons from gold obtained by using M-G variational method with 
experimentally determined ones. 
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The separation of real and imaginary parts of equation (3) is now fairly simple. 
We also make the assumption that the absorptive part of the complex potential W, 
is small compared to (E,+V,). Then if we write k,=c,+id,, the following approximate 


expressions for c, and d, can be easily obtained : 


ee Oe Wedge te 
b 6 N26,+V,) 
The evaluation of real and imaginary parts of K then follows simply. 
Using similer approximations the real and imaginary parts of w and v can be 
evaluated. 


The following values were used in carrying out the calculations: V,=45 Mev, 
W420 Mevrandra=1.42)> A? Xx 10>% em. The above method has been used to calculate 
the differential elastic scattering cross-section for the two elements, gold and copper for 
the proton energies of 32.1 Mev and 18.3 Mev respectively. The latter have been 
compared with the cross-sections calculated by Chase and Rohrlich employing the partial 
wave method. These are plotted in Figure 1. The qualitative agreement between the 
two curves justifies the use of this approximation method in calculating the differential 
elastic scattering cross-section of intermediate energy protons. From Figure 1, it is found 
that the cross-sections calculated by the M-G method are in general higher than those 
calculated by the exact method. This has also been observed by Mohr and Robson” who 
point out that the M-G cross-sections in the case of a complex potential are expected to 
be higher than the exact ones because of the fact that the former include a factor equal 
to the square of the modulus of the complex potential. For scattering angles below about 
40°, however, M-G cross-sections in the present case turn out to be lower than the 
exact ones. 

In Figure 2, the cross-sections calculated from the above considerations have been 
compared with the experimentally determined cross-sections for the scattering of 32 Mev 
protons from gold*. The poor agreement is probably due to the use of the square-well 
type of potential in the present calculations. It is known that the square-well type 
complex potential gives results which are in agreement with experimental observations 
only for scatterers of low nuclear charge, e.g. aluminium. For heavier nuclei where back 
scattering is relatively low this model does not give satisfactory agreement”. It has been 
shown by Wood and Saxon’ that better agreement with experimental results can be 
obtained by using a diffused boundary model of the nucleus. Calculations are in progress 


using this type of potential. 


* A report of this experimental work has been communicated elsewhere. 
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With the help of a potential so chosen as to, in a sense, just satisfy the saturation requirements 
and the various experimental data on the deuteron, and nucleon-nucleon scattering at low energies, 
the neutron proton differential scattering cross-section o(@) is calculated at 100Mev and 260Mev in 
Born’s approximation. The error due to the use of Rorn’s approximation at 100Mev is estimated. 
The calculated cross-sections are in fair agreement with experiment and indicate the desirability of 
making an exact phase shift calculation of «(@) for this potential. 


Sl. Introduction 


It is well known that the meson theory of nuclear forces does not enable one to 
arrive at en unambiguous expression for the nucleon nucleon potential. One, therefore, 
usually proceeds by writing down the most general form of the potential with some radial 
dependence (Yukewa, exponential or square well type) and sets out to determine by trial 
and error the various constants in the general expression for nucleon nucleon interaction 
from the diverse experimental data on the deuteron, and low and high energy p-p and 
p-” scattering. Many attempts of this kind have been made in the past: we refer here 
to the work of Christian and Hert’) whose work, as far 2s is known to us, hes not since 
been superseded. They found that the high energy (up to about 300 Mev) n-p scat- 
tering data available up to the time their work was written (1950) could be best ex- 
plained by assuming that the interaction vanishes in states of odd orbital enguler mo- 
mentum (Serber’s potential). This conclusion wes due to the fact that at high energies 
(= 100 Mev) the n—p differential scattering cross-section o(/) in the center of mass 
system exhibited, within the limits of experimental error, almost complete symmetry eround 
90°. Later experiments seem to show”” that o (4) is not quite symmetrical around 90°. 
These newer experiments may remove an unsatisfactory situation existing previously, viz, 
a charge independent* potential with Serber exchange leading to complete symmetry of 
o(4#) around 90° does not lead to saturation of nuclear forces. 

The purpose of the present note is to report a calculation of (4) for n—p scatter- 
ing at 100 Mev and 260 Mev in Born’s approximation with the help of a potential 


*) We shall assume here charge independence of nuclear forces as all available experimental data is 


consistent with this hypothesis. 
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so chosen as to just (see below) satisfy the saturation conditions. The error involved 
in using Born’s approximation at 100 Mev is estimated by making a rough calculation 
of the correction to o in the second Born approximation. The agreement between theory 
and experiment is reasonable and suggests the desirability of making an exact phase-shift 
calculation of o ((/). 

These calculations were actually mede in 1951. We feel that in spite of their short- 
comings the publication of these results may be of some use at the present time. For, 
apart from the general desirability of attempting to explain scattering phenomena at these 
energies in terms of a two body nucleon nucleon interaction satisfying saturation require- 
ments, in certain other types of problems the use of such a potential is not only desirable 
but necessary. For example, receatly Tauber and Wu" have attempted a Hartree-Fock- 
Slater type of self consistent treatment for certain nuclei starting from a given two body 
nucleon-nucleon interaction. An interaction assumed for such a purpose has to satisfy 
saturation conditions, and these authors have found it useful to restrict the number of 
constants in the potential by making use of the condition (4) given below. 

We may mention here that with the increasing possibility of obtaining high energy 
beams of polarized nucleons, an alternative method for determining the nucleon-nucleon 
interaction may become available in the not too distant future. This consists in first 
determining the phase shifts from the scattering data at various angles and energies and 
then determining the potential which would lead to correct phase shifts. Unlike the 
case of particles of spin zero interecting with central forces, the relevant phase-shifts in 
n—p and p-p scattering cannot be determined from a knowledge of o (4) as a function 


of # alone, because of the spin dependent and non-ceatral forces. As has been shown 


. 5— 
earlier 


”, however, from a knowledge of angular and azimuthal dependence of o and of 
the polarization on scattering of an incident polarised beam of nucleons by unpolarized 
nucleons, 2 complete determination of relevant phase-shifts is possible, apart from an 
ambiguity in signs which can be fixed by other data. A limited number of phase-shifts 
can also be determined by double and triple scattering of an unpolarized beam by unpo- 
larized targets (see reference 3, chapter XVII). 


§2. Choice of potential 
We write the nucleon-nucleon potential in the form 
V [dg de Oy tyhdy Tyo Tyhdor Oy 2% T,-T Vo for) 
+ [bu tbo 71-7] Siwy fir), (1) 


where o and ¢ are the spin and isotopic spin operators, S,, is the usual dipole dipole 
Interaction operator, V, is a measure of the strength of the interaction, and fi(r) and 


fir) denote the radial dependences of central and tensor interactions. We regard V,, 


fo(r) and f,(r) to be positive and 
Lim. fi) /f,() =1. (2) 


The conditions for saturation of nuclear forces in absence of tensor interaction are” 
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A—0, 4+4,->0, a,+a.>0, 
ay+d,.—0, and a+a,+a,+4,,->0. (3) 


Now since the observed n—p scattering cross-section deviates orly slightly from sym- 
metry around 90° one must choose the potential to be, as neatly as possible, of the 
Serber type. Therefore we take different exchange dependences for the singlet and 
triplet states and assume Serber exchange for the potential in singlet states. This gives 


us a relation between the a’s, viz., 
v oda — (a 3d,—34.+ 9az) le fo (r) =0. (4) 


The precise exchange dependence of triplet states is then obtained by assuming the equality 


sign in the first of the conditions (3), ice., 
a= 0. (5) 


It will be noticed that with a Serber exchange for triplet states, saturation is not possible 
irrespective of the exchange dependence assumed for singlet states. Conditions (4) and 
(5) reduce the number of independent constants in the central potential to two. Further, 
following Rohrlich and Eisenstein’, we assume the exchenge dependence of the symmetrical 
theory for the tensor term i.e. 6,,=0. With the help of (4) and (5), the expressions 
for the potential in the triplet and singlet even states mey then be written as 


i v cren — 4a. V eho (r) ae 3ba, Sos V of (7) ? (6a) 
10 sen= = 4a, Vo f(r). (66) 


The constants in (62) and (6b) may be chosen to fit the deuteron and the low energy 
scattering data, whence all the unknowns in (1) become known. e choose for (6a) 
and (6b) a set of expressions given by Rohrlich and Eisentein® with radial dependences 


of the Yukawa type. The various unknowns in the potential (1) are then given by! 


dp 0p — 0,6, 0.3665, do=0.250, 
| 
d,,= 0.2055, 6.,= 0.5663, Vj=301817 Mev; 


/ 


| 


—rlr =H | 
emacic ens 
fo (r) eat oe he (r) = ? | (7) 
ee r/T, 
where 7r,=1.202X 107-" cm | 
= | 
anduimyj==1.4005¢107 “em, / 


It will be seen that the potential given by (1) and (7) satisfies all the saturation 


+) Actually in reference 8 the range for singlet states is 1.183107! cm. For simplicity we have 


; 4 ; : BA 
taken the ranges for triplet and singlet states for central interaction to be the same, viz., 1.202107! cm 


The slight difference in the two ranges does not materially affect our results. 
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requirements in absence of tensor interaction. The necessary conditions for saturation in 
presence of tensor forces have been worked out by Kanazawa”. In addition to (3) one 
then hes two more conditions. If one remembers that (2) the expectation value S of 
S,» has its extreme values +2 for a needle shaped ellipsoid, end —1 for a disk shaped 
ellipsoid of collapsed nuclei, and (b) the tensor interaction is zero for singlet states, 
while for triplet states o,-0,=1 the conditions II and IV of Kanazawa may be written 


as 
—4 (a+ dy) SbySa,+ ag, (8a) 
-= oo) (a) + da, aF da. ap dae) Sb, =F b..S (a, ap d, an d- Az dex) i (8b) 


Conditions (8) may be seen to be satisfied by the potential chosen here. 
Blatt and Weisskopf’) have also given, without proof, conditions for saturation in 


presence of tensor forces. In addition to (8a) and (8b) they give also an inequality 
=—* (a)+4,-) Sb yy t+ do3. (9) 


(9), unfortunately is not satisfied by our potential. This condition presumably arises by 
considering a nucleus containing equal number of neutrons and protons with all neutron 
spins pointing in one direction and all proton spins in the opposite direction and may 
be too stringent from the practical point of view. 

Before we give the results of our calculation of n—p scattering cross-sections, we make 
the following comments. First, the tensor term in our potential is, comparatively speak- 
ing, strong. Presence of rather strong non-central interactions is indicated by polarization 
results in p-p and n-p scattering (see, for example, reference 3, p. 132). Secondly, we 
have not attempted to include in our potential any spin orbit coupling term or short 
range repulsive core term. This is because generally the role played by these terms is 


not yet quite clear and specially the saturation conditions for a potential containing these 
terms have not been worked out. 


§ 3. N-P seattering cross-sections at 100 and 260 Mev 


With the help of the potential given by (1) and (7), we have calculated n—p 
differential scattering cross-section at 100 Mev and 260 Mev in Born’s approximation. 
These results are given as smooth curves in Fig. 1. The experimental points taken from 
reference 1 are marked by circles and refer to experimental data available prior to 1950. 
Broken curves (a) and (b) are taken from Bethe and Morrison® and represent idealized 
version of the newer but still rather uncertain data et 100 Mev and 300Mev. We 
may mention here that experimental data is available only for angles 4 greater than about 
sha rie 

From Fig. 1 the agreement between experimental data and our calculations may be 
regarded as reasonable at 260 Mev since we have used Born’s approximation and neglected 
relativistic effects—both these effects are likely to be corrections of the order of 10 to 


20% at this energy. At 100 Mev the experimental and theoretical values agree fairly 
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well for scattering angles @ ranging from 60° to 180°, and so is the ratio o (xz) /a(m/2). 
However, for #< 60° the agreement is poor indeed. Since at 100 Mev the Born’s ap- 


proximation may be unsatisfectory, we have calculated, by the method given by Jost and 


—————— eee 
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e) 30 60 90 20 50 18 O° 
Fig. 1. n-p differential scattering cross-section «(9) in the centre of mess system at latoratory 


energies of 100 and 260 Mev. 
Calculated «(@) in the standard first Porn approximation. 


Calculated «(@) in the first and second Porn approximations at 100Mev (see 
text for details). 
Experimental points (available between akout §=35° and 9=180°). 


Idealised version of experimental data at 100 and 300 Mey (reference 3). 


Pais" corrections a,” at this energy to a," (cross-section for central potential in the 


standerd Born approximation) in second Born approximation for the central part of our 
potential. It is found that for triplet states o,'/c,"” is about 50% in the forward 


directions, diminishing with increasing @ and is about 10% in backward directions. For 


singlet states this correction is small and symmetrical about 90°. The result of adding 


these corrections to o in Born’s approximation is roughly depicted by the curve c; this 
curve is in better agreement with experiment then the smooth curve. We should mention 
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thet corrections to the contribution to « from tensor forces has not been calculated in the 
second Born approximation, as these are complicated. 

From the above discussion it would appear that the discrepancy between experimental 
ond calculated values is at least partly due to the use of Born’s approximation. It is 
hoped to publish a phase-shift calculation of cross-sections at a later date. Finally we 
mey mention that the potential such es given here will not explein p—p scattering data 
at intermediate and high energies without introducing either a repulsive core or spin 


erbit coupling term or both’. 
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* Note added in proof: The addition of a repulsive core term in the nucleon-nucleon potential 
would probably alter the saturation conditiors (3), (8) and (9) radically. 


3 ; As such the potential used in 
this paper is not suggested to the exclusion of other fossibilities. 


? The main purpose of this paper is to 
express the view that is desirable to explain nucleon-nucleon scattering data in terms of a potential satisfying 


saturation requirements and to examine one such potential. The authors thank the referee for making some 
very useful comments on their paper. 
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The reduced matrix elements for /-forbidden magnetic dipole transitions in medium-weight nuclei 
are calculated on the basis of configuration mixing. The calculations are based upon simple perturba- 
tion theory. The parameters used in this calculation are the same as those adopted for the magnetic 
and quadrupole moments in previous work. The lifetimes of these radiative processes are well ex- 
plained by small admixtures of excited configurations to the shell model configurations. 


S 1. Introduction 


Much important information about stationary states of the nucleus can be obtained 
from the study of the interaction of the nucleus with the electromagnetic field. Spins 
and parities of excited states can best be determined by the type (electric or magnetic) 
and multipolarity of the radiation. These are experimentally determined by measuring 
internal conversion coefhcients of the radiation without detailed assumptions about nuclear 
transitions. On the other hand, the gamma-transition probability between two states 
depends in a sensitive manner on the wave functions of these states, hence knowledge of 
nuclear wave functions can be obtained by comparing the experimental transition proba- 
bility with the theoretical value calculated on some specific model. Among the various 


nuclear models proposed, the shell model seems most suitable to explain the nuclear gamma- 


‘< 22 1) 


transitions, especially the existence of the “island of isomerism There are, however, 
some details with which the shell model fails to obtain quantitative agreement.” One 
of these is the /-forbidden magnetic dipole (M1) transitions which will be discussed in 
the following, although the shell model does predict their much longer lifetimes in com- 
parison with the usual (or allowed) M 1 transitions. 

The selection rules for M1 transitions are that the angular momentum change is 
not larger than one (0-0 transition is excluded) and there is no parity change. However 
if the shell model is taken as the basis of theoretical consideration, it gives a more 
stringent selection rule. Because the magnetic dipole moment operator does not change 
the orbital angular momentum, the initial and final orbits assigned by the shell model 


must not differ in orbital angular momentum in the magnetic dipole transition. Mots 
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of the trensitions which are clessified as magnetic dipole transitions do not satisfy the 
latter selection rule and they are called [-forbidden transitions. These l-forbidden traasi- 
tions have much longer lifetimes than the theoretically expected lifetimes of allowes 
transitions from the shell model, the average value of the ratio of these quantities being 
about 10°, although the values fluctuate considerably. 

If the shell model describes the nuclear states very accurately, the observed lifetimes 
of the /-forbidden transitions give evidence of the inadequacy of the conventional treatment 
of gamma-transitions. Sachs and Ross” have discussed the effect of exchange currents on 
this type of transition and Ross’ has concluded that it is impossible to explain the life- 
time by mixing excited configurations with the shell model configuration, since, in order 
to get experimental lifetimes, the extent of the mixing becomes too large. It will be 
shown in the following that Ross’ conclusion is premature and the /-forbidden M 1 transi- 
tions can be explained by configuration mixing. More recently, Spruch and Rotenberg” 
have given extensive results for the accumulated experimental data on the same basis as 
Ross. 

An alternative approach is based on the argument that the shell model is not accurate 
enough and the departure of the actual wave function from the shell model gives the 
non-vanishing matrix element for the transition. Volkov” has estimated the matrix elements 
from the standpoint of statistical configuration mixing and hes obtained fairly good 
agreement with experimental values. A second (not statistical) consideration about the 
deviation of magnetic moment from the Schmidt lines by configuration mixing yields more 
satisfactory results.” Therefore, it is expected that the magnetic dipole transitions must 
be explained by a similar calculation because the relevant operator is the same and the 
mixing states are similar to those in the case of the static moments. Other evidence of 
configuration mixing for the nuclear shell model is given by quadrupole moments”, /3-decay 


matrix elements, and deuteron stripping reactions." 


§ 2. Transition probabilities 


The matrix elements for magnetic dipole transitions are obtained from the usual 
magnetic moment operator. The procedure for obtaining the matrix elements for the 
transitions differs from that for the static moments in that the initial and final states are 
different. Furthermore, the shell model matrix elements vanish for the J-forbidden 
transitions, so that nonvanishing elements appear as the effect of configuration mixing, end 
the dominant contributions come from the matrix elements between shell model configurations 
and mixing configurations if the mixing is small. (Concerning the more detailed discussion, 
see the following.) The extent of the admixture was estimated as the order of 1% in 
the calculation of the magnetic and quadrupole moments.” Therefore, the ratios of the 
observed lifetimes of the /-forbidden transitioas to theoretical values for allowed trensitions 
by the shell model are expected to be of the order of 102, since the lifetimes are inversely 
proportional to the squares of the matrix elements, which are equal to the amplitudes of 


admixture multiplied by the allowed transition matrix elements. The compilation of ex- 
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perimental data by Way et al. gives as the average values of the ratios, 60 for odd-neutron 
nuclei and 300 for odd-proton nuclei.2 We shall make more quantitative comparison 
between theoretical and experimental values of the lifetimes in the next section. Before 
that, we shall derive the matrix elements for the transitions by the consideration of the 
configuration mixing. 


The radiative transition probability due to a magnetic dipole transition is given by 


WC 7) eee? om Xe) ve 1 . ; 
ee OE ae Ye ee fal 
en as jel ar Ml oc Mle 
= 0.419 10% E® m?/(2j+1) sec, (1) 


where 7, is a mean lifetime, and m? is given by Eq. (2). Photon energy E is measured 


in Mev in the second line. 
WM = damm | Cj’ m’| >) Hel jm) [P= Gl Shelf)? (2) 


In (2), >)4 means the summation of the magnetic moment operators of each nucleon 
in the nucleus, and q denotes the component; j is the angular momentum of the initial 
state and j/ is that of the final state, m and m’ being their z-components. 

Let us denote the initial and final states by VY (jm) and © (j’m'). We adopt as 
the zeroth order configurations the shell model wave functions Y,(jm) and V, (j'm’), 
and let (jm) and YV,,(j’m') be typical excited configurations which mix with the 
zeroth order configurations in respective fashion. If the admixture is small, the initial 


and final wave functions are 


P (jm) =F (jm) +>), a, Fn (jm) 
and “ 
w (j'm’) =e (j'm') +>} 1 Any soe (j'm') . 


an 


There a@’s are given by perturbation theory in terms of non-diagonal elements of the 


energy matrix : 
a, > Py (F (jm) ? Ditez Vin L 0 (jm) ) /4E, (4) 


where V;, is the interaction between the i-th and k-th nucleons and JE is the energy 
difference between the zeroth order and excited configurations. By using wave functions 
(3), we get the reduced matrix element in (2). For /-forbidden transitions, the element 
between the initial and final zeroth order configurations vanishes and the leading terms 
of the element appear in a linear form involving the coefficients of mixing. We neglect 
the effects of the second order contribution of these coefficients. This procedure is exactly 
the same as those for obtaining corrections to magnetic and quadrupole moments in 
reference 8 and 9. As we shall adopt the same parameters employed there, the 
magnitude of the coefficient of mixing will be quite similar. Previously they 
were found to be 0.1 or less, so that it is a plausible assumption that both the 
reduction of the amplitude of the zeroth order configuration (the reduction of those of 


the excited configuration is fourth order) and the second order effect on the matrix ele- 
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Fig. la. Like core transition (L). The Fig. 1b. Unlike core transition (U). 


number of nucleons in the outormost The number increases by one during 
orbit (initially odd) decreases by one the unlike-core transition. 


during like-core transition. 


ments can be neglected. 
It seems convenient to divide the gamma-transitions of odd A nuclei into two groups, 


one being like-core transitions and the other unlike-core transitions. They have been 
used for beta-transitions in a similar sense.” For the gamma-transitions, the number of 
nucleons in the outermost orbit (initially odd) decreases by one during a like-core transi- 
tion, and it increases by one during an unlike-core transition. The distinction is easily 
seen by reference to Figs. la and 1b. We may assume the angular momenta of the initial 
and final configurations to be j=/—1/2 and j’=//+1/2, where /=/'+2, without loss of 
generality. (For example j=dysj and j/=s,.) For the other case in which j=/+1/2, 
j/=l—1/2 and /=l'/—2, we need only exchange the roles of the initial and final states 


of the transition in the following calculation, since the relation 
SONS Seales Wee as “eri at 
Gj [Sia WS Gih>e j ) 


holds, where |j—j’|=1. 


Like-core (L) transitions 
We represent the zeroth order configurations of the initial and final states of the 


like-core transitions as 


PF (jm) =F (jy (0) jo"? (0) j/7 (0) 7?" . (j); jm) (5) 
and 
Py (j'm!) = (jy (O) jo (0) 7/7" (7) 7? (0); j’m’) (6) 


where nucleons in j,=/,;+1/2 and j,=l,—1/2 are like (both proton orbits or both 
neutron orbits) and n, and n, are even numbers. Usually n,=0 if n,< 2j,+1 and 
n,=2),+1 if n,~0, and p and q are also even numbers. Then, a sequence of excited 


states 
PF La iy) fo Cis) CD?) FP ) ¢ frm) (7) 


can interact with the zeroth order configuration in the initial state (5). The decay by 
magnetic dipole from these to the zeroth order configuration of the final state (6) would 
appear to be allowed because configurations (6) and (7) are the same except for one 
orbit and the different orbits j, and j, have the same orbital angular momentum. However, 
only the state with J=1 can decay into (6) as is readily seen from the coupling scheme 
of angular momenta in (6) and (7). Fig. 2 shows schematically the excited configu- 


rations (7) and the corresponding ones in the final state. We can get the reduced matrix 
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| 

/ + initial #2 

Zs state + 
Ji +t 


\bo( jm) ~,( jm ) ~,( jm) p, (jm) 
ede oo eel a 


J Ja 
i final ; 4 
i a state s 
ji 
~,(j' m') %,(j' m') 


Po( j' m') %,(j'm') 
Bigh Zee G=l—3, f= 4s, =e 2, = Fig3. LY. j=l—s, (=U +4, jpo=V—3 
+4, and j.=/;—3. Transitions shown by 
broken lines are forbidden, while transitions 
shown by solid lines are allowed. The particle 
denoted by a solid circle jumps in each case. 


Ses 


he 


element for the magnetic moment operator due to the mixing of the excited configuration 
(7) in the initial state by the above-mentioned procedure. As the calculation is quite 
similar to that correction to the static magnetic moment’, it is not repeated here. The 
interaction V’;, is assumed to have a 0-function redial dependence for the sake of simplicity, 
and its strengths in triplet and singlet states are denoted by V, ‘and V,, respectively. 
The result is 


Maw =| (27+1—p) (2j’+1—4) /(2j+1) (2j’+1) xX 
[/ (U’ atz1) (2? (lal! sr 1) eke (Ga— Gy) Fras (8) 


where 


Fri 


n, (2jg+1—ny) phos VI, jos §j/ /(—4E), 0) 
TE) yee mer he te OV) 2 TG ie iy) (4) 


The upper line in the brace of (9) is valid if the excited nucleon j, and the jumping 
nucleon j are like, and the lower line is valid if they are unlike. 4Y,—g, in (8) is 4.585 
(nm) for an odd-proten nucleus and —3.826 (nm) for an odd-neutron nucleus, and the 
value of g in (9) is given as 3.826/4.585=0.834 for the effect of neutron excitation 
of odd-proton transition and as 4.585/3.826=1.199 for the effect of proton excitation 


on the cdd-neutron transition. I is a Slater integral for a delta-function interaction. 
Ij; jos ji je’) = Ih om | R(j,) R (jo) RG’) R(jy/) die (eee 


The contribution due to similar excitation in the final state : 

Ce Cie ely (Oe G)sgan)) (10) 
can be obtained. The results is that F,,, is given by the same formula as F,;; and (8) 
is valid for changing suffices Li into LIf. In some cases, there is more than one pair 
of j, and j, which must be taken into account. If this occurs, it is necessary to add 


each contribution in F,,, and F,,,; Furthermore, the result for all possible excitation 
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modes in the like-core transition j”*' (j) j’”(0) >j” (0) j’7"' (Gj) has the same form as (8) 
and they are different only in respective F. Thus, we can replace m,7; by nt, and Fir 
by F, and put F, as the sum of Fj, Fris, and other F which appear from the mixing 


other than Ii and [f. 
m,=[(2j-+1—p) (2j/+1—49) /(2/+1) (2j’+1) "x 

x [1 +1) /2C4U +1) 1? —-9) Fi, (8’) 
and 

Fe). Faw 

The form of (8’) is suitable for comparing the results for /-forbidden transitions with 

allowed transitions. If we consider the allowed transition of like-core type j”*'(j)j’7(0) 
>)? (0) j’7°1Gj") where j=l+1/2, j/=[—1/2 and [=([+I)/2 (For example, if 
jody end j!=s1, j=piyo and j’=Ppiy.), we get the reduced matrix element for the 


transition which is just equal to (8’), but with F=1. Therefore, F* has the meaning 


of unfevored factor which is a measure of the configuration mixing in our case. 


He Be 


Ais Bere eee Pol jm ) het Y,( jm ) 


; J 
j 

ji ie + 
nid mm ) js 


nn 


~ 
ran 


Sete (ey 


% (jm) %,(y' m’) 
Fig. 4. LUI. j=l—3, j/=l+j,=144 Fig. 5. UL, j=l—%, f= +4, l= +2, 
A=h+4, p=h—-3 


When j, coincides with j’ and n,=0 in (5) end (6), the corresponding mixed con- 


figurations in the initial state which give age recess matrix element are 
PG (0) FPG) 3 je) + D8 F Cj’ J) jo 7? (0) jm), (11) 


where j,=/’—1/2. Fig. 3 shows this mixing in eddition to the mixing in the final state. 
In (11), 9, are the coefficients of mixing for each J, and J=2, 4,-:-, 2j’—1, so that 
j'’(J) represents the state with seniority number two. The derivation of the matrix 
element is complicated compared with (9), but it becomes easier if we make use of the 
average value of the reciprocals of the zeroth order energy differences between the first 
and each of the second configurations in (11). The formula for F rin (we designate 
this excitation mode as Ili) is as follows 
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l’(’+1) 
Fie 7 V,I(j' j'; C= 1/45 Y: 12 
LI Bi! oo 2-44 G hah jj») ( ) 
In the same way, the corresponding configuration mixing in the final state 


PG? GD]? 0); j'm') +88 (j'- Oe CG) TCI) i'm), (13) 


where Joo fI a) o+j, gives the value of F, ny, Which is identical with F,,,, in for- 


mulae, but the average value of the energy is different. 


Finally, when the mixed configuration is 
B je" (0) j!9 (0) 7? *G)s jm) +77 ¥ Cj Pen GIDL Gea) 4) 
where j,=/+1/2 and li—f"| SJ Sj, + j’ (ee Fig. 4), the matrix element resulting 
from this excitation is given by 
2j—1— MGyDy Peer, 2 . 
rep ek Bal Gicjad! ji 2 /dky. 15 
LUE 2j—1 fy Gi isi’ /4E) (15) 


Similarly, in the final state, the corresponding excitation is 


Pp Gy 24141 COLES SC Opes j'm’) +S37 1D ie Cay? (0) j?*? J); j'm’) Z (16) 


where J=2, 4,-:---: , 27-1. Again, F,,;,; yielded by this modes has the same form as 
Prim: 


Unlike-core (U) transions 


There are three modes of excitation in this case too. These are denoted by U,, 
U,, and U,;, for both initial and final states, and they are shown in the following. The 
reduced matrix clement im, for the unlike-core transition LOG) ps G7? ) 
by 


My =|pq/(2j+1) (2j/+1) JU +1) /2d4l +1) ]'? G.—9) Fe, (17) 


is given 


the meaning of this equation being similar to that for the like-core transitions. The 


Bi GS Gal Bs 


es (jm ) pee jm ) 


tel ES tel 


Big. 6. ee tew ae pe 3 Fig. 7. UHL. j=l—%, ff =V +4, pal+} 


574 A. Arima, H. Horie and M. Sano 


F,, are given by the same formula as the corresponding F,. Therefore, the mixing 


modes are given in eqs. (18)—(20) and the corresponding figures are Figs. 5—7. 
EDR DE G Peck (6) ig Mod 00) ek CD le 1G Bare 2) 
tal (Cj Gy) js? Go) |) 7" G7? ©) sim) (18a) 


DESO IE IN LO eae) 


aE Ch" Gis GQ" OP" Gs i'm) (186) 
UI. © (j'9 (0) jP (4) 5 jn) HDB? Gi Died? © sym) (19a) 
DAG) (20) 97 mae oe GE CT tet CD Wd de pee (19b) 
UME £ (jP"** (0) 7 (0) f?-*.G)s jm) Sara? Ci GO Gd JODIE sy) 20) 
PGi 8 (0) (OPS 7? CON. fiat! ta ee ae Or kearic (20b) 


§ 3. Comparison with experimeatal values 


In order to compare the theoretical values for matrix elements nV’ obtained in the 
preceding section with the experimental values, knowledge about the quantities which 
appear in (9), (12), and (15) becomes necessary. All such quantities were already 
used in the calculation of the correction to magnetic and quadrupole moments by con- 
figuration mixing.”” The values estimated there will be adopted for the calculation of 
iv’ also and it is not necessary to dwell upon them. Only the values which are used 
in the present calculation are described very briefly. 

The interactions between nucleons are assumed as attractive, with the interaction in 
the triplet state is stronger than that in the singlet state: |V,|=1.5|V,|. The integrals 
I are inversely proportional to mass number A, since they involve four wave functions. 


Therefore, the product of the singlet strength end the integral has the form 
V; I(j, jos ji’ j:’) = —cF (j, }o3 ji’ jz’) Veet 


where c, is a constant having the dimension of energy. And the factor F is a dimen- 
sionless constant which does not depend on A but does depend on the shape of the 
wave functions of the nucleons. We assume that the wave functions are those of a 
harmonic oscillator. Then, the order of magnitude of c, is obtained as 200 to 300 Mev 
at A~200. Actually, the value c,=250 Mev is used for the calculation. 

In reference 8, we did not take into account the variation of the integral I with 
respect to the wave functions for nucleons. However, the deviations of the magnetic 
moments from the Schmidt lines show practically no change (within 0.25 nm) except 
for nuclei with 35, as noted below, even if we make use of the integral in this paper. 
As for the energy denominator, we neglect the difference between (1/4E) and 1/4E in 
order to avoid complexity, where the latter JE means the energy difference between single 


particle levels in which the shell madel configuration and excited configuration differ. 


The |-Forbidden Magnetic Dipole Transitions 575 


The values adopted are fixed as shown in Table I 


, irrespective of the mass numker A. 


Table 1. Doublet splitting assumed in the calculation. 


Ce i 2iduatnw| Adis 3M hi 


LhsSi2— "11/2 2 Mev 
2p 1/2—p 3/2 | 1.5 2f SIDE f 7/2 | 1.5 
lg 7/2—g 9/2 ¢ | DAS} | 3p 1/2—p 3/2 | 0.5 
Bel Dal yp | 1.5 | Li 1/2=,13/2 | 2 


| 
(Table I is identical with Table II of both references 8 and 9.) 


small energy difference between the initial and final one particle levels 


2pxj2) in the calculation of the matrix elements Mt. 


We can neglect the 
(for example 1 f,).— 
Even if we retain these energy dif- 
ferences for the calculation, their small contribution to the energy denominators in the 


initial end final mixing are opposite and we need practically only the doublet splitting 


listed in Table I. 


(2) +1) 


Table II. Experimental life time data for [-forbidden magnetic dipole transitions. m?,,,)= 


0.419 X 1013 Er; 


j E (key) Tr (sec) ™ ea 
302N37° 2ps/2 1f5/2 92 9.5 X 10-6 1.28 X 10-4 
agAsyy?3 Wiais 2paja 66 <5x1079 >9.8 X<1071 
gpT ey31%8 2d 3/5 35) /2 159 BS X10— 7.16 X 1071 
sa Ters!? 5 y 35.4 4.41075 4.86 x 107! 
«Xeqe!3 354 Jo 2d3/> 80 2.1%10-° 4.41 «107! 
5(jBazy)?° 2d) 35; /0 Ty ~3.3X10-* ~1.80 
55Cs-8)38 2d5)o 1g7/2 81 2.7 X 107-5 DOR Ome 
55 CSe9)85 y 248 4.410710 212% 1052 
s7Lags!°9 4 166 DAS NO UES Or 
59P tgp!) 1gz/o 2ds/2 145 3.9 10-9 | 1.59107} 
o3Pmeg Vy 91 tei 1On® 2.28 x 107} 
731 ayos'*! 2d5/2 1g7/2 480 310% 4.28 x 10-4 
63HUg))>% 35/2 2d3/5 69.1 1.310% il itl 
6.01075 2.40 x 10° 
sol dg); 9!% 3pa/2 2fs/2 50 <1.6 10-8 >4.76 x 1071 
g1 Tj 99708 2ds)s 354 /2 280 pe lwietOe P| ges4isiey 10nt 


The experimental values for the /-forbidden transitions are listed in Table II. Refe- 


rences for each experiment are the same as those quoted in reference 5. 


The tables for 


the comparison between the calculated and experimental values are eS ae eles it to 
spins and parities of the initial and final states. The exchange of the a itial and final 
states is possible for the square of the reduced matrix elements 2 stated in ths preced- 
ing section. The calculations for the transitions of Ta’ and Beas were not tried es 
they are heavy nuclei according to the classification by Way” and the single particle 


model may be not a good approximation to take as a zeroth order wave function. 
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As the effects of excitation of unlike nucleons are small in comparison with those 
of like nucleons, we edopt the simplest configuration for unlike nucleons in the following 
analysis. Except 2 few examples noted below, the results for 11° are insensitive to the 
choice of the configuretion of unlike nucleons. In each table ia the following, only the 
final configuretions are shown. The initial configurations caa be cbtzined from the final 


configurations and the type of transitions, L or U. 


Table III. U-forbidden magnetic dipole transitions 2p3/.<—>1f5) 


odd-neutron nucleus 


proton neutron 


ee configuration | _ configuration iealita ‘ Meal mM exp sdctdeudd Ete 
(2ps/2)7 (0) (1f 5/2) (5/2) 0.125 
go LN 37! U 1.28 X 107-4 0.81 0.88 
(1fs/2)° (0) Z 0.069 | 
odd-proton nucleus 
(1fs/2)2(0) (2pa)(3/2) | — | L | 0.095 
s3Asyo"% Y , = U 0.294 >0.985 
(1g9/2)°(O) (2pa2)8 (3/2) | — L 0.773 


2 ps2 1 frye LN MV eq, is too large in comparison with 1t°,,,, the ratio being 
0.044/ (1.28 107’) ~4X10*. If the effect of configuration mixing is small so as to 
give a long lifetime for the /-forbidden transition, the deviation of the magnetic moment 
from the Schmidt line which is 0.49 nm cannot be explained. 

ws The proton configuration of the nucleus with 23 protons is inferred to be 
(2 psy) (3/2) Afsyx)? (0) by considering thet the quadrupole moment of As” is positive. 
Only one third of the experimental lower limit of im’ is obtained by this configuration 
and the U-type transition. Also, the large departure of the magnetic moment of As” 
which is in the so-called forbidden zone, cannot be explained by the above proton con- 
figuration. If we could assume the configuration as (1g5/)" (0) (2 p./»)*(3/2), we get both 
the large deviation of the magnetic moment As” and the U-forbidden matrix element of 
As’ which is considerably near to the lower limit of the experimental velue. However, 
such configuretion is hard to understand from the conventional shell model.” 

35,9 2d.) The discrepancy between the configurations which give good agreement 
to the magnetic moment in reference 8 and to the transition matrix element can be 
removed by considering that the variation of VI by the wave function was neglected in 
the calculation of magnetic moments. The quantity (—V,I) becomes small in the case 
of the interaction between 3s and 1h in comperison with the averege (—V,1) 32574 
Mev.” We get consistent results for both magnetic moments /“* and transition matrix 
by taking into account the variation of the integral I as stated in the preceding section 
for the magnetic moments as well. As for the neutroa configuration, the 2d... orbit is 
occupied before the 1h,,). shell is completely closed. This can be seen from the Positive 
quadrupole moments of Ir isotopes. The same situation appears to hold for Xe™' and 
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Table IV. /-forbidden magnetic dipole transition 35/295 2ds/9 


odd-neutron nuclei 


Ree | proton neutron - | 
ts oe configuration a eae configuration ” type) Mcat | Meazp | Meat | Mcal* Herp 
ssTen! | (1gris)2(0) (1hy3/0) 6 (0) 354 lz | 0769 | | -o17 |~0.77| 
/ 4 (1443/2)4(0) (2d s/2)2(0) 35/2] L | 0.043 | 0.716 | —0.82 |—1.23| 0.74 
| Us | Y U | 0.301 ey y 
Be Deng?) (1g7/2)* (0) |(1231/2)8 (0) 355 2 ae 0.925 0.03 | —0.68 
h (13/2) (0) (2da/2)?(0) 35/2] L | 0.074 | 0.486 | —0.60 113 | —0.89 
4 y sO | 0372 | 
psXez79}| (1g7/2)4(0) ee eee L | 0.140 
4 Z | U | 0.484 | 
| a:/2)° (0) (2ds/2)2(0)| Y U > 0.559 0.441 
4 (1Aj1/2)5 ©) (2d )2)4(0) 35, /2| U 0.258 
| (2d5/2)* (0) | Z | U | 0.339 | | 
56Baz7'85 | (1g-/2) 6 (0) (bys /2) (0) (2d 5/2) 2(0) 354 jo ib 0.121 
| (1g7/2)4(0) (2d5/2)* (0) Z, | L | 0.160 | 
| | 
| (1gz/2)2(0) (2ds/2)4 (0) y | ZL | 0.203 | 
| gz/2)6) | y Peer o44g |e | 
| y (Dh /2)8 0) (2d 3/2)4(0) 35;/.) U 0.160 | 
(1g7/2)*(0) (2dsje)* (0) Y U | 0.223 | 
pel a ee See, = ae boge sab ae Se Oy eee 
paces nucleus 
banal lyase CO 7 SURO alae ape Cee wari ; 
gy L1y 997°? (1Ay3/2) am 2(0) 3s, laird! ©) Bpsjo)4(0) | L | 0.267 ~0.0431| Lieaeoy | 1.61 


Ba’ as the configuration (1h,,).) '* (0) 35,,. gives matrix elements for both elements which 
are too large, but (1h,,;.)"° (0) (2d»)o)? (0) 35,9 U for Xe! and (1h,,).)° (0) (2055) "(O)BsiRe 
or (1h, /5)* (0) * (2ds)9) 4 (0) 35,9 for Ba’? give good agreement with the experimental 
values. For Xe™ and Ba™, we have considered the effects of the unlike nucleon 
configurations in more detail, as the veriation of the contribution from the like nucleon 
configuration is comparable with that of the unlike nucleons. In other ceses, the letter 
is considerably smaller than the former. 

For TI, although the calculeted and experimental values are in good agreement 
for the magnetic moment, the calculated value of the metrix element for the M 1 trensi- 
tion is lerger by factor 5 then the rough experimental value. Because the devietion of 
the magnetic moment from the Schmidt line is large, the M 1 transition is expected to 


be considerably fest. 

2d,,.<—1g-5 The experimental value of the magnetic moment of Cs’ lies between 
the theoretical values for (1g7/2)°(7/2) (2452)? (0) and 1g7)9(2d;).)*(0), and in the case of 
Cs'* the experimental and theoretical value for 1g;).(2d.,.)4(0) of the magnetic moment 
show good agreement. Similarly, for the /-forbidden trensitions the experimental value 


of m’® for Cs™ lies between the calculeted values for (1g-/.)?(7/2) (2d;).)?(0)U and 
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Table V. [forbidden magnetic dipole transitions 2d5/.—>19;/2. 


odd-proton nuclei 


; | = hase | c pe D ca Le ? 
nucleus eee gute a ae configuration pee | xs aks Bi oPeil S - xy 
Se |(1g7/2)°(7/2) (2ds5/2)*(0) | (1A\4/2) 12(0) (2ds/2) 7 (0) | L | 0.224 | 2.42 
‘1 gz/2(2ds/2)4 (0) , | Dw} 20.274 ee hee 275 er 
(1g7/2)° (7/2) (2d°/2)* (0) 4 (oy 0.064 ; 2.42 
1g7/2(2d5/2) 4 (0) 4 | U 0.123 2.75 
5sCSg0!® | (1gz/o)3(7/2) (2d5/2)2(0) | (LAri/2)?(0) b 0.211 237 
1gz/2(2d5/2)4(0) | vy 1E 0.260 0.312 2.68 2.72 
(1g7/2)° (7/2) (2d5/2)7(O) | 4 U 0.060 237, | 
‘1 gz/2(2ds/2) 4 (0) 4 U 0.116 2.68 
s7Lag2!* (1g7/2)* (7/2) (1h 44/2) '*(0) L 0.012 1.88 
(1g7/2)° (7/2) (2d5/2) *(O) Y ib 0.068 2.19 
|(tena)$ 7/2) (2d5/2)+ (0) 4 U 0.115 0.115 2505 2:78 
(1g7/2)° (7/2) (2d5/2) 7 (0) y U 0.041 2.19 
(1gz/2)* (7/2) (2d5/2) 4 (0) 4 U 0.133 2.50 
age t go)! Gg7/2)°O) (2d5/2)* (5/2) | (1431/2)? (0) EL 0.012 3.95 | 
(1g7/2)8(0) 2ds/2 y U | 0.017 | 0.159 | 4.53 | 40 
(1gz/2)® (0) (2ds/2)8(5/2) a U 0.099 3.95 
os Pimgs!¥7—(1gz/a)®(0) (2dsy2)°(5/2) | (bis/2)!2@) (2fyi2) 40) L (0.008 
(1gz/2)8(0) (2ds/2)9 (5/2) , U 0.046 0.228 
|gz/2)® 0) (2ds/2)°(5/2) Y U | 0.170 


1g). (2d;).)*(0) U, and the calculated value for 1g-).(2d,.)'(0) L of Cs’ is close to the 
experimental value. There are some other examples for which different isotopes have 
differeat ground or excited configurations. (For example, the spins of I and Sb.) For 
La'”, (17/2)? (7/2) or (1gz0)' (7/2), which are necessary to explain the positive quadrupole 
moment, do not give enough deviation of magnetic moments from the Schmidt line to 
get agreement with the observed value. The same situation holds for the M 1 transition. 
If we can employ (1/-)*(7/2), the agreements between experimental and calculated 
value for both the magnetic moment and the M1 transition are satisfactory but the 
calculated value for the quadrupole moment becomes negative. The quadrupole moment 
of Pr’ is very small (—0.05 barn) and it suggests that the main configuration is 
(1g7)2)"(0) (2d,,.)° (5/2) with slight admixture of (1g7/2)" (0) d5j. (see ref. 9). The 
calculated values of the magnetic moment are 3.95 and 4.53 am for these configurations 
respectively, while the experimental value is 4.0 nm. Corresponding to the situation of the 
magnetic end quadrupole moments, the calculated matrix element for the M1 transition 
(1g7)2)" (0) (2d,).)°(5/2) gives better agreement with the experimental value than by 
(1g7/2)" (0) 2d5,. The results for Pr’! and Pm” also show that the 1g;,, subshell 


remains unfilled throughout this region of proton number. 


3p. 2f5)o For Hg" transitions, the calculated value is slightly smaller than the 
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lower limit of the experimental value. 


odd-neutron nucleus 


REGS | proto configuration | neutron configuration | type | m7caz | Tear | ering | Pires. 
( 9 | : ° +4 | aii 
g0F-1g; 19! | (14, /2) 32) | (1ty5/2) (0) (2f 5/2) © (0) 3ps/s| U 0.281 | > 0.476 1.44 i ol 


$4. Conclusion 


There are two major objections to the explanation of the [-forbidden M 1 transitions 
by the consideration of the configuration mixing. One is thet given by Ross” and the 
other is that given by De Waard and Gerholm™. The former objection is that we 
need unreasonably large admixture of the excited configuration in order to explain the 


131 * : O 
, so that we must take into eccount the contribution by the exchange 


lifetime of Xe 
current. However, the configuration mixing which he employed is only one of several 
modes of excitation and, furthermore, the only contribution was underestimated. We have 
shown that the correct lifetime can be obtained by the mixing of configurations which 
have the probability of about 1%. Therefore, the lifetimes of the /-forbidden M1 tran- 
sition do not necessarily give the evidence for the exchange current. On the cther hand, 
the objection by De Waard and Gerholm is that the extent of admixture must increase 
with mass number from Cs’ to Pm'” although there is no such tendency in experi- 
mental values. But there is also no tendency for the effect of configuration mixing to 
become larger for heavier nuclei in the calculated values ia the preceding section. 

The calculated values by Spruch and Rotenberg” due to the exchenge current give 
fairly good agreement with the experiments. However, it must be observed that their 
calculated values are normalized to the experimental values as the effects of the ex- 
changecurrent cannot be determined definitely. In their results, 7,(theor)/t.(exp)~2~3 
for odd-neutron nuclei and 7, (theor) /t,, (exp) ~1/3~1/5 for odd-proton nuclei. This 
contradicts the experimental result that the 7, (exp) of the cdd-neutron nuclei are small 
than those of the odd-proton nuclei”. In our results in the preceding section, +, (theor) / 
T, (exp) ~2~1/2 holds for both odd-neutron and odd-preton nuclei. Furthermore, it 
must be stressed that the parameters edopted in this paper are the same as those used 
in the consideration of the magnetic and quadrupole moments of odd A nuclei,” %- and 
it is interesting that there is some correlation between the analysis of the magnetic and 
quadrupole moments and that of the /-forbidden M1 transitions, as was shown in §3. 

Thete is another explanation of the [-forbidden M1 transitions which employs the 
spin-orbit interaction.’” '” However, this effect vanishes for odd-neutron nuclei, and more- 
over, even if the effective charge of neutron is considered, the lifetimes of the odd-neutron 
nuclei are found to be considerably larger than those of the odd-proten nuclei. This 


contradicts the experimental results quoted above. 
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Wrong Correct 
Table III gy 1 1705 1.45 1.43 
=oSn!17 61 '96 —1.18 

sslels (d}2)*(bt La) Asbo (d*5)* (A115) 4515 

—0.04 —0.17 
—1.39 — 1.46 
soTe!25 —0.03 +0.03 
Table V s3As'> 1.62 1.54 
33Bri? 2.06 1.91 
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Table VI nol! (1186)8 (i 36) 10 

-oAul? (114) 12(d84)3 (b115) 10 (d84)5 

0.43 0.45 
0.28 0.29 
jgbals? 0.77 0.75 

Table X 5yb128 (dt 15)% (A114)8 
2.46 2.49 
pLie9 2.84 2.67 
2.69 2.59 
Table XII = gsBi20 3.43 3.30 


3 line from the bottom 
Wrong 
Adopting I(2d, 2d) as the 
standard of magnitude and 
inserting these values of 
ratios, we obtain 2° cal in 
the above table. 


Correct 


Adopting I(2d, 2d) as the 
standard of magnitude and 
inserting these values of 


ratio, briefly 


I(1d, 1d) : (2d, 2d) : I(2d, 1g) : 1(2d, 


1h) ~3:2:1:1 


we obtain »* cal in the above table. 
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The fourth-order S-matrix elements (ME) for elastic pion-nucleon scattering at low energies are 
analytically evaluated by expanding in powers of mass ratio 4/M, and are analyzed in detail so as 
to compare relative advantages of the existing theories. The scattering phase shifts are then evaluated 
using the variation principle for K-matrices. It is found that the main s-wave parts of the ME contain 
In(M/y) term which has no bearing on the recoil effect and has the different sign for crossed and 
ladder graphs. In connection with this, the reason why the 5-box TD approximation gave essentially 
isotopic spin independent s-wave scattering is given. It is also suggested that the main recoil p-wave 
term In(M/y) appearing only in the crossed graphs can be a possible reason why our Sl —=2) De 75 
wave phase shift does not show resonant behav 'r, contrary to that in the 5-box TD method as well 
as the Chew and Low theory. 


S 1. Introduction 


In order to understand the pion-nucleon scattering experiments’ in energy region 
below about 300 Mev, maay theoretical approaches were done using symmetric ps-meson 


theory with ps- or pv-coupling : 
H,.(«) =i9 $ © 7s7pP @® $,.(x), (1) 
Fi) 1 Ch) OO) Fate i) OG. 7 Ox,)- (2) 


Here and in below the standard notations and naturel rationalized units are used. 

The pv-coupling theory or fixed-source theory was discussed in detail by Chew et 
al.” aod was successful in explaining the p-wave scattering data. The approximation 
method adopted theze was similar to the Tamm-Dencoff (TD) one which takes into 


account the Lévy graphs with two or fewer pions.”” Meanwhile the excellent approach 


» Their theory was very 


HK 


for the fixed-source medel was put forward by Low and Chew.” 
successful in explaining the p-wave scattering data even in the one-meson approximation. 
Nevertheless, it must be neted that no appreciable s-wave scattering can be expected in 
the pv-coupling theory. 

The ps-coupling or 7, theory is in marked contrast to the above theory. Some of 


* Preliminarily reported at 1955 Annual Meeting of Physical Society of Japan, Tokyo. 

** The result of this approximation seems to agree almost with the result expected from the calculatiom 
which is much similar to ours (§ 4) but applied to the pu-coupling theory. Cf. Blair and Chew, Phys. Rev. 
90 (1953), 1065. For validity of one-pion approximation, see ref. 4). 
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the qualitative features of the former can be best disclosed by the Tani-Foldy transforma- 


tion applied to (1). This gives the following effective interaction up to order M~*.” 


A= iT; 2 A, ; ai Hig > 


pr 


H,= (g°/2M) | ding op H,= (y/2M)* | do y* (|X z|)¢, (3) 


Ha fants) | deg oF (9) O, f= ge/2M , 


where H,, H,/ are the strongly repulsive core term and the equivalent pu-coupling 
respectively ; the relatively small H,, is the isotopic-spin dependent s-wave interaction. 
The theory based on (3) will be referred as H.., theory in below. Of course, cutting 
off pion energies at ~M must be understood. In calculating the s-wave scattering, 
Fukuda et al.” used the TD method considering H,+H,, as an effective pion-nucleon 
potential.* They showed that the s-wave scattering amplitude is suppressed largely. But, 
in order to get enough isotopic-spin dependence, it was essential to take into account the 
s-weve damping due to nucleon self-energy effects.» The I=1/2, s-wave phase shift 
thus obtained was much sensitive for cut-off energies. In addition, Goebel” recently 
showed that H, and also H,/ are strongly suppressed by virtual p-waves; this effect was 
pot considered by Fukuda et al.” 

On the other hand, the TD method applied to the original 7, theory was also 
presented by Dyson et al. and Chiba et al.,” in the 5-box TD approximetion which 
includes up to one-pair or/and two-picn states. The results obtained by the latter authors 
showed no eppreciable isotopic-spin dependence in the s-wave scattering. Recently, Kalos 
end Delitz’” reported the results of a similar and more accurate calculation, confining to 
the [=3/2, s-state and I=J=3/2, p-state. Their results showed the resonant p-wave 
scattering which was in good agreement with the experiment for the reasonable value of 
y°/4z. They pointed out that strong interaction in the region of high virtual momenta 
is important for sufficiently sharp resonance, and this suggests that an uncautious cutting 
off in 7, theory should be avoided. 

Thus, we can expect no appreciable s-wave scattering in the pr-coupling theory. On 
the other hand, in H,,; theory and the 5-box TD method we have the too large scatter- 
ing with incorrect isotopic-spin dependence. As for p-wave scattering, the former theory 
seems to be less promising than the latter. But the 5-box TD method violated the 
symmetry theorem of Gell-Mann and Goldberger" from the outset. Ia connection with 
this, why the resonance in the p-wave scattering was reproduced and also why the es- 
seatielly isotopic-spic independence in the s-wave scattering was obtained will be asked. 

In order to get some insight on these points and to compare the various existing 
theories reviewed above, we examine the covariant fourth-order matrix elements in 7 


15 
theory. We evaluate the matrix element for each Feynman graph, expanding in powers 


* Note added after completion of MS. F. L. Lomon, Nuovo Cimento IV (1955), 106, solved this 


problem exactly. 
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of 4/M and retaining the first few terms for s- and p-weves (§2). Similar detailed 
studies were already done by Wyld,'” in zero pion-momentum limit. We furthur try to 
see the energy dependences in higher momentum region for the purposes above stated. 
We put stress on looking into structure of 7, theory and interpreting each term in the 
above expansion in connection with H,,, theory (§ 3). Finally, we estimate the scattering 
phase shifts by the variation principle for K-mettix. By this method which was applied 
by Ito and Tanaka and also by Sartori and Wataghin,'? iterated graphs with two-poir 
or three-pion which were omitted in the 5-box TD method are also taken into account. 


Our results are compared with those of the above mentioned various approaches and with 
experimental data (§ 4). 


§ 2. S-matrix elements in fourth order 


The interaction Hamiltonian in 7, theory is given by (1), supplementing the mess 
counter terms of nucleon and pion. The Feynman graphs of second and fourth orders 
for elastic picn-nucleon scattering are shown in Fig. 1, where the graphs of crossed and 
ladder type are denoted by I and II respectively. 


yi Ve T;, Ie 
~ ad ~ 2 a 4 P x 7 
~N ce = i = ae ~ oe. ~ 7 
nN S ee - ~ ~ es 
i Cae Dre at Mie 
Cd SS, \ iS” Ne A 
THE ie II, II, 

\ 9 y SS ¢ 
\ 7a os / S Va Zi \ / 
S 7 \ / \ Z. x “A \ iC 

Sa oS a yesit Sey See 


Fig. 1. Feynman grapts for scattering in second and fourth orders, pion and nucleon lines being 
denoted by full and dotted lines, respectively. All graphs labelled with I are of crossed type, 
and ones with JJ are of ladder type. 


The elements of covariant S-matrix are readily written down for each graph. After 
conventional renormalization,* the matrix elements of fourth order take the following 


form : 


(9/47) 4d (po) ve | A ike, Apt MB, 1 | d (pi) > (4) 


where p,, p2(k,, ko) are four-momenta of the initial and final nucleon (pion) respectively. 
A, B are multiple integrals over Feynman parameters. Almost all of these integrals are 
reducible to single parameter integrals, thus allowing elementary but tedious approximate 
evaluation in the form of power series in 4/M at lower energies. 

In the NR approximation for nucleon, the required matrix element can be written 


in the following form : 


* A modification for vertex renormalization, different from ref. 14), is implied ; see Appendix. 
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) M k, ky | M |, (-k,) (O-k,) | 
(4z)* Ve i= ry CP 2-| r In —— ———— ar si gske 
(9/4z)*1, {M+ In ; +E-s5+ a i n ras 7 p 
omitting the common factor i/M* end NR nucleon spinors. €= (P+ y/)'", k=|ky|= 
|k,| are pion energy and momentum in the barycentric system. The isotopic spin factor 
I. and the coefficients c, c’ and r are given in Table I. The functions s, p and p,, 


which are at most of order M° and are estimated up to this order,* are given by Eq. 


(6). 


Table I. The coefficients in core and recoil terms, c, c’ and r, and the isotopic spin factor J.. 


3I, 4II are contributions from each of the two graphs of vertex type. 


C rock | r ie 
8 1/2 | =i | oa 3 ty-T5 
Il, 1/2 | | 0 ToT) 
+Iy 1 —I] =! Sry ts 
4 Ip 1 | +1 0 = t9°T} 
if 1 —1 —1 400) 02—T1-T2 
le | 1 1e5) ) 460) po—To-T 
es aE pad hoeax? po — eS De (6 Ia) 
ee 3 8 
SRG — Bee Cg ra po mees ‘ (6 Ia) 
#2 8 
9 iy Lies 1 
3 0.43-+1.28x", pxw—+—x, pow : (6 Ib) 
Zz 2 2 
57 2.23—3.408+inx, p,~1.15—1.342. (6 Ib) 


$2 —1.70+2.32°°— : x* (1 -+x*) In (2/2°) , 
4 


p~5.07—2.95x°+ 2 x(14 7 x8) In (2/22), (6 Ic) 
4 4 

po*#0.435+ 0.52x° — - : (1 +27) lia (2, x) : 
8 


$741.63 —0.90x*-+ x" (1 —2x?-+ 3x4) In (2/x®) +izx—i (1+ “ x* ) , 
32 i SR STS | 


* Although corrections of order M-! and M-)In(M/y) are not so large as is inferred from the exact 
zero-momentum values given by Wyld,'") our expansion approximation may be by 


7 ne mears so much good 
for the actual ratio »/M=0.15. 
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i Ro? 
AY ——— 4 _ 7X , 
ce ae | 


a x! (1 — 2x? + 3x’) In (2,/x*) Safed x—i——a*(14— a2), 
64 4 8 ; 


N/a 


(6 IIc) 


Po 0.90 — 0.312 + — 


where* x==k/E, 


The matrix elements of second order are written in a similar form as* (5); 


Ins (g/42)?4-75{ ME — = +A! M43 ws =| 
2 a M Ke: 2 Z, 
(o-k,) (6-k,) [ M 1 sad 
M | 4g 4 Z 8 : (7 1) 
lmafetevn | Ha 3 
2 4 
(6 -ky) (6-k,) | M =| 
ul re ora | om) 


Partial wave analysis of Eqs. (5) and (7) is easy, recalling the well-known relation : 
ery 1a 2h, ert =3 Tt 
k,-k,/R=P,+P, , (6 - ky) (0-k,) /R=3P,, (8) 


where T,,, P., are the projection operator. 


§ 3. Structure of fourth-order matrix elements 


The matrix elements (ME) obtained in § 2 compose of terms of different kinds. 
For example, the s-wave parts of the second-order ME (7) contain one term of order 
M and one of order 4. The former is as a whole isotopic spin independent, and is 
just the lowest order ME of H, in (3) as was shown also by Wyld." On the other 
hand, the minor terms +€&/4 of order 4 are readily seen to be equivalent to the isotopic 
spin dependent H,, in H._, theory. 

Regarding the p-wave parts of the second-order ME, the leading terms of order M 
is ascribed to H,), in (3). The recoil effects contribute to the minor terms of order LL. 


We now consider the fourth-order ME. The main s-wave parts: M+c!€ln(M/p) 


turn out 
40, »,| M—€la(M/p) |—$7,-7.M, (9’) 
40».¢,.M-+éln (M/p) |—3r,-7,M (9"”) 


* All functions of & or € appearing after the evaluations were expanded with respect to x and the 


relatively small terms were omitted. The only singular function In(¢/w) in the limit 40 was also ex- 


panded. 
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for crossed or ladder type respectively. The first terms are well explained as being due 
to iteration of the core potential, H,a'H,, where a' is the propagator of a yeoes 
For exemple, the corresponding graph of ladder type which is collection of “11 al iss 
in Fig. 2 and the inverted graph of II,’ has the ME proportional to 


8 ops (y2/2M2) \ dk! /e’ W—W' +i). (10) 


W, W’ are energies of the initial and intermediate states respectively and €’, k’ refer to 
the virtual pion. If we neglect in (10) nucleon recoil energy and cut off & at M, the 
integral in (10) turns out to be —M—Eln (M/p) —izk. Similarly in the a of 
crossed type, we get —M+€In(M/y). We can also confirm the above conclusion by 


p ; 
eveluation of contributions from the convergent graphs II,’, etc., neglecting recoil effects 


/ 
/ 
| 
\ \ 
\ \ 


and introducing cut-off. 


ZN N 
BEA \ \ 
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/ 
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Heljaie Wee Tina 10 Tse Tee NRE 
Fig. 2. Lévy graphs for iteration of core Fig. 3. Lévy graphs from fourth-order 
potential and equivalent ones belonging graphs of crossed type, one of which is 
to fourth-order graphs of ladder type. responsible for the leading recoil effect in 


the p-wave scattering. 


Thus the ln(M/) term is entirely indifferent to the nucleon recoil effect and is 
due to having one intermediate state with no pair and one virtual pion.* We note that 
at higher energies this term is comparable to the first one in the bracket in (9). 

The s term contains the minor contributions (including the recoil effects) from the 
graphs above considered, and also the contributions from Levy graphs such as I!’ and 


[,/” in Fig. 3. Its magnitude is, however, by no means small compared with the c and 


c’ terms for the actual ratio “/M. 


Nextly, we consider the p-wave part. The remarkable point is that the most 
predominant In(M//) term appears only for the graphs of crossed type. As was noted 
firstly by Wyld,’ this is due to the main recoil effect associated with pair production 
in the graph I,’ in Fig. 3 and the similar graphs I[,’, I... These graphs involve three- 


pion state and therefore are omitted in the 5-box TD approximation. 


* In fact, the graphs lacking this state give rise to no c/-term. For example, the four Lévy graphs 
belonging to II, which have a two-pair (and one-meson) intermediate state contribute only to the cterm 
and each contribution is about 8 times smaller than that from IT,’. This explains the second term in (9”). 
It is noted that these four graphs are omitted in the 5-box TD approximation. 
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The above recoil term is of course absent in the fixed-source theory. It lacks also 
he de hee theory. For, firstly the virtual pion in I,’ responsible for our tecoil term is 
emitted and reabsorbed as an s-wave pion. Secondly the greph in Huy theory which 


corresponds to collection of I,’ and similar graphs I[,/’, I!’ is due to preduct action of 


H, and iteration of H.’ 


my and is easily seen to contribute only to the p, term in (5).* 


Thus the leading recoil term In (M/11) is characteristic of 7, theory. It is evidently 
spin independent and moreover the whole contribution from all the fourth-order Feynman 
graphs, —40,,,In(M/p), is independent of isotopic spin. 

Finally, we remark on the symmetry theorem for s-wave scattering. It is observed 
from Table I and (8) that the isotopic spin independence is already valid for I,+II,, 
[,+ If, and 1.4 11, separately. Further, the total s-wave part turns out to be 5 Mo, », 
because we observe from (9) cancellation of the In (M/p) terms. On the other hand, 
we expect in the 5-box TD approximation nearly the first term in (9/’), recalling the 
remark in the footenote, p. 586. This is the reason why there occurs no essential difference 
between the s-wave phase shifts obtained by the 5-box TD treatment and our treatment, 


as will be seen in § 4. 


S 4. Seattering phase shifts and comparison with experiments 


The K-matrices in second and fourth order for each eigenstate of given I, J are 
easily obtained from Table. I, (5), (6) and (7) ; putting them 


K$) = — (g°/47) (g/4m)"* (E/2M) DS, 

KSr2s= — (9/42) (9/42) ">? (28/3 & M?) DSP», (11) 
where n=2 or 4, we have (x=k/E€) 

DP=—1+6&/M, DP’=—1—E/2M, 

D9? =—2+ (€/4M) (1+ 4), 

Di? =DP = —} DY = —3— (€/2M) (1-4), (12) 


while the leeding terms in DJ) and D$?., are 5 and (€/M)|—4In(M/y) | respectively. 
The variation principle for K-matrix leads to K~K”|1—K/K”]|-' in the first 


approximation, from which we obtain the following phase shifts** : 


tan 0,~ — (k/f) a(0.7 — 0.15%) -[1+6(1.8 41.42) |, 

tan 0,~ — (k/) a-0.93[1+6(5.3 + 0.4x%) |7', (13) 
tan 0,,7~ — (k/p? &) a’ -3 (0.85 —0.15x*) [1+6’-3 (8.04 20x°+ 122%) |7', 

tan 0,7 — (k/p?€) a’-2 (1— 0.09 x?) [1+ 6’: 2 (13.6 —6.8x") |~’, 


* The graph [,//’ gives an s-wave contribution of order (g°/2M)* (u/M) In(M/n), which may be 
partly responsible for s-wave suppression by virtual p-wave pion as was pointed out by Goebel.) 
** The unimportant In(2/x*) terms in (6) are here omitted. 
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tan On, — (#/p28) a -2(1—0.09 x2) [1 +6'+.2 (15.241.92° 42.924) ]%, 
tan Ju, + (k/p?&) a’ - 4 (1 —0.07 x*) [1 —B! (5.2—2.6%") |", (14) 
where 
a= (9°/47) (u/M), b= (9/47)?, 
a’ =f /an, b= (f"/4n) (M/tp)- 


We compare these results with the experimental deta. As regards the s-wave phase 


shifts in low energy region, Orear') pointed out that his low energy fit, 
ten0,=+0.16(k/v), tand,=—0.11(k/p), (15) 


is consistent with rather higher energy (up to about 300 Mev) data. 


Comparing the Orear’s value (15) with ours in low energy limit, we get the ps- 


coupling constant y°/47=1.2 for v/M=0.15. This is consistent with the value obtained 
by Kalos and Dalitz” but is about 10 times smaller than the reasonable value. This 
may be due to insufficient suppression of the core potential H,. With the above value, 
we obtain tand,~—0.09(k/) at low energies in complete disegreement with the ex- 
perimental data (15). This is in marked contrast to the result of Sartori and Wataghin'” 
who obtained a peculiarly large isotopic spin dependence of s-wave phase shifts. Their 
approach was similar to ours, but cutting off was adopted in evaluation of the ME and 
the renormalization introduced by Deser, Thirring and Goldberger" was applied. In 
connection with this, Ishida’? pointed out that their result would be reproduced if one 
used therein an unreasonable value —2.7 as the conventional renormalized coupling 
constant. 

It is remarked that Lévy’s covariant theory’) gave the large isotopic spin dependence, 
but violated the symmetry theorem since only the graphs I and IJ in Fig. 1 and their 
iterated graphs were taken into account. Thus, the problem of s-wave scattering has not 
yet been explained.** The possible pion-pion interaction which was recalled for high 
energy pion phenomena* also does not seem to be available.’ In this situation, the 
effects of strange perticles are desirable to be studied in view of uncloseness of meson 
theory. 

Next, we concern ourselves in the p-wave phase shifts. Experimentally, the phase 
shifts except for the resonant [=J=3/2 state are small, and only 0,, is known in reliable 
accuracy ; this is 


* These phenomena as well as the asymptotic behavior of renormalized vertex function seem to suggest 
that the s-wave interaction must be rather very weak in essence ; cf. Lehmann, Symanzik and Zimmermann, 
Nuovo Cimento IT (1955), 425. We are indebted to Ishida for calling attention to this point. 

** After completion of MS., the interesting paper of A. Martin, Nuovo Cimento IV (1956), 369, 
appeared. He modified Lévy’s theory so as to satisfy the symmetry theorem, by including all the graphs 
which are obtained from the above noted iterated grapks by interchanging the initial and final pion lines. 
(We note that the graph J, in Fig. 1 is this time a member of these graphs.) For g?/4z~15, 
phase shifts thus obtained turned out to be correct in sign ard relative ratio, although 
adout 10 times larger than the data (51). 


the s-wave 
their magnitudes were 


It is very interesting to investigate whether this theory can 
.reprobuce the resonant p-wave scattering. 
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Dy,= 0.235 (k/p)%. (16) 


at low energies. The enalysis of the data up to energies fairly above the resonance 
energy ~</190 Mev (in the laboratory system) was done by Grandley and Clark”” 
according to the effective range theory of Brueckner. We refer Orear’s best fit") - 


(k/1)* cotd.= (E*/p) (8.05 —3.8(E*/n)], EX =E+R/2M. (17) 


With this the result from Chew-Low theory for the fixed-source model in one-pion 
approximation is in excellent agreement, if one takes* f/ 45—0.08, Cmax = OF. 


For comparison with (17), our result is conveniently rewritten as 
(k/1)* cord, ~~ 3 f/2n) - (6/p) [1— (M/au) (f/4n) (5.2—2.63)]. (18) 


The low energy fit requires f/47=0.09 ot 9? /42=15, which is quite a reasonable 
value. There are, however, discrepancies: the second term in the bracket of our (18) 
is about 2 times large and has wrong energy dependence. Hence, although this term 
is quite sensitive to the neglected corrections of M~! and M~' In (M/p) our (18) can 
predict no resonance in the p-wave scattering. This is an essential difference from the 
result of Chew’s theory” which was obtained by the similar approximation method as 
ours. This difference is mostly attributed to the existence of the graphs with 3 pions 
(e.g., I,') in our 7, theory which gave rise to the characteristic recoil term In (M/?) , 
as was emphasized in § 3. We recall also that the above graphs are absent in the 5- 
box TD method applied especially by Kalos end Dalitz” and also in the variational method 
by Ito and Tanaka." It is very likely that the recoil effect in question is anomalously 
large in fourth order because the virtual pion in I,’ propagates as an s-wave and interacts 
with nucleon-antinucleon pairs, and it will be important for any possible suppression effect 
that higher-order corrections are to be considered. 

As for the other p-wave phase shifts, the 6’ terms are all by far large and positive, 
so that these phase shifts remain relatively small (and always positive), favorably from 
the existing experimental evidences. 

The authors express their gratitude to Dr. K. Sawada, Dr. S. Machida, Mr. S. 
Chiba and members of their Institute, especially Messrs. K. Ishida and T. Akiba for 


several discussions. 


Appendix 


The procedure of removing divergence from the vertex function occurring in [,, I, 
is slightly modified, rather than that adopted in the case of anomalous magnetic moment,”” 
with the following changes in Eq. (13), ref. 14) : 


N= (i7p+M) 75 (7g +M) wwt+| Gypt+M) 75475 (7g + M) |M(1—ur) —7,G A ue , 


* Note added after completion of MS. Recently Cini, Fubini and Stanghellini, Nuovo Cimento TIT 
(1956), 1380; IV (1956), 168, obtained the value f*/47=0.11 from the experimental 03; and 03), using the 


exact Low equations directly. 
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G=(P4-M’*) ul—aea- @ + M)w oll) +[(p—9)?+/?]uQ—4) A—-2), 
A,=M? (1—uv)? —p2u(1—2v—u(1—v)), 


1 


Hike Cy ix?) | 


/ 0 


dudvu ake Me —uv)?+eu(1—u) (1—v) | (P+) ~. 


With this, it proves that evaluation of the radiative correction in question to pion-nucleor 
scattering can be performed quite simpler then otherwise, and the final result obtained 
takes a form having much systematic similarity as ones from the other fourth order 
graphs. The parameter integrals A,,, B,, in (4) are given by 
1 1 
A | dudviu'e?(1 —v) P'P"*+2 | dudvdzwr(1—v) Pr}, 
n 


1 


B,= | dudvru (1 —ur) oe 


where 
P= (1—uv)*—/u(1—2v—u(1—2v)), 
P,=P+xwva—v), %.=P94+x,wv—v)<z, 
A= (ut/M)*, x,=—A+2 p,ko/M*, x,=—A+2p,k,/M?, 
with understanding that these functions have a small imaginary part —iy if there occur 


singularities such as pole or branch point in the course of parameter integrations. For 
Ain, Byy,, we have only to put x, in place of x,; note that #, thus obtained clearly 
has a pole from the outset owing to negative x,. The above integrals are all reducible 
to single parameter ones; we encounter quite similar ones also in one pert of [,, II, 


while evaluation of the other part is of course most complicated and tedious. 


1) 


2) 


3) 


4) 
5) 


6) 
7) 


8) 
9) 


10) 
11) 
12) 


13) 
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16) 
17) 
17a) 
18) 
19) 


20) 


Pion-Nucleon Scattering and Structure of Fovrth-Order Matrix Elements 591 


References 


As most recent comprehensive reports, cf. Anderson, Davidon, Glicksman and Kruse, Phys. Rev. 
100 (1955), 279; J. Orear, ibid. 288; Lindenbaum and Yuan, ibid. 306. 

G. F. Chew, Phys. Rev. 89 (1953), 591; Phys. Rev. 95 (1954), 285, 1669 ; J. L. Gammel, Phys. 
Rev. 95 (1954), 209. Cf. also Sartori and Wataghin, Nuovo Cimento 12 (1954), 145. 

G. F. Chew, Phys. Rev. 94 (1954), 1748, 1755. 

F. Low, Phys. Rev. 97 (1955), 1392: G. F. Chew and F. Low, Phys. Rev. 101 (1956), 1570; G. C. 
Wick, Rev. Mod. Phys. 27 (1955), 339. 

Cini and Fubini, Nuovo Cimento Yii (1956), 764; Phys. Rev. 102 (1956), 1687 (L). 

Drell and Henley, Phys. Rev. 88 (1952), 1053; Akiba and Sawada, Prog. Theor. Phys. 12 (1954), 
94; Ch. J. Goebel, Phys. Rev. 101 (1956), 468. 

Fukuda, Goto, Okubo and Sawada, Prog. Theor. Phys. 12 (1954), 79. Cf. also Lévy and Marshak 
Nuovo Cimento 11 (1954), 366. 

G. Wentzel, Phys. Rev. 86 (1952), 802; Brueckner, Gell-Mann and Goldberger, Phys. Rev. 90 
(1953), 476; Hasegawa and Azuma, Prog. Theor. Phys. 10 (1953), 241, (L). 

Akiba and Sawada, /. c. 

Dyson, Ross, Salpeter, Schweber, Sundaresan, Visscher and Bethe, Phys. Rev. 95 (1954), 1644; 
Chiba, Yamazaki and Fukuda, Prog. Theor. Phys. 12 (1954), 767; Kalos and Dalitz, Phys. Rev. 
160 (1955), 1515. 

Gell-Mann and Goldberger, Phys. Rev. 96 (1954), 1433. 

H. W. Wyld, Jr., Phys. Rev. 96 (1954), 1661. 

Cini and Fubini, Nuovo Cimento 11 (1954), 142; Ito ard Tanaka, Prog. Theor. Phys. 12 (1954), 
TOS aCe) 

Ito and Tanaka, /. c.; Sartori and Wataghin, Nuovo Cimento 12 (1954), 260. 

Nakabayasi and Sato, Sci. Rep. Tohoku Univ. Ser. I. 34 (1950), 169; Nakabayasi, Hasegawa 
and Yamamura, Prog. Theor. Phys. 10 (1953), 696, 694 (L). 

J. Orear, /.c.; cf. also Phys. Rev. 96 (1954), 176. 

Deser, Thirring and Goldberger, Phys, Rev. 94 (1954), 711. 

K. Ishida, private communication. 

M. M. Lévy, Phys. Rev. 98 (1955), 1470. 

D. Ito and S. Minami, Prog. Theor. Phys. 16 (1956), 548. 

de Hoffmann, Metropolis, Alei and Bethe, Phys. Rev. 95 (1954), 1586; Bethe and de Hoffmann, 
Mesons and Fields, Vol. Il (Row, Peterson Co., 1955), p. 107, 122. 

Grandley and Clark, Phys. Rev. 97 (1955), 791. 


’ 


DIZ 


Progress of Theoretical Physics, Vol. 17, No. 4, April 1957 


Mathematical Formulation of the Gell-Mann-Nishijima Scheme 
for New Particles 


Sigeo HANAWA 
Department of Physics, Tokyo Gakugei University, Tokyo 
(Received December 17, 1956) 


It is shown that the theory of d’Espagnat and Prentki (henceforth referred to as DP) on a 
mathematical formulation of the Gell-Mann-Nishijima scheme can be generalized so as to accomodate 
particles of higher isofermion number. Modifications made for this purpose are: (i) the isospinor 
formalism is adopted for all kinds of particles instead of DP’s isospinor-isotensor mixed formalism ; 
and (ii) the invariance under inversion of isobaric spin space, imposed by DP as a postulate on 
strong and electromagnetic interactions, is replaced by the invariance under a continuous phase transfor- 
mation group Gy generated by the operator U representing isofermion number. These modifications 
lead not only to extension of the framework but also to refinement of the theory as follows. In our 
formalism, (a) the transformation properties of field variables with respect to Gr are unambiguously 
determined without resort to the assumption, made by DP, that only the Yukawa interactions appear 
in the interaction Lagrangian; (b) the isofermion number U proves to be the number of suffices of 
the first kind minus that of the second kind, with respect to inversion, of the isospinor describing a 
particle; and (c) DP’s identity Q=I;+%U among the electric charge Q, the third component of 
~“sobaric spin I;, and U as well as Racah’s identity P=exp(i}xU) between U and the isobaric parity 
P follows directly from an identical relation among the transformation groups concerned. 


S$ 1. Tatroduction 


The Gell-Mann-Nishijima (henceforth referred to as GN) scheme” for new particles 
seems to have been firmly established by experimental data accumulated through recent 
years. Several attempts” have been made to formulate mathematically the GN scheme 
or its variations and to interpret the strangeness quantum number S from a group- 
theoretical view-point. OF these the theory of d’Espagaat and Prentki® (henceforth 
referred to as DP) seems to be most successful. The advantages of DP’s theory over 
the others are that it involves no difficulty of predicting the existence of unwanted 
isobaric particles, and that it restricts the values of electric charge (in units of the 
electric quantum) allowed for elementary particles to integers without ad hoc rejection of 
half odd integers. 

DP’s theory may be outlined as follows. The electric charge properties of elementary 
particles are assumed to be described by assigning to them either an isospinor or an 


isotensor field in the isospace* according to whether their isospin* is 1/2 or an integer. 


The terms “ isospin”, “ isospace”, and “ isoparity”” or “ isobaric parity’ will be used throughout 
; we Fie eens ; , ; , : 
this paper for the abbreviation of “ isobaric spin”, “isobaric spin space’’, and “ parity with respect to the 
inversion of isobaric spin space through the origin”, respectively. 


Mathematical Formulation of the Gell-Mann-Nishijima Scheme for New Particles 593 


Then, en equivalent scheme to GN’s can be formulated mathematically by postulating, 
besides the conservation law of baryon number N, that (I) the strong interaction 
Lagrangian L, should be invariant under the inversion P and the fall rotation group G;, 
in isospace; (II) the electromagnetic interaction Lagrangian L, should be invariant under 
the inversion P and the rotation group G), around the third axis of isospace ; and (III) 
the weak interaction Lagrengian L,, should be invariant only under the gauge transforma- 


stion group Gy. The link to the GN scheme is given by setting the identity 
S=U-N, Clive ty) 


where U is the isofermion number determined from the isoparity P* by Racah’s 
identity” 


P=exp(i42U). (lex) 
It is a merit of DP’s theory that they have succeeded in deriving the identity 
EEE tie (1-3) 


which holds among the electric charge Q, the third component of isospin [,, and the 
isofermion number U for operators as well as for eigenvalues. The Hermitian operator 
U has been given its explicit expression by constructing the generator of a phase trensfor- 
mation group, to which we shall refer as G,,, operating on isospinors. It is observed 
from (1-2) that the (minimal) U value is unambiguously determined as zero for isotensors 
of even isoparity, whereas it is indeterminate for isotensors of odd isoparity between +2 
and = 2.7% 

Faced with this ambiguity, DP were forced to choose either of the following two 
attitudes: (i) isotensors of odd isoparity must be classified into two kinds, of which one 
is labelled by U=+2 and the other by U=—2; or (ii) particles described by isotensors 
of odd isoparity should be rejected. We wish to remark here that, adopting the attitude 
(i), one has to impose on L, and L, the Gj, invariance as a supplement of the P 
invariance in order to secure the conservation of U. On the other hand, if one adopts 
the attitude (ii) which implies the restriction |U|<1, the postulate of P invariance 
suffices for the additive conservation of U. This attitude is of interest in the sense that 
it provides us with such an economical catalogue of elementary particles as records without 
omission all those particles of which the existence has firmly been proved by experiment, 
and yet leaves scarcely eny columns blank. However, as DP themselves have admitted, 
one would have to choose the more extensive attitude (i), if the Eisenberg particle YZ 


turned out to be real and to have U=—2.” 


* No confusion will be introduced by using the same notation P for both the operator of inversion: 
and its eigenvalue, i.e., isoparity. Similarly, we shall use later the same notations I, I;, Q, U and N to. 
denote operators as well as eigenvalues. 

** Strictly speaking, DP have groped for U values to be assigned to isotensors by writing down explicit 
expressions for L, satisfying the Gy invariance under the assumption that only Yukawa interactions appear 


in L,. It is Racah who first pointed out that U can be defined from P on the basis of (1+2). 
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Since the values for the isofermion number are restricted within the range | U| <2 
even for the wider attitude (i), the framework of DP’s theory is narrower than that of 
the GN scheme which originally involves no such restriction. Hence it seems preferable 
to widen the framework of the theory, so as to prepare room for those particles of 
higher U value which might be observed in future experiments, although we do not 
necessarily expect their existence. 

It is the meaia purpose of this paper to show that DP’s theory can easily be 
generalized so as to eccomodate particles of higher isofermion number (and higher isospin) 
by introducing modifications in the following two respects: (i) we adopt the isospinor 
formalism for all kinds of particles throughout instead of DP’s isospinor-isotensor mixed 
formalism ; 2nd (ii) we replace the inversion invariance by the G,, invariance in DP’s 
postuletes (I) and (II) imposed on the strong and the electromagnetic interactions. 
These modifications will leed not only to extension of the framework but also to refine- 
ment of the theory as follows. 

In our formalism, (a) the transformation properties of field variables with respect 
to G,, are unambiguously determined without resort to the assumption of the Yukawa 
interactions ;* (b) the isofermion number U proves to be the number of suffices of the 
first kind minus that of the second kind, referring to inversion, of the isospinor describing 
a particle; and (c) DP’s identity (1:2) and Racah’s identity (1-3) can be derived 
from identical relations among the groups of gauge transformations, rotations around the 


third axis of isospace, G,, tramsformations and the inversion of isospace. 


§ 2. Transformation groups aad constants of motion 


Let us assume that the electric charge properties of elementary particles are com- 
pletely described by assigaing to them isospinors, ¢,,, em pgs en gma Sp (Gogg = 
1, 2), where ¢,, and ¢” undergo the same linear traasformations of 2X2 irreducible 
representation with respect to the full rotation group G, operating on the three-dimensional 
isospace, while they are subject to traasformations of the first and the second kind, 


respectively, with respect to an inversion P of isospace through the origin as 


= Oe fit Dee ae 
tm 7 oy = >m—tSm » 
=m _. =1m Pe" ——}; Em (2 , 1) 
. : Zn ” 7 
An isospinor ¢ hee (m,n, ---, k,l, ---=1, 2) is assumed, of course, to transform like 
° RE Te Ree : = : 
a direct product ¢”"¢ S2Se'°'. We shall write ¢ or @ for ¢, if necessary, according 


as it refers to a fermion or a boson. The undotted suffices, k, 1, ---, and the dotted 
suffices m, ”, ---, will be called suffices of the first and the second kind, respectively. 
Suffices will be suppressed so long as arguments hold irrespective of them. 


We sha i : i i i 
shall later treat various groups, Gy’s, of phase transformations of isospinors. Since, 


as is well knowa, the Lagrangian L, for a system of free fields is generally given in a 


* See footnote **, 
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bilinear form in ¢*” and € or their first derivatives with respect to space-time coordinates, 
L, is always invariant undet G,’s.* Heace, the invariance of the Lagrangian L=L,+L, 
for the total system will be guaranteed by postulating the invariance of the interaction 
Lagrangian L, under G,’s. 

Let Gp(P) denote an element of a phase transformation group G_, specified by a 


real and continuous phase parameter /. Then, consider a Hermitian operator defined by 


C= \c,do, (2-2) 
with 
ZIx7 Spee 
= =| Be ee hee WR | (2-3) 
E Op 0 (C2*7 for.) 0.(05/9x,)) 09 lh, 


where ¢’ is an isospiaor transformed from ¢ by Go() as 


E> =G,(A)é, (2-4) 


and do, (“U=1, 2, 3, 4) is a four-vector representing a three-dimensional hypersurface 
element of an arbitrary space-like hypersurface, in the Lorentz space-time, over which the 


mategrationsis to be cattied otit.” (In (2-3), >) stands forthe ‘summation. over all ¢ 


fields. With the use of the Lagrangian equations of motion for field variables and the 
condition of invariance OL’/9/7=0, it can be elementarily verified that c, satisfies the 
equation of continuity and, consequently, C is a constant of motion. 

Of the phase transformation groups G,’s, those we are interested in are the rotation 
group G;, around the third axis of isospace, the gauge transformation group Gy, and the 
G,, group first introduced by DP. 

Under a rotation Gj, (7) through angle 7 around the third axis of isospace, ¢,, and 


€” undergo the same phase transformation :” 


yp 


m a7. (sity = G}, (7) eo =~ [exp (- i 4 i) glen ae > 
(2-5) 


OP 9 Sa Gig?) S| exp (—ig 7.) Pees 
where <, is the Heisenberg matrix given by (A-12) in Appendix. Substituting Gy), (7) 
for Go(/?) in (2:2) to (2-4), we obtain for C the operator [, representing the third 
component of isospin of the total system, which is conserved in any interactions invariant 
under G),. 
As is well known, the conservation of electric charge Q of the total system results 
from the gauge invariance of the total Lagrangian L. The transformation equations for 


isospinors of first rank with respect to a gauge transformation G,(/) are given by 
ee = oa =—G, (4) Ses = [exp (is A ! es 7») ) ie S95 


; : eee (2-6) 
evs elm =, (A) em — [exp Gi ji (— eae oa) ) ee En. 


* The asterisk * denotes complex conjugate, the T transposition of isospinor components, and the tilde 


~ transposition of spinor components if € refers to a fermion. 


_— 
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The charge operator Q (in units of the electric quantum) is defined by substituting 
G,(4) fer Go(%) in equations (2-2) to (2:4). 
It is DP who first introduced the following phase transformations 


é ae ee 5 (55, (a) ie a exp (t a) ee > 
he (2-7) 
em s. Be ne (a) en — exp (—ia) Sh ; 
The operator U defined by substituting G,(a@) for G,() into equations (2:2) to 
(2:4) is that which hes been interpreted by DP as representing the total “ isofermion 
number ”, which is conserved in any interactions invariant under G,,. It is important to 


notice that an identical relation 
G5) Ge GAG (2-8) 


holds among the three phase transformetion groups owing to the definitions given by 
(2-5), (2-6) and (2-7). Furthermore, by comparing (2-1) with (2-7), one may 
easily find that the inversion P is included in the G, group as an element, i. e., 


P=G (en). (2-9) 


It is to be noted here that the upper equations of (2:5), (2-6) and (2:7) 
should be regarded as the definitions of the transformations, while the lower equations 
can be derived from the upper equations from the considerations of the unitary and 
unimodular properties of the rotation group and the convention thet (é", €°) transforms 
like (¢,*, —¢,*) with respect to a rotation and an inversion of isospace. The equation 
(2:6) implies that = 
particle, while f= and é;=é1 a neutral and a negatively charged particle, respective- 


9 


» and ¢°==—¢, describe a positively charged and a neutral 
ly. This is consistent with the fact that an antiparticle of the ¢,, field is described by 
its charge conjugate isospinor, which may be made equivalent to the complex conjugate 
isospinor ¢,,* (by choosing a suitable representation for the Dirac matrices in the case 
where ¢ refers to a fermion) .” 

Since an isospinor of higher rank is assumed to transform like a direct product of 
isospinors of first rank with respect to G,,, G,, G,, and P, the transformation equations 
for isospinors of arbitrary rank are determined unambiguously by (2-5), (2-6), (2:7) 
and (2:1) in our formalism without resort to the assumption of the Yukawa interactions. 
This is the reason why one may say that the identities, (2:8) and (2:9), hold not 
only for the 2X2 representations but also for the transformation groups, Gy, G),, Gy 
and P, themselves irrespective of special representations. In perticular, the transformation 


equation for an isospinor of higher rank with respect to G, is derived from. (2-7) as 
eres Le ales ot =G, (a) Eras. =exp (i (U he Ger) a) eA : (2 - 10) 


where U* and U~ denote the number of suffices of the first kind, k, [, ---, and that 


of the second kind, m, n, ---, respectively, 


In the above arguments the field variables have been treated as unquantized. The 


Mathematical Formulation of the Gell-Mann-Nishijima Scheme for New Particles 597 


transformation equations for quantized field variables with respect to G,(/7) are given by 


€— &=G5" (2) £Go(8) (2-11) 


with 


Go(?) =exp (iC), (a) 


where G,() stands for G,,(7), Gy(4), or G,(a@), C being the Hermitian operator 
defined by equations (2:2) to (2:4). It need scarcely be said that the proof follows 
from the commutation relations between quantized field varibles. By inserting into (2:8) 
the expressions for G,(/), G;,(2) and G v(44) obtained with the use of (2-12), we 
have DP’s identity cited in (1-3). Similarly, Racah’s identity (1-2) can be derived at 
once by inserting into (2:9) the expression for G,, (47) obtained with the use of 
Cn), 

It is not difficult to prove, with the commutation relations in mind, that the 
Hermitian operator U takes an integral eigenvalue 

Ue Ue Ue (213) 

in a state in which there is present a single particle described by an isospinor Emi, 
with number U* undotted suffices and number U~ dotted suffices. Thus, it turns out 


2? 


that the “isofermion number” in DP’s nomenclature is nothing but the number of 


suffices of the first kind minus that of the second kind of the isospinor describing a 


“algebraic rank”? of the isospinor. 


particle, or, in short, the 
Finally, there remains another phase transformation group to be discussed. It is the 
“heavy particle gauge transformation”? group, Gy, in the nomenclature of Lee and 
Yang.” The transformation equations for unquantized field variables with respect to this 
group are given by 
> f! =Gy (») p=exp (ir) o, 
(2-14) 
el OR) Oe 

where » is a real phase parameter labelling a group element Gy(v), and ¢ and @ field 
variables describing a baryon and a boson, respectively. The procedure, given by (2-2) 
to (2-4), for constructing a conservative Hermitian operator applies also to Gy(v). It 
is, however, to be noted that isospinors of higher rank transform not like direct products 
but like isospinors of first rank under the Gy group. Further, ¢,, and sn undergo the 
same phase change, +¥, under Gy(¥), in contrast to the opposite phase changes under 
the other phase transformations, G,,(7), G,(4) and G,(@). This is because Gy operates 
on a degree of freedom which has no telation to the isospace. The transformation 
properties with respect to Gy distinguish between fermion and antifermion. For instance, 
fy” and i describe baryons, while ¢/,,* and gine antibaryons. The conservation of baryon 


number N is, of course, guaranteed by postulating the Gy invariance on the interaction 


Lagrangian L,. 
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§ 3. Mathematical formulation of the GN scheme 


The GN scheme can be mathematically reformulated by imposing the following 

postulates on the interaction Lagrangians : 
(I’) the invariance of L, under Gy, G,, and G;; 

(II’) the invariance of L, under Gy, G, and G;,; and 

(III’) the invariance of L,, under Gy and Gy; 
in our formalism in which the electric charge properties of elementery perticles are 
assumed to be completely described by assigning to them isospinors of suitable rank, 
which trensform under the phase transformation groups in accordance with (2-5), (2-6), 
(2-7) and (2-14). The P as well as the Gy invariance is automatically satisfied by 
‘obeying the postulates (I’) and (II’) owing to the identities (1-2) and (1-3). The 
G, invariance of L, leads, of course, to the charge independence of the strong interac- 
tions. 


Table 1. Classification of baryons (N=1) 


Isospinors i A ae Qn ps, gm gmn 
Of | 2 1 0 —1 ae) 
Ss 1 0 ‘ Sil es ee 
Pp , : | Al 3 i i 1 1 F ail | 
DP’s symbols : | dat dor | ba da do y ba 4 ni? 
fl al) | 0 , 1 / \ 0 | 1 3s i 0 : 1 ‘ 
I; 1 0 al | 0 rac 1 | rf —3 0 | 1 0 aa ‘4 3 iy ; 7 1 0 ay 
Q | +3 +2h4|.0,| 411,00) cont) /00) 2) oa) Soon Galmeaene 
be diatt ne ail I J | . A Dp n eye | = S70 SS =) ts Ye iF | _ 


oo = ‘ ! | | 


Table 2. Classification of bosons (N=0) 


Isospinors Ymn aos. om 7 | om ‘ ua 
U es re eerie ceo 
So . 1 . 2 ? 1 a 0 i | "a4 sid ; ie ii 

e é ee oe ee | a eS ee Fa 
DP’s symbols Yyr var | 2, | oO. | : 2% @s me ; ie 
4 . } 0 1 | j | 0 1 | 4 | 0 - 4 cal 
ye 4 E | 0 10 [=1) 7 |-#] 1 | 0 | Sa Eine i) ey 
ar 80 [+i]22/41h0 |4ap oro leah omnia: | aa) aylty sien 
Assignment ; | | | p+ 0 wh nt | A | | 7 ? i ne 
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The assignment of isospinors to the elementary particles of which the existence hes 
been well established or at least suggested is shown in Tables 1 2nd 2. The correspon. 
dence of our isospinor formalism to DP’s isospinor-isotensor mixed formalism is given in 
Appendix. In our formalism, a fermion of U=—2 (S=—3) may be described by an 
isospinor nn, which can be reduced, on the basis of the irreducible representations of 
the full rotation group G,, to an isopseudoscalar of the second kind w,,, and en isovector 
of the second kind 9,,, (see Appendix). If the Eisenberg particle Y,,~ turned out to 
be real and to have U=—2, then it would be described by $y, or Y, according to 
whether there exists also 2 doubly charged isobar Y,-~ or not. The letter alternative 
has been chosen in Table 1. 


We shall here briefly argue about isospinors of higher renk. Consider, for example, 


gy”, which describes a fermion of U=—2. Classified according to the irreducible 


mp 


representations of G,, it is reduced to Qyy,,= EE, WP, | Pay, =O"? Eo (hres -andiny, 
belonging to [=0, 1, and 2, respectively. Since W,, and $,,,, transform like ,,, and 
P11, tespectively, under Gy, G, and G,, the former isotensors degenerate to the letter. 
The remaining ¢, describes a mass quintet of isoberic particles with Q=1, 0, —1, —2, 
and —3. From a similar argument it follows that 4), and y~, may be treated from the 
outset as an invariant isoscalar, i.e., an isospinor of zeroth rank, so far as the phase 
transformation groups, Gy, G,, and G,, are concerned. As an example of 2 boson 
described by ¢,, Bethe’s neutral meson” may be cited besides photon. If there should 
exist particles of |U| 3 in nature, they would be described by isospinors of algebraic 
rank higher than second. 


§ 4. Discussions 


First we shall discuss the extent of the frameworks of DP’s theory and ours ia 
comparison with the GN scheme. As 2 matter of course, DP’s theory of attitude (ii), 
which restricts U within the range |U| <1, is the narrowest. Even DP’s theory of 
wider attitude (ii) is narrower than the GN scheme, as DP themselves have eckaowledged, 
because this scheme allows the coexistence of both kinds of particles of which one is 
labelled by U=+2 and the other by U=—2, wherees it excludes either one of the two 
kinds.* On the contrary, involving no restriction concerning the range of U, our theory 
is equivalent to the GN scheme in the extent of the framework.** The difference in 
the extent of the two theories is due to the difference between DP’s postulates, (I) and 
Cy (s'r), end ours, (L’)vand* (II’) .(§'3), “imposed on L, and L,. In the letter 


* For this subject refer to § 6 of the second paper cited in reference 3). The article given in §5 Is 
somewhat okscure as to whether the two kinds of particles should exclude each other or not. 

** Very recently Goté has proposed an attempt to classify the weak interactions, responsible for these 
decay processes in which at least one light fermion is produced, by assigning U=+2, 0, and —2 to pt, » 
and e-, respectively, and [=0 to all these fermions. [S. Got6, to be published.] To this model DP’s theory 
is inapplicable, whereas our theory is applicable. The author is indebted to Mr. Suteo Gotd for irforming 


him of the content of his work before publication. 
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postulates the G\, invariance takes the place of the P invariance in the former. Since 
the inversion P together with the unit operator 1 constitutes a cyclic Abelian group of 
fourth order, {1, P, P®, P*}, P takes on only four eigenvalues: P=exp GizU/2) (UU= 
1, 0, —1, —2 modulo 4)."” Hence the minimal values for U are necessarily restricted 
to either (1, 0, —1, —2) or alternatively (2, 1,0, —1). On the contrary, an element 
G,(a) belonging to the continuous phase transformation group G, tekes on eigenvalues 
G, (a) =exp(iUa) (U=0, +1, 42,+:+, +00). This accounts for the difference in 
the range of U between the two theories. 


Next we shall try a geometrical interpretation of the G, group. Consider a set of 


two isospinors, ¢,, and ¢”: 


)- (4-1) 


Then (2-7) may be rewritten as 


> O, =Gy (a) 7, =[exp (—ius@) Lins (, s= 1,2) (4-2) 


with 


| tens | =f Lo, 08 


" Por: (4-3) 


These equations indicate that G,-(@) mey be interpreted, by wey of analogy to (2:5), 
as a 2X2 representation of a rotation through angle 2a@ around the origin in an abstract 
plane, S;,, spanned by two mutually perpendicular axes, B, and B,. DP’s identity (1-3) 
suggests that the “charge space” Ry to describe the electric charge properties of 
elementary particles is constructed out of two totally orthogonal subspaces, one S,, and 
the other the familiar isospace R, spanned by three orthogonal axes, 4,, A, and A,.* 
Interpreted as an operator acting on the five-dimensional charge space Ry, G;,(y) re- 
presents a rotation through angle 7 around the three-dimensional subspace spenned by 
A,, B, and B,, while G,(a@) a rotation through angle 2a@ around the subspace R,. 
Then, the identity (2:8) leads to an interpretation that G,(/) represents a rotation 
through angle 4 around the A, axis shared by the two invariant subspaces under G,, (A) 
and G,,(4/), respectively. 

A more intuitive picture can be obtained by adopting a new interpretation that G, 
operates on a point P, in R, while Gy on another point P,, in the same three-dimensional 
isospace K,, instead of the older interpretation that both G, and G,, operate on a single 
point P, in the five-dimensional charge space Ky. The interrelation between these two 
pictures is analogous to that between the 7 (gas)-space and the /(molecule) -space 
pictures in the statistical mechanics.' In the three-dimensional picture, a gauge transfor- 


mation Gi, (A) may be reinterpreted as a simultaneous rotation of the two points, P; and | 


* We shall from now on call the three axes of Ry 4), 4) and As in order to avoid confusion with 
the axes, B; and By. 
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Py, through angle 4 around the A, axis of R,. Further, the identity (2:9) indicates 
that the inversion of the point P, through the origin may be superseded by the 180° 
rotation of the point P,, around the A, axis,* although these two operations are not 
equivalent to each other in this picture. After having eliminated the inversion that is 
a discontinuous operation, we are allowed to constrain the points P, and P,, to move 
continuously on a (unit) spherical surface and along its equator, respectively. 

Finally, we shall discuss the full rotation group G, which includes G,,—=G,, as a 
subgroup. The other subgroups, G,; and Gy2, can be constructed out of the generators 
of infinitesimal rotations 


1\ 


nll = - and seal = +7 (4-4) 


around the B, and the B, axes, respectively.** The Hermitian operators, U, and U,, 
can be defined on the basis of equations (2:2) to (2:4). JI, and 4U, ((=1, 2, 3) 
correspond to c, and #4; in the theory of Salam and Polkinghorne.” The operator U? 
=U/?+U,/4+U." thus defined will not play any role in cataloging elementary particles, 
unless one imposes the postulate of invariance on L, under the full rotation group G,,. 
Imposing this postulate, one obtains a theory equivalent to Feldmaa’s variation of the 
theory of Salam and Polkinghorne.” 

The author wishes to thank Professor T. Miyazima for his kind interest in this 


work and for valuable advice in preparing the manuscript. 
Appendix 


The correspondence of our isospinor formalism to DP’s isospinor-isotensor mixed 


formalism is given as follows : 
isospinor of the Ist kind (U=1) : 


fa= a e.=( rae (A-1) 


bs gs 
toms ' eth ;)y Ca) 
i \ go 
isoscalar (U=0) : 
~, = on wn, > 0. = cur Or 5) (A ‘ 3) 


isopseudovector (U=0) : 


* It has already been pointed out by Caianiello that an inversion of a three-dimensional space may be 
replaced by a 180° rotation in a five-dimensional space. [E. R. Caianiello, Phys. Rev. 86 (1952), 564. ] 
The author is indebted to Dr. T. Okabayashi for calling his attention to this reference. 

** If we wish to adopt a higher dimensional formalism analogous to the y-space picture, we have to 
introduce a three-dimensional abstract space Ry spanned by three orthogonal axes, B;, By and B;. Then 


the charge space Rg=R, X Rv becomes six-dimensional. 
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p, — gt Tn lage > Ps ee ™ Tn CS, > (A . 4) 
is opseudoscalar of the 1st kind (U=2) : 

Day = Con Bioorg > Px = Evan Orn > (A : 5) 
isovector of the 1st kind (U=2) : 

Py) = Care Crm Pn > YP sr = Cun Tem Dorn > (A 6) 
isopseudoscalar of the 2nd kind (U=—2) : 

Dar — en nn e Qon — enn yn , (A : 7) 
isovector of the 2nd kind (U=—2) : 

Py — Erk km yin , P 5 — gunk 7 gy : (A : 8) 
with 

. mS Of 1s 
| Ecunll = [/2"4l] =e" =( ), (A-9) 
—1 0 
| a erage FONG. 
[Trl = [[ey"all = ley || = ; o)? (A- 10) 


i=l =(- ipa (A-11) 


1 0 
3 we 1 0» 
I Fannll =H} 2"0ll = lhes™l] =( if (A-12) 
‘0 —I1 


Where: Tecdenotes .(t,, tea 'o2)< 


1) 


2) 


3) 
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On the Air Shower Core 
Shun-ichi Hasegawa 


Department of Physics, Osaka University, 
Osaka 


November 12, 1956 


The structure of the air shower core 
is of great importance not only for inter- 
pretation of the structure of air shower 
but for the study of the angular distribution 
of secondary mesons produced by high 
energy nucleon-nucleus collisions. Recently, 
J. Nishimura has pointed out that for the 
analysis of the experimental data of the 
lateral distribution of soft components at 
sea level we should take N—K” function 
for shower age s=1.2.? This conclusion 
is deduced from the analysis of the altitude 
variation of shower particles assuming that 
m-mesons ate produced only along the line 
of shower axis. Here, the effect of the 
angular spread of 7z’-mesons, or, strictly, 
the angular distribution of energy flow, 
produced by high energy jet showers is 
considered, which will make the lateral 
distribution of the soft components near 
the core less steep than that predicted only 
by the single cascade theory. Assuming 
the shape of the 
of z°-mesons as well as the altitude at 
which they are produced, the theoretical 
lateral distribution of soft component at 
the place of the observation is calculated. 
Then, from the comparison of this result 


with experimental data, we will get the 


angular distribution 


information about the angular spread of 
m'-mesons produced by high energy jet 
showers. In this calculation, we consider 
the spatial distribution of z"-mesons only, 
assuming the one-dimensional development 


Put the 


spatial distribution of z°-meson as F(r)dr, 


of subsequent cascade showers. 


for which we use the normalized gaussian 
distribution (a/7z) exp(—ar?) or (1/zr,?) 
exp(— (r/r,)*) as trial function, the observ- 
ed structure function is 

G(r) =|Fr—r') f(r’, dr’, (A) 
where f(r, s)dr’” is the normalized N—K 
function with s=1.2. 

Setting the Hankel transforms of 
Gir), F(r) and fir) as Je(©), Jr(© 
and J,(€) respectively, we get from eq. 
Oe 

JQ) =27 J (O) IO) (2) 
Jv(©) and J;(€) can be easily obtained, 
and Jo(€)>is 


Yc) 
” 


Jo lQ) = —i/40" | dp(OG/46*)? 


xX exp(—p?/4a) ['(—p) P'(2p+s) 
Wt p, —2p—s, s, t) 
ease aD 3 
{/’(s) We (0, — 5, 5, t)} 
From the inverse Hankel transform of 


Ja(©, we have 


G(r) = —i/4z*| (=) P(—p)P(2p+5) 
meeps 2is 5, ta 
{1"(s) Nt (o, 55 5; t)} 
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oe ( = 1 ) ™. (ar*) me 


m= 
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xP? (p+m+1)/{'(m+1)}?. (4) 


The 


numerical 


calculation of this 


integral can be carried out by the saddle 
point method, but we can get the charac- 
teristic features of the structure function 
near and far from the core simply by series 
expansion using the pole of /’-function 


calculated curve 
(Eq. (9)) 


—0.5 *) 
14 


0.001 


0.01 


Od 1 10 
ee ck If 


Fig. 1. The experimental data and calculated curves. 


*) See reference 7) 
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appearing in G(r). 
I) Near the core; 
Using the pole of ['(2p+s) 


G(r) =a-1"(s/2) (K2a/&) -*” 


r<érn=K/é. 


__ Mp, —2p—s, s, t) 
{27I"(s) Mo, —s, s, t)} 


co 


S3(=1)"(ar?)” 


xP? (—s/2+-m+ 1)/{I’(m+1)}% (5) 


II) Far from the core; r>r,. In 
this case we have, after some mathematical 


processes, 


Gr) =F (r, 5) 


rt, 9| 


™m. 


ss 


m=1 


4a r 
(6) 


G(r) is almost usual single N—K_ func- 
tion with s=1.2, because the numerical 
value of @ is considered to be very large 
as in Fig. 1, and the only first term is 
dominant. In Fig. 1, we may choose 
a ~ 4000, i.e, 7, 1.1m and this means 
the energy flow is concentrated in about 
10~* radian if we take the effective altitude 
of z’-meson production about 10 km above 
sea level. It will be discussed later on 
this physical significance and the energy 
spectrum of the air shower core relevant 
to this angular spread of 7’-mesons. 

In conclusion, the author would like 
to express his sincere thanks to Prof. J. 


Nishimura for his continuous encourage- 


ment. 


1) J. Nishimura, K. Kamata, Prog. Theor. Phys. 


5 (1950), 899. 
We call the distribution function of cascade 
shower derived in this reference as N—K 


function. 


2) Private communication. 
3) f(r, s@) =n (Ep, 0, 7, #)/2n| m (Bo, 0, 7, Drdr, 
J() 


where E is primary energy of incident electron 
and ¢ is the depth in radiation units. 
4) Lau. N. Sneddon, Fourier Transforms (1951). 
5) S. R. Haddara and D. Jakeman, Proc. Phys. 
Soc. A 66 (1953), 549. 
6) G. Fujioka, J. Phys. Soc. (Jap.) 10 (1955), 245. 
7) G. B. Khristiansen, Conference in the extensive 
air shower. (Oxford) (1956). 


A Kinematical Test for the Relation 
between the Coupling Constants 
in Meson Theory 


Kichiro Hiida 


Department of Physics, University of Hiroshima, 
Hiroshima 


December 8, 1956 


Eqs. (1) and (8) in the preceding 
letter” have been obtained with the use 
of the renormalizability conditions for the 
vertex part and the propagators only in the 
go order. From this fact a question 
arises’ When, eq.) "Che 1 anor Ge S) ais 
expanded in a power series of ¢,", is this 
expression equal to the largest part of the 
result obtained by perturbation calculations 
Though in the 
Jy, order both expressions coincide, we can 
say nothing of what may happen until we 
shall calculate the higher order divergent 
integrals. Unfortunately it is very hard 
to calculate uniquely the diverging parts 
of renormalization constants up to higher 
order than g,. For this reason we shall 
present in this letter, in S(S) and PS (PS) 


meson theories, a kinematical method to 


in every orders of gy, ? 


NS ee ee a 


eo @ 


- 
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compare eq. (1-8) with the result to be 
obtained by perturbation calculations, using 
the properties of the isotopic spin operator. 
With this method it is not necessary to 
calculate directly the diverging parts of 
renormalization constants. 

If the interaction Hamiltonian is given 
by eqs. (1-6) and (I-7), the vertex part 
and the proper self energy parts of nucleon 


and meson are expanded as 
L’,(p, p) =715| 45+ p—im) Aj (p) |, 
>i(p) = — (rp—im) B; 
+ (;p—im)* B; (p), 
| 1 (p) =—i(P+/2)C, 
+ (Cp + 27)°Ci (p*), 
(= il for (27,8 ands) 


(1) 


then it can be shown by a similar method 


as that given by Dyson” that 
Linge br Ay”; Zog=[1+B)~ 
end ZS Fol, 
(j=1 or 2, 3 and 4) (2) 


where >}, B;, B’ and Z.,; are independent 
of sufhx j, and A;, B; and C; are the 
functions of the unrenormalized coupling 
constant, the renormalized masses and a,” 
factors. 

First, let us consider the simplest case 
where the interaction Hamiltonian is given 
by eq. (1-3). If we define A, B and C 


as 


Ax Aijoa,e05 B=B,; 


ar=1 


and CuO At 28 (3) 


jay=1 


and denote the contribution to A (B or 


C) from each Feynman’s diagram in a /i" 
order, of which the vertex part (the 
proper self energy part of nucleon or 
meson) consists, by 4,” (B,” or C;’), 
then A (B or C) can be expressed as 


A= SSG AP (BSS Sige Be 


nm=1 ¢ n=1 ¢ 


or CaS Sig i: (4) 


© 
n=1 ; 

where suffix i runs from 1 to the total 
number of the graphs in a yj” order. In 
the next place, we shall return to the 
general case. In this case the vertex part 
and the proper self energy parts differ from 
the corresponding ones in the pure neutral 
case only by the isotopic spin parts, and 
the isotopic spin space is orthogonal to 
the Lorentz space. The following equations, 


therefore, are obtained instead of eq. (4) 


© © 
” ° 
A i SS ’ ous ‘ OG Ly j AS. B; _ oN Bs | x a] go" Lee Be 
nm=1 ¢ 


and "LC = 507 FECES (5) 
m=1 ¢ 


where D,;';, Ej’ and F;"; depend only on 
a; factors. 

Inserting this expression for A; into 
eq. (2) and expanding Z,,; given by both 
eqs. (2) and (I-8) in the power of 4,?, 
the comparison between the two expressions 


for Z,; yields 
Dy\; A! = — by 5a; log #?/m*, 
(D;,A;)?—D2,42—D3,Ag--- 

= {51,5 (b1,5—1) /2} (a2; log #2/m®)? 


X|1-+ correction terms |, 


vs 


(6) 
when D,";, 6; and a; are some functions 
of a, factors. 
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When eq. (1-8) gives us a correct 
information about the relation between 
Z1,5 and g,*, the magnitude of the cottec- 

1 \ 
——— ) and 
og 2 /m? 


In this case 


tion terms in eq- (6), is 0( | 


this terms may be neglected. 
we get, from eq. (6), A?”’s which are 
independent of a,’ factors. In the other 
case where both expressions for ZG. ate 
inconsistent with each other, the correction 
terms in eq. (6) cannot be neglected. If 
we neglect these terms in this case and 
(6) for A/’s, then some A” 
depend explicitly on a,? factors. 


solve eq. 
The same 
arguments may be done for Zo,j and Z,, 
as for Z,,;. 

Using this method we may conclude, 
in the S(S) and PS(PS) meson theories, 
that the relation between the renormalized 
and unrenormalized coupling constants 
obtained by the method of Landau and 
his co-workers, cannot coincide with that 
to be obtained by perturbation calculations. 
Details will be published elsewhere. 

The author would like to thank Prof. 


K. Sakuma for his continued encourage- 


ment. 


1) K. Hiida, Prog. Theor. Phys. 17 (1957), 520. 
This will be referred to as I. 

2) T. D. Lee, Phys. Rey. 95 (1954), 1329. 

3) G Kallén and W. Pauli, Dan. Mat. Fys. Medd. 
30, Nr. 7 (1955). 

4) F. J. Dyson, Phys. Rev. 75 (1949), 1736. 


Electron-Neutron Tnteraction 
Fujio Ando* and Hironari Miyazawa 


Department of Physics, College of General 
Education, University of Tokyo, Tokyo* 
and 
Institute of Physics, University of Tokyo, 
Tokyo 


December 12, 1956 


Recent experiment on electron-neutron 
interaction at Brookhaven’ gives— 3860+ 
370 eV for the potential of well depth V,, 
which is defined 


—eV =e/2 ri| pede, 


where 1, is the classical electron radius, 
and ~ the charge density of the nucleon. 
Physically the electron-neutron interaction 
is mainly due to two effects; the electro- 
static interaction due to the separation of 
neutron into proton and pion, and the 
Foldy term due to the spin-orbit coupling 
between the magnetic moment of the 
neutron and the electron current. Our 
object is to interpret the electrostatic 
interaction. Such interpretations have been 
given by several authors.” Salzman” 
and others’ calculated the interaction by 
means of static p-wave pion theory, but 
their results are too large, though plausible 
qualitatively. Our theory is based on the 
S-wave pion theory.” We know little 
about the S-wave interactions, but its effect 
may be important for nuclear forces. 
Within the framework of the static model, 
implying the momenta of nucleons can be 
neglected, no difficulty exists. In this 


case dispersion relations for the S-wave 
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pion-nucleon scattering were derived by 
Oehme,” and are in good agreement with 
experiment. 

One can draw a Feynman diagram for 


the electron-neutron interaction as in Fig. 1. 


—jA 
Owe 


Fig. 1 


The shaded area we call a scattering part,” 


and we write the scattering matrix element 


as 
Cj, 9|S-| i, >= 2710 (k,—G) 
x |D (k,) c; the (ky) v5 a 
where 
D(k,) =a we (a, + 24s) re zh (4,—4,) 
3 By 


i k2— 2 dp | o,(p) 
27 


tins Pivemes sige 
OP NE TOY. ky Ke 


Cami On | 
3 (w, +k, —t€) 


> 


2k 
: (a, 5 a.) 
3u 


/ 


E (ky) a = (a, ae 2a.) sr 


4 Ae pe 


2a Jo Oy 


Gs 20, 
3 (o,—ky—t€) 


Os | 
°C = 
Wnt ky—ie 


The terms containing cross section are 
smaller than others. Then we can write 


approximately es 


D(k,) — ah (a, - 2a.) a4 25h; (a, —d;) > 
34 
20 1g 

E.(&) = 4 (a,+2a,) + ans (4,—d,) . 
u 


Id 


These are in good agreement with expert- 
ment. 

Pion charge density is 

ass —ie|zp—7* o*], 
and an S-matrix element corresponding to 
this is 
. ( di EN (oye 
cy q| | pdx Linke (270) “e 


bes (k—q) (k, + qo) (0;, Ojg— 05991) : 


We are to calculate following matrix ele- 


ments 
j Poaeranmed il tenis. 2 : ; 
Sree | | if —4q\pli, —RD« fs q\S.li, kp 


—1 d*k dq 
(2z)* k?—wg q2—w2 
The calculations are carried out straight- 
forwardly, and we obtain —0.48e for total 
charge due to S-wave pions. Cut off 
procedures are made at k=6p in this case. 
Next we are to calculate the effective 
potential due to electron-neutron interac- 
tion. The following matrix element plays 


an important role in this case ; 
er q| | prtd'ali, R= —e (27) * (ky +) 


XP. 0" (k—@) (0,0 jy —9;005)) , 


J 


and we calculate the following ; 
1 AVES 
$= an || 40) DOA) rer, 


eR Eon —1 d*k 0 aaae 
7 (aa)® hES go) Soe ns 
X e (27) * (ky +40) 
XP x-Vnd4 (kg) (Beg0jo— Sea0y) - 
The result is 


—arje0(0) % | stg C= 9 
37 
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Re 
‘lee earieresnta tag 


The bracketed part is the expectation value 
of \pr'dv and we can easily find thd 


effective potential from this. If we cut 
off at k=6y for this case also, the effective 
potential is about —1.8 KeV and attrac- 
tive. Of course, a cut-off dependent term 
F(k) must be added but it is unimportant 
for our calculations. 

S-wave effects are smaller in comparison 
with p-wave effects,” which are about 
—7~—8kev, and attractive. On the 
other hand, the Foldy term alone accounts 
for —4.1KeV of the value of —el. 
Since the experimental value is —3.9-+ 0.4 
KeV, it follows that our result should be 
—0.2~ +0.6 KeV together with p-wave 
effects. The result is larger. Our calcu- 
lations are based on the static model and 
we assume only the pion current contributes 
dominantly. Then our result suggests the 
following alternatives ; 

1) the nucleon core or nucleon cur- 
rent effect may be important, 

2) a heavy meson current may cancel 


the pion current.” 


1) D. J. Hughes et al., Phys. Rev. 90 (1953), 497. 

2) B. Fried, Phys. Rev. 88 (1952), 142. 

3) L. Foldy, Phys. Rev. 87 (1952), 675, 693. 

4) R. Sachs, Phys. Rev. 87 (1952) 1100. 

5) G. Salzman, Phys. Rev. 99 (1955), 973. 

6) S. B. Treiman and R. Sachs, Phys. Rev. 103 
(1956), 435. 

7) H. Miyazawa, to be published. 

8) R. Oehme, Phys. Rev. 102 (1956), 1174. 

9) G. Sandri, Phys. Rev. 101 (1956), 1116. 


Viscosity and Heat Conductivity of 
Liquid He® 


S. K. Trikha 


Department of Physics, Delhi University, 
Delhi, India 


December 23, 1956 


In recent years, several authors’)®)? 
have discussed the viscosity and heat 
conductivity of liquid He® on the basis of 


Although the 


measured rise in viscosity of liquid He’ 


an ideal F. D. gas model. 


with decreasing temperature, as reported 
by Weinstock et al.,” is not inconsistent 
with the requirements of an ideal F.D. 
gas model, the experiments certainly do 
not support this model, since the condition 
of T<T,(*~5°K, the degeneracy tempara- 
ture of an ideal F. D. gas having mass 
and density of liquid He’) is not fulfilled 
More- 


over, the recent measurements of surface 


in the reported temperature range. 


tension and of thermodynamic and magnetic 
properties of liquid He* are found to be 
in complete disagreement with the predic- 
tions of this simple limiting model (see 
in this connection references (6), (7), 
(8)). One may therefore conclude that 
the reported temperature dependence of the 
viscosity of liquid He* resembles that of 
an ordinary liquid. In the present note 
we have attempted to bring out this fact 
more clearly by an empirical approach 
which leads us to the evaluation of viscosity 
and heat conductivity and an estimation of 
the zero-point energy of liquid He’. 
Treating liquid He® as an ordinary 
liquid, the viscosity 7 is related to the 
absolute temperature T by the equation” 
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Inj =A+ (B/T), (1) 


where A and B are constants. Using the 
experimental results of Weinstock et al.,” 
we have 4=2.899, and B=0.536, when 
7 is expressed in //-poise. The values of 
7 thus calculated, as 2 function of tempera- 


ture, by using equation (1) are compared 


in Fig. 1 with the correspondingly calcu- 
lated velues on the basis of an ideal F. D. 
gas model.” It is evident from Fig. 1 
that the calculated values are different in 
both the cases. 

Using the empirical relation") for the 


specific heat, C,, the heat conductivity K 
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Fig. 1. Viscosity of Liquid He* versus ICIS): 
Curve I: Present Model, eg. (1). 
Curve lly “Ideal F. IDs Gas Model) 


(°) : Experimental results of Weinstock et al.>) 
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of liquie He® is expressed by the rela- 


tion')") 


K=f-7C,=f-y(a+8T+7T*), (2) 


where a, and 7 are constants while ifnis 
a numerical factor. Unfortunately, no 
measurements have been reported so far 
about the heat conductivity of liquid He’ 
and the data of the viscosity as reported 
by Weinstock et al.,” is insufficient to allow 
us to make any decisive conclusion about 


the. model of the liquid He’. 


these facts more data about the viscosity 


In view of 


and the heat conductivity of liquid He? 
is highly desirable. Further, the vapour 
pressure p, for ordinary liquids, is represent- 


ed roughly by the integrated Clausius- 


Clapeyron’s equation 
Inp=A’—(L/RT), 3) 


Here L is the 
latent heat of evaporation of the liquid 


where A’ is a constant. 


while R is the gas constant (=1.987 cal. 


mole.~' deg™'). Eliminating T between 
(1) and (3) we get 
In p= alny C. (4) 


where n and C are constants. This equa- 
tion has been found to hold good for 
various non-associated liquids’’'” with the 
value of n~4. Thus for any two tem- 
peratures T, and T,, equation (4) may 


be expressed as 

In (p;/ Po) =4 In (4/7) - (5) 
Combining equations (3) and (5) and 
using equation (1) the Trouton’s ratio can 


thus be expressed as 

Uj Te 4B Ts, (6) 
where T, is the boiling point of the 
liquid. For liquid He*, equation (6) gives 
us a value of 1.3 for (L/T;,). This is 


much too low than is expected on the 
basis of Trouton’s rule, the reason being 
that for atoms of low atomic weight the 
zero-point energy cannot be ignored.  Fol- 
lowing the procedure outlined in reference 
15, it leads us to an estimation of the 
zero-point energy of liquid He’, the value 
of which is found to be 63 cal. mole~. 
It is of the same order of magnitude as 
that obtained by other methods.’ 

My grateful thanks are due to Profes- 
sor D. S. Kothari for taking interest in 


the above investigation. 
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Oa the Annihilation Cross Section 
of the Antinucleon and the Nucleon 


Yoshio Yamaguchi 


Department of Physics, Osaka City 
University, Osaka 


February 11, 1957 


We have recently obtained further 


. . 1 
information” 


about the _ electro-magnetic 
structure of nucleons, from the high energy 
electron scattering experiments of the 
Stanford group (electron-proton and 
electron-deuteron scattering experiments) 
and the electron-neutron interaction. Ac- 
cording to these results, the proton has 


the electro-magnetic radius, 
Te pa Yn,p— (0.77 ae 0.10) x 10738 cm, 
(1) 


while the neutron seems to have the 
charge radius 


TenwO. 2) 


The latter requires that, although the 
charge distribution inside the neutron 
should extend intrinsically over a range of 
the order of (1), it is essentially neutral 
at every local points. 

Let us here ask what is expected 
from such an electromagnetic size of the 
nucleon as to the annihilation cross sec- 
tion”? of the anti-nucleon and the nucleon. 
The most intuitive picture for the anti- 
proton-proton annihilation process may be 
the neutralization of the charges. An 
argument based on the charge conjugation 
proves that the electromagnetic structure 
of the antiproton is identical with that of 


the proton except for the sign of charge. 


One can expect that the annihilation 
process takes place at the instant that the 
proton and the antiproton with the finite 
size come into contact. Thus the anti- 
proton with high energies (where the 
classical trajectory of motion can be pic- 
tured) should have the annihilation cross 


section ©, 


0,227 (2e,y)?= (74420) mb, (3) 


a 


and the total cross section o,, including 


the diffraction scattering o,(~o,, optical 


model) 
o, ~~ 20,~ (150+40) mb. (4) 
Experimentally it was found that”? 


o,~ 100 mb for high energy (= 350 Mev) 


antiproton on hydrogen. 


It is not clear to the author whether 
this value of the total cross section is free 
from an ambiguity of the diffraction  scatter- 
ing. Considering the present stages of both 
experimental and theoretical aspects of this 
process, one may conclude that our crude 
model is quite promising to predict the 
annihilation cross section. 

For a low energy antiproton, the 
classical approximation adopted above will 
break down, and an increase of the cross 
section due to the wave mechanical effect 
is expected. We shall estimate critical 
energy E,, (in lab. sys.), above which the 
classical picture should be allowed. Sup- 
pose that an antiproton annihilation process 
involves partial waves up to the order 
in the incident channel. Then E, may be 
found from the following equation ; 

Z 
or tae ewe Caio L). it are es) 


where 


*,=9X10""/WE, ‘(E, in Mev); 


Letters to the Editor 613 


Using eq. (3), we find 


E,~34 Mev for /=0, 


and 


Eq— 1360 Mev for [=1. 


If the antiproton is captured by the proton 
from the p-states beside the s-states, the 
wave mechanical increase of the cross section 
will be expected for the antiproton with 
a kinetic energy smaller than E,~ 136 
Mev. Such tendency was clearly seen in 
the experimental results. 

Finally, let us add a speculation about 
the structure of the “ physical”’ nucleon. 
Recently, Sakata” has proposed a new 
theory of elementary particles in which the 
pion is considered as a composite system 
of the nucleon and the antinuclecn.” 
According to this model, a physical nucleon 
is described in terms of (a bare nucleon) 
+ (nucleon pairs). Thus, the difference 
of (1) and (2) can easily be understood"? 
and it is natural to suppose that the an- 
nihilation of the antinucleon and the 
nucleon should take place just after the 
contact of the rims of the extended 


nucleons. 


1) D.R. Yennie, M. M. Levy, and D. G. Raven- 
hall, Electromagnetic structure of nucleons, to be 
published; Other references are cited in it. 
The author is indebted to Prof. Yennie for 
sending him this preprint. 

2) W.H. Barkas et. al., The antiproton-nucleon 
annihilation process, to be published; Other 
references are cited in it. 

3) Z. Koba and G. Takeda, to be published ; The 
experimental results are quoted in it. 

4) S. Sakata, Prog. Theor. Phys. 16 (1956), 686 
Gy, 

5) E. Fermi and C. N. Yang, Phys. Rev. 76 
(1948), 1739. 

6) According to a conventional meson theoretical 
picture of the physical nucleon, one can proceed 
as follows: Let ep.(r) and epx(r) be the core 
part and the pion-cloud part of the charge 


distribution inside the physical proton. Then 


we have!) 


(re,p)?= \ dr r Wr (r) sr Ox (r) ] p) 


(re,n)?= \ dr r [Pe (r) — Px (r) | . 


From the experimental results, eqs (1) and 
(2), we can learn that the nucleon-core extends 
over the radius~re,, (b/Mc, the nucleon 
Compton wave length), which is difficult to 
understand from the meson theories, see tef. 1). 


Interaction with the Sound Quanta 
in a System consisting of Two 
Kinds of Charged Particles 
The Method of Supplementary 
V criables 


Z. Galasiewicz 


Institute of Theoretical Physics of the Polish 
Academy of Sciences, Wrect aw 


December 22, 1956 


In some cases one considers the solid 
either as 2 system of particles interacting 
by means of central forces, or as a system 
of electrons interacting with the sound 
quanta. 

In this paper it is shown that with the 
use of the method of supplementary 
variables!" we can transform the Hamil- 
tonian of system composed of two kinds 
of particles which interact by means of 
central forces into a form in which there 
appear 
electrons with sound quanta. 

The Hamiltonian of electrons and 


ions which interact by means of central 


terms describing interaction of 


forces has the form ; 


2 #4£48A8i s# 
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oe Pi. ZI z “|| Ree 4ie 
EH 2 «Aa EP 
ik(r ri) 4.5 7? 
oe Ele 
1/1 2M 
ares > ZL? ew (k) ek (Ri, — Rio) 
2 lAcl, k 
= ee Ze u(k) ek(rj—Ri), (1) 
yall 


Here r;, pj, —e and m refers to the j-th 
electron, R,, ,, Z, and M to the [th 
ion, N, is the density of the electrons, 
N, that of the ions. 47e?/k’, w(k) Ze’, 
—u(k)Ze*> are respectively the Fourier 
coefhcients of electron-electron, ion-ion, 
electron-ion interactions. 

We split all these interactions into 
“long-range” (|k|=k<k,) and “ short- 
range” (k>k,) interactions. The value 
k, is the quantum mechanical analogue of 
the value k,=1/4, appearing in the 
classical plasma theory, where /, is the 
Debye length. The “‘long-range’’ interac- 
tions we express as the functions of Fourier 


components of the density-ofmass operators : 


N, , No ; 
AP =m \e7 kr; , (2 = MS \e—*kRe ; 
[1 i 
(2) 
In analogy with the method of the 
papers quoted above, supplementary variables 
Qe? (i=1, 2, Rk) are introduced and 
subsidiary conditions are imposed on the 


wave function @: 
Qe Pry hy Ri Ryo/ QP Qh) 
siOn for ksh. (3) 


We transform (1) and (3) with the 


unitary operator : 
U=exp{(—i/b)- >) (PP AP +PR HD} 


(4) 


sko 


where Pi are canonical conjugate to Q}? 
and i) are given by (2). 

Using the  trensformed subsidiary 
conditions and introducing the new canonical 
variables (q), pr) we can represent the 
transformed Hamiltonien as the sum of 


three terms: 
H =H part +46 wot Hu ° (5S) 


1. IH, is the Hamiltonian of 
particles interacting by means of potentials 
which are ‘cut off’? in comparison with 
the potentials occuring in the Hamiltonian 
(1). Especially when we put R,=n,+ 
AR, (n, is the radius vector of the /-th 
lattice point, JR, the smell deviation of 
the ion) the “cut off” potentials can be 
averaged to give a periodical potential. 

2. J... is the Hamiltonian of the 
coupled oscillators : 

MS Coy: oe { pi? pO. + a2 qh go. 

+ Phe poi te gh 24° he 

Tk (qi: 4 iy qck qi )} (6) 
where w,=¥ 4ze°N,/m is the so-called 
plasma frequency, w,=kv Ze? Now (k) /M 
the gas of the ion oscillations. 
vn (u(k)k/ 47m (k) )@,,@, are the coupl- 
ing constants of both systems of oscillators. 

3. me. gives the interaction of 
electrons with the quanta bw, and the 
ions with the quanta ha,. 

Performing the normal transformation 


of the Hamiltonian (5) we get a new 


. . F . . 
Hamiltonian 26 which contains only 
noninteracting oscillators vibrating with the 


frequency : 
Qs = 1/2 to, + oy 
see (of +s)? +4 (7; — 0 wg) iz 
(7) 
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When (w?+02)?>4(72—of02), 
and u(k) =47/(P+a°), w(k) =470/ (P+ 
6°) (screend Coulomb potentials, with the 


screenning constants a and 6) we get: 
2,~ V42eN,/m, 
2.~kVv (Z2EN,/M) (47/e+a@). (8) 


It is seen from (8) that the frequency 
2, (connected with the plasma frequency) 


branch’ and _ the 


“acoustical branch” of 


gives the “optical 


frequency 2, the ‘ 
frequencies. 

Mics gives now the interactions of 
electrons and ions as well as with the two 
kinds of bosons. The coupling constants 
of the interaction of electrons with the 
sound (acoustical) quanta depends on the 
ion mass. 

The methods used here are similiar 
to those used in the paper of Bardeen and 
Pines.” It seems that the differences 
consist in the introduction of two kinds 
of supplementary variables in order to 
describe the collective motion of electrons 
as well as ions. Moreover we do not 
assume the ion oscillations; they appear 
rather as a result of central forces between 
the particles. Bardeen and Pines assume 
elastic departure of the ions from equili- 
brium positions. This leads to a periodical 
potential which differs from the potential 
obtained in this paper. The exact formulae 
for frequencies of vibrations are obtained 
in the same way as in the papers of 
Wentzel” or Bardeen.” Bardeen and Pines 
obtain the approximate values for the fre- 


quencies. 


1) D. Zubarev, The Method of Supplenentary 
Variables in Systems of Interacting Particles 
(in Russian), Dissertation for the degree of 
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2) D. Bohm and D. Pines, Phys. Rev. 92 (1953), 
609. 

3) Z. Galasiewicz, Acta Phys. Polon. 15 (1956), 
49; 15 (1956), 79. 
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The Catalysis of Nuclear Fusion 
Reactions by s--Mesons 


Chushiro Hayashi,* Tadao Nakano,** 
Minoru Nishida,* Shota Suekane** 


and Yoshio Yamaguchi** 


*Department of Physics, Kyoto University, 
Kyoto 
**Department of Physics, Osaka City 
University, Osaka 


February 9, 1957 


Recently, Alvarez et al.’ found the 
catalysis of the nuclear fusion reactions by 
fe--mesons in the liquid hydrogen bubble 
chamber. They observed such events that 
a [£-meson comes to rest in the hydrogen 
to form /--mesic atom from which the 
f-meson is ejected again with kinetic 
energy of 5.4 Mev, which in turn decays 
by emitting an electron. In this note we 
shall try to explain these events and show 
that our calculated results agree, but semi- 
quantitatively, with their experimental data. 

In the liquid hydrogen, a /# -meson 
from =—/t decay loses its energy, knocks 
out the electron from the hydrogen atom 
and forms a //-mesic hydrogen atom. 


This j#-mesic atom, generally excited, 


Be tir" 2G &£ 
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makes radiative transitions to the ground 
state. The time from 4.1 Mev to the 
ground state is an order of 10 sec.,” 
which is very short compared with the 
p-meson lifetime. The /4--mesic hydrogen 
atom, then, reacts with other hydrogen 
nuclei in various modes as follows, 

(a) #-mesons in the (fH) or 
(u-D) mesic atom decays into electron 
and neutrinos (the decay probability is 
eee LO bsecy) = 

(b) Rearrangement process in which 
a deuteron robs the /¢--meson from proton, 


because of the 5% larger reduced mass : 
(ve) + D> (-D) + H+ 135 eV. 


(c) Elastic Scattering: (4 D) +H 
—> (p-D) +H, etc. 
(d) p--mesic hydrogen atom forms 
a molecular ion with hydrogen nucleus : 
Cichd ew ileer Ceti il om a) id => 
(u- DA), etc 
To estimate the cross sections of 
processes (b), (c) and (d) referred to 
as o,, 7, aod o,, respectively, we use the 
analogy of nuclear reactions. Using one- 
level dispersion formula,” we have 
o,= 804 1./KD= 20? x 10° em* 
at 20°K, (1) 
where 7%2=5X107"* cm? at’ 20°K, D is 
level spacing (~hw), K is wave number in 
(MOHD) ion § (= 310%)" and -C=1/2 
(D/ Poa) 7. 


tion frequency of proton for the adiabatic 


w is the zero-point oscilla- 


potential between (/¢-D)-atom and proton 
with the following form: V(r) ~e*/r for 
Tie ay, == DI eon 2elronr)?] | fori Sag, 
where D=0.56 Kev, a, =h’/m,e"~2.6 X 
10°"'cm (m, being /-meson mass) and 
%,=2a,. The radiative width /’, is given 


by a dipole one ~a*w. Also we have 


Am Bice d AG Rim ee 4 1.0 mee cm. 
ate PX) AR (2) 


where 1’,,(2D/zij,K) is a proton emis- 
sion width at 135 eV, and 


Co. ~~ Scie eyed 4 se BS os See 
X 107" cm? > 100 o,. (3) 


Thus, the ratios of the transition probabi- 
lities of processes (b) and (d), », and 
w,, to that of the ##—e decay, are given 


by 
e=,/Wg=N70eU/ Wa — 60" X 10°, 
f=*,[wa=ngo70/Wa=C X10. (4) 


The (4D) mesic atom, ejected in 
the process (b) with kinetic energy of 
45 eV, is slowed down to thermal energy 
by elastic scatterings and then forms the 
molecular ion (f6DH) by capturing a 
proton. It should be noticed that the 
ion-exchange process as (/¢ HH) +D-> 
(4 HD) +H, etc., can be neglected, be- 
cause of the Coulomb barrier effect. 

Next, let us consider the nuclear 
reaction occurring in the molecular ion 
(u—DH). 
P can be estimated as e °°", with G= 


(2/h 2 12 | 5 VV (r) —E dr where R is the 


nuclear amie and #¢= (2/3) my, (mj, being 
We find P~107°. 

The cross section of D(p,7) He’ is 
expressed as o,= (0.1 Mev/E) -PX107-” 
cm’ (E in Kev),” from which the pro- 
bability w,(==;m,) of the reaction in the 


molecular state is given by 


The barrier penetrating factor 


hydrogen mass) . 


W,=no,v = (24,) 3 (3 X 107%) 
X (3 X 10’) sec™? = 6 X 10° sec"1—m,. (5) 


In some fraction of these nuclear 


reactions, the reaction energy is taken up 
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by the #-meson, which appears in the 
bubble chamber with a kinetic energy of 
5.4 Mev. 
H4y-ending while other process as /e-ending 
in reference 1). This process is an analogue 


of K-electron ejection caused by 0'—0' 


This process is referred to as 


transition in atomic nuclei and we can 
obtain the nuclear transition width of p-- 
emission, /’,, as 0.04 eV.” Comparing 
this value with /’, ~ 0.24 eV of the nuclear 
reactions, H-+-D—»He*+7,* we estimate the 
reaction probability of the above process 
W,, (==) is ~0.29,. 

Thus, the ratio of the frequency of 
fe-ending to that of “ending is given 


by 


1 (ees: 
=1+f+ cniaew seeds 
Oy Sie Seek saranerw greet 


eee gee (6) 


Dee ial ay et 
where x is the concentration of deuterium 
in the liquid hydrogen, while one finds 
an empirical relation y=a/x+6b (a=1/43, 
b=33) from the experimental results by 


Alvarez et al. Taking y~1 and p/y~ 
1/6 from the above values of a, 6, and 
(6), we obtain f~1/10 and e 1.410%, 
These results are not inconsistent with our 
estimations" and show that the explanation 
outlined above is correct. 

Further, the 1mm length of gaps at 
the end of some of the stopping /#-mesons 
observed in the experiment can be ex- 
plained by using the cross section (3) for 
the elastic scattering of (#¢ D) -mesic atom 
which is slowed down to thermal energy 
(~1/600 eV) from 45 eV. 

Finally, we wish to remark that other 
negative particles than /4--mesons, i.e., 
z~-and K~-mesons, antiprotons, and +'- 


fl a 


and ='~-particles 


cannot be useful as 


catalysers for nuclear fusion reactions, 


because of either their strong interactions 


with nucleons or their shorter decay lives. 


1) L. W. Alvarez et al., The Catalysis of Nuclear 
Reactions by pp~-Mesons, UCRL-3620 (1956). 

2) A. S. Wightman, Phys. Rev. 77 (1950), 512. 

3) J. M. Blatt and V. F. Weisskopf; Theoretical 
Nuclear Physics (1952). 

4) E. E. Salpeter, Phys. Rev. 88 (1952), 547. 
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ERRATA 


Helium Capturing Reactions in Stars 
Satio Hayakawa, Chushiro Hayashi, Mitsuo Imoto and Ken Kikuchi 
Prog. Theor. Phys. 16 (1956), 507 


Page Equation or Figure Original Corrected 

509 Eq. (2+5) -V (B-V)/-- --V (B—E)/--- 

510 Eq. (210) -++[(Ay+ Ap) ] 1/6 T7/8 -++[(Ay + Ao) ] 8 T 28 

512 Fq. (216) wee TH 3/2 190-50. 401 Ho/kP vee J —ol2 10-"-ANLo/T ony no 
512 Eq. (2+16’) vos T3512 19-50. 401 Hol k? vee T—3/2 10-0 AN TRIT ony no 
Sal On the horizontal axis in Fig. 7 0) 1 

522 Eq. (53) r=aé r=a& 


On the Spins and Decay Interactions of K,; and Ke; 
S. Furuichi, T. Kodama, S. Ogawa, Y. Sugahara A. Wakasa and M. Yonezawa 
Prog. Theor. Phys. 17 (1957), 89 


The expression for PV(Y) in equation (5) is not correct, and hence the statement that P!(!) coincides 
with PV (/) except constant factor is erroneous. It should be corrected as 
PV(V) (E) = (FP (V)?/ FPP?) 2g? PVP) (E) + (FV OP)? 2425) mgt { (mx? —2mg E) I4—2 (mg —E) 13+ 12} (W—E)* 
= (FV (")?/487°%) 2m;,3 [mz3 I5(W— E)4—m 2 {W—E+m,}1,(W—E)3+ 
+ mz, {E?—m,? + 2m; (W—E) } I3(W—E)*—{E*—m,2 +m; (W—E)} l(W—E)?] 

and the following expressions for the interference terms should be added in equation (7). 

PVW.A) = (Re[ FV) FVCO*] /Re [FY 2) FV C*]) 2PF 2) 

P' (V7) = (Re [iFVV) FV @)*] /Re [iF FCA] ) 2mz2 PVCPAd 

PVV 2) = (Re [iF? OP) FV) [Re[ FV) FVM] 2m, PPO AD, 


‘ V(P) 


1 = i = . 
30 100 100 200 


Fig. 1. Kinetic energy of the muon (Mev) Fig. 2. Kinetic energy of the electron (Mev) 


The corrected curves for P!(") is indicated in the Figs. together with P!'(”) curve. Fortunately they 
do not affect the discussions there and in our succeeding note, Nuovo Cimento Vol. 5. No. 1. 
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Quantum-Electrodynamical Corrections to Energy-Levels of Helium 
Huzihiro ARAKI 
Department of Physics, Kyoto University, Kyoto 
(Received January 8, 1957) 


Quantum-electrodynamical corrections to energy levels of helium are calculated with an accuracy 
of a*mc* on the basis of the Bethe-Salpeter equation according to the perturbation method of Fulton 
and Karplus. The interaction kernel of the equation is derived according to the method of Martin 
and Schwinger. The corrections are carefully calculated by the method which is free from any doubt. 
The result is expressed in terms of non-relativistic eigenfunctions. It is found for mc? corrections 
that correction factors for spin-orbit and spin-spin couplings are in complete agreement with those 
derived by G. Araki on the basis of a simple corsideration. Since atmc2 corrections often gave rise 
to confusions and discussions among many authors these corrections are carefully examined. It is 
found on the firm basis that the amc’ terms involve a contact interaction but not the Breit surplus 
term. Further it is found that the energy correction for the excited bound state includes an imaginary 
part. Of course the ground-state energy is real. In fact the absolute value of the imaginary part 
represents half the width of the level in question. A discussion for this fact is given. 


Introduction 


It is well known that quantum electrodynamics of a system including one fermion 
Gives correct energy levels of a hydrogen-like atom by shifting eigenvalues of the Dirac 
electron in agreement with experiment. Salpeter and Bethe” introduced a relativistic 
two-body equation and Salpeter® was first able to calculate recoil effects relativistically 
according to this equation. Karplus and Klein” calculated the singlet-triplet splitting in 
the ground state of positronium and Arnowitt applied their method to the hyperfine 
structure of hydrogen. Their method was deficient in that all intermediate states were 
free-particle states. The method was improved by Fulton and Karplus,” and further by 
Martin and Schwinger” so 2s to take into account the binding in intermediate states. 
Energy levels of positronium were calculated by the improved method.” The next 
problem may be to apply the method to the two-electroa system in helium. This is 
the purpose of the present paper. 

The fine-structure intervals of energy levels of helium was calculated by G. Araki® 
on the basis of the Breit interaction. As is well known the intervals amount to magni- 
tudes of order a‘*mc? where a@ is the Sommerfeld fine structure constant and m is the 
electron mass. Recently G. Araki’ calculated corrections of order a’ mc? for the triplet 
intervals. His calculation was based on corrected spin-orbit and spin-spin interactions. 
The correction factors were derived by @ simple consideretion on quentum-electrodynamical 
calculations of the Lemb shift for hydrogen and an intrinsic magnetic moment for an 


electron. The calculated corrections amounted to observable magnitude in the case of 


sz &@ ea 82 % ee Fe 
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microwave experiment," though they were within experimental errors in the case of 
optical measurement." His method cannot be applied to a calculation of the Lamb 
shift for singlets. The Lamb shift in the ground state of neutral helium was experimentally 
studied by Herzberg.’ In view of this situation it is very interesting to derive the 
corrections in the form which is applicable to both singlets and triplets and to examine 
whether the correction factors derived by G. Araki” are justified by the quentum- 
electrodynamical method. 

In the present paper energy eigenvalues of helium-like atom will be calculated with 
an eccuracy of amc’, on the basis of the Bethe-Salpeter equation.” The interaction 
kernel of the equation will be derived according to the method of Martin and Schwinger” 
so as to include terms up to the fourth order in the interaction, taking the binding into 
account. The corrections to the relativistic eigenvalues which include only the Coulomb 
energy will be calculated according to the perturbation method of Fulton and Karplus.” 
In order to take into account the binding effect on the Lamb shift in the two-body 
system owing to an introduction of the nuclear Coulomb field, some devices will be 
needed. The final result will be represented by the integral which readily gives us 
numerical values of the corrections up to terms of order a°mc if we have correct non- 
relativistic wave functions of helium. In §1 a general account for the fundamental 
equation will be given. In § 2 the general principle of calculation and the method of 
approximation will be accounted for together with the result of calculation. It will be 
verified that the correction factors derived by G. Araki” on the basis of a simple 
consideration is still correct in the detailed consideration. The outline of the present 
calculations will be explained in succeeding five sections. Since a‘mc* corrections often 
gave rise to confusions and discussions among many authors, these corrections will be 
carefully exemined. It will be confirmed on the firm basis that the corrections contain 
a contact interaction term but not the Breit surplus term. We shall see that the energy 
correction for the excited bound state contains an imaginary part, although the ground- 
state energy is real. We shall find that the absolute value of the imaginary part is 
equal to a half of the level width and that this fact is deeply connected with the 
essential nature of the Bethe-Salpeter equation. A discussion on this fact will be given 


in the final section. 


S 1. Fundamental equations 


We consider a system of two electrons which are bound in the nuclear Coulomb 
field due to the charge Ze. The Bethe-Salpeter equation” of the system is given in the 


usual form, as follows : 
[F, (11’) F,(22") —1(12, 1'2') ] ¥ (1'2’) =o, (1-1) 


where F, is an operator of the first electron, F, is that of the second electron, and I 
represents the interaction between two electrons. FF, is defined by 


F,=7™ p,+-m—7PAM, Ay = Ze / 1+ AM oan pol» (ail -2) 
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where 7“ and p, are the gamma operator and the four-momentum of the first electron 
respectively, r, is the distance of the first electron from the nucleus, and Ai i savor isthe 
vacuum-polarization correction to the potential energy of the first electron due to the 
external Coulomb field. We employ the unit system in which h=c=1. The scalar 
product of gamma operators and momentum is denoted by rp=Pap—/p,. 

We derive the interaction kernel, I, according to the method of Martin and 
Schwinger.” If we take into account the terms up to the fourth order in the interac- 


tion between electrons, photons and the Coulomb field, we have the interaction kernel 
as follows : 


MI 2s 21 ees SE.) =Ietleet]l+I,+1.,+1,,+1,, (1-3) 
Ip=4rie' 7 72 DoE ,§,) 0 (E,—€) 8 E—&,) 
= (6/7) 778 (4-4) 8 E,—EN OES), (1-42) 
oc (47 ie*) "7 E,)7P €) GGL7® E,) 7 E) De G62) Do G'S), (1- 4b) 
L=—4niel7 (€,) FGF, 7 G!) —7 (6) 7 s!) 0 E,—£,) 6 Go—6s') /2)D, E82!) 
> 1 2.2), (1 - 4c) 
L= (42:2) 7 E)7? €)GLGL72 E,7? GD, Er) DES), (1-4d) 


Io, = —4rie'y ,) F, (Gi —G°G.9 Fy /) DE4)) 
a (47 ser)ir) et (¢,) G, . re? Ga) GORE Gi) ie SS) 0 C.— &,!) D (, =) D, (74 7) 


—2ie By” €,)7™ €,) DEE) 6 G4) 66-6) +022), (1-4e) 
Lyp= — 470i yy (6) (Gy°—G,")7 EG) DEE) +i (2/22) BF PAP 

tl gbeab (1-4f) 
I= — (4nie)*7 &) 7 ,) [DE tr fy @ G7 €) G4 DES) 

+ (i/87) B’D(E,é,) ]8 E,—&/') 8 (E,—4,/), (1-4g) 


where in the second line of (1-4e) and the first term in the bracket of (1-4g) integ- 
tations with respect to ¢,/’, and € and <¢</ respectively should be understood. (1 = 2) 
means the terms which are obtained by exchanging operators and coordinates of the first 
and second electrons in the preceding terms, G and D are the Green functions of electrons 
and photons respectively, B, and B, are constants coming from renormalization-corrections 
of wave functions to the single-quantum exchange and nuclear Coulomb field, and B’ is 
that coming from the charge renormalization already performed. In order to define the 


Green functions we introduce the Hamiltonian of the first electron as follows : 
Fi =H,’ (P.) —Ze*/r, > Fie (p) =a p+ POm : (1 ; 5) 


The Hamiltonian of the second electron is defined in the same way. The Green func-’ 


tions are now given by the following equations : 


—— eee 
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Ge) =|, —p,)*78 exp [—ip, (¢—t”) ]ap,/ (27), (1-62) 

Go G6) = | (7 ptm]? exp[ip €—€) ]d"p/(22)4, (1- 6b) 
Goan E =U), (1-6) 
DEE) = (x) + ene dt PR), (1-72) 
Di G3) = (2n)~*| 80* (By —byk,/Ie) d*/ (FR), (1-7b) 

D, €€! =(2n)*{e ete-8) th / Be, (1-7c) 


G,.° and G,” are defined in the same way. G'" is obtained from G," by replacing ee 


with 7. The interaction kernel contains F, and F,. We can omit Aj yac po in them 
because the omitted terms give no significant contribution to the final result in the 
required accuracy, while such terms are significant in F, and F, of (1-1). 

A scalar product of two four-vectors, p= (p,) =(p, py) and g= (q,) =(q, q), is 
denoted by p= SIpg= P°4—poqo- Space-time coordinates of an electron is denoted 


by ¢= (x,t). Further the following abbreviations are employed : 
Peer ead Ge Si (5) 327k) DCE; (1 -8a) 


LG aa Ga DG) = S740 716") Dy FF"). (1 - 8b) 


The argument of 7 means arguments of operators which embrace it; for example, the 


trace in (1-4g) means 
tr[7 (¢) G7 (64 G"| =tr[7 (6) G? Ce") 7 ($5 GE") |. 


Among the various terms in (1-4), Ig corresponds to the Coulomb interaction 
between two electrons, I,,, to the crossed Coulomb interaction, I, to the interaction 
including one photon, I,, to the interaction includiag two photons, I,, to the vertex 
correction to the single-quantum exchange between two electrons (e), which gives rise 
to a part of the Lamb shift (L), I, to the vertex correction to the external (nuclear) 
Coulomb field, and I, to the vacuum-polarization correction to the single-quantum exchange. 
The following relations can be shown to hold between the Green functions defined by 


(Tl G)Fand=*"( 1 7)?: 
Gi=G,°G,°+G,°G,°1,G8=G,°G,°+ GEleG,’G., (1 - 9a) 
Go=GPAGAN TYG. GrS=Glr Gls Ge (1-9b) 


Velie j Bry ee =77D if rk=0 ° er E 10) 
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§ 2. Principle and result of calculation 


The purpose of the Present calculation is to obtain the eigenvalue of the Bethe- 
Salpeter equation, (1-1) , with an accuracy of e!m (= jice)e according to the perturbation 
method of Fulton end Karplus.” In this section an outline of the calculation will be 
accounted for. For this purpose we employ an abbreviation as follows : 

O,(t, /) = | OG hee aT! (et) 
where T= (¢,+¢,) /2, it, —t,, and. O (¢,t,,.t;' t') is an operator having a property that 
O;, is independent of T. We introduce the following operators : 


AY (¢, - ) 7 0) == GY (¢, Sx) re 0 (F— Fy) a0 Gy soy) ae 0 @, ro. F)) > (2 sf 2) 
A(X, %, %,/ x5!) = —i AE (x, x,t, x,/x,/ 2) = Af* AZ* = AS AS, (2-3) 


where Ay* =[|H,|+H,]/[2|H,|], for example. It can be shown for the operator defined 
by (2-2). that 


7 re (F F;) prAy=A,s eOTe es Fs) ae [H, HE] 0 (ies t") c (2 ; 4) 


For the purpose of solving the Bethe-Salpeter equation we first consider the follow- 


ing eigenvalue problem : 
[H,+H,+ (2/11) A-W ) x (x, x)=0,  (y, Ay)'=1. (2-5) 


We represent the eigenfunction of the Bethe-Salpeter equation in terms of the solution 
ot this equation and calculate the difference of the required eigenvalue from W by making 
use of relations which are satisfied by these eigenfunctions. Since the difference between 
W and the relativistic eigenvalue including only the Coulomb interaction can easily be 
calculated, most task is to calculate the above-mentioned difference. Although the operator 
in the equation (2-5) is not Hermitian, its eigenvalue is real for the reason as follows. 
If we consider a Hermitian product of Ay and the left side of the first equation of 
(2-5) we have 


We (AY (Hy (24/t40) Aly). (2-6) 


This equation shows that W is real because A is Hermitian and commutes with Fij-+H,. 
By means of (2-4) it can be shown that 


1°90 APP 7O[F,Fe—lele= —7* (E-W) 80"), (2:7) 
[F,F.—Tele A?9 (¢) y= (WE) 7780 7. (2-8) 


The last equation provides us meens .of writing the eigenfunction of the Bethe-Salpeter 


equation in terms of y as follows: 
PAZ) = Wp (% Xp, Dem ?”, (2 -9a) 
PF p=Ag 6 (t') y+ Gel fA o (t') y+ Gn7P7P (E-W) 6 (t") x, (2- 9b) 


“2 239 39° 2° 2 


ee 
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where E is the exact energy level which we will calculate and 
G=[F,F,—I|’, V=lI—-L=Ieetlh.th+1h,+hitlL- (2-10) 


The relations (2:7) and (2-9) together with the normalization condition for 7 give 


= - 10 = 
the following equation fer the required energy difference with en accuracy of e'°m: 


EW i\ 7% (a, 2) [APPT WAU GL) AT er, 2) dy Hay 1/5 2) + CAE) 
Kemi ade) 


where the arguments of d-sign indicate the integration variables, | |x» means to put 
t,—t=t,'—t’=0 in [ |,, and (4E),, denotes the energy correction due to the vacuum 
polarization term in F, and F, of (1-1). In the present approximation we have only 


to consider the repetition of I, for the second term in the bracket : 
VGY = (4c) 7? E72 Gd GLI Ex) Gt) DEi8) DE S2). 2-12) 


The interaction kernel given by (1-3) and (1-4) includes the effect of binding. 
This effect is appreciable only for processes containing virtual quanta with momenta smaller 
than binding energies (~e'm) of electrons. In this case we can use the non-relativistic 
approximations for the Green functions. For processes involving virtual quanta with 
momenta larger then average momenta (~e’m) of electrons, we can neglect the binding 
effect and decompose the Green functions into free propagators by means of (1-9). 
Thus we divide the region of momenta of virtual quanta into low-, intermediate- and 
high-frequency regions. For specifying these three regions, it is convenient to introduce 
two quantities, « and K, such that e*m<x<e'm<K. In the intermediate region, we 
may use either the non-relativistic approximations or the free propagators for the Greea 
functions. It is to be noted that the specific values of « and K are immaterial because 
the final result must be independent of them. In the respective frequency-regions the 
following method of approximations will be employed in order to calculate the required 
correction with an accuracy of e'’m. 


In the high-frequency region most terms will be transformed into momentum integrals 


of the following type : 


J= lr. Pe, Po) OF (Pp, > Pe, Po 3 Pie Pe po) ) (p,+ Pe— pi’ — py’) Y LPs Py, po) 
d(p, b Pe, Po> FAS De po) > (2: 13) 


where O is an operator which is independent of integration variables, and F is a function 
which is nearly constant if the magnitudes of its independent variables are smaller than 


K. The functions, f and y, are the Fourier transforms of Y* Ag and A,’ y: 


f (Ps, Po, Po) == | AA)! | (x, » Xp, t) exp? (X, p, + X,Ps— py t)d(x,, X, t) / (27) T 


(2-14a) 
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. 
{ 


Y (Pi> Pe» Po) its \ exp —1 (x, p, + x, p,— p,t) [An 7] (x,, Xs, t) d(x,, Xo, f) / (27) ilies 


(2-14b) 
where p= (Pu Po) /2, x is the solution of (2-5), A,” is defined by (2-1) and (2-2), 


and 


re 


Ly* Ag] (x, X,t) = | 1 (x1, 9!) AZ? (20,/, x9/, 0; X1, Xy, t)d(x,’, x5/), (2-15a) 


[. Ly x| (x, » Xy, t) <1 egen > Xo, 5 x4), Xo’, or (x,', Xp’) d(x,’, x,y’) c (2 : 15b) 


The region in which the Fourier transforms, f and ig, are of appreciable magnitudes is 
given by |p,|, |pol, |po|<K in view of the fact that the average momenta and binding 
energies of electrons are of orders e?m and em which are both smaller than K. There- 
fore main contribution to the value of J comes from the above-mentioned region in 
which F is nearly constant. Thus we can replace F (p,, ps, py; P's pe’, po’) with 
F(0,0,0; 0,0,0). If this value of J is of order e'’'m, the omitted part has no 
influence on our final result because our purpose is to calculate terms of orders up to 


e’m. Then, by making use of (2-14) and the Fourier integral theorem, we have 


J=F (0, 0, 0; 0, 0, 0) (27)! Nx Ae"] (x, x, 0)O[A,?y] (x, x, 0) d(x) 


= — (27) F (0, 0, 0; 0, 0, O)e*mN(O), (2-16) 

where 
én N= \ [Ay (x, Xa), (2172) 
(0) = y* (x, ©) AOAy (x, 2) d (28) / | Age, *) |?d (x). (2-176) 


The integrand means an inner product with respect to components of y and it should 
be understood that y* (x, x) AOAy (x, x) =[y* (x,, x.) AOAY (%,, %) |p-an- The value 
of |Ay|* is distinct from zero in the domain whose volume is of order e~'m~" (with 
respect to X, or x,). Therefore N is of order unity or less. In order to transform 
integrals into the form of (2-13) we often make use of the following relations which 


can be derived from the equation (2-5) : 


x (x, > X,) = (WW EL = iI.) a Hie) Ay (x, > Xy) > (2: 18a) 


u(p,, Ps) =|W —H,’ (p,) —H,’ (p,) |~ 2 /27) a | Au (p,—q, Ppo+ 4) 
—Lu(pi-, P2») —Lu(P,, Po— @ |4(q)/9’, (2-18b) 


where u(p,, P.) is 2 momentum representation of 7(x,, X»). 
We next consider the following eigenvalue problem : 


(H, le ee Ae? /t19— W,,) Pn (x, ? Xp) > (Las Ag) =A 5) Z $ 19) 


= or 22 s7 2232 2 2 
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which is a little different from (2-5). If we multiply the first equation of (2-5) by 
A from the left end further replace Ay with g we have an equation which is of the 
same form as (2:19). The normalization requirements for 7 and ©, are equivalent 
because J satishes A7=A. Therefore W,,’s are real and one of them is equal to W. 
The corresponding @ is denoted by Y which is equal to Jy. Thus N and <O) can 


be written in the form: 


em N= (|¢,-(x, x) [2d (x), (2 - 20a) 


(O) = | gir (x, 2) Op (x, ») d(x) /\ [ew (as ») Pd). (2-206) 


In the case of low-frequency region we need a non-relativistic approximation of the 
Green function, G,g. We can easily show, from the definition (1-6c) and the relation 


(2-4), that the Green function satisfies 
GOJOT.—H, HAE frp) GE eis Os til, TD 
SHA (K,, Xt Ry, Me JOC 1976 Th (2°21) 


The contribution to G,$ from negative-energy states is negligible in the low-frequency 
region. Therefore, we cen write the solution of this equation in terms of ¢, as follows : 
Gis (X,, %, 0, T; x,/, x, 0, T) 77 =0 for T< T”, (aed) 
2222 
ae >I rn (x, ? X») Gn* (x,’, x,') e— W,,(T— T) me for 1 hile 
W,,>0 
The eigenvalue problem of the relativistic Hamiltonian of the present system includ- 


ing the Coulomb interaction only is given by 
(Hi-+H,+é/1~e— Ee) $=0, (2-23) 


where E,~ corresponds to E and W, and 6 corresponds to Y, and y. The non-relativistic 
Hamiltonian of the system is given by 


HO = — (d,+4,) / (2m) —ZE/r,=ZE/re+e/ tr. (2-24) 


We denote the 8-component eigenfunctions of this Hamiltonian belonging to its eigen- 
values E° and E,” by wy (x,, %) and ¢,(x,, %) : 


[HE \¢e= 0, [HO =F.) =0, (2-25) 


where E° is a non-relativistic approximation of E, and E, and #,, is that of 0, GY» and 
as 

The quantity, N, is given by (2-20a). If we replace Gy in this equation with 
(,, the error is of order e? at most as will be seen in the later section. N appears as 
a coefhicient of quantities of order e'’m at most. Therefore the error for the final result 


19 . . ote . . . 
amounts to eround em at most which is negligible in the present approximation. Thus 
we have 
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e'm® N= | [Yn (x, x) 2d (x). (2 - 26a) 
Although N also appears in the e*m correction it has a form of this integral from the 
outset. In the final stage of the calculation the same substitution can be done for the 
same reason. As will be seen in the later sections we have a term <o™.g®) in the 
final result. In the lower excited states of helium-like atoms, singlet-triplet mixing is 
very small. Therefore ¢, is an eigenstate of 6.c® and we cen replace (a .g®) 


with the expectation value, <a.6), where the expectation value of any operator, Os; 


is defined by 


<O,> —— | b,,* (x; 2, Xo) en Py (x, > Xy) d(x, > <5) > @ Q 26b) 


where the integrand means an inner product with respect to components of ¢/,,. 
Here we summarize the calculated result. The quantum-electrodynamical correction, 


E—E,, can be written in terms of non-relativistic eigenfunctions in the following form : 
E—E,=(H™+H». (2-27) 
H® and H give the corrections of order e°m and e!m respectively, and they correspond 


to the second and fourth order terms respectively. If we define the self spin-orbit 
coupling H,3, the mutual spin-orbit coupling H%, and the spin-spin coupling H,, by 


Ho = 2p Z(Sy-L,/7) +8: Le/r.°) — (24/73) (S,- Lip +S8,-L,,) , (2 - 28a) 

Hes — (44°/r) (S)-Ln +8,-L,y), (2-28b) 

H,.= (44/712) (S,-S2— (3/r12) (%19°S,) (12° S)) J, (2 -28c) 
we have 


H™ = 2? [rz Vi Votniz (X41 (%12° 1) Vo) |+HetHy— (87/3) emNS,-S,, (2-29a) 

H® = (e2/z) (H+ (H%/2) + Hi, | e&mN Zp (76/45)2= (8/3) In 2e*] 
+e mN| (89/15) + (14/3) Ine’— (20/3) §,-S,]— (14/3) e'mQ— (2/3) (e°/z) M, 
(2-29b) 


where / is the Bohr magneton: =e/(2m). N is given by (2-262). N,, Q, and M 
are defined by 


mn? Ne = | Ist (x, 0) |?d(x); (2- 30a) 
Q=lim|N (In (e?ma) + Ch + (ris’ (a) >/ (47te° m’) |, (2 - 30b) 
M= >) (E,’—E°) |Pix|?\n| (E.°—E°) / (em) |, (2-30c) 


where C is the Euler constant and 


em P= (Pn > P1 i) + (Pn > Pn) 


fi i\| n* (%,, %o) (Pi + Po) Pu (%, X_)d (x, Xo) (2- 31a) 


ev FFF S57 29° 232 8 


628 H. Araki 


ney SV (2-316) 


(0 Thos. 


ro | 


S, and S, are spin angular momenta. Various orbital angular momenta are defined by 
L,=—ix,XV,, L,=—ix,X Po, X= %—%, Lyp=—t%.Xfi, e,, Ster od 
(2-32) 


The terms containing N and N, mean the contact interactions between electrons and 
the nucleus respectively. These terms can be written in terms of 0 (X,), 0(x,) and 
O(x,). We see that correction factors for spin-orbit and spin-spin couplings are in 
agreement with those derived by G. Araki” and that the second order correction, He 
involves a contact interaction term which gave rise to discussions by several authors.‘?"" 
This is spin-dependent. We see that the fourth order correction involves a term of the 
same type which cannot be obtained by considering the anomalous magnetic moment of 
electrons” only as in the case of H” and H,,. Further H® does not contain the Breit 
surplus term. This will be discussed, together with the contact interaction term in He 


in the fourth section. 


§ 3. Corrections due to exchange of a photon 


In the succeeding five sections we shall briefly explain the method of calculating 
the various energy corrections. The difference, E—W, is divided into (JE),, (JE),, 
(4E).7, (4E)az, CE) ce, (4E), and (4E),,. which come from L, 1,--I'GI’, 1, 
Tne, Tee, Te, and Ay vac po respectively. If we denote W—E, by (JE) ¢ we have 


E-—Eg= (dE) ,+ (AE) wt (JE) eal (4E) + (4E) ,.+ (AE) (JE) Gain (4E) ce; 


where Ey is the relativistic Coulomb energy defined by (2-23). In this section we shall 
calculate (JE), which means the level shift due to an exchange of a photon between 
two electrons. This correction consists of two parts which are proportional to e*m and 
e'’m respectively. Contributions form high-, intermediate-, and low-frequency regions will 
be calculated separately. 

(a) Contribution from high-frequency region, (JE) ,' 


We decompose the Green functions into free propagators : 
Aor? Lt se ht ee a (3-1) 
where 
H,= Arie (G7 +67) aa (G7+G27)D,, (3-24) 
Ho=— (47 ie) *A7[a Go7 Gor? a® + (122) | A°D,De 
—4riZe* | Gor re * G7 +1 SS 2) Jaa APD, 
ARIZA al) ae GPa Cie Cae ) ier (3 - 2b) 


and a, and D, have the same meaning as 7, and D, in (1-8b). The last two lines of 
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He give no contribution to (JE), in this region because rp! or ry! changes only a 
momentum of an electron. The correction due to the first line of H_,, can be transformed 


into the following form by means of (2-16) : 


(AE) b= —el"n® Nd (h) Jidk,S3¢ Y/L(rk)2 KY), Cm 


>K 


where >K means that the integration domain is confined to |k| >K, and 


SD = Seay [H,’ (k) —m+k,]*[H, (k) —m+k Ja + (12.2)) (by—hyk,/P). 
(3 - 3b) 

The integration can readily be carried out. The result is given by 
(4E) = (4/3) mN(o™ 6) [1 + In (m/2K) J. (3-4) 


In order to evaluate the correction due to H, we introduce the following integral : 


wa) by = lear) | B(k) /k2d(k), (33a) 


(a,b) 
where (a, 6) denotes the integration domain a< |k|< 6, and B(k) is given by 
B(k) = (4+ (x,, x) [a™-a©— (k-a™) (k-a™) /k?] y (x,, x.) expik- (%,—%,) d (%,, x,). 
J 
(3 - 5b) 


The calculation of this integral will be explained in the next section. If we carry out 


all energy-integrations the correction due to H, turns out 


(AE) ? — (AE) & 
=e] (2m)? | () /\h| |" (Pi> P») 3 Ju (py, po!) 8 (pi—k— pp’) 


x0 (pe k= py) ¢ (ps Pes Pi Pes (3: 6a) 


Sl I= aii Af (pi) @? aS? As (po!) Ar (py) @P aS? Ay (py!) _ 
7 «stl E(p,) +& (ps) +|k|—2m E(p,) +€ (py) +h 
‘aaa 
+(+22-) + 022) |(d—AE), (3 -6b) 


where u(p,, P2) is the momentum representation of 7, 


A¥ (p) =[|H," (p) | 4H," (p) 1/|2H"(p) |, Ep) =Vp +m, — G-7) 
and (+72—) means the terms which are obtained by exchanging A” and A” and 
further changing the sign of m of the denominator in the preceding terms. 

We first separate w(K, ©) from the correction. As for the calculation of the 
remaining part we make use of the relation (2-18b), which is satisfied by u(p,, Po), 


= er 22 57 22 2 & 
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and then (2-16). Further by means of the relations such as 


416 (h) Fa? af Ay (h) Ad (—h)) Oy —bhi/B!) = (6-0 BB — (ko) (le) >, 
(Teh 
(3-8) 
we have 


(4E) }'— (JE) d= (K, ~) — (4/3) e°mN(a-6)[2+1n(m/2K) |, (3-9) 


where we omit terms proportional to Z in (2:18b) because they change only a momentum 


of an electron. The logarithmic term completely cancels that of (3-4), and we have 
(4E)'=w(K, 1) — (4/3) e°mN(o™-a). (3-10) 
(b) Contribution from low-frequency region, (JE) / 
In this region the energy correction due to I, comes from the following terms only : 
ane’ | 7" (x45) (AS? (Gere 7 ap Ge)D. SO) 12) lend a ee ee 
(3-11): 


The terms, which give rise to pair processes or involve projections to negative energy 


states, give no significant correction. If we make use of (2-22) we have 


ip fs 3 ay] (2) 
Cy lim | oe) ys (85-8 hiky Vs Ream Las ],* 
I aan | ke t,j=1 Ie a E— W, .—|k| +ié 
a) @) 
=0(0,0) +f, inf OS (9,— tabs) sy E=W Rela la 
27? E>0, Ke ig kh? E—-W,,— |k| tié 
(3-12) 
where <« means that the integration domain is confind to |k|<«, Re means ‘the 
real part of’, and 
[as h= (7 (x, > X») aso, (x, > X9) exp ((k-x,) d(x, ? X9) > 
€3 13) 


[a= | 2° Gr, a2) a ga (a,, x.) exp (ik-x,) d (x, 2&2). 


In the low-frequency region the exponential factor ia the integrand of (3-13) can 
approximately be assumed as unity because main contribution to the integral comes from 
the domain in which |k- x| is small compared with unity. For low energy, y and ¢, 
can be expressed in terms of non-relativistic eigenfunctions as follows : 

Pu=[L+ ae p,/ (2m) ][1 +a. p,/ (2m) | hn, 
%=[1+a%- p,/ (2m) |[1+a. p,/ (2m) | fx. 


If we insert this in (3-12) we have 


(3-14) 
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(dE) /= {4e°/ (37m*) } >! E—W,,) Re (pi) p&) In| (E—W,,) /r| 


+w(0, kK) +imaginary terms, (3-15) 


where 
P= (tx, P; Yn) 0) Do (bn ’ Pe Piz) < (3 ‘ 16) 


The meaning of the imaginary part will be discussed in the last section. The difference 
between’ E and E° or W,, and E,,° is at most e* times small as compared with themselves. 
If we neglect such a difference the error amounts to a quantity of order e''m because 
(JE) / itself is of order em. After replacing E and W,, with E° and E,,° respectively 
we have by means of the Parseval theorem, 


231 Wn—E) Re (phn prz) =2Re (H” p,] iz, pops) =47e'm®N, (3-17) 
where the bracket denotes 2 commutator. In this way (3-15) turns out 
(4E) /=w (0, «) — (8/3) mN In (e4m/x) — (2/37) e M’+ imaginary terms, 
(3-188) 


where 


é'm? M’=2>} (E,’—E") Re (p82 p®) In| (E,’—E") /(e'm)|. _(3-18b) 


(c) Contribution from intermediate-frequency region, (JE) /” 

For the purpose of calculating the contribution from the intermediate-frequency 
region we can still employ the integrand of (3-12). In this case we should retain the 
exponential factor in the integrand of (3-13), while we can neglect E—W, in the 


denominator as compared with |h| : 


2 ie fe 3 \ 
(AB) Maw (eR) + | TS (Me SI Wa) Rela hal" 


(3-19) 
The series in the integrand can be summed as in the previous case: 
m > (W,—E) Rela |, [a ],*+ (k>—k) 
=e (cos (k- X19) Viy-Varis) )+ (47/3) bye? mm N, (3-20) 


where (k—>—k) means the term which is obtained from the preceding term by replacing 
k with —k. The integration with respect to k gives 


(4E) "=w(«, K) + (8/3) e°mN In (K/t) + (e4/m?) Cf (42) D/7, (2e21) 
where 


2 sin Kr cos Kr sin kr cosxr | 
=—|- == ae +-+= 4 2) 22) 
F@ te | (Kr) °* (Kr)? (xr) * (xr)? | ( ) 


For the calculation of the expectation of f(rj.), «r and Kr can be considered as very 


== er set 5S FrlUC RECUCUETCUCUCCOCUCWDD 
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small and very large respectively, and f(r) is nearly equal to — (2/3) r-*>. Further we 


can make a following device. First we calculate the following difference : 


Cf —4re'm' N | f(r) HO gah 


= — (2/3) lim[ (rs (a) )+47e'm’ N (Ina+C) |, (3 - 23a) 


where ryp°(a) is given by (2-31b) and C is the Euler constant. The integral in the 
first line can be calculated in the following way : 
oo 1/xn 


Ait |r e’rdr=8r | g(r) dr+ (87/3) In («/K) = (3277/9) — (87/3) Ink, 


(3-23b) 


where 


28 


g(r) = \ (sint—t cost) t-°e~"'d t= —| {1 —r Tan‘ (1/r)}r—Tan 7" (1/7) ]/2. 


(3 -23c) 
From (3-23) we have 
CF (r,s) )/t = (8/3) e'm'| (4/3) N+N In (em/K) —Q], (3-24) 
whence 
(JE) "= («, K) + (8/3) e!m| (4/3) N+N In (e'm/x) —Q], (3-25) 


where Q is defined by (2-30b). 
The energy shift due to an exchange of a photon is obtained by adding (3-10), 
(ALS) atic (3029) vs 


(4E),=w(0, co) + (4/3) e"'mN{ (8/3) —Ine*— (a -™ 91 — (8/3) e'’mQ 


— (2/37) e’ M'+ imaginary terms. (3-26) 


§ 4. Breit correction 


In this section we shall examine w(0, co) where w(a, 6) is given by (3-5). If 
we carry out the k-integration we have 


e 


(0, 00) Sie (%1,.%3) Hy x (x1, 02) d (x, 5), (4: 1a) 
where 
Hz=—[a? as (a2). (a ai.) Jr) e%/ (27,5). (4- 1b) 


We shall refer to this integral as the Breit correction although this is not exactly identical 
with an expectation value of the Breit interaction. As we shall see, this is the em part 
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of the energy correction in the present calculation. In order to write (0, 00) in terms 
of the non-relativistic eigenfunction with an accuracy e'’m, we first derive approximate 
relations for y from the exact equation (2-18) as follows: 


(+P) 1+8®) ¥/4=[1— (p2+ p2) / (8m) ]¥, (4: 2a) 
(+8) (1—B) y/4=[0- p,/ (2m) ]¥’, (4- 2b) 
(1—8™) (14+ 8) 4/4 =[0 - p,/ (2m) |’, (4- 2c) 
(1-8) 1-6) ¥/4=[ (6: p,) (6 - p,) / (2m)? ] 9", (4- 2d) 
Y= |E*— (pi pe’) / (2m) 7 (1 +8) A+B) /4][ (2/3) A— (ZE/1,) — (LE/r,) Iz: 
(4-2e) 


Speaking in terms of a momentum representation, neglected terms in these equations are 


4 . . . . 
e times smaller than retained ones for small and intermediate momenta of electrons and 


e* times for large momenta if |p,|—|p.|<K. If \P:|—|Ps| is greater than K, we should 
add (p,°—p.*)?/(16m*) to the denominator of the last equation, but this case need not 
be considered in the present calculation. The second term in the bracket of (4 - 2a) 
can be neglected for small and intermediate momenta. This is retained, however, because 
it can not be neglected for large momenta. 

For small and intermediate momenta the difference between ¢/, and (1+) (1+ 
8) 4/4 or (1+8™) (1+8) Ay/4 is e4 times smaller than ¢; itself as is seen from 
the equations which they satisfy. In this case we can neglect the difference, and the 
equations (2-25) and (4-2e) show that ¢’/=a,,. In the right-hand side of (4-2e), 
main contribution from 7 to ¢’ comes from the intermediate-momentum part of y in any 


case. Therefore ¢’=¢, is valid for any momentum. Making use of (4-2) we have 
Amk* a ay =h,* 0 (C- py) o? (6 ps) bet (0 pi Gz) * a}? o (6 - ps) $e 
+ complex conjugate, (4-3) 


where p, in the second term operates on the first ¢/, only. The second term of the 
right side of (4-2a) gives no significant contribution to (4-3) for the reason that, in this 
calculation, (1+) (1+8) 7/4 is accompanied with a factor (1—$) (1—$) ¥/4. 
If we introduce the relation (4-3) into (4-1) we have 


7 (0, 0) =(H™), (4-4) 


where H™ is given by (2-29a). 

For the derivation of the last result we might adopt another procedure. We might 
express small components of y in terms of its large component neglecting the Coulomb 
terms, then replace the latter with ~,, and finally derive (4-4). Although such a 
procedure has conventionally been employed for calculating corrections of order e*m, this 
is not free from doubt when an accuracy of e'’m is required. This procedure is certainly 
valid for evaluating contributions from the regions of small and intermediate momenta, 


but may not be for the evaluation of that from the region of large momenta, because 


= Sel—UmUCUCOOTCST USE TCE EElUWL 
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1/r can not be considered as small in the latter case. In fact (4-2a) shows that the 
behavior of (1+/°) (1+/) 7/4 is quite different from that of $7 and the former can 
not be replaced with the latter in the case of large momenta. The first mentioned 
method is free from such a deficiency, and we can obtain (4-4) on the firm basis. 

As for the derivation of the contact interaction term there were some confusions») 
and it may be necessary to add a note here. This term comes from the following 


integral in the present calculation : 


( 


= |r [ { (o™ x Vy) : (6 X Po) Pz} * Dy, +,* (OOK ay (6 XP») ur 
+2(6°X PP) *- (6 X Pope) ]d (%1, %2) 5 (4-5) 


where [, and p, in the first term of the integrand operate on ¢/, in the brace only, 
and p, in the last term operates on the first ¢/,, only. The integrand of (4-5) can be 


transformed into 


Vi:[rs {6 x (6 x pode) } *batria opto X (6 XPohx) | 
+P2° [ris bp* {o™ (o ‘ X19) — X19 (o™ : a) } x] 


aE f,* re [ae 5 ce etd Cie : X 5) (a7 X19) /r33 | Sx > (4 $ 6) 


for 75340. The integrand of (4-5) has a singular point at r,,=0. Therefore the 
integral means a !imit of an integral, over a domain excluding the vicinity of the singular 
point, as the vicinity uniformly vanishes. If we apply the Gauss theorem for such 
integrations the first and second lines of (4-6) turn out surface integrals over the surface 
of the restricted domain. The contribution from the first line vanishes and the second 
line gives rise to the contact interaction term in question. From the third line of (4-6) 
we get the spin-spin coupling, (H,,). (As for point at infinity a similar procedure 
should also be applied. In this case both the surface integrals vanish). In this con- 
nection Glover and Chraplyvy"” made a mistake. They thought that — (o% xp,) 
-(6® Xp.) rj! contains the contact interaction, applying the theorem to an integral over 
a domain including a singuler point of its integrand, but the theorem is not valid for 
such a domain, as is well known. — (6% xp,)- (0% Xp,)rp' contains no contact 
interaction, and it gives rise to the third line of (4-6) only. 

It has been known for energy levels of a two-electron system that the Breit interac- 
tion gives rise to a second-order perturbation term of order em which is of the same 
order as first-order perturbation terms of the interaction.“ It was shown by Breit’? 
that this second-order term can not be reconcilable with the observed intervals of He 
2°P. Of course the reason why the incorrect term appears lies in an incorrect method 
of derivation.™™'™ In the correct method of the present calculation such an incorrect 
term does not appear, although there is a kind of a second-order term of an interaction 
transmitted by a single photon, namely I,GI, in (2-12). The contribution from this 
term to the energy correction is, however, of order e'’m but not of order e°m as will be 


shown in the next section. The reason for the result is that small factors arise not only 
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from the coupling constant but also from the electron and photon Green functions 
through pair processes. The effect of thesé Green futictions is similar to that of energy 


denominators in the conventional perturbation theory which were discussed by Araki and 
Huzinaga.” 


$5. Corrections due to exchange of two photons 


In this section we shall calculate (dE), which comes from the transmission of two 
photons between two electrons, namely from I, and I,GI,. The low-frequency region 
gives no contribution to this correction. According to the method of (2-16) we have 
the contribution from the high-frequency region es follows: 


3 


(JE) } =e mN (i/7?) \ es (0,;—k; kj /k?) (O,,—kyk,,/k) Yin (k) d (k) , (5 - 1a) 


ajin 
Sk 
where 
Yam (B) = | 6972 [Hy Ce) = (om-£) F178 [Hho CB) — Gn + by) PPP? 
+ (jn) )dk,/ (kh? —&,7)*. (5 - 1b) 
If we make use of the relations 
OG Vy (k) + m+ ky] fede i> ae 4 es > = Ry ae ap, (5 i 2a) 


D1 5 ke kj /h) (On — hy Rn/ He) CAP AP AP a) =2(1+ (6%-k) (6 -k) /k2), 
tjin 


(5 - 2b) 
>) (83 Ri y/F?) (Pin — Ry hen / Be?) CAP a? &? a) =2¢1 — (6 -k) (6k) /k*), 
i (5 - 2c) 
we obtain 
(JE) =e mN[1+2 In (2K/m) + (1/3) (9-0). (5 -3) 


The contribution from the intermediate-frequency region arises only from the two- 
pair process. Since the time dependence of A,” can be neglected in this region, we can 
replace A,” with 11. Thus, integrating over k, we have 


a, e teat cll d(q) afr Rky \/ > CLEANS 
Sher apne separ Wale ke|q\ + @\k| ss ke )(e q? ) Ursin 


<h 


(5 - 4a) 
where Uj, is givea, in terms of the momentum representation of 7, by 


e 


Ofn= | u* (p,, Po) Aa? a? (APaPY +a? a®) Au(p;', ps!) (py + ps! — Pi— Ps) 


XO (p, +k—q—p,)d(p,, Ps», Pi P?’)- (5 - 4b) 


The low-frequency region is included in the k-integration of (5-4a) because it gives no 


el 


- = 


———— 
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significant contribution. If we come back to the configuration-space representation of + 


the integral can be written in the form 


(4E) i = — {e*/ (20m*) } | eu" (%1, %) F (K, tix) Py (%1, Xe) d (%, Xo), (5 -5a) 
where 
Fk. ts) = | gil \a@ Lt (egy LEW) eeoi(le+q) Hi. | (5-55) 
eres ACD) E k’\q\+q°\k| 


Since the integral is invariant for the space rotation, F(K, 7.) depends on rp only 
besides K. The value of the integral, (5-52), is for the most part given by the 
contribution from the region in which Kr,.>1. In this region F(K, r) is nearly 
proportional to rjs°. Its coefficient can be obtained by integrating F(k, r) over x after 
multiplying it by exp(—a-x) —exp(—b-x). In this way we have 


F (eer) sare (5-5c) 


As is seen from (5-5), (JE)? is proportional to em. Therefore the integral of 
(5-5a) can be replaced with the expectation value defined by (2-26b) : 


(AE) @ = — (e"/m*) (F (K, 11) )/ (27). (5-6) 


This expectation value can be calculated in the same way as that of f(rj») in S$ 3 (c). 
Corresponding to (3-232) we have 


(F (k, 149) )— 47m? NJ (K) =47e'm' {Q—N In (e?m) }, (5 -7a) 
where Q is given by (2-30b), and J(K) is given by 


co 


ae |FiK, yer rar (5 - 7b) 


If we substitute (5-5b) for F(K,r) in this integrand, J(K) becomes an integral with 
respect to k, q, and r. If we omit e” from the integrand of this integral and confine 
the domain of k-integration to €<|k|<K, the integration can immediately be carried 
out. We see that the value of the integral is unchanged if we confine the domains of 
k- and q-integrations to €< |k| and |q|<2K—|k| respectively. Further we can show 
that if we replace e-” of (5-7b) with e-"—1, the value of the integral over the former 
domain. is still equal to that over the latter domain for large K. Therefore, if we add 
these two integrals and let € vanish, we get J(K) for large K as an integration over 
the domains €< |k| and |q|<2K—|k|. This can be evaluated in the following way.” 
First we integrate with respect to r and anguler parts of k and q. Then we transform 
the integration variables into x and u as x= (\k|+ lq /“%2 and xu= (|k|— ie 
and finally integrating with respect to x end u, we have 


J(K) = (7/3) (In2—1) +InK. (5-8) 


From this result together with (5-72) we get 
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CF(K:, 735) yf (27) = 2e' m*[Q+ (7/3) N(In2—1) —N In(e?m/K) |, (5-9) 
whence 

(4E) 7 =2em[ (7/3) N(1 —In2) +N In (em/K) =O}, (5-10) 
Adding (5-3) and (5-10) we have 


(SE) p=! m[N{ (17/3) — (8/3) In2+Inet+ (1/3) (a™-o)} —20].. (5-11) 


$6. Vertex and vacuum polarization corrections 


(a) Vertex correction to electron-electron interaction, (JE) ,, 
We first calculate (JE).,. The contribution from high- and intermediate-frequency 
regions can be obtained, by evaluating in the same way as in Fulton end Martin’s 


calculation, as follows : 
(dE) ti = (2/3) e' mN[4 In (2«/m) — (10/3) —(a 6] 
me Ke toe /2)ct Lie), (6-1) 


where H? and H,, are mutual spin-orbit and spin-spin couplings defined by (2-28), and 
Hy is the electronic-interaction part of the self spin-orbit coupling [see (2-28a).]: 


Ho=— (2/145) (S,- L,»+S,:L,). (6-2) 


The corrections proportional to H%, H,, and 6-6 in (6-1) can be obtained from 
the similar terms in H® by multiplying S, and S, by &/(27), in other words, by taking 
into account the anomalous magnetic moment of electrons. 

The contribution from a low-frequency region to the vertex correction to the electron- 
electron interaction arises from the Coulomb interaction between electrons and a transverse 
interaction in the vertex part only because the Coulomb interaction in the vertex part 
works in association with pair processes and the transverse interaction between electrons 
is accompanied with odd operators. A,’ can be replaced with G,°7{” for the part includ- 
ing F, end with G,°7{” for that including F,. Thus the correction comes from 


ane | 1 (ys a) [G77 G)Fa(GS-GG.) Fer? GE) DCE NGL 
Heke 2) 8 co eths Nga (Ri, Xo, BY Ma). (6-3) 
BOE hiro calidad dik sani take ceabeola (det ie §3(b) yields 
(4E)!, = (2/32) (¢/'m)? (pix, (E°—H™) In| (A —E°) /1e| pis) + (pi > Ps) 
—{H°”—> (H“” —e?/r,.) ]|+ imaginary terms. (6-4) 


where (p;— Pp.) means a term obtained by replacing p, with p, from the preceding one 
and an arrow in the bracket has a similar meaning. 
(b) Vertex correction to the external Coulomb field, (JE) ,7 

We next calculate (JE),,;. We see from (1-4f), (1-9b) and (2-4) that the 


=_—lhc cs ll =-_=—_-.—C = 


_- = = _ 
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contribution from high- and intermediate-frequency regions to the correction comes from 
the following term: 
(are)? 7" (xy, x) FH B) G:F &) GP ZAG” EY DEE) 
+ (122.2) leo ¥ y's. 9!) dX, Me, Hy, Xe) +renormalization terms. (6-5) 


If we carry out energy integrations we see that contributions of some terms are negligible 


due to the factor H,+H,—E. Calculating as in the case of (JE),;, we have 
(dE) = (8/3) emZN,| (5/6) —In (2«/m) ]+ (2/z) CHS), (6-6) 
where N, is defined by 


e 


2e"m'N,= | {lv (x, 0) 2 +x, x) *}d(x), (6-7) 


and H®” is the nuclear-Coulomb-field part of the self spin-orbit coupling [see (2-282) |: 
Hy = 2 Z(S, L,/r, te S, ’ L,/r,°) : (6 8) 


As was explained the equation (2-30a) is valid in the present approximation. 


The contribution from the low-frequency region is calculated in the same way as in 


the case of (JE)!,. The result is 
(4E) n= (2/37) (e/m)* (pipe, (E°-H® +e?/1,9) In| CH — E°—e/1,3) /|p, Px) 

+ (p,— Py») +imaginary terms. (6-9) 

Prdins 67 aw Ce one have 

(JE) = (AE) os, + (SE) n= (8/3) em (N—ZN,) la (e'm/«) — (2/37) eM" 
+ imaginary terms, (6-10) 
where M” is defined by 

etm’ M"= >) (E,’—E) (|pral? + [pre |") In| (E,’—E") /e*m| . (6-11) 


Further, adding (6-1), (6-6), and (6-10), we have the vertex corrections as follows : 
(JE) = (AE) + (AE) n= (8/3) em (ZN,—N) | (5/6) —In (2e*) |— (2/37) e& M”’ 
+ (e?/z) (Hs, + (A%/2) +Hs.) — (8/3) el” mN(S,-S,)+imaginary terms. (6-12) 


The term conteining M’’ in this correction together with thet containing M’ in the 
correction due to an exchange of a photon gives the term containing M in H“ because 
M=M'+M". |Compare (2:29b), (2-30c), (3-18b), (6-11) and (6-12) |. 

(c) V acuum-polarization correction 


As is well known, I, is given by”? 
L.=4iey7 (27) “Wi c(k® —k,?) expik (€,—¢,) d(k) dk,/ (k2?—k,’), emia} 


where c(k°—k,”) /(k?—k,?) =e?/(15m*) for k?—k? <m’. By means of (2-16), we get 
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the vacuum-polarization correction to the one-quantum exchange as follows : 


(4E) ..= (4/15) emN. (6-14) 
The vacuum-polarization correction to the nuclear Coulomb field is given by 
(SE) n= — (8/15) el mZN,. (6-15) 


§ 7. Coulomb corrections 


The eigenvalue problem for the relativistic Hamiltonian of the two-electron system 
including only the Coulomb interaction is given by (2-23). We first calculate the 
difference between the eigenvalue of this equation and that of (205). : (GIB) pet eka: 
The equation (2-5) can be written as follows: 


(i, +Hys-24/1y9— Eo) y= Ne ca a (e*/r,9) (1— A) } 7: (Jol) 


Since the left side of this equation is the same as that of (2-23), the right side is 
orthogonal to the solution of (2-23) : 


WE.) 6, ) =| 6* @/ry) A-1) 7d (am, &,). FD) 


If we replace ¢ with y in the right side the error is at most & times the integral itself. 
This has no influence on our final result because the integral itself is as small as e'’m. 


We can also replace y with ¢ in the left side. Thus we have 
(4E) <=W—E,=— \ 7" (2/112) (Aes Nee + Mea Neo + 2M Ae) 1d (31, 82). (73) 


If we replace y in front of the d-sign with the right side of (2-182) we see that the 

main contribution comes from a large momentum part. Therefore we can omit the 

nuclear Coulomb potential from A;’s. Making use of (2-16), we have 

At (ht) As (Bt) +-Ae (le) A (i) +2.A¢ (he) Ar) d(R) 
H,’(k) +H,°(k) —2m 7 ks 


= — (10/3) e"mN, (7-4) 


(4E) = (2/7) cm N| 


where Af and Af are defined by (3-7). 
Next we calculate (JE)¢¢. The main contribution to this correction comes from 
the high-frequency region for the seme reason as in the previous case. Therefore we 


replace G,“ and G,” with G,° and G,” respectively. By means of (2:16) we have 
(JE) oo= (i/7%) e m NII (LH,’ ke) — py)" THe? Fe) — po)" ppd (ie) /# 
=2e"mN. (7-5) 
§ 8. Imaginary part 


We shall finally consider the meaning of the imaginary part of the energy correction 
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which appeared in (3-26) and (6-12). This seems to be deeply connected with the 
essential nature of the Bethe-Salpeter equation as we shall see. The fact that the energy 
eigenvalue includes an imaginary part invalidates the very intention of the present paper 
because we can not apply the Gell-Mann and Low procedure to the derivation of the 
Bethe-Salpeter equation nor consider the Fourier transform, (2-9), in this case. It is 
thus necessary to examine whether the energy correction obtained in the present calcula- 
tion really gives the correct energy shift for excited states. Of course in the case of the 
ground state the imaginary part vanishes. Therefore the present result has no contradic- 
tion in this case. In what follows we shall give some considerations on the justification 
of the present result. 

It seems to have been believed that the Bethe-Salpeter equation of 2 two-body 
system gives real values to energy levels of excited bound states as well as of 2 ground 
state of the system. As for the method of deriving the equation for excited states, 
however, it is not free from doubt because the excited bound states are by no means 
stationary states of a system consisting of two bodies and quanta but they are unstable. 
Of course standing-wave solutions without an incident wave exist in a2 simple case. They 
correspond to poles of the reaction matrix” and consequently to resonance energies in the 
case of scattering, for example, of a photon by the two-electron system in the ground 
state. The existence of such solutions seems to indicate a possibility that the Bethe- 
Salpeter equation generally gives the resonance energy in scattering. 

It has recently be shown by Kita and Wakano™ in an exact way that the Bethe- 
Salpeter equation gives no excited level corresponding to a stationary state of a hydrogen 
atom. At first sight this seems to contradict with the conclusion of Wick” and 
Cutkosky.”” They considered the Bethe-Salpeter equation of a two-bosoa system in which 
an interaction between two bosons is transmitted by scalar photons. Assuming the ladder 
approximation they obtained higher excited levels, some of which approach to well-known 
levels of a hydrogen atom in a non-relativistic limit. We can easily disclose the reason 
for the contradiction. At the same time we can see how the situation is connected with 
the occurrence of the imaginary energy-correction in the present calculation. 

In terms of the Feynman diagram, the ladder approximation mezns to teke into 
account only graphs of type (a) in Fig. 1. Such graphs include no real process in their 
intermediate states if the total energy is less than 2m. Therefore they give rise to ao 
imaginary part in the calculation of energy levels of the system. Evea any graph of type 
(b) includes no real process in its intermediate states. If we sum up graphs of such a 
type we can obtain a graph of type (c) which includes a real process in its intermediate 
states. In this case an imaginary part must appear in general whea we calculate energy 
of an excited bound state so far as we adopt an outgoing-wave boundary condition for 
the Green function G% This is the reason for the discrepancy betweea Kita-Wakano 
and Wick-Cutkosky and also the reason why the present result includes en imaginary 
part. 


In the previous calculation of the Lamb shift for the hydrogen atom™” or positronium” 


the energy correction included no imaginary part. The reason was that a principal value 
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(a) (b) (c) 
Piguet 


for K-integration was adopted for the correction atising from the exchange of a photon 
or for the vertex correction. The basis for this assumption was Heitler’s damping theory.”” 
The result of the present calculation has the form which is expected either from the 
conventional perturbation theory for bound electrons or from the covariant perturbation 
theory for free electrons, as was noted by Fulton and Martin” in the case of positronium. 
If we would consider this fact as an evidence for the justification of the present result 
we might still be in self-contradiction to discard the Bethe-Salpeter equation as the basis. 


We shall next examine the imaginary part in question. If we define 


P=(4/3) ES) (E°— E,°) Pel, (8-1) 
the imaginary part of the energy correction is given by 
Im (4E) = —I’/2, (8-2) 
where >0O means that the summation should be extended over positive summands : 


E*—E,, >0; Im means ‘an imaginary part of’, and P,, is defined by (2:23 la) eee Ge 
definition (8-1) shows that /’ is just equal to the first order perturbation term of the 
total width of the level in question. This fact sugzests that the energy eigenvelue in 
the present paper is a complex pole of the scattering matrix. In order to examine this 
expectation we shall recapitulate the present evaluation. The Bethe-Salpeter equation of 


the present system in the momentum representation is given by 
[1—SrSi 1]? =0, (8-3) 


where Sj; is the modified propagator of the first electron and Si. is that of the second 
electron which can ke replaced with G,° and G,° respectively in the present approxima- 
tion. We first eliminate / from this equation by means of a momentum representation 
of 7, and then solve the equation for the total energy E by the iteration method. This 
procedure is formally equivalent to the evaluation of the pole of the complete Green 


function for the two-electron system. This Green function is given by 
GS oD gl | ad Sao (8-4) 
When E is real, as it should be for the ground state, this is a real pole of G and 


corresponds to a stationary state. When E is complex it may be a complex pole of the 
extended Green function which is obteined by en analytical continuation of G in the 
complex energy-momentum space.” In the case of scattering of photons by the two- 


electron system in its ground state, G is conteined in the scattering metrix. Therefore 
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it may be inferred thet the real and imaginary parts of the complex E give an energy 
level and helf a reciprocal life (except for its sign) of a metastable state of the two- 
electron system respectively. In order to show this situation correctly a time-dependent 
consideration on the phenomenon is necessary. A full discussion for it will be given 
elsewhere. 

The reletions between the energy level in Heitler’s damping theory, the real part 
of the pole of the scattering metrix, end the pole of the reaction matrix were discussed 
by Araki and coworkers” in the case of unstable particles. They showed that these 
three ere the seme within en eccuracy of the width. The conclusion seems to hold 
rether in general end this suggests that the result of the present calculation is correct 
for the excited state es well as the ground state. If we could obtain a relativistically 
covariant wave equation whose eigenvalue gives a pole of the reaction matrix, this equation 
might be equivalent to the Bethe-Salpeter equation within the accuracy considered here 
except that the electron end photon Green functions satisfy the standing-wave boundary 
condition. If the formulation of such a covarient equation will succeed the situation 
will become clearer, although it is now an open question. 

In conclusion the author wishes to express his sincere thanks to Professor Hideki 
Yukawa for his interest taken in this work end also to Professor Gentaro Araki for his 


kindness of suggesting the present calculation end of giving many valuable suggestions. 
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The effect of the diffuse nuclear potential on the penetration of the potential barrier is examined 
using a simplified model. The transmission coefficient for slow neutrons is treated in an exact way 
employing an exponential diffuse potential and is found to be larger by a factor 2 than in the usual 
calculation (§ 2). The Coulomb penetrability is investigated on the basis of the W-K-B method, 
and the diffuseness makes the penetration factor much larger than that obtained in the conventional 
calculation (§ 3). An application to the evaporation process is developed (§4) and the energy 
spectrum of a-particles from the **Al(n; a) “Na reaction is found to be explained by the corrected 


penetrability in a satisfactory way. 


S 1. Introduction 


In the last decade the study on nuclear reactions has been performed on the basis 
of the Bohr hypothesis and the evaporation theory developed by Weisskopf has been a 
useful weapon in analysing an enormous amount of experimental data. Recent experiments, 
however, mainly on the inelastic scattering of charged particles have suggested that the 
compound nucleus formalism might be insufficient to account for them and all sorts of 
non-compound processes should be taken into eccount. Among various processes to be 
considered, the direct processes occurring in the nucleus and at the nuclear surface have 
been investigated by a number of authors,”” almost all of these concerned with the 
angular distribution of scattered particles. Then it has been found that these non-com- 
pound processes play en important role in describing the nucleer reactions when residual 
nuclei are in discrete states. Nevertheless, several points seem to be left unaccountable 
even by introducing other models of direct interactions than the collision complex which 
forgets how it was formed. As one of these, we can present the energy spectrum of 
protons scattered inelastically into the backward direction. These spectra have resulted 
in decreasing of nuclear temperature with increasing excitation energy, if interpreted in 
terms of the evaporation theory.” This difficulty on the evaporation spectrum hardly 
seems to be due to a contribution from the nuclear direct interactions, because protons 
directly scattered are confined in the forward direction in usual cases and they cy fail 
to yield a lerger contribution at such backward angles. The small difference in proton 
yields between the forward and the backward directions in the 18 Mev proton inelastic 
scattering’ indicates that the compound nucleus process predominates over other processes 
in this energy region, especially when residual nuclei are left highly excited. Recently 
the experiment” on the bombardment of medium weight nuclei by 20 Mev protons has 
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shown a larger yield of low energy protons than that expected by the conventional calculation 
based upon the evaporation model. Though the evaporation of charged particles is favoured 
by depression of the Coulomb barrier due to the expansion of highly excited nuclei, yet 
this effect is negligible at temperatures concerned here." Now the larger yield of low 
energy protons is closely related with the strange tendency of the nuclear temperature 
mentioned above, since the latter is due to the concave upwards trend of the observed 
energy spectrum divided by the product of the particle energy and the transmission 
coefhicient. 

In view of above considerations, the purpose of this work is to investigate the emis- 
sion of charged particles from the compound nucleus on a little different basis, namely 
on the analysis of the penetration of the nuclear potential barriers. In the conventional 
calculations the nuclear potential has been generally assumed to be a square well. 
Detailed investigations on the elastic scattering angular distribution of protons’) and a- 
particles have predicted that the actual form of the nuclear potential is not a square 
well with sharp boundary but rather has a diffuse nuclear surface. The diffuseness of 
nuclear surface makes the penetration of the potential barrier easier, as it should be. 
Further, if we interpret the larger yield of charged particles simply by introducing a larger 
choice of nuclear radii, the magnitude necessary to fit the experiments must be much 
larger than that usually employed, as can be seea from later discussions on the effective 
barrier height. In § 2 we shall obtain a rough estimate of the transmission coefficient 
for slow neutrons, assuming an exponential diffuse potential outside the square well. In 
§ 3 are derived the transmission coefficient for charged particles and the lowering down 
of the effective barrier height. When the Coulomb barrier exists, since a great complexity 
is introduced in the exact calculation by such a diffuse boundary, we adopt the W-K-B 
method appropriate for a crude discussions. The transmission coefficient corrected by the 
diffuse potential will be applied to the evaporation model in § 4; the increase of the 
charged particle emission width and the analysis of the *Al(n;@) “Na reaction” will be 
undertaken. 


§ 2. Qualitative discussions on slow neutrons 


In this section we investigate the effect of the diffuse potential on slow neutrons. 
For neutrons with high energies the nuclear surface effect plays a smaller role than for 
slow neutrons. Then we concentrate our efforts to examine the effect of the nuclear 
diffuse boundary on S-wave neutrons. 


Consider the nuclear potential of a diffuse surface* given by 


—V, forsre, KT) Ah 
—V,exp—E(r=R)* for r> RUD (1-2) 


V(t) = 
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where € is the diffuseness parameter. This potential gives the radial Schrodinger equa- 
tions 


d°u/dr? + K*u=0 (I) (2-1) 
d°u/dr +|P+Ke°-”™ ]u=0 (II) (2-2) 
with 
R=2ME/, K?=2MV,/P, K2=R+K,, 


where u is r times the radial factor of the wave function YJ. Obviously the solutions 


of (2:1) are exp(+iKkr). The equation (2-2) is solved by introducing the independent 
variable 


x —2Ky ,-ey—n/2 (3) 
€ 
then we have the Bessel equation of 7-th order 
d*u 1 du ne 
IG gal ey (4) 
dts x dx ( =) 
with A= (2k/E) i 
whose solutions regular at x=2K,/&, ie. r=R, are Wey and J 5 (x)4 
The solution u, in the region (I) can be written as 
u, =e 4 Ae tke r<R (1) (5:1) 


consisting of an incident wave exp(iKr) of unit amplitude and a reflected wave of unknown 


amplitude A. For r>R we have a solution 1, 
PaO Wa ak () (5-2) 


representing a wave transmitted through the potential jump. The boundary conditions. 


at r=R give 


A=KTRUt2F OF ier (6) 
K-+-k{1 +2f(€)} 
where f(&) is 
== M_}-1 CG) Vien (2K,/ ©) (7) 
me 14M_, (2K,/® 
Sere aL) 
with M, (z) = oS ar OTSA 12 (8) 


It can be seen from (6) that the reflection amplitude A may be obtained replacing k 
by k(1+2f) in the amplitude formula for the square well potential. f(€&) is a function 
of the diffuseness parameter € and vanishes for the square well potential, i.e. € becomes 
infinite. For €>K,, neglecting higher orders of (K,/&), (7) goes over into 
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f(E) ~ (K,/8)?— (Ko? /2kE) i, (9) 

when the transmission coefhcient T is written as 
T= |Al~ Te GRE Fs PD oe 
~4k,K/(K+k,)? (11) 
where k=k{1+ (4K,?/&)}. (12) 


In actual nuclei, the magnitude of €' is very close to 0.5X10°cm and K,~" is the 
order of 1X107cm; these choice of € and K, increases the value of T by about a 


factor 2. 


§ 3. Transmission of the Coulomb barrier 
In the case of charged particles, let us consider the following potential 
V (re) =V,.(7) £V,@) for .r>K (13) 


where V,, is the nuclear potential ard V, the 


Coulomb potential. They are, respectively, 


given by 
V.() =P + exp aie (14) 
Po) H2Zeeyr. (15) 


This potential is illustrated in Fig. 1. The 


dashed curve is the usual potential, the square 


Fig. 1. The schematic illustration for the well plus the Coulomb potential. Theoretical 
diffuse nuclear potential. calculations on the elastic scattering of both 
The solid curve indicates the diffuse : ; 
potential given by (13) and the dashed protons and a-particles showed that the magni- 
curve indicates the potential barrier tude of V, is nearly 40 Mev. and d is about 


conventionally employed. ap 4 ; 
0.5% 107" cm. In most cases, since V, is 


much larger than the Coulomb barrier height B,=ZZ’e?/R, V(r) is negative at r= R and 
increases rapidly with increasing r, then becomes zero at r=R-+D, as shown in Fig. 1. 
The effective barrier height B, and the corresponding radial distance r=R+D, can be 
determined by solving the equation dV (r)/dr=0. Since D, lies between 1.5 and 
2X10°"cm, neglecting the nuclear potential near at r=R+D, yields 2 rough estimate 
for the effective barrier height as 


B,=V (R+ D,) ~B,(1+D,/R)~ (16) 
~ B,(1—1.7/R) CK in 20. cm). (17) 


As is easily seen from the above formula, the lowering down of the barrier height is of 
less important heavier nuclei. The exact value of B, is shown in Figs 2. 
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An appropriate calculation of the trensmission 
coefhicients may be performed on the basis of 
the W-K-B approximation. By the W-K-B 
method the transmission coefficient T(E) for 
E the diffuse Coulomb potential and T,(E) for 
the usual case are given by phase integrals 
4 respectively as 
ee 
3 9 9 oe aye ee 
: T(E) =exp |—2(2M/s*)'" | GS Bas 
(18) 
and 
ra! = 
10 2 30 4 50 60 70 80 90 T(E) =exp | —2(2M/? | OIE 
Atomic Number—+Z 4 
Fig. 2. Barrier height, v.s. atomic number (19) 
Z. B, is the Coulomb barrier height : 
Drea by 27 Sen es ae ead where r, and r, are determined by V (r) =E and 
mum of the diffuse potential (13), ry by V(r.) =E. The nuclear potential V,, (r) 


as illustrated in Fig. 1. : ee 
ate allies is only subsidiary for small values of r, then we 


can take r,/~r,. In crude estimates, the transmission coefficient T(E) may be approxi- 


mated by 
T(E) exp —2(2M/#’) ila eee (20) 
R+D 


Here D is some distance between D, and D,. If the particle energy, E, is sufficiently 
small in comparison with B, and B,; the ratio of T(E) and T,(E) is roughly 


T (E) /T, (E) ~exp 2D (2MB,/b*) 1” (21) 
=exp 0.44D¥ B, (B, in Mev and Din 10-"cm). (22) 


The transmission coefficient T differs from T, only by a factor dependent on the Coulomb 
barrier height, B,, and is nearly independent of the particle energy E. This trend can 
be found from Fig. 3. The values of integrals (18) and (19) for protons of different 
energies are given in Fig. 3. The calculation of the integral (19) can be obtained in 
an exact way through an elementary calculations and (18) is performed by graphical 
integrations. In our work nuclear radius parameter r, is taken as 1.35 10°" cm. The 
ratio T(E) /T,.(E) becomes maximum near E=B,, since in the W-K-B method the trans- 
mission coefficient equals unity for particle energies larger than the barrier height. 

In the above treatment, the angular momentum barrier has not been taken into 
account, which is of importance only for particles below the barrier height. As the 
centrifugal potential with its r-* dependence presents a thinner barrier to the protons than 
the Coulomb repulsion proportional to r—', the diffuse nuclear boundary seems to make 
the ratio T(E) /T,(E) much lerger for particles with high angular momentum than for 
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Barrier Penetrability of Protons 


——- Proton Energy in Mev. 


Fig. 3. Transmission coefficient of protons for different nuclei Z=20, 40, 60 and 80. 
The solid and the dashed curves indicate the transmission coefficicnts for the 
diffuse and the usual barriers respectively. 


those with zero angular momentum. 


§ 4. Application to the evaporation process 


In this section we shall apply the transmission coefficient obtained in the last sec- 
tion to several problems of the evaporation process. From the formula for the partial 


width for emitting a particle 1 with energy E, one obtains 
dI’,/dE=C,Eo, (E) exp( —E/) (23) 


where o,(E) is the cross section for the formation of the compound nucleus and @ is 
the temperature of the compound nucleus and C; a constant determined by the mass and 
the spin of emitted particle. It should be noted that the formula (23) is valid only 
for low energy-emitted particles, ie. when the temperature of the residual nucleus left 
after the emission of i differs by a small magnitude of negligible order from that of the 
compound nucleus. For neutrons o,(E) is reasonably assumed to be constant o), and 
consequently, we obtain a Maxwellian distribution for the neutron spectrum. For charged 
particles we may take a classical approximation that o,(E) is equal to be o, for E larger 


than the barrier height B, otherwise zero. With the above assumptions, we have the 
width /’, in a convenient form as 


[',= Co, 6 (B+ 6) exp(— (B+S,) /6). (24) 
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S, is the separation energy of i from the compound nucleus. In the formula (25) the 
petron width 7’, can be obtained by putting B=0. The formula (24) facilitates us to 
discuss the effect of the lowering down of the potential barrier due to the diffuse boundary. 


The ratio of the emission probabilities tor charged particles in the diffuse potential and 
the usual case is 


L’(B,) /T(B,) ~ (B,+ 0) / (B+ 9) exp { (BB) /6}. ; (25) 


For medium weight nuclei at temperature of 2~3 Mev, this ratio yields about 
2~5 and the cross section for proton emission processes, such as (n;p) or ( Psp) 
reactions, may be multiplied by the same factor. 

Next we shall study the energy spectrum of @-particles emitted from Alminium 
nuclei bombarded by D-T neutrons”, The transmission coefficient for @-particles con: 
cerned here is calculated by the W-K-B method and shown in Fig. 4. 


: L 
Diffuse . Usual Potential . 
Potential 
10-! 27 Al (n; a) Na 
= 
c= + v 
: | +: 4 
z PAs WY 
a ay 
ry = iv] 
a 
10-2 < 
1 d g 
5 1 
—_~ 
Ag 
_—_— 
3 : 
LY ee, SALA SNORE) 7OT See D 
a-Particle Energy in Mev. ——- @-Particle Energy in Mev. 
Fig. 4. Transmission coefficient of a-patticles for Fig. 5. The energy spectrum of a-particles from 
*4Na nucleus vs. a-particle energy. The two curves ““Al(n;a@)"*4Na reaction. I's indicate the experi- 
correspond to the two different potentials. The mental results. The solid and the dashed curves are 
nuclear radius is taken as 4.2107!3 cm. the calculated ones referred to the diffuse and the 


usual potential respectively. 


Taking the nuclear radius R=4.2 10 '*cm, the barrier height B, is nearly 7.6 Mev 
and B., 4.5 Mev. Assuming the nuclear temperature of 2 Mev, the calculated energy 
‘spectra are shown in Fig. 5 for both cases, i.e. the diffuse potential and the usual case. 
As can easily be seen, if we employ the usual potential, ie. the square well plus the 
Coulomb potential, the observed spectrum mey hardly be expleined. 

Now let us discuss the behaviour of the nuclear temperature. The argument with 
a-particles mentioned above can be applied to the proton energy spectra observed in nuclear 
reactions initiated by protons with moderate energies. In the evaporation model, the 
energy spectrum divided by the product of the particle energy and the penetrability is 
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itself the relative level density of the residual nucleus; we expect it to show a parabolic 
behaviour in view of the Fermi gas model. In order to explain the strange behaviour 
of the apparent nuclear temperature’ several attempts'’~'” have been made, partly improving 
the level density formula and partly considering the effect of two steps evaporations or 
of other non-compound mechanisms. None of them has succeeded in describing the 
unexpected behaviour of nuclear level density in a satisfactory manner. The relative level 
density of residual nucleus can be obtained, in more reasoneble manner, by multiplying 
the ratio T,/T on the (d°a/dEd@) /Eo, as conventionally presented in a number of 
papers. The factor T,/T has its minimum for particles with energies near B, and 
approaches unity for high energies. Therefore the concave upwerds curves of the relative 
level density can be improved to the expected parabolic curves by multiplying the ratio 
T./T. As the nuclear temperature depends upon the details of the behaviour of the 
level density, it is desirable to make a more exact calculation of the transmission co- 


efficient. 


The author is deeply grateful to Professors Y. Fujimoto and S. Yoshida for their 
valuable comments on this problem. His thanks are also due to Drs. A. Arima and Dr. M. 
Sano for their stimulating discussions. Thanks are due to Dr. I. Kumabe for sending us 


his experimental data before publication. 
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The general expressions, the differential cross section, and the polarization of the recoil nucleon 
of the photon-nucleon scattering are given. Then experimental data of the photon-nucleon scattering 
at high energies are analyzed in terms of the shadow scattering of the photo-pion production. 


S$ 1. Introduction 


For the study of the pion-nucleon interaction end the electromagnetic properties of 
the nucleon, the photon-nucleon scattering is an important process as well as the pion- 
nucleon scattering and the photo-pion production. Nevertheless there had been few 
experimental data of the photon-nucleon scattering mainly because of technical difficulties 


” have managed to perform ex- 


in the observation. Recently, Illinois and other groups 
periments of this process. On the other hand there have been many theoretical works? '” 
on this process. In some of them the anomalous magnetic moment of the nucleon has 
been taken into account, and in others the nucleon isobar with the spin 3/2 and the 
isotopic spin 3/2 has been assumed or the Chew-Low formalism is used.” 

In this paper, however, we would like to examine this process from a different 
standpoint. One of the authors (S.M.) previously investigated the pion-nucleon scatter- 
ing and the photo-pion production kinematically,” ' and pointed out remarkable symmetry 
properties in the differential cross sections of those reactions. We can expect such a 
symmetry property also in the photon-nucleon scattering. Therefore, in § 2, we first 
develop kinematical treatment in a manner analogous to ref. 13 and give the general 
expression for the differential cross section. Then we can easily show the symmetry 
property. Next, the explicit forms of the differential cross sections in the states with 
the total angular momenta up to J=3/2 are shown in Table 1 in order to facilitate 
analysis of experimental results. 

It was shown in the previous paper™ that in the pion-nucleon scattering and the 
photo-pion production processes, the symmetry properties are lost when the polarization of 
the recoil nucleon is observed. To investigate the situation in the case of the photon- 
nucleon scattering, the expression for the polarization of the recoil nucleon is obtained 
in §3. According to this result, we can see, contrary to the former two cases, that 
the symmetry property still remains in the expression for the polarization and the 
degeneracy cannot be removed by the kinematical argument only. 

In § 4, we first investigate the relationship between the phases of the amplitudes 
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of the pion-nucleon scattering, the photo-pion production and the photon-nucleon scatter- 
iag using the unitarity of the S-matrix. Next, applying the results thus obtained, we 
try to analyze the experimental data of the photon-proton scattering. In this analysis, 
we are particularly interested in the energy region corresponding to the resonance of the 
(3/2, 3/2) state well known in the case of the pion-nucleon scattering and the photo- 
pion production. Therefore we can assume that the (3/2, 3/2) state of the pion-nucleoa 
system plays a predominant role also in this process. 

In § 5, we examine the origin of the fore-aft asymmetry of the angular distribution 
obtained by the experiments. Since the experiments were performed only for the energies 
lower than the resonance energy, we cannot depend on our experience. Therefore in 
§ 6, we introduce another assumption that the angular distribution of the photon-proton 
scattering changes at or about the resonence energy from the one peaked backward in 
lower energies to the one peeked forward in higher energies. This is one of the results 
obtained by one of the authors (Y.Y.) in his investigation’ of the photon-nucleon 
scattering based on the Chew-Low formalism. However, whether this assumption is 
acceptable or not is one of the problems which must be checked by experiments at higher 
energies, and we are anxious for such experiments. 

If we accept the above assumption we can obtain 0),,=0 for the matrix element of 
R-matrix 7},e20*1—1 corresponding to the magnetic dipole state with J=3/2, which is 
considered to give the main contribution to the process (here 7}, represents the absorp- 
tion due to the photo-pion production). Therefore, we can describe the process as a 
“* shadow ” scattering process due to the absorpticn. As 7, can be calculated from the 
experimental values of the photo-pion production cross section o;_,, we can calculate the 
cross section of the fhoton-nucleon scattering by making use of the experimental values 
for o,_,. The result thus obtained shows a fairly good agreement with the experimental 
value of the Illinois groups. 


§ 2. The differential cross section of the photon-nucleon scattering 


The differential cross section of the photcn-nucleon scattering can easily be calculated 
using the formula given by Morita et al.’ For the photon-nucleon system with a 
specified resultant engular momentum / of the spin and the orbital angular momentum 
of the photon, there are two states* with the total angular momenta J=/+1/2 and 
J=!—1/2. Moreover we distinguish between the two states which belong to the same 
! but have different parities, ie., magnetic [-pole and electric /-pole, by suffices Ml and 
El. Then we obtain the differential cross section for the unpolarized photon beam in 
the centre of mass system as follows 


dg / dor (1, 3R) > es +s. (R51) * (Rw) F (Nile, N'U'e! ; MW). (1) 
PAa aes e ee 
Where 
Ri =w, exp (2105,) —1 (2) 


*) The superscripts «==: are used to specify the states of J=l+1/2 respectively. 
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is a matrix element of the so-called R-matrix, and 7, represents the absorption due to 
the photo-pion production. 4 is the scattering angle of the photon and explicit form 
of the factor F(Nle, N'l/e’; 7) can easily be obtained’. As F(Nle, N’l/c’; 0) =F 
(N’le, Ni'e’, 0), do/dw does not change when R‘,, are interchanged with R‘,, con- 
cerning all /’s. This, similar to the case of the photo-pion production, comes from the 
tact that the photon can take only two values of its magnetic quantum number in spite 
of its unit spin. We show in Table 1 the expression F for the states with J<3/2 to 
facilitate analysis of the experiments. Here the result that the dipole and quadrupole 
scattering with J=3/2 give the same angular distribution (7 +3 cos?) /4 is an accidental 
coincidence due to the special value of J. 


Table 1. Differential cross sections for photon-proton scattering (up to i=3/2)8 


([2)deldy | MU=%) | EV=%) | mig=%) | By=%) | my=%) | B2(J=%) 


| Ray | 4 Rey ‘ | Rayy* | Ry* | Rar ‘8 Ra 
ee? | 1 | cos 0 | (3 cos? 6—1)/4 | 14 cos 6 | 34 cos 84 (3 cos? @—1) 
oe be sie 6 i il | ren 6 @ ae 6— i‘ m7 oy (3 ae C Re ee 
_ Ee ee | | . ee deh Beer 
NGS (3 cos? @—1) /4 16 cos 6 | (7+3 cos? 9) /4 | 56 cone /36 nS al 84 (3 cos? 6-1) 
. | | <i = ars eee 
areas 14 cos 0 | (3 cos* @—1) /4 | °% cos 6 (7 +3 cos? 0) /4 | 84 (3 cos? @—1) | % O ae 9—1) 
coo u = 6 : 84 G cos? @—1) ie cos ay coe? 6— 1) | (7+3 cos? 9/4 | 08 98 sees 

Mears d@st leash ah 597, . | Say ors 
ae ) | 34 (3 cos" 9—1) “4 cos @ | %4 (3 cos” §—1) a ve on 9—1) eogete hear 2 (7 +3 cos? 6) /4 


j 


§ 3. Polarization of the recoil nucleon 


Let us calculate the polarization of the recoil nucleon in a way similar to the pion- 
nucleon scattering and the photo-pion production. For the unpolarized initial photon, 


the polarization P of the recoil nucleon is given as follows : 
P= Xnjy. (3) 


Where nm is the unit vector perpendicular to the scattering plane and Y=do/dw, eq. 
Cia 2X. is -olyen as 
X= (1/8) >) 3) (Ri) * (Riv) G(Nle, N'l'e’ 5 0). (4) 
N,N? Li? €,€f 

The explicit forms for the factors G can easily be calculated (see Table 2). 

We can again find that G is invariant under the simultaneous interchanges Ry Rj, 
and Rj, Rj, concerning all l’s. This is quite different from the cases of the pion-nucleon 
scattering and the photo-pion production. Thus, in the case of the photon-nucleon scattering, 


even though the polarization of the recoil nucleons is observed, we cannot avoid the ambiguity 
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in choosing Rj, and R'y, solely by the kinematics. To distinguish between them we 


should use a specified dynamical theory. 


Table 2. Polarization of recoil nucleons for photon-proton scattering (up to J=%%). 


E1(J=%) | Mi(J=%) | El(J=%5) | M2(J=%) 
* + AK 


—<—<—_—— a 
pags | M1(J=%5) E2(J=%) 
(8/i2° sin 0) X | Ry * Ri Ryy** Ryy Rap” Rr * 
Sl ae! SP ees ae —— a . a ss es 
RN ee) | 0 | 0 | 34 cos 0 3/4 — 3/4 —84 cos 6 
Mi | 
El (J= 2) 0 0 3/4 84 cos @ — 34 cos 0 — 3/4 
BY | | 
= hee er | | a el i) 
vA | —%cos@ | —3/4 | 0 0 —3(cos?@—1) /2 0 
M1 
PO as a = 3} — 84 cos 6 0 0 0 —3(cos*@—1)/2 
£ 2 mA ae. et Us | a, ~ - 
| ) 
re a 2) 3/4 | 84 cos 0 3 (cos? §@—1)/2 (0) 0) (0) 
Ay ou | | 
Pat T= 72) teces | | 3/4 0 3 (cos? @—1) /2 0 0 
BQ | | 


$4, The relationship between the amplitudes of the photoa-nucleon 
scattering, the pion-nucleon scattering, and 


the photo-pion production 


Next we examine the relationship between the phases of the amplitudes of the pion- 
nucleon scattering, photo-pion production and the photon-nucleon scattering. As is well 


known, 
SR*=—R (5) 


by virtue of the unitarity of the S-matrix, S=1-+R. 
Therefore, in energy regions where the production of two pions or more can be 


neglected, one can obtain the relations ; 
(a|S\z) (z|R*|z) + (2|S|7) 7|R* 12) = — [RI 7), (6) 
(7|S|) (| R'|7) + (2|S|7) GIR) = — (R17). (7) 


Where |) or |7) represents a state which consists of a pion and a nucleon or a photon 


and a nucleon, respectively. We employ the representation in which the total angular 
momentum, its zcomponent, and the parity are diagonal. 

For simplicity, we assume that the (3/2, 3/2) state of the pion-nucleon system 
plays such an important role that we have only to take this state into account.* In 


the following we indicate with a sufhx 3 the p-state with J=3/2 in the pion-nucleon 


*) The cases in which other states are not negligible can also be treated in a similar way, but we 
leave it out now. 
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system or the magnetic dipole state with J=3/2 in the case of the photon-nucleon 
system. Then, if we denote 


(z|S| 7) =< exp (2i;) ’ 


(=|Slr) = (Riz) =a, exp (2iay), 8) 
|S|7) =yan exp (2i03,), 
we obtain approximately 
(£5)? =1— (a,)’, (9) 
Hi=ss= V1 —(a,)*, (10) 


Oj = 2a,— 8, (more generally, Oi =2a,—f8,+n7, n=O, = let 2 sme Ne a) 


from the relations (6), (7) and (8). Here, in eqs. (9), (10) and (11), (a;)? repre- 
sents the resultant effect of the photo-z* and the photo-7° production. Here (a,)? and 
Om are of the order of e*. Neglecting these small quantities, we have the well-known 


relation between the phases of the pion-nucleon scattering and the photo-pion production, 


2a,=/,. 
It must be noted here that 03, is small compared with a, and 3, so that, even in 


the resonance energy region where 2a, and 9, are near 90°, 0}, will still be small. This 


circumstance will be utilized in later discussions. 


§5. On the forward-backward asymmetry of the angular 
distribution of the photon-proton scattering 


The asymmetry of the angular distribution of the photon-proton scattering is due 
to cross terms. Since we have assumed that the large contribution to the process comes 
from M1(J=3/2), we examine interferences between this state and others. If we rest- 
rict our consideration to the states with /<1, we only have E1(J=1/2) and E1(J=3/2) 
to take into account (see Table 1)*. The contribution from interferences of M1 (J 
=3/2) and E1(J=1+1/2) are expressed in the forms of ** 


(products of R-matrix elements) x (a positive constant) x cos 4. 


Therefore, to find out asymmetry of the angular distribution, we have only to examine 
the sign of the products of the R-matrix elements. 


In general, for a process with absorption, 
R=7e*’—1= (y—1) + 2ize” sin 0 (12) 


and we have 


*) The interference term between M1(J=1/2) and M1(J=3/2) does not contain the odd powers of 


cos 9 and is neglected here. 
**) M1 and E1 denote the magnetic dipole and the electric dipole states respectively. 


etna Rei ti i ee ie 
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aN 


"7 4. sk . & ik . + 
(Rin) *Ri+ (Rit) * Ran =2 (qm ==) (Hi ier {— 4h (Han —1) sin’ 0%} 
- {— 4450 (4%, —-1) sin? Ojn} =i 8A nq sin Oy; sin OF, cos (O45 — OF) - (13) 


Since 0<yin <1, OX 7711, the first, second, and the third terms of eq. (13) ere positive 
definite. Accordingly, contributions from them give an anguler distribution peaked 
forward. At energies lower than the resonance (100 Mev~240 Mev), however, the 
experiments give the angular distribution peaked backward. Hence the contribution from 
the fourth term must surpass the contributions from the others, and its siga must be 
negative. Here 0}, and 07, are of the order of e° as mentioned in § 4, so that we 
can consider cos (0},,—0#,.) >0. Accordingly, the product sin 0};, sin 0%, must be negative. 


In the following we discuss about this fourth term. 


$6. The “shadow” scattering due to the absorption 
process, the photo-pion production 


As mentioned in $1, we here adopt an important assumption that the angular 
distribution of the photon-proton scattering changes at or about the resonance energy 
from the one peaked backward in lower energies to the one peaked forward in higher energies. 
We attribute this change of the distribution to a change of the sign of sin 0}, sin Of, 
mentioned above. It is more natural to consider that 03,, changes its sign at the 
resonance energy than to consider that both of 0;, and 03%, do. A result calculated 
with the Chew-Low formalism” is also consistent with this assumption. Thus 0j,;=0 at 


the resonance energy, so that 
Rin=Qm—1 (at resonance). (14) 


Accordingly we obtain the cross section of the photon-proton scattering in M1 (J=3/2) 


as follows* 
do-,_,/dw= (1/32) (yin—1)7(7+3 cos’ 4) = (1/32R) (a,)4(7 +3 cos” #)/4. (15) 
Also the cross sections of the photo-pion production in M1(J=3/2) are 
dor, _.o/dw= (1/24) (a3)? (5 —3 cos? 4), (16) 
do_~+/dw= (1/2) (1/24) (a,)2(5—3 cos? 4), (17) 


where the factor 1% in the right-hand side of eg. (17) arises because we take only the 
state with the total isotopic spin [=3/2 into account.** 

It is well known that in the process of photo-7° production the M1 ( J=e3/2) 
state plays such a predominant role thet one can neglect contributions from other states. 
Therefore, we obtain (do _,,/dw) a. by equating (do}_.0/dw)y» (eq. (16)) to the experi- 
mental value of (do,_,0/dw) op». Although experimental data of the photo-z° production 


*) do’/dw denotes the partial cross section in the state M1(J=3/2) (with the total isospin [=3/2). 


ae 
) It must be noted that the effect of the shadow scattering due to the photo-production of both z+ 
and z° are taken into account. 
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% Experiment i 
P al value near the resonance energy region have 


Oe rede in’ case) been well accumulated, there are still 


' some uncertainties.* Hence we calculate 
¢ Result in case (II) 


(do,_»/ dW) goo adopting two values for 
(do-,_,0/ dw) gp (ote Fig. 1) 


(1) 
(do-,_.0/dw) y= 2.6 X 10~* cm?/sterad 


—— Result obtained by 
Chew-Low formalism 


9 


- 1/m 


n 


ROL te ae? 6 a1 0 sens), 
then 


(donde }np= 149 KO” cm’ /sterad 


(dors p/deo) 9:0/(e2/4n)' 
pp 


d = (€'/4)° x (1/m*) x (6.34), (18) 
2 (II) 
; (do, _0/dw) ye =2 X 107” cm?/sterad 
Kot. @ a= 2 UO 2 cme le 
shee (dot,_,,/dW) yo = 8.82 X 10~” cm?/sterad 
= (e?/47)? X (1/m’) X (3.75) , (19) 
where e/4m==1/137, and m=nucleon mass. 


§ 7. Summary 


As is seen in § 6, our calculated value of o{_,, strongly depends on the value of 


z, 
o,_,0, and we cannot draw a definite conclusion until we have the accurate value of the 
latter. However, we can qualitatively conclude that the steep rise of the cross section 
of the photon-proton scattering about 300 Mev can be attributed mostly to the ‘“ shadow ” 


scattering due to the photo-pion production. 


*) Although, in the photo-pion production, the photon energy Ex corresponding to the resonance 
energy (where the kinetic energy of the pion=190 Mev) of the pion-nucleon scattering is 340 Mev, expeti- 
ments show the maximum at somewhat lower energies. Here, however, we calculate the cross sections for 


E,=340 Mev (k=260 Mevy/c). 


SN ee ee en ee ee ee eee, LL I 
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The theory of ferromagnetic resonance absorption is discussed in Hamiltonian form. The general 
formula of magnetic resonance absorption in a ferromagnetic single crystal is obtained when the applied 
magnetic field has arbitrary intensity and direction. This formula reduces to Kittel’s formula in the 
case of infinitely strong applied field. When a magnetic field is applied in a direction near the hard 
axis, an additional resonance is possible in the non-aligned state of magnetization vector to the direc- 
tion of the applied field. It is concluded, however, that the mechanism described above is not 
responsible for double peaks in iron single crystal which are reported by Kip-Arnold and in cobalt 
ferrite by Tannenwald. The resonance frequencies for antiferromagnetic crystals of ordinary two 


sublattices type and that of triangular lattice are obtained by a similar method. 


S 1. Introduction 


Kittel” pointed out that in the theory of ferromagnetic resonance absorption, 
demagnetizing field played an important role. He has further discussed that for single 
crystals the magnetic field for resonance should be dependent on the angle which the 
external field makes with the crystal axis, owing to the effect of anisotropy. In the 
experiment of an iron single crystal by Kip and Arnold,” Kittel’s theory agrees well with 
the result observed at 23675 Mc/sec, but it deviates systematically from the expected 
angular variation at 9260 Mc/sec. A similar deviation is observed in cobalt ferrite single 
crystal by Tannenwald.” In Kittel’s theory, it is assumed that the external applied field 
is always great enough so that the magnetization is saturated and oriented parallel to 
the external field. In the case of lower frequencies, however, the torque of crystalline 
anisotropy energy prevents alignment of the direction of magnetization to the applied 
field for a certain range of angle of the applied field, so that Kittel’s formula must be 


corrected. In this paper, the general formula of ferromagnetic resonance absorption will 


be given by the method of spin deviation. 
In § 2, the theory of ferromagnetic resonance absorption is discussed in the 


Hamiltonian form which is expressed in the operators of 2nd order. The frequency 
of resonance absorption can be determined from the difference of eigenvalues of the 
Hamiltonian, we-can give the real and imaginary parts of the susceptibility by treating 
the oscillating magnetic field as the time dependent perturbation. In § 3, the anisotropy 
energy is taken into account, and the general formula of magnetic resonance absorption 


in a ferromagnetic single crystal can be obtained when the applied magnetic field has 


———— ee ee eS CO Oe ST -—-” &—”~  — QS. Se ——— Q0 eee 
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arbitrary intensity and direction. In § 4, the results obtained in § 3 are compared with 
the experimental results of the ferromagnetic resonance absorption in single iron crystal 
by Kip-Arnold, and with that in cobalt ferrite by Tannenwald. In $5, the antiferro- 
magnetic resonance absorption in an ordinary two-sublattices model is discussed. In § 6, 
the theory is applied to the antiferromagnetic crystal in triangular lattice, and three 
resonance frequencies can be obtained. One of them may belong to the ordinary micro- 
wave range. The others are still shorter waves, and are degenerate approximately. In 


§ 7, some discussions are given. 


§2. Ferromagnetic resonance absorption | 


In ferromagnetic crystal, all spins are coupled by exchange interactions, so that we 
may regard them as a giant molecule which has spin S. S is the sum of effective spin 


of atoms in unit volume and it is defined, connecting with spontaneous magnetization 


M,, as 
M,.= 95, (2-1) 
where is spectroscopic splitting factor and /¢ is Bohr magneton. 

We consider the resonance condition for a general ellipsoid with principal axes 
parallel to the x, y, z axes of the coordinate system. The demagnetizing factors are 
N,, N,, N.. The static magnetic field is H.; the oscillating field is H,=H,"e"". First 
of all, we neglect the anisotropy energy, whose effect will be considered in the next 
section. 

The Hamiltonian is 

= = (H,—3N,M.) M,.— (rAd N,, M,) Mi (A, —4N, M.) M. 

ane (H,—4N, 9/5.) ges,.— (= 4 N,gpS,) gps, — (H, se A N. gps.) gps, . (2 ‘ 2) " 
The method of spin deviation can well be applied to obtain the resonance condition, 
because when the system absorbs an oscillating field quantum, z component of spin 
decreases by a unity. We write spin angular momentum operators in terms of the spin 
deviation operators introduced by Holstein and Primakoff ;” 

§,= (5/2) { (1 —a* a/2S) 1" a+ a® (1 —a* a/2S) 1" | 
S,= —1 (5/2) { (1 —a* a/2S) 1 a—a* (1 —a* a/2S) 3") | (2-3) 
§,=S—a*a, 
and 
[4, a*]=1, (2-4) 
where a and a* are respectively destruction and creation operators of spin deviation. In 


% ‘ ‘ . 
The minus sign should be added to the Zeeman terms in (2+2), because the ratio of magnetic 
moment to angular momentum is negative for electron spin. For convenience’ sake, however, we will omit it 
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the present problem, S is so large that we can safely neglect the term a* a/2S in the 
square root. Then we can write them as follows : 


§,= (5/2)? (a+a*), 
5,=—i(S/2)"" (g—a"), (2-5) 
§,=S= aa. 
We substitute (2-5) in (2-2) and omit the terms of lower order of S. We have 
H = —H, ge (S/2)'" (a+a*) +45N, (gf)? (ata*) 2 oN, OP) Ga") ® 
+ (H,—N. gps) gpa* a. (2-6) 
If we introduce the real operators q and p defined as 
a=2-™ (q+ip), a*=2-4? q—ip), (2-7) 
we obtain the Hamiltonian form, 
I =3 (gt) {H.+ (N.—N,) M3 q° +4 (9) {H.+ (N,—N.) M3 p° 
== He gps’ g. (2-8) 


From this we can get the canonical equations of motion, which are well-known Bloch- 
Kittel’s equation of motion. 
In order to obtain the eigenvalues of (2-6), we use the following transformation, 


a=cosh@ b+sinh# b* 
a* =sinh/4 b+coshd) 5* (2-9) 
tenh 20=M, (N,—N,) / {2H,+M,(N.+N,—2N.)}. (2-10) 
Then the Hamiltonian is written 
H6 = —H,gp (S/2)1"[ {H+ (N,—N.) Mj} / {H+ (N,—N.) M} JM" (6+6*) 
+ 9H (HL + NL NY MG} 1H, FCN, — N.Y M,} PV? * 6. (2-11) 


We regard the linear term of the operator as the perturbation to the second order term 
of the operator. The selection rule for transition can determine the resonance frequency 
such as 

GH) ON td, Ng ON) OL te NN (2-12) 
This is the famous Kittel’s formula. We calculate the transition probability » by the 
time dependent perturbation, 


w= (0/0) HY gpyo[ {H+ (N.—N,) M} {H.+ (N,—N,) Mj PPO (wo—e), (2-13) 


where 


== Myf id (N,—N,) M}. (2-14) 


The power absorbed A is defined as 
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A=207"H,” =bo,w. (2215) 
From (2-13) and (2-15), we can obtain the imaginary part of the susceptibility 7’, 
oy! =n /2-09/ 0° %o O(w—). (2-16) 
Now, we use the Kramers-Kronig relation ; 
7’ (w) =*%,— lo (cz) sinwrdz, (217) 
y'' (w) =a jo (ct) coswrdz, (2-18) 


where 6(z) is the relaxation function.” First, we calculate 0(<) from (2-16) and 
(Avil) 3 


b (7) =Y%y cose z. (2-19) 
Then we can determine from (2-17), the real part of the susceptibility : 
WO) ee ee CR (2-20) 
7 (w) 1— (w/e)? 


This result is also in agreement with that by Kittel. 

We have now demonstrated that the results obtained from the Hamiltonian form 
as proposed in the present paper are equivalent to the solutions of Bloch-Kittel’s equation 
of motion. In the next section, we will treat the general case in a ferromagnetic crystal 


in the Hamiltonian form. 


3. Ferromagnetic resonance absorption II 


In this section we will consider the effect of the anisotropy energy in a cubic 


crystal. The anisotropy energy is written by 
Man=K, (@favtava,+aza,)+K,afasa,?----- (3-1) 


where K,, K, are anisotropy constants and a; are the direction cosines of the magnetiza- 


tion vector to the crystalline axes. We will write a, as follows : 

Bein Mees aS (3-2)* 
where S,, 5, and S. are Cartesian components of operator S. The dipolar interaction 
energy is divided into self energies of Lorentz field and demagnetizing field. Since the 
former is isotropic, we will neglect it, because it gives a homogeneous shift and does not 
change the level spacing in the same way as exchange energy does. The latter is 

I vem =3 (9)? (NS2+N,S2+N,S2). (3-3) 
The Zeeman energy of the external field is 


4 = —gpH-S§, (3-4) 


i 


We can neglect the non-commutability of operators, because it gives the terms of lower order of 


S. 
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where H is the external field and its direction is denoted by (4, ®) in polar coordinates 
taking a crystalline exis as the polar axis. 


Thus the total Hamiltonian is the sum of three parts ; 
1 Se Ger ae ae (3-5) 


The equilibrium direction of magnetization can be determined by minimizing the total 
energy. Let this direction be denoted by ((, ¢) in polar angles. We will consider 
this direction as the axis of quantization of the spins, and denote it as ¢ axis. € and 


7 axes are taken perpendicularly to it. Then we have the following relations, 
S,=cos4 cose$,—sing $,+sin9 cosy S., 
Sy=cos4 sing $.+cosy S,+sind sing S,, 
S.=—sin@ S,+cos4 §,. (3-6) 
As explained in the previous section, we introduce the spin deviation operators, 
$,= (8/2)? (ata*), 
5105/2) Ga"), 
S,=S—a* a. Ce) 


We substitute (3-6) and (3-7) in (3-5) and omit the terms of small quantity. We 
have 


# =D, +D,at+D,*a*+D a +D,* a? +Dya* a; : (3-8) 
where 
D,=1K, (sin’4 sin? 29 + sin? 24) + (1/16) K, sin?4 sin? 24 sin? 2¢ 
—gpPSH {sin sin 0 cos(¢— P) +cos4 cos H+ 
+4 (gpS)? (N, sin?4 cos’g +N, sin? sin? o-+.N, cos’), (3-9a) 
D,=%3(K,/S) (S/2)"” (sin 46+ sin? 4 sin 20 sin? 2¢ —i sin? 0 sin 4¢) 
+4(K,/S) (S/2)"” {sin @ sin 24 sin? 2¢ (2 —3 sin? 4) 
—Hi sin? sin? 20 sin 4¢} 
—gp(S/2)"" H {cost sin 0 cos(g— P) —sin4# cos 0+ sin O sin(g— P) 
+4 (gp)?S(S/2)1” {sin 20 (N,, cos? ¢ + N, sin? y —N.) 
+i sind sin2¢(N,—N,)}, (3-9b) 
D,= 3 (K,/S) (—sin? 20+ 2 sin? sin? 2¢ —sin*@ sin’? 29 
—i sin’ cos sin 4¢) 
+ (1/8) (K,/S) {—sin? 20+ sin? / (12 — 26 sin?4 +15 sin'/) sin’ 2¢ 
+ 2i sin? cos/(—3-+5 sin?) sin 49} 


— 
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+4(9/)?S{N, (cos*4 cos’ g —sin® g +i cos 4 sin 2¢) 
+N, (cos*4 sin? ¢ —cos* y —i cos4 sin 2¢) 
+N. sin? 4}, (3-9c) 
D,=3(K,/S) (4—5 sin? 24—5 sin‘@ sin’ 2¢) 
+4(K,/S) (sin? 24 —20 sin*4 sin? 2¢ +21 sin’ sin® 2¢) 
+ 92H {cos cos + sin? sin Y cos(e— VP) } 
+4 (gp)?S{N,(1 —3 sin? 4 cos*¢) +N,(1—3 sin’ sin’ g) 
+ N,(1—3 cos?4)}. (3-9d) 


We will determine the values 4 and y. This can be done by minimizing D, with regard 
to 4 and ~. But it is proved” that they are equivalent to the condition of eliminating 


the linear terms of the operators. We obtain 
Real Part D,=0: 
4K, (sin 44+ sin? 4 sin 24 sin’ 2¢) 
+1K, sin?4 sin 24 sin? 2¢(2—3 sin*@) 
—M,H {cos4 sin 0 cos(e@— P) —sin4 cos O} 
+4 M? sin 24 (N, cos?¢+ N, sin?¢—N,) =0. (3-10a) 
Imaginary Part D,=0: 
K, sin’? sin4¢+4K, sin? sin® 24 sin 4g 
+2M,H sin 0 sin(g—@) —M? sind sin2¢(N,—N,) =0. (3-10b) 
If the magnitude of the external field increases infinitely, and ¢ will be equal to 0 


and # respectively, and the magnetization will be parallel to the external field. 


In order to diagonalize (3-8), we introduce real operators q ‘and p by the relations, 
a=F2“"F(g+ip), a*=2"¢ (q—ip), '=D,*/D,, (3-11) 
lq, pl=t. (3-12) 
The Hamiltonian becomes 
I =D,—} D,+4(D,+2D, =") q?+ 3 (D,— 2D, €) p’, (3-13) 
and eigenvalues ere given by 
E,=D,—4D,+ (D?e—4 | D,|?)??(n+4), n=0, 1, 2,-- (3-14) 
Hamiltonian of an oscillating field applied to x direction is 
\ —9tH,S,= —gtH, sind cos¢ ($+) 
— PH, (S/2)"" {(cosd cosy +i sing)&2-"” (q+ ip) 
+ (cos cosy —i sing) 2-" 5-1 (q—ip)} 
+3 9H, sind cos ¢(q*+ p’). (3-15) 
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(3-15) is the perturbation to (3-13), and the selection rule for. transition is 
4n=+1, (3-16) 
An=—-- 2) (3-17) 


But the intensity of absorption line by (3-17) is negligibly small compared with that 
bypiG@1'6)., so: thatewe ‘can neglect (3-17). 


According to (3-14) and (3-1 6), the resonance frequency is 


wh’ (D,?—4 | D, 


: Meee (3-18) 


This is the general formula of ferromagnetic resonence absorption. In the special case, 
(3-18) reduces to the formula given by Kittel’ and Bickford’? and Artman®*. 


4. Comparison with experiments in single crystal 


Kip and Arnold” observed the ferromagnetic resonance absorption in (001) plane 
disk of iron single crystal, at various angles Y between the external field and the [100] 
direction in the plane of the crystal. In this case, N,=N,=0, N.=47, 0=7/2. If 
the external field is strong enough, we may put ¢=@ and W=72/2, and obtain from 
(3-18) 


w= (yg e/2 mo) Ee cos4-+H)| (6K, +K,) + Sp ORK) cos 40 


1/2 
+H+a,| |". (4-1) 
This is in good agreement with the experimental results at 23675 Mc/sec, when the 
values of constants are taken such as 
K,=3.0X 10° erg/c.c., K,=1.5X10° erg/c.c. 
WS USS) (Gers, Cpa. (4-2) 


In the case of 9260 Mc/sec, the assumption ¢= is no more right and the deviations 
from (4-1) can be seen in Fig. 1. (broken line). Instead of g=%, © must be 


determined from the following equation, 
(K,/M.,) sin 4¢=2H sin(P—¢), (4-3) 


and the resonance frequency is 


8 


o= (9 e/2 mo | | 2 cos 4y + Hcos(y— ) || a (6K, + Ko) 


1/2 
+ ar (2K,—K,) cos4¢+ H cos(y— P) +42M, | : (4-4) 


s 


* The author thanks Professor P. E. Tannenwald for calling his attention to the work of Artman. 
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Oe 


We can determine w as the function ae 


of @ from (4-3) and (4-4), and 
| the results agree satisfactorily with the 
experiments as shown in Fig. 1. (Full oo 
line). In experimental results, how- 


ever, 2 second resonance occurs at 


angles near [110] direction, and we 600 
will consider it later. 

Tannenweld’? measured the ferro- 
magnetic resonance absorption at 23800 499 
Mc/sec on cobalt ferrite single crystal 
as a function of magnetic field applied 


in various direction / in the (110) 200 


| 
sian 
cs 


plane. The results are shown in 
Fig. 2. In order to evaluate the 
values of y-factor, K,/M, and K,/M,, 20 re % ane 


we utilize the data at [001], [111] Fig. 1. Resonance magnetic field vs. angle between 
and [110] directions of applied field, applied field and [100] direction in (001) plane disk 


degree 


of iron single crystal. The broken line represents 
Kittel’s formula (4-1). The full line represents the 
result of the present theory, (4-3) and (4-4). Small 
solutions and the resonance frequency circles represent the experimental result by Kip and 
Arnold at 9260 Mc/sec. 


because in these cases, we easily see 


that g=V=7/4 and =O are the 
is 


w= (ge/2 mo)| | 2 (1—2 sin?) ——= sin? 24) ae = sin? 24 (2+ 3 sin?/) +H} 


s 8 


x pa (2—sin®? / — 3 sin? 2/7) nee re: sin’ (6 —5 sin’ 4 
| M, 2 M, 
; 
\ 41/2 
| BES sin? 2) +H} | : (4-5) 
2 

| 
| : 
| The experimental data” are 
| magnetic field direction resonance field intensity 

[001 | 2900 Oe 

ee 8000 Oe (4-6) 

[110] 10000 Oe. 


From (4-5) and (4-6), we can obtain the following values, 
y=2.54, K,/M,=1900, K,/M,=1750. (4-7) 


(4-5) is the Kittel’s formula. If we use (4-5) for other angles except [001], [111] 
and [110], the deviations from experimental values can be seen in Fig. 2. (broken line). 
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In this case we must use (3-10) and (3-18) 
instead of (4-5), and the result obtained is 
in satisfactory agreement with the experimental 
data as shown in Fig. 2. (full line). 

As mentioned above, a second resonance 
occurred at angles near the [110] direction in 
the experiment by Kip and Arnold,” and they 
thought that it was the result of incomplete 
aligament to the applied field. We can 
calculate resonance frequencies from (4-3) and 
(4-4). The result obtained is the full line 
in Fig. 3. Since in the experiment the 
operating frequency was 9260 Mc/sec, the 
mechanism described above would not be 
responsible for the double peaks. In cobalt 
ferrite too, the second peak observed by 
Tannenwald is not the resonance in non- 
aligned state as easily seen in Fig. 4. 

One of the origins of the double peaks 
is an effect of the dynamical surface charges 
induced on the domain walls.” If we apply 
weak magnetic field in [110] direction in 
iron sheet of (001) plane, several domain 


structures may be possible to exist. We will 


Mc/sec 


16000 


4000 


(0) 200 400 600 


Oe 
12000 


10000 


8000 


6000 


i) 20 40 60 80 

degree 
Fig. 2. The resonance magnetic field vs. the 
angle between the applied field and [001] 
direction in (110) plane in cobalt ferrite single 
crystal. The broken line represents Kittel’s 
formula, (4-5). The full line represents the 
result of the present theory, (3-10) and 
(3-18). Small circles represent the experi- 
mental result by Tannenwald at 23800 Mc/sec. 
at 90°C. 


800 1000 1200 1400 


Fig. 3. Resonance condition in (001) plane in iron plate crystal. The 


external field is applied in [110] direction. 


The full line is the result 


calculated using (4-3) and (4-4) in which @=7/4. Broken lines 


are the results of (4-17) and (4-20). 
the operating frequency 9260 Mc/sec. 


The horizontal line represents 
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Mey sec consider only two types among them. 
ak In (A) type, as shown in Fig. 5, the 
specimen is divided into parallel striped 


domain with their walls perpendicular 
i é to the external field. This domain 


structure may be one of the lowest 


energy states. In (B) type, the specimen 


10000 
is divided into flat domains parallel to 


the disk plane. In reality, more complex 


domain structure between (A) type and 
0 2000 4000 6000 8000 Oc : 
(B) type may exist, and at the edge 
Fig. 4. Resonance condition in cobalt ferrite single 
crystal. The external field is applied in [110] direc- 
tion. The full line is the result calculated using 
(3-10) and (3-18) in which O=7/4 and 0=O9=7/2. may have serious effects on the following 
The horizontal line represents the operating frequency treatment... So-the calaulations heceateee 
23800 Mc/sec. 


of any specimen, there must in general 


be a system of closure domains and these 


have only qualitative meaning. 

At first, we will consider the case 
of (A) type. Let two kinds of domains be denoted by j 
and k respectively. The demagnetizing field from wall charge 
points to x’ direction and its magnitude is 27(g/4) (S;..— 
Sir), if the interval between walls is small enough compared 
to the thickness of the disk. On the other hand, macro- 
scopic demagnetizing field is approximately the mean value 
for two kinds of domains. Thus the Hamiltonian of 
demagnetizing field is 


We. — 7 (qft)*| 4 (uS i) + US ix + US joy — USz) : 
(Se Sae) 7]; (4-8) 
where 


u=cos~—sing, v=cos~+sin¢g. (4-9) 


Now, we put 
Sp= (S/2)"?(a+a*), Sa= (S/2)12(b+6*), Fig. 5. (A) type domain 
structure in (001) plane 

Dayar tS / 2) Cad), Si= —i(S/2)'" (b—6*), disk of iron single crystal 
(4-10) when the magnetic field is 

applied in [110] direction. 


Sy =S—a*a, Spe =S—OH*b. 
Total Hamiltonian is 


I = Dy (d+ a**) + Dy! a* a+ Dy (B+ 5") + Dy b* b+ nn, (4-11) 


where D,’ and D,’ are the residual part excluding the term of demagnetizing factor from 
D, and. D, in (3-9). 
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The condition for determining the direction of magnetization is 

(K,/M,) sin4g =2H sin(z/4—@). (4-12) 
We transform the operators by 

d= 2 GT ip), e= 2" (ras), 

a*=2-?(q—ip), b¥=2717(r—is), (4-13) 
and further, 

G2 (0120, 12.70, 03), 

Pret Bet Pain 52717 (BP), (4-14) 

LO epaeeal =i [Ove Peli. (4-15) 
The Hamiltonian becomes 

= (4D, + Di +27M,)Q?-+ (3 Dj —Dy +122M,) P? 
+ $D,’ +D,)Q2+ (4D, —D,!) PZ. (4-16) 


We have two resonance frequencies, 


O,= (9 e/2 mc) eS (2—sin’2¢) + sin? 29+ Heos( 9) + 4zm,| 


1/2 
x = cos 49+ Heos( = —) + 22M, (cosy—sing)*h | > (4-17) 


s 


K sie Ge ane T 
Or (Gre) 2 ee 2—sin®2@) --——*_ sin? 29+ H cos( —_— )} 
Wo= (ge/ me)| m. | sin” 2¢) OM. + ie @ 
/ fi ee \ 1/2 
x [ap coset Heos(—7 —¢ | : (4-18) 


@, is so small that it is out of question. ©, is shown in Fig. 3. 
Next, we will consider the case of type (B). The Hamiltonian of the demagnetiz- 
ing field is 
I bem = 20 (GP)? (S5, ip) “er ™ (g/t) (Sie Oy) (4 F 19) 


In the same way as before, the resonance frequencies are 


w= (g e/2 mc) | |< (2—sin’¢) to = sin’ 29+ H cos(¢= P) +4zM,| 


2 


1 
x | 2 cos 4p-+ Heos(y— 0) | ; (4-20) 


§ 


cof = (ge/2m)| | 


8 § 


(2—sin’¢) bs < sin?29-+ H cos (y— P) +8M,| 


44/2 
i {7 cosay-+ Hoos (g—)} | (4-21) 
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The equilibrium condition 1s 
(K,/M,) sin4g=2H sin(P—¢). (4-22) 
w,' is also shown in Fig. 3. 

Since the experimental value of low reasonance field is about 200 Oe, the calculated 
values w, and ,/ are not in good agreement with it. But considering that the low 
resonance field depends delicately on the domain structure, we cannot hope the quantita- 
tive agreement between the experimental value and the calculated values for ideal domain 


structure. * 


5. Antiferromagnetic resonance absorption I 


In antiferromagnetic substance, we regard each sublattice as a giant molecule with 
effective spin S respectively. We need not consider the demagnetizing effect but the 
exchéhge interaction. Anisotropy energy is written by second order terms as often done. 
z axis is the preferred direction. If we apply external field along x axis, the total 


Hamiltonian is 
H =2Jz(S,:S;) — 9 HH, (Sis +Sz2) = (K/S*) (S2+5,2) > (5-1) 

where J=|J’|/n and J’ is the exchange integral, n is the number of spins, and z is the 
number of the nearest neighbors. The equilibrium directions of spins are inclined at +0 
from z axis in xz plane. For j-sublattice, we use the transformation (3-6), in which we 
put ¢=0. And for ksublattice, we use (3-6), in which Y=0 and (=—@. Moreover 
we use the spin deviation operators, 

Sy = (S/2)*? (at+a*), Sjy= —i(S/2)'? (a—a*), Sjp=S—a*a, 

Sux = (S/2)'? (b+6*), Sin= —i(S/2)'? (*—6), Sip —S+H*. (5-2) 


We substitute (5-2) in (5-1), and neglect the terms of order 1/S. Elimination of 


linear term of operators gives . 


sin? =M,H/2(2J]zS°+K), M,=g9ps. (5-3) 
By similar transformation as (4-13) and (4-14), (5-1) reduces to 
IH = (2Jz8 cos20-+4. 91H sind + K/S-cos24)Q,, 
+ (—2]zS sin? 6+ 39H sin? + K/S- cos?) P? 
+ (3 9HH sin d+ K/S+cos 20) Q,? 
+ (2]zS cos + 39H sind + K/S+cos?¢) P.?. (5-4) 


From (5:4), the resonance frequencies can be determined as follows ; 


ee aja . : 
Artman*) independently calculated the double peaks in cobalt ferrite by the same mechanism as that 
described here. But his calculation is semi-quantitative, and the numerical calculation by the author shows 


that the theoretical value for the simple domain structure is not in good agreement with the experimental 
value. 


Note on the Ferromagnetic Resonance Absorption 671 


Ae 4] zS° cos 20 f 2K 
O=(9 e/2 mc) | “M2 ——_ + H sin + iva cos 20 


] 2 ) 41/2 
x feel cnt sing 4.2% cos! 
M. M. 


=b" (8fzK)™. (5-5) 
z5* cos? : A ae 
Wy= (¥ e/2 mc) (ae ee +H sind + : cos’ | |Hsind + = Cos 20) | 
67 8JeK+ (gpH) (5-6) 


(5-5) and (5-6) agree exactly with the classical ones derived by Nagamiya'? and 
Keffer-Kittel’? and the method described above is essentially the same as that of antifer- 
romagnetic spin wave theory by Kanamori-Y osida.” 

When the applied field is in z direction, the Hamiltonian is 


H =2]2(S;-S,) — 9H, (Sie t+ Siz) — (K/S*) (824-82). (257) 
In this case, the magnetizations do not rotate but are induced by the applied field. So 
we put 
Sie= (S,/2)*? (a+a*), Syy=—i(S,/2)*?(a—a*), S;,=S,—a* a, 
Sze= (S,/2)'? (6+5*), $= 1(5,/2)'" (EX 8); Sie= —S,+b* b, 
§,=S+4S, S,=—ZJS. (5-8) 
By (4-13), we obtain 
I = (xJS.+ (K/S*)S, +4 94H.) (9? +f’) 
+ (zJ 8; + (K/S*) Ss—3 9H.) (7° + 5”) 
+ 2zJ(S,S.)'"(qr—ps). (5-9) 
Besides, we use the following transformation, 
p=P,chO+Pssh0, r=—Q,shé+Q, ch?, 
Ge Onc = Oe ch'Y is eh UP, chit, 


2zJ(S, Soe ; (5-10) 
zJ(S, +55) + (K/S?) (S,+5;) 


thee 


the Hamiltonian becomes 
H = {—z](S,S,)1? sh 20+ (zJSo+ (K/S?)S,) ch?0 
+ (zJ5,+ (K/S?)S,) sh?6+4.9¢H,} (Q?+P,’) 
+ {—zJ(S,5S») sh 20+ (zJS,+ (K/S)S,) sh? 
+ (zJS,+ (K/S?)S,) ch? 9 — 3 gH} (Qz’+P,’). (OAL) 
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The resonance frequencies are 
oO g=b"| {(2J+K/S?)? (S, +82)? —S,59(2 2) 7} 
+ {(zJ—K/S*) (S,—5,) —g#H,} | 
=b"[ {8zJK+ (2) A/G) 3"? & (2) H/94— 94H.) |, (5-12) 


where 
4); = 29U45S/A, . (5-13) 


(5-12) is also in agreement with the classical one. 
Similar calculations have been carried out for ferrimagnetism and we have obtained 


the same result as that by Wangsness.’” 


6. Antiferromagnetic resonance absorption If 


If the exchange integral is antiferromagnetic sign in a crystal of triangular lattice, 
spin super-structure is not ordinary two sublattices but three sublattices, on which the 
spins incline at an angle of 120° one another, as easily understood from the consideration 
of the total energies. In fact, some antiferromagnetic crystals of NiAs type, in which 
the exchange interactions between triangular lattice planes are negligible, seem to be three 
sublattices antiferromagnetic men- 
tioned above. We will consider 
the antiferromagnetic resonance in 
these crystals. (A) 


We regard each sublattice as 


| 
a giant molecule with effective spin =| eT ad Lire 
S respectively. We denote each Seas wis | pe 
F > 
sublattice by A, B and C. A eed ie oa g 
ea een Say Shere ae 
Hamiltonian is the sum of exchange “aS | ai | pe (B) | 
of + of >) 2 
part J6,,, anisotropy part JC, and Saco ~ ae 
se. yee ete ke re 
Zeeman part 4,. 6,, is Sch | tas 
»f eee Ce Bed raed oh Ot tk Fy 
#6 ,,=]{(S*.S?) + (S’ -S°) sites! Pa 
Sigs oe ae hoe aD ee 
C.GA\\ ; 
F(S-89}, Gas asl a 
on Nee oe 
where J=9|J’|/n and J’ is the Per ee 
; he ie aio Lee | 
exchange integral and n is the | 1 (C) 


number of total sites. We take 


the direction of A spin as z axis 


™ 


and take y axis perpendicular to the 


plane as shown in Fig. 6. In each 
Fig. 6. Three sublattices and spin superstructure in tri- 


angular lattice and individual coordinates for A, B and C 
nate Systems defined as follows, sublattices. 


sublattice, we use individual coordi- 
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for A sublattice Lo 


Tae (6 - 2a) 
KA <A 

for B sublattice x= —gx,+V3z,, 
aoe (6 - 2b) 
z= VE xy A Zp. 

for C sublattice x=—4xe— V2 xu, 
Ve Ge, (6-2c) 
z= V3 whe 


If we apply the external field along z axis, the spins of A sublattice are induced small 
quantity 4S and that of B and C sublattices turn small angle @ toward external field. 
We turn the coordinate axes + and —@ about y axis respectively and define the 


following coordinate systems : 


for A sublattice XK peas 2. 


Ya=Na> (6 - 3a) 
a= 

for B sublattice Xy=cosGF,—sinOl,. 
Ye=Qn> (6- 3b) 


Z,=sin OF ,+coshl,, 
for C sublattice  xy=cosf&o+sinO lo, 
ye=Ho, (6: 3c) 
Zo= —sinfEg+cosO Co. 
The exchange Hamiltonian are represented by these coordinate systems as follows, 
Hor=J(SA{ (VE cosO +4 sin) S.? + (V3 sind —3 cos) 5.7} +5,48,,7 
+58.4{(—4 cos + V3 sind) S.” + (—4 sind — V3 cos6)S,"} 
+SA{— (V3 cosO+4 sind) SE+ (V3 sind —§ cos) S.°} +5,4 5,0 
+S4{(—4 cos0 + V3 sin) SE + (4 sind + V3 cosf) 5.4 
+ {(V¥ cosf+4 sind) SH + (WZ sind — 3 cos) S.”} 
x {— (V3 cosO +h sind) SL+ (VF sin 6 —} cos) 5.°} +5," 8,0 
+ {(—} cos + V3 sind) 5.2 + (—3 sin? — V3 cos) S,"} 
x {(—J cosO+ V3 sind) S£+ (4 sind + V3 cos) 5, J. (6-4) 
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° . Dye (1) . 
Anisotropy energy is composed of two parts; one is a uniaxial part HE which 


keeps the spin direction in the plane, and the other is 362 which has six-fold symmetry 


in the plane. 
Bn= HS +262 
=K {(S,A/S’)?+ (S,7/S)? + (S,°/S)*} 
— K’| {32 (S,4/S')®— 48 (S4/8’)* +18 (S,4/8’)?—1} 
+{(32/8*) (— VESP—457)°— (48/8) (— V9 S.7—-45,")' 
+ (18/S*) (— V3 5,7—435,")?—-1} 
+ {(32/S*) (¥ S,°—35,°)°— (48/5) (V3 SP—45)* 
+ (18/S*) (V3 S,—435,°)?—1} ]. (6-5) 
Zeeman part oA , is written as 
H = —Hgpe(SA+S2 +5.) 
= —Hgp|S.4+ (—4 cos6+ V3 sin#)S/ + (—4 sind— V3 cos) S." 
+ (—4 cosO+ V4 sind) SE+ (4 sind + V3 cos) 5,°]. (6-6) 
We define spin deviation operators as follows 
Se4 = (S'/2)1? (ata*), SP=(S/2)!"(b6*), S.o= (8/2)? (c+c*) 
$= —i(S'/2)'" (a—a*), 8? = —i(S/2)'2(b—6*), S°= —i(S/2)*?(c—c*), 
SA=S'—a* a, SP=S—h*b, SP=S—c*c, 6-7) 
where 
§S'=S+4S=S+y'H. (6-8) 


We substitute (6:7) in (6-4), (6-5) and (6-6), and neglect the terms more 
than third order of spin deviation operators. We can determine ( by means of eliminat- 


ing the coefhcient of linear term of operators ; 
(4 sind + V3 cos) {—JS’+]S (cos? — v3 sin@) + Hap} 
— (36K’/S) sind=0. (6-9) 


Considering that K’ is small quantity, the last term in (6-9) can be neglected and 
(6-9) is reduced to 


0=(9ge—Jy') H/(V3 JS). (6-10) 
The second order terms of operators in the Hamiltonian are 
I = —4J (S'S)? (1— V3.0) (a+a*) {(6+6*) + (c+c*)} 
—4JS(142V3 0) (b+6*) (cc) 
—4J(SS')'" (a—a*) {(6—b*) + (c—c*)} —3JS(b—b*) (c—c*) 
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+(J5' +36 Jat at JS(O* b+ ce) + (9R'/S) {(BEbY)*+ (chet) 


eR ge at 8) +E ety, (6-11) 
In (6-11), we used the relation (6-10). By the following transformation, 
27? (a+ 4*) =a), 2-'"(a—a*) =ip,, 
b+b*=q,+9,, b—b*=i(p,+p,), (6°12) 
c+c*=—Gqo+q,, c—c*=i( —p.+p,). 


The Hamiltonian (6-11) becomes 
= eH Se S74 ig-~ + Hop aU AN i 
(y me vrs Ut) 4 5 P 


oar aie £40 


Z 1 K’ ‘I . Koes 
——_J § +--—_J 8’ + 18 — ——~ Hg )q.? +( JS +$—~— Bg 
“il ape eee oS alice 3 a (5+ )p 
— GSS) (IS! — AG) 9195 +] (255')"” p, ps. (6-13) 
In (6-13), the mode 2 is separated, and the resonance frequency w, by the mode 


mts 


, \ 1/2 
m=b'[3]K {1+ 2 ( ia —7') icc ; (6-14) 


We exclude the terms of the mode 2 from the Hamiltonian, and transform the rest 
terms by following transformation, 
q.=cos9Q,+singQ,, qg= —sin PQ, + cos YQ,, 
pPi=cosyP,+singP,, p,=—singP,+cos¢P,, (6-15) 
1 1/2 
tan 29. === ment tae (6-16) 
Use B)-(Laee Koo) 


Then, 
He = AQ? +BQ2+CQ,Q,+ DP? +EP,’, (6-17) 


where 


3 K’ 1 
Se egie fC ES seal: 20-9) A, 
‘ lie eae (2J7 
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— “2 (3Hgp— 4 4 : 
Corer eutee as s) 
asl / 

De ee Ete Le 

y 38? 5 

3 K 7 RY? HP or’ 

pays. H——4_— + 

E eet Bee +—]y 35° 5 


Moreover, we use the following transformation 
Q, = (D/E)"” (cos$.Q,’ +sin9Qs’), Q,= —sin dQ,’ +cos 6 Q,’, 
P,= (E/D)*" (cos @P,! +sin 9 P,’), P= —sindP, +cos o Py; (6-19) 
tan 26=C(DE)'”/{BE—AD\ . (6-20) 


Thus the Hamiltonian can be written as 


iat. laiak AD cs Seger 
=+[(2+8)-{(—8) +5" } q+, 

1 TAD (AD eave) i ‘ 

uly ADIT BR aR 10,7 EP? Grant 
p | = +B)+4( : (a) 8G (6-21) 


Using (6-18) and (6-21), the resonance frequencies are 
Gib (271K), (6-22) 


ee Re ON es Sere eS leKe ih 
Ws=b [37K {1 : ( ‘ 7!) a 718° hiegt|: | 29) 

We have obtained three resonance frequencies (6-14), (6-22) and (6-23). Considering 
that K’<K, w, is far smaller than w, and w,. wy and , are degenerate approximately, 
but this degeneracy is removed by the external field and anisotropy K’. If we tentatively 
assume that K=10° erg/c.c., K’=10* erg/c.c., J=9|J'|/n=10-* erg c.c., the wave 
lengths 4,.=/,=0.4 cm and 4,=2 cm. 

Though the calculations described above are carried out in the case that the external 
field is applied along one of the easiest directions, we can conclude that even in the case 
of applying the field along arbitrary direction, one resonance frequency is smaller than 


the other two resonance frequencies which are degenerate approximately. 


7. Discussion 


The method of determining the ferromagnetic resonance frequency by means of the 
Hamiltonian form is equivalent to the method of solving the equation of Bloch-Kittel 
as often done. But the former is sometimes easier than the latter when the external 
field has arbitrary intensity and direction. In addition to that, the Hamiltonian form 
is superior in respect that it can be directly connected with the perturbation theory. 


When we want to determine the ferromagnetic resonance frequency in the spin wave 
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theory, we must obtain creation energy of the spin wave with zero wave number. It is 
the sum of Zeeman energy, anisotropy energy and dipolar interaction energy. The spin 
wave with zero wave number is the mode in which every spin moves in phase in classical 
picture. So the resonance frequencies by our theory and by the spin wave theory com- 
pletely agreed at zero temperature. In fact, Van Vleck" proved that the classical 
demagnetizing factor can be used even in the microscopic standpoint for an ellipsoidally 
cut body. He further proved that if spins are nearly all parallel in cubic crystal, 
macroscopic anisotropy energy are equivalent to the result derived from the microscopic 
picture with a model having quadrupolar coupling between spins. These explanations can 
also be applied in the spin wave theory. 

It is worth noting that in ferromagnetic substance, all spins move in phase by 
oscillating field, yet effective Hamiltonian of only one spin is meaningless unlike in para- 
magnetic substance, because any spin cannot absorb oscillating field quantum independently 
of one another owing to strong exchange interaction. In other words, if an oscillating 
field quantum is absorbed, in ferromagnetic crystal any spin does not decrease by a unity 
but all spins deviate in order of 1/n in classical picture, where n is the total number of 
spins. 

In § 4 we showed that it was difficult to interpret that a second peak was caused 
in the non-alignment state of magnetization. But we can see from Fig. 3, that if lower 
frequency had been used, a resonance in the non-aligned state would have been possible 
to observe. In fact under such a condition Weiss-Anderson™ observed in ferroxdure and 
Suhl’” observed in nickel ferrite double resonances. 

If a mechanism of double resonances is that discussed in § 4, resonance field will 
delicately depend on domain structure and line width will be broad. Double resonances 


"and cobalt ferrite are broad indeed. 


in iron single crystal, manganese ferrite 
Recently, Suhl'? proposed the mechanism of subsidiary absorption peaks in ferro- 
magnetic resonance at high signal levels. He could explain with his theory the observa- 
tions of Bloembergen and Wang" on subsidiary absorption. 
In addition, it may be possible that another resonance due to wall displacement 
occurs. In any case, we hope that the domain structure will be studied in detail when- 


ever the double resonances occur. 


The author wishes to express his sincere thanks to Professor Nagamiya for his 
valuable comments on this work. The present work has been supported in part by Grant 
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A theory of He*® and He? solutions has been developed on the basis of the following assumptions : 
(i)  He® mixes with the whole of Het (normal as well as superfluid) , 

(ii) the contribution to the entropy of mixing is due only to the normal part of He, and 
(iii) the solution of He® in He‘ is. not an “Ideal Solution” even above the j-temperature. 


? 


It obeys laws of a “ Strictly Regular Solution”. 
Agreement between theory and experiment concerning the j-temperature of the solution, molar 
specific heat of mixing, vapour pressure in solution, the distribution coefficient and the measure- 


ments of vapour pressures at dew points is found to be satisfactory. 


$1. Intreduction 


Several theoretical attempts have been made in recent years to explain the properties 
of solutions of He* and He*. The behaviour of solutions of He*® and He’ has been 
described following two different lines of thought. The thermodynamical description 
based on the properties of He* has been extended to solutions by making an ad hoc 
assumption about the entropy of mixing, or, starting from a more fundamental theory of 
the /-transition in He*, the influence of He’ on the properties of He* has been computed. 
The first method has been made use of by de Boer and Gorter”, Rice et al.,” Stout” 
and Koide and Usui”, using the assumption of Taconis et al.” that He’ dissolves only 
in the normal part of He* and that the solution obeys the laws of an “ Ideal Solution ”. 
The second line has been followed in the theories of Harasima®, Heer and Daunt” later 
refined by Mikura®, and of Toda and Ishihara”, starting from an interpretation of the 
A-point in He* as a consequence of the Bose-Einstein condensation, and of Pomeranchuk"’ 
starting from Landau’s excitation theory’. 

These theoretical models were proposed mainly to explain the earlier observations of 
the vapour pressure” of dilute solutions of He* in He* and of the variations of the qe 
temperature of the solution’? with the concentration of He’. It is now an established 
fact that these earlier observations were largely in error. Thus there exists no completely 
satisfactory theory for solutions of He® and He’, as none of these theories is in good 
agreement with the recent experimental data about /-temperature™’, specific heat’, effective 
“normal fluid” density’? and vapour pressure of solutions of He® and He*™>™. 

The theories based on the difference in the statistics are unsatisfactory, though the 


recent approach made by Mikura™ leads to good agreement with the experiments. The 
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parameters involved in this model render it rather easy to arrive at the desired results 
by their suitable adjustment. In 1946 Franck”) suggested that a separation of the two 
isotopes He*® and He‘ might be based on the expectation that He* would not take part 
in the superfluid phenomena which are characteristic for liquid He’ below the /-point. 
This hypothesis was supported* by experiments of Daunt et al.,” which indicated that 
He® is not carried with the superflow in liquid helium films or through narrow slits. 
Subsequent experiments by Fairbank et al.*” gave further support to this general idea by 
demonstrating that, in bulk liquid also, He* follows the movements of the normal fluid. 
When a state of internal convection is set up by local heating, the He’ atoms are flushed 
along by the heat current and are thus concentrated where the temperature is lowest. 
Hence the flow of He*® atoms seems to be governed by the flow of the normal fluid and 
not by that of the superfluid. This is in line with the suggestion by Landau and 
Pomeranchuk”” that massive foreign bodies, like the rotating disk, in liquid Hell are 
directly coupled with the normal fluid only. This behaviour, therefore, does not reveal 
anything about the importance of statistics of the isotopes for superfluidity. The experi- 
mental results of Guttman and Arnold®? indicate clearly that He” behaves exactly like 
He’ in He’ in spite of different statistics. Thus the second line of thought (in which 
the difference of statistics being obeyed by He‘ ard He’ is regarded as important) appears 
to be misleading. 


) 


The phenomenological thermodynamical approach of de Boer and Gorter’) does not 
give any clue to the understanding of the molecular origin of the deviations of the pro- 
perties of He’ and He’ solutions from the laws of an ‘‘ Ideal Solution”. A different 
choice of the Gibbs function and an introduction of a non-ideality parameter, as has been 
done by Nanda”, make no appreciable improvement in the original theory. The root 
cause of the severe disagreement of the original theory of de Boer and Gorter’ with the 
recent experimental results, therefore, seems to lie in the basic assumption of the theory. 
The assumption of Taconis et al.” (that He’ dissolves only in the normal part of He’) 
on which the theory of de Boer and Gorter’) is based, appears too artificial. It must 
be regarded with a due amount of caution, because taken literally, it implies that the 
normal part of He' is separated in space from the superfluid part (See e.g., Rice et al.”). 
This interpretation of the two fluid theory leads us into difficulties with the explanation 
of the basic properties of He II, such as second sound, where the superposition of the 
two fluids is always taken granted for. We have, therefore, tried to develop*?):2*) 2,20) 
a more consistent theory of He’ and He’ solutions on the basis of the following assump- 
tions : 

(i) He’ mixes with the whole of He! (normal as well as superfluid) . 

(ii) The contribution to the entropy of mixing is due only to the sormal part 


of He’. 


* E. F. Hammel and A. F. Schuch [Phys. Rev. 87 (1952), 154] have observed a pressure-indepen- 
dent stationary flow of He through superleaks in the presence of superfluid He!. As this stationary flow 
has been found accompanied by a pressure difference, we would be inclined to ascribe it to the irreversi- 


ble process involved. However, a final interpretation of these results must wait for further investigations. 
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(iii) The solution of He® in’ He! is not an “ Ideal Solution’ even above the /- 

temperature. It obeys laws of a “ Strictly Regular Solution.” 

In the present paper, it will be shown that the agreement between theory and ex- 
petiment concerning the /-temperature of the solution, molar specific heat of mixing, 
vapour pressure, distribution coefficient, and the vapour pressure measurements at the dew 
points is satisfactory. 

In a paper to be published, it will be shown that fairly good agreement for the 
velocity of second sound and the effective “normal fluid” density in solution is obtained, 
on the basis of this theory, if we assume that (i) He’ atoms partake in the motion of 
the normal part particles, and (ii) the effective mass of the He*® atoms in solution is 
twice the actual mass. Theory and experiment are also found to be in agreement as 
regards the osmotic pressure, the fountain effect and the heat resistance in He® and He' 
solutions. 


$2. The influence of He*® on the 4-temperature 


On the basis of the assumptions of the present theory (Sec. 1), the Gibbs function 
(G=U—TS-+PV) for the solution can be written in the form 


G(T, X,, x) = (1—X,) G(T, x) + X,-G,(T) + RT[X, In X, +x(1—X,) n(—X,) ] 
+xX;- (1 —X,)W, Cy) 


where X, is the concentration of He’ in the liquid phase. G,(T,x) and G,(T) are the 
Gibbs functions for pure He’ and He’ respectively. x(=/,,/(,) is the fraction of the 
total number of atoms of He’ which constitute the normal fluid, while »(=W/N) is 
the interchange energy”), and N is Avogedro’s number. The third (mixing) term on 
the right hand side of Eq. (2:1) has the same form as in the case of an “ Ideal Solu- 
tion ”’ 
x of the He’ atoms contributes to it. The last term on the right hand side of eq. 
(2-1) accounts for the assumption that the solution of He* and He’ is not an “ Ideal 


of two liquids, the only, but very important difference being that only a fraction 


Solution” even above the /-temperature, but it obeys laws of a “ Strictly Regular Solu- 
tion’. When x=1, eq. (2-1) becomes identical with the Gibbs function of a “ Strictly 
Regular Solution ”’. 

Following de Boer and Gorter’, we consider G, as a function of the parameter x. 
The equilibrium values of x are determined by the fact, that “ for each temperature and 
concentration Gibbs function must be 2 minimum with respect to variations of the para- 


meter x at constant T and X,”. Thus applying the condition of equilibrium 
[OG (T, X;, x) /Ox|p,x, =0, (2-2) 
to eq. (2-1), we obtain the following implicit equation for 
hoex (PPX 
(OGTCL, x) (os, + RT In(l—X,) + X,W=0. (2-3) 
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In order to make an actual calculation of the 7-temperature of the solution, some 
functional dependence of Gibbs function, G,(T, x), for pure He’ on the normal Les 
x has to be chosen. The expression for G, is chosen so as to conform the approximate 
representation of the experimental data for pure He! (See Tisza’*)) which is expressed by 


the relation 


X= Pnof p= S/S. (T/T) *, (2-4) 


no/f i 0 
, 4 
where the subscript 0 refers to pure He’. S, is the entropy of pure He’ at 7), the 
/-temperature of pure He’. 
A, Linear expression for G,. 


For G,, de Boer and Gorter’? adopted the expression 


G,(T, x») =—E,a—x") —xS,T, (2-5) 


where E, is a constant equal to ($-T,5,). In agreement with eq. (2:4) we choose 


the ‘‘ Modified linear expression for G,” which is expressed as 
G,(T, x) =—s5-S,T, (1 —¥°7*) —25,T, (2-6) 


where S,=1.622 cal.deg™’. mole™’., and T,=2.182°K. Substitution of eq. (2-6) in 


eq. (2-3) gives the implicit equation for x as 


Sil SP IRIE In(1—X,) +X, W=0. (2-7) 
The /-temperature of the solution i BS when x=1) is thus given by the equa- 
tion 
j xX,.-W 
(S.+ es ’ 
Tore Tee ee ea ka ee 


meee rita: (2-8) 
dl 5,—RIn(1—X,) 1—2.821 log, (1—X,) 


Recently, Dash and Taylor’? have measured the /-temperatures of solutions of He® and 


He’. They have proposed an empirical relation 


Tax, 


a 


= (1—X;,)*", (2-9) 


for X, up to 10 per cent. 

Using the experimentally observed value of (09T,x,/0X,) x,20=— 1.455 (from eq. 
(2-9)), eq. (2-8) leads to a value of W=1.976 cal. mole. It is in fairly good 
agreement with the average value, 1.81 cal. mole~', of W calculated by Morrow™ from 

8) 


Sommers’! experimental results of vapour pressures for solutions of He® and He’. 


B. Quadratic expression for G,. 


The choice of linear expression for G, is not satisfactory, as above T, this leads to 
temperature independent expression for entropy implying zero specific heat for He I. 
Another expression for G,, also used by de Boer*, involves a quadratic function for term 
in T. We have in this case (see also Daunt™) , 
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G,(T, x) = me CR paisapoe led: Sp repdy base: 
rs ( x) 13.0 5,T, G x ) hig x4 EI ESD) (2-10) 


This expressi ee i i isti 
Pression for G,(known as “ Quadratic Expression” to distinguish it from 


“ce of ° ? . . 
; Linear Expression” given by eq. (2-6)) gives an entropy for He I which increases 
linearly with temperature, as observed experimentally™. 


Substitution of eq. (2-10) in eq. (2-3) gives the implicit equation for x as 


(Pa /T) 00° — (F/T) Gas « R/S) [ln (1X2) +XiW/RT]=0. gg 11) 
The /-temperature of the solution (T=T x 1» When x=1) is thus given by 


(Tyx,/T)?—6.896 (Tax,/T)) log, (1 —X;,) —1— 0.691X,W=0. (2-12) 
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The ratio of the temperature of He* and He? solution, Tax,, 
to that of pure He, T,, as a function of the He* concentration X;z,. 
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Curve I Present Theory, Linear Expression for Gj. 
Curve II : Present Theory, Quadratic Expression for G,. 
Curve III: Empirical relation (2-9), proposed by Dash and Taylor!) 


©@raa 


for X;7, up to 10 percent. 

Experimental results of Abraham et al.!*) 
Experimental result of Eselsohn and Lazarev*?). 
Experimental results of Daunt and Heer). 
Experimental results of Dokoupil et al.)® 
Experimental results of Dash and Taylor’), 
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Using the experimentally observed value of (OT rx ,/OX,) x, as before, eq. (2-12) 
gives a value of W=2.406 cal. mele’. The /temperature of the solution, as 2 func- 
tion of the concentration of liquid He’, calculated by using eqs. (2-8) and (2-12) is 
compared in Fig. 1 with the empirical relation (2-9). It will be noticed that for X, 
up to 20 per cent, the calculated values of the /-temperature of the solution (using both 
the expressions for G,) are in excellent agreement with the empirical reletion* (2-9) 
proposed by Dash and Taylor”. For the sake of comparison, we have also included in 
Fig. 1 the experimental results of various other authors. 

The early experimental observations of the lowering of the /-temperature of He* due 
to an admixture of He’, reported by Abraham et al.'* for concentrations 2.4 per cent 
up to 28.2 per cent He® by using a superleak formed around a platinum wire, seem to 
be largely in error, presumably due to the concentration gradient set up in the liquid 
solution as a result of the heat flush effect. The value given for the /-temperature of 
1.5 per cent He® solution by Eselsohn and Lazarev™ is uncertain, due to the uncertainty 
of the concentration of liquid He*. They used an apperatus consisting of two reservoirs 
connected by a narrow capillary and made use of an observation of the supra-surface flow 


™® used, in their 


as the criterion for the existence of the /-temperature. Daunt and Heer 
experiments for concentrations from 42 to 89 percent He’, the same criterion and de- 
termined the /-temperatures at which the heat influxes to the reservoir changed abruptly. 
They expected that their results were not seriously affected by the heat flux effect. 

The experimental results of King and Fairbank*’, using the disappearance of second 
sound at the /-point as the criterion, for concentrations below 4.2 per cent He’ revealed 
a linear dependence of the /-temperature of the solution on the concentration of He’, 
giving a slope of —1.5 degrees per mole concentration. These observations led to the 
suspicion that the earlier observations were erroneous. The suspicion was confirmed by 
the recent measurements of the specific heat of solutions of He® and He’ by Dokoupil 
et al’. and by the results of the oscillating pendulum experiments performed by Dash and 
Taylor”. In the case of the specific heat measurements for concentrations of He® up to 
7.13 per cent, the values of the /-temperature of the solutions were computed from the 
discontinuities in the slope of the warm-up curves (of temperature versus time). These 
measurements revealed a linear dependence of the /-temperature of the solution on the 
concentration of He’, giving a slope of —1.48 degrees per mole concentration. Dash 
and Taylor'”) obtained the /-temperatures of the individual solutions by locating the dis- 
continuity in the slope of the torsion period, of a torsion pendulum immersed in the 
solution, versus temperature curves. This is equivalent to finding the temperature at 
which the normal fluid density becomes equal to the total density. Their experiments 
also give a linear shift of —1.47+0.3 degrees per mole concentration for the whole 
concentration range (up to X,=0.092) they studied. 

The principles involved in the methods to determine the lowering of the /-point of 


* We have been informed that the unpublished results of the Los Alamos Group give support to the 
empirical relation (2-9) even for higher values of X,. 
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He* due to the presence of He’ in the solution are entirely different from each other in 
the experiments of King and Fairbank®’, Dokoupil et al." and of Dash and Taylor™. 
In spite of that, the excellent agreement of the results suggests that the shift of /-point 
of He’ due to the presence of He® as given by Dash and Taylor’ may be treated as 
an established fact. In view of this fact, the previous theories of solutions of He® and 
He* need attention and may be revised because they were proposed mainly to explain the 
earlier observations, by Abraham et al". and by Daunt and Heer", of the /-temperature 


of the solutions of He* and He’ versus the concentration of He’. 


§ 3. The heat of mixing of He’ and He‘ solutions 


The mixing term in eq. (2-1) is not exactly proportional to T for temperatures 
below the /-temperature. Thus there is a mixing enthalpy, corresponding to which there 
is also a specific heat of mixing. This mixing enthalpy, being defined as the excess of 
the enthalpy of the solution over the sum of the enthalpies of the pure substances at 
the same temperature (and pressure, which is always supposed to be constant), can be 


calculated from Gibbs function by using the relation 
H=aG>T 0G/0T )x ==G=T(0G/0 Piz pa: (3-1) 
In writing eq. (3-1) use has been made of the equilibrium condition for G, given 
by eq. (2:2). In what follows we shall not distinguish between enthalpy and internal 
energy, as is usual for liquids not subject to high pressures. 
Using eq. (2-1) in eq. (3-1), the expression for enthalpy (or internal energy) 
becomes 
H=xX,, (1 ity) W+X,|G, (T) =i (0G, (f) /OT) | 
mit Xa) GT, %) —1 OG,(T, x) /0T) xz) I. (e2) 
Thus the expression for the mixing eathalpy | JH=H— (1—X,) H,’—X_,H,°] can 
be written as 
Ax; OX) Wi (i — Xz) 1G, (7, x) —T (0G, (7, x) eT) xz, 2| 
[G(T ,x%) —L OG, (Tx) /OT) aol} 5 (3-3) 
where x, denotes the fraction of the normal fluid in pure He’ at temperature T. 


A, Linear expression for G, 
Substituting the linear expression for G,, as given by eq. (2-6), eg. (3-3) leads 
us to the following expression for the molar heat of mixing : 


4H=xX,, (1— Xz) We eS li My) Pe (3-4) 


B. Quadratic expression for G, 
Substitution of the quadratic expression for G,, as given by eg. (2-10), eq. (3-3) 


leads us to the following expression for the molar heat of mixing : 
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dH=xxX,, @! Ay) W+8,T) (1 —X,) (ies (Atl F 9p B“EIEP) 
+E CT/T,)*—x4™)] GB -5) 


(i) Above the d-temperature for pure Het (T=T,), x=x,=1. Thecefore, the molar 
heat of mixing is given by the “Strictly Regular Solution ’’ value X,(1—X,) W. 


(ii) Below the j-temperature for pure He‘ (T<T)), x is obtained from the relation 
x)= (Tf 1x) a (2 7 4’) 


while x can be calculated from eqs. (2-7) and (2-11) respectively when linear and 
quadratic expressions for G, are used. 

Sommers" calculated the latent heat of evaporation of solutions of He® and He’ 
for different concentrations of He* with the aid of the Clausius-Clapeyron equation for 
a solution and by using his measured values of the vapour pressure of the solution. As 
a result he estimated the heat of mixing for dilute solutions of He® in He’ at 1.5°K 
to be 3 cal per mole of He’. 

Up to now there is available only one directly determined value of the heat of 
mixing. At a constant temperature of 1.02°K for a 8.6 per cent solution of He® in He’, 
Sommers et al.* measured the heat of mixing to be 1.98 cal per mole of He’ (=0.17 
cal per mole of the 8.6% solution) . 

We have calculated the molar heat of mixing, as a function of temperature, for 
8.6% solution of He’ in He* on the basis of the present theory by using the linear and 


FIG. 25, 
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Fig. 2. The Heat of mixing per mole of 8.6 per cent solution of He in He! versus T(°K). 
Curve I: Present Theory, Linear Expression for G,. 
Curve IL: Present Theory, Quadratic Expression for Gj. 
(@): Experimental result of Sommers et al.3% 


On Solutions of He* and He’ 687 


quadratic expressions for G,. The values so obtained are compared in Fig. 2 with the 
only one direct experimental result by Sommers et al. 
the magnitude of the predicted heat of mixing at 1.02°K is smaller by an order of 
magnitude in comparison with the direct experimental result. 
any conclusion from it, in view of the fact that there is one and only one direct ex- 
perimental result reported so far. The method by which the experimental estimation of 
this single value for the heat of mixing has been carried out by Sommers et al.2” 
free from doubt. We will discuss this point in more detail in a subsequent publication. 

In a paper to be published, we will show that the values of the 


derived from the vapour pressure data of Sommers!) and 
solutions of He? 


It is evident from Fig. 2 that 


However, we cannot draw 


is not 


heats of mixing, 
of Daunt and Tseng” for 


in He’, are in fairly good agreement with the corresponding values 
calculated on the basis of the present theory. 


$4. The specific heat of mixing of He® and He’ solutions 


The expression for the specific heat of mixing can be obtained by differentiating eq. 
(3-3) with respect to T. 


A. Linear expression for G,. 


Using the linear expression for G,, eq. (3-3) can be written in the form of eq. 
(3-4). Differentiating eq. (3-4) we have the following expression for the specific heat 
of mixing of He® and He’ solutions : 
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Fig. 3a. The specific heat of mixing per mole of 1.00 per cent solution of 
He* in He* versus T (°K). 
——: Present Theory, Quadratic Expression for Gj. 


A\: Experimentally derived poinis!'®)> 4°, 
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(i) For T>T,, x=%,=1, and we have 
HOT (4-1) 
Ci yey Forel jie Tod ne op Als el gronds wesbave 
AC= —5.5x,S, (1—X;z). (4-2) 
Gui Ben] <= Tax. awe have 
AC= (1—X,) 8, {Ty (0x/OT) xz: [+X W/S,T,]—5.5%,} - (4-3) 
B. Quadratic expression for G,. 


The expression obtained for the specific heat of mixing of solutions of He* and He’ 
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The specific heat of mixing per mole of 2.50 per cent solution of He® 
in Het versus T(°K). 


Curve I: Present Theory, Linear Expression for G. 


Curve II: Present Theory, Quadratic Expression for G;. 
A\: Experimentally derived points.!6)40) 
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Fig. 3c. The specific heat of mixing per mole of 7.13 per cent solution of 
He® in He? versus T(°K). 

Present Theory, Quadratic Expression for G,. 

A\: Experimentally derived points.!®» 40) 


in this case by differentiating eq. (3-3) with respect to T is given by: 


Cape ror! =< T). x=x,=1, and we have 


AGO), (4-4) 
Gijemior J ed tT 1x, 1, Xd, and we have 
AC=— (1—X,) §,[5.5x,— (T/T)) ]. (4-5) 


(iii) For T< Tax,, we have 
AC= (1 =X1) 8, BET (0x/8T) xp (Ta/T) + (T/T) 4 XW TS] 
ey eas eek, |e (4-6) 


In these equations x, is given by equation (2-4) while x and (9x/dT) x, can be com- 
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puted from the equations (2-7) and (2-11) respectively for the linear and quadratic 
expressions for G,. 

We have calculated the molar specific heat of mixing, as a function of temperature, 
for 1.00, 2.50 and 7.13 per cent solutions of He’ in He* on the basis of the present 
theory by using the linear and quadratic expressions for G,. The values so obtained are 
compared in Figures 3a, 3b and 3c with the correponding experimentally determined 
values. To calculete the experimental values of the molar specific heat of mixing [dc= 
C— (1—X,) C,°—X,_C."], we have used the smoothed values of C and C,’ from the 


data given by Dokoupil et al’”’., while for C,’ we have used the empirical relation 
C.°=0.667+0.290T +0.078T* cal. deg~’. mole’, (4-7) 
for 0:4 lhe 241) se 


proposed by Roberts and Sydoriak””. It is evident from Fig. 3 that the calculated values, 
of the molar specific heat of mixing (using both the expressions for G,), are in fairly 


good agreement with the experimentally determined values. 


§5. The vapour pressure of He® and He‘ solutions 


3(a). Partial Vapour pressures of He°® and He’. 
The thermodynamical potentials of He* and He® in the liquid phase are given by 


the relations 


/4p=G—X,, (0G/OX;) T (5-1) 
and 


H4s,=G+ (1—X;) (0G/AX,) », (5-2) 
where the subscript L indicates the quantity in the liquid phase. Making use of the 
expression (2-1) for G and the equilibrium condition (2-2) we thus have 

f4,=G,(T, x) + RTx In (1 —X;) 44X3W —X,RT (1—x) : (5-3) 
and 
Ps,=G,(T) + RT In X,+x(1—X,)*W + (1—X,) RT (1—x). (5-4) 
Thus we have 


Par — Par =|G,(T, x) —G,(T, x) ]-+ RTx In(1 —X,) +xX;W —X,RT (1—x), 
and “a4 
Psp — gy, = RT In X, +x (1—X,)°*W+ (1—X,) RT (A—», (5-6) 
where /4;, and #,) are the thermodynamical potentials respectively of liquid He’ and 
liquid He® in the pure state. 


Assuming the vapours of He’ and He’ to be slightly imperfect, we have according 
to Guggenheim" 
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He — Hp= RT In { (1—X,) P/p,} + By (P—p) +PX2-7, (5-7) 


and 
Psy Psy = RT In (X,P/p,") a5 B.. (P= >p,’) a1 (1 2) oe T, (5 ‘ 8) 


where p," and p,’ are the vapour pressures of He" and He® respectively in the pure 
phase ; P is the total pressure, 7 =2B.,—B,,—B,,, B’s being the second virial coefficients. 
In these equations the subscript v refers to the quantity in the vapour phase. 

Equating the thermodynamical potentials of He! and He® in the liquid phase to 
the thermodynamical potentials of He’ and He’ in the vapour phase respectively, the 
expressions for the partial vapour pressures of He’ and He’ are obtained as [p=P(1—X,) 


and p,==PX, | 
Pi=pr (1—X,)*-exp{ (1/RT)[G,(T, x) —G,(T, x.) +xXjW — (P—p,?) By—PX,2-7] 


GAIL SIG (53?) 
and 
Ps=psX1, “exp { (1/RT) [x el =z) Wi (Pe p.') B.,—P (1 = X:) oplee (1 = Xz) (1 =x) } ? 
(5-10) 


where X, and X, are the concentrations of. He* in the liquid and the vapour phases 
respectively. 
The partial vapour pressure of He* above T,x,, the /-temperature of the solution, 


is still higher than 
pa (1—Xz) -exp{ (1/RT) [XW (P= pi!) Bu PX,?-7]}, 


as long as T<T),, the /-temperature of pure He*. This is so, because, in solutions 
above the /-temperature, all the He*atoms are in the normal state, whereas for pure He* 
at the same temperature part of the atoms may be in the superfluid state and it causes 
a small difference in vapour pressure. 

We have calculated the total vapour pressure P(=p,+p,), as a function of tempera- 
ture, of the solutions He® in He* for various concentrations of He* ranging from 0.58 
to 20.3 per cent on the basis of the present theory by using the linear and quadratic 
expressions for G, The values so obtained are compared in Fig. 4 with the experimental 
results of Sommers’, Weinstock et al.” and of Daunt and Tseng’. The vapour im- 
perfection corrections have been applied using the second virial coefhicients computed by 
Kilpatrick et al. For p,’ we have used the vapour pressure data given by Van Dijk 
and Shoenberg™, while for p,’ we have used the smoothed values given by Araham et 
al.” It is evident from Fig. 4 that the calculated values on the basis of the present 
theory are in fairly good agreement with the experimental results. 

It is of interest to note that Sommers’ as well as Daunt and Tseng” measured 
directly p,’ and the difference JP(—P—p,') in vapour pressure between a solution of He’ 
in liquid He* and pure liquid He*. Thus it would be more appropriate to compare the 
theoretically evaluated values of JP with those determined experimentally. The values 
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Fig. 4a. The vapour pressure for 0.58 per cent solution of He in He’, as a 
function of absolute temperature, T(°K). 
: Present Theory, Quadratic Expression for Gj. 
@: Sommers!*) smoothed experimental results for 0.50 per cent 
solution of He* in Hel. 
4,: Sommers!®) unsmoothed experimental results for 0.58 per cent 
solution of He*® and Het. 
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Fig. 4b. The vapour pressure for 2.50 per cent solution of He 
in He’, as a function of absolute temperature, IRAQ). 
~~: Present Theory, Quadratic Expression for Gj. 
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Fig. 4c. The vapour pressure for 4.00 per cent solution of He® in Het, as a 
function of absolute temperature, T(°K). 
Curve I : Present Theory, Linear Expression for G3. 
Curve II: Present Theory, Quadratic Expression for G;. 
f4,: Sommers!®) smoothed experimental results. 
(*]: Experimental results of Daunt and Tseng.1 9) 
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Fig. 4e. The vapour pressure for 

9.50 per cent solution of 

- He’ in He, as a func- 

® tion of absolute tem- 
perature, T(°K). 

fo ——: Present Theory, Qua- 


dratic Expression for G3. 
: Sommers!S) smoothed 


R experimental results for 
9.50 per cent solution of 

A He®* in Het. 
4: Sommers!®) unsmo- 
othed experimental 


ear results for 9.49 per cent 
T (eK) solution of He* in Hel. 


70-0 


600 


30-0 
200 


10-0 


0-0 


£0 1 12 13 +4 15 16 18 19 20 24 22 


17 
T (°K) 


4f. The vapour pressure for 13.00 per cent solution of He in He‘, as a function of 
absolute temperature, T(°K). : 
~~~: Present Theory, Quadratic Expression for G. 
@: Sommers!*) smoothed experimental results. 
A,: Sommers!8) unsmoothed experimental reenlre. 
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Fig. 4g. The vapour pressure for 20.3 per cent solution of He’ in He‘, as a function of 
absolute temperature, T (°K). 
—: Present Theory, Quadratic Expression for G;. 
@©: Smoothed experimental results of Weinstock et al?). 


of JP calculated on the basis of the present theory are compared in Fig. 5 with the 
corresponding experimental results’. For a 4.00 per cent solution of He® in He’, 
the results obtained on the basis of the present theory are compared with various theories’? 
and the experimental results’. It is evident from Fig. 5 (especially for X,;=0.04, 
for which the comparison is shown with other theories*) that the present theory, 
especially with the linear expression for G,, describes the observed behaviour better than 
all the other theories. 

Fig. 5 indicates clearly that on the basis of the present theory the theoretical curve 
of JP versus T shows an inflexion point at the /-temperature of the solution. It is 
borne out clearly by the experimental data of Daunt and Tseng’. The agreement 
between theoretically calculated JP and the corresponding experimental results is fairly 
good in the lower temperature region up to 1.6°K. For higher temperatures the predicted 
values are higher than the experimental results. This discrepancy can be accounted for 
by the facts that at higher temperatures the vapours of the solution are far from being 
perfect and thus higher virial coefficients should be included in the vapour pressure 


equations. Secondly, we have ignored in our treatment the correction on account of the 


* This figure is the same as in reference 29). 
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volume change on mixing. It is found that the agreement in the higher temperature 
region can be improved by a proper selection of the expression for G, which leads to a 
smaller value of W. The lower value of W, in the case of linear expression for G,, 
improves the agreement because the terms involving W are important for higher tempera- 


tures where x is appreciable. 


10 tt 42 13 14 15 16 ‘7 18 1 2-0 21 22 
T(°K) 


Fig. 5a. The vapour pressure difference 4Pym71,9(=P—p,s°) for 0.58 per cent solution of He*® in 
He?, as a function of absolute temperature, T(°K). 
——: Present Theory, Quadratic Expression for G. 
@: Sommers'!*) smoothed experimental results for 0.50 per cent solution of He* in He. 
4,: Sommers!®) unsmoothed experimental results for 0.58 per cent solution of He* in Het. 
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Fig. 5b. The vapour pressure difference 4Pmmttg(=P—ps°) for 2.50 per cent solution of He? in 
Het, as a function of absolute temperature, T(°K). 
~—-: Present Theory, Quadratic Expression for G,. 
@: Sommers!® smoothed experimental results. 
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Fig. 5c. The vapour pressure difference 4Pinmttg(=P—p,®) for 4.00 per cent solution of He?® in 
He, as a function of absolute temperature, T(°K). 
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Fig. 5d. The vapour pressure difference 4Py»,11,(=P—p4°) for 5.00 per cent solution of He* in 
He?, as a function of absolute temperature, T(°K). 
——-: Present Theory, Quadratic Expression for G;. 
@: Sommers'’) smoothed experimental results for 5.00 per cent solution of He in Hel. 
4: Sommers!*) unsmoothed experimental results for 5.21 per cent solution of He’ in He}. 
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Fig. 5e. The vapour pressure difference 4P 
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Fig. 5f. The vapour pressure difference APiym11,(=P—p,°) for 13.00 per cent solution of He* 
in He', as a function of absolute temperature, T(°K). 
: Present Theory, Quadratic Expression for G,. 


@: Sommers!’) smoothed experimental results. 
4.: Sommers!®) unsmoothed experimental results. 
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Fig. 5g. The vapour pressure difference 4Piymt1g(=P—p4°) for 20.3 per cent solution of He® 

in He, as a function of absolute temperature, 7(°K). 
——-: Present Theory, Quadratic Expression for G,. 
@: Smoothed experimental results of Weinstock et al#*. 
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5(b). Discontinuities in the temperature derivatives of the vapour pressure 
of He® and He‘ solutions at the d.temperature of the solution. 


The existence of discontinuities in the temperature derivatives of vapour pressure at 
the Z-point of the solution is of interest both from the experimeatal and. theoretical 
standpoints. Assuming a second order transition for the solution, de Boer and Gorter” 
have shown from purely thermodynamical considerations that (dp,/dT) and (dp,/dT) 
should have discontinuities at T,x,. Following the procedure adopted by Nanda, we 
have 


8{8(P—p°,) /AT} =— {(1—Xz) px—X1py} 0 (AC) /RT?-OTaxz/AX,. (5-11) 


In deriving this relation we have dropped the vapour imperfection corrections for 
the sake of simplicity. Here 00 (= @,— ?,,) is the change in the value of the func- 
tion Y on crossing the /-temperature from phase I to phase II. Thus the theoretical 
value of the discontinuity in the temperature derivative of JP(=P—p,’) can be computed 
from equation (5-11), as all the quantities involved are calculable from the formulas of 
this paper. 

It was believed that Sommers’ measurements of the vapour pressures of He® and 
He’ solutions gave no evidence of discontinuities in the partial vapour pressures at the 
/-temperature of the solution. However, Nanda” showed that Sommers’ data reveals a 
discontinous change in slope of the JP versus temperature curve at the /-temperature of 
the solution. It is evident from Fig. 5c that the recent experimental data of vapour 
pressure of Daunt and Tseng" for 4.00 per cent solution of He® in He’, in agreement 
with the predictions of the present theory, clearly shows a change in slope, of JP versus 


temperature curve, at the /-temperature of the solution. 


5(c). Dew-point measurements of vapour-pressure of solutions of He? 
in He’. 


Sommers’) has also measured the vapour pressure of solutions of He® in He’ at the 
dew point when the vapour just beings to condense. These measurements should not 
be seriously affected by heat fluxes which may come into play when the bulk liquid has 
been actually formed. Accordingly, we have analyzed Sommers’ dew-point data in the 
same way as has already been done by Nanda”. From (JP/P) values given in Table 
I (of reference (18)) we have calculated p,, which is used to determine X, on the 
basis of the present theory, by using equation (5-10) and the quadratic expression for 
G,. Knowing X,, p, can be calculated by usiug equation (5-9) and compared with the 
experimental values. The results of such calculations are presented in Table 1, where 
we have used only these (JP/P) values for which the experimental error is less than 2 
per cent. For comparison we have also included in Table 1 the corresponding values of 
X;,, and p, calculated on the basis of C.R.S. (Classical Regular Solution) aad de B.G.+ 
RS. (de Boer and Gorter’s theory based on regular solution model). A strange 
feature of Sommers’ dew-point measurements is that at low temperatures and high con- 


ceatrations of He’ in the vapour phase, partial pressures for He’ higher than the pressure 
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in the pure phase are observed. Such a behaviour cannot be understood on the basis of 
the 


(based on the regular solution model, as given by Nanda”) which offers a natural ex- 


“Classical Regular Solution” theory. Unlike the de Boer-Gorter-Taconis approach 
planation for observed high values of ps this strange feature cannot be explained on the 


basis of the present theory. Sommers, therefore, may be regarded as right when he 


Table 1. Calculation of X;, and P, from Sommers’ dew- -point data according to C.R.S. (Classical Regular 


Solution), de B.G.+R.S. (de Boer and Gorter’s theory based on regular solution model) and 
Present theory (using the quadratic expression for G,). 


Xr, 


pa mmHg 
| 2 we ©! 1 : 1 ee 0 
Stenson ac bs 
| mmHg | /de B.G.+ | Present | Present | mmHg 
(ARES RS. iE hcors-| RS. | B.G.+ | Theor: Exptal. 
ball | Ve BSieht 
2.142 85.91 0.418 0.418 | 0.382 23.45 | 23.47 25.34 24.09 34.32 
1.703 27.65 0.270 | 0.270 | 0.183 6.88 | 7.46 7.66 TD 8.62 
a 1.702 26.71 0257 0.257 0.175 6.99 7.58 7.68 7.49 8.60 
‘ 1.688 25.62 0.254 0.254 Os 7 Om 6.56 | eau) 2D 7.18 8.10 
1.285 3.86 | 0.107 0.013" 1'"0059 | 1.02 TZ 1.06 | 1.08 1.11 
1.268 3.58 0.080 0.0067 | 0.058 | 0.93 | 1.00 0.95 1.00 0.99 
1.978 ZOD 0.154 | 0.154 0.131 19.48 19.80 20.30 20.37 21.97 
1.662 9.87 0.130 0.084 0.059 6.56 7.07 7.05 Tete) WedZ, 
0.58 1.546 6.35 0.072 0.0096 0.048 | 4.20 4.43 4.30 | 4.59 4.44 
| | 
| 1.486 | 4.76 0.061 0.0011 0.041 S205) 3.40 3.29 | 3.44 Boom 
1.448 3.85 0.053 | 0.0008 0.036 2.67 2.79 2072) 2279 || 2a 9) 
72 ite )5) 22.84 0.092 0.092 | 0.080 33.14 B35 33.66 | 33.56 35.53 
| 
0.405 31697 5.76 0.048 0.016 0.032 8.10 8.38 8.24 8.45 8.40 
| 1.695 See 0.048 | 0.016 0.031 8.04 8.32 8.18 8.41 8.34 
72 N53") 3:36 02027 0.027 0.018 B/D Ne 5D.7 6 35.87 35.84 36.30 
0.13 2052 4.07 | 0.020 0.016 0.014 27.08 277, PR INS) \\\ GLY A233 27.48 
| 1.918 2.76 | 0.015 0.008 0.011 18.36 18.46 18.45 18.44 18.57 
Table 2. Calculation of X7, and p3; from Sommers’ smoothed dew-point data according to H.D. (Heer and 
Daunt) theory, C.R.S., de B.G.+R.S., and the present theory (using the quadratic expression for 
Gs) at 1.7°K. (Pmmug is obtained by smoothing out the data graphically). 
| Xy, 3 mmHg 
12 Ps == 
XG, | | de | | Pp 
| mmHg | mmHg | Present | resent 
| | | H.D. | (CARES) BG | Gineaay sl J Dy Le CRS. fer BG . * | Theory Exptal. 
oe : 2nd as ! 
0.781 | 34.49 | 7.55 | 0.178 0.172 0.245 | 0.181 PEi@)) 19.13 | 25.26 27.33 26.94 
0.58 | 19.58! 8.22 | 0.054 0.053 0.091 0.056 8.63 6.90 is 14.42 9.98 11.36 
0.405 | 14.38] 8.56 | 0.0042 | 0.0042 | 0.0126 | —* 0.71 | 0.58 | 4.77 5.82 


* Absurd, because py > p,°. 
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concludes that there must have been some hidden source of error in his measurements 
at low temperatures. However, the agreement between the values of p, calculated on 
the basis of the present theory, using the quadratic expression for G,, and the experimentally 
determined values is in general satisfactory (See Table 1). The agreement on the basis 
of the present theory is as good as that obtained oa the basis of de B.G.+RS., if not 
better. 


Table 3. Calculation X,, and p; from Sommers’ smoothed dew-point data according to the present theory 
(using the quadratic expression for G,) at 1.7°K (Pmmug is obtained by using the empirical 


expression for X,, as given by Sommers.). 


Xr, P3 mmHg 
AG, | Pimug pP4ammug 
| Present Theory _ Present Theory Exptal. 
1 oe : . =: et p oPs ‘tes a past. eo Dw 
0.58 19.20 8.06 0.0751 13.08 11.14 
0.405 13.97 | 8.31 | 0.0328 6.00 5.66 
0.13 9.72 | 8.46 | 0.0060 1.13 1.26 


Table 4. Calculation of X), and pz; from Sommers’ unsmoothed data of vapour pressure at the dew point 
according to H.D., C.R.S., de B.G.+R.S. and the present theory (using the quadratic expression 


for G;). 
- =, — : - - 
| | | Xy, | 3mmHg 
Marl LCR) | a i “Ghibs’ bo sibe de ¥y Pecact elle Nt he ide he foe 
| PP BD. 1 CRS, \BG+ Theory | HD. | CRS. B.G.+ The nt | Exptal. 
i teal id | RSet ee ecnea RS. gD 
a 2.142 24.09 0.447 | 0.398 | 0.398 | 0.423 | 91.56 | 82.63 | 82.63 | 9261 | 85.91 
781 | | 
| 1.688 | 7.18 |- 0.163 |-0.205-|- 0.249 | - 0.182 | 22.37 | 21.57 | 25.12 | 26.92 | 25.62 
oe 1.978 | 20.37) 0.133 | 0.111 | 0.127 | 0.127 | 25.72 | 20.92 | 25.79 | 27.49 | 28.13 
1.662 | 7.15| 0.035 | 0.034 | 0.059 | 0.045 3.73 2.93 O52 deck 1 6 987 
= —|- | z | | = = _ |- =| Ea 
GAOS P2155 33.56)" — | | 0.083 >) [ 0) "aequll 2S Ciotur ee aa 
k fale as! hes renal | oe ve Wilinnls: CSE: 
rece tae) a a rT 6.019 +] me hs al Gp agg 


—————SS rene 


The reverse calculation, i.e., using p, for calculating X, and determining p, from it, 
brings out the difference between various theories more clearly as can be seen from Tables 
2, 3 and 4. In Table 2 we have used the graphically smoothed values of pressures, 
Pumug at 1.7°K for different X,, while in Table 3 use has been made of the empirical 
relation for X, given by Sommers to calculate Pumug at 1.7°K for different X,. In 
Table 4 unsmoothed dew-point vapour pressure data have been used.* It will be seen 


that the deviations of the C.R.S. and the Heer and Daunt”) theory from the experimental 


* Only the data for T>1.6°K has been used for the calculation of X), from ps because of the limited 
accuracy of the experimental results. 


On Solutions of He’ and He' 703 


values are more severe for low He® concentrations jn the vapour; for higher concentra- 
tions they become pronounced only at lower temperatures. It appears that the deviations 
are large whenever the concentration of the normal fluid in the solution js small. The 
formulas of the present theory, however, always yield results which are (considering the 
uncertainty in the measured values) in resonable agreement with experiment. 

The general agreement of the theoretical results of the present theory with Sommers’ 
dew-point measurements as well as with the direct vapour pressure results for fixed liquid 
concentrations clearly indicates that Sommers’ two sets of data, obtained by different 
methods, are in mutual agreement. The sign and the order of magnitude of the dis- 
continuity in the temperature derivative of JP at the A-temperature of the solution, as 
is indicated by the observations of Sommers") and of Daunt and Tseng”, is also in 
agreement with the theoretical predictions of the present theory. The root cause of the 
severe disagreement of the theory of de Boer and Gorter’) (and of de Boer and Gorter’s 
theory based on regular solution model” with the experimental results, therefore, seems 


to lie in the basic assumption of the theory. 


$6. The distribution coefficient of He® and He‘ solutions 
The expression for the vapour-liquid concentration ratio (distribution coefficient) 


Cr /Ci=ps/ par 1— Xz) /Xz (6-1) 


can be easily derived from equations (5-9) and (5-10). The calculated values of 
(C;/C,) for various He® concentrations ranging from 0.58 to 13.00 per cent are com- 
pared in Fig. 6 and Fig. 7 with the experimental data given by Sommers”. 


As is evident from Fig. 6, the agreement between theoretical and experimental values 


is satisfactory. 


25 
20 


15 


05 


10 11 12 13 14 19 ave 18 19 20 a1 22 


16 
TCk) 
Fig. 6a. The distribution coefficient of 2.50 per cent solution of He* in He’, as a function of 


absolute temperature, T(°K). 
——-: Present theory, Quadratic Expression for Gy. 
" ; Bs 4 
@: Sommers!®) experimental results for 1.98 per cent solution of He* in Het. 
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16 
T(*k) 
Fig. 6b. The distribution coefficient of 5.00 per cent solution of He* in He*, as a function of 
absolute temperature, T(°K). 
———: Present Theory, Quadratic Expression for G;. 


@: Sommers!®) experimental results for 5.21 per cent solution of He* in Het. 
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Fig. 6c. The distribution coefficient of 9.50 per cent solution of He® in He?, as a function of 
absolute temperature, T(°K). 


—: Present Theory, Quadratic Expression for G,. 
@): Sommers!* experimental results for 9.49 per cent solution of He’ in Hel. 


For dilute solutions, the expressions (5:9) and (5-10) for the partial vapour pressures 
reduce to 


pPi=Pr (6-2) 
and 


P= piX,-exp] 7 + Ax) |, (6-3) 


where the virial correction terms have been dropped for the sake of simplicity. Thus 


for dilute solutions, the vapour-liquid concentration ratio reduces to 


Cy/C,= (p/p) -exp ES 4 make) | ' (6-4) 
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10 tH 12 13 14 15 16 
TCK) 
Fig. 6d. The distribution coefficient of 13.00 per cent solution of He* in He4, as a function of 
absolute temperature, T(°K). 
——;: Present Theory, Quadratic Expression for G,. 


@: Sommers'®) experimental results. 


as compared with the corresponding expressions 


Cy/C,, = pr] Xp “prs (6 R 5) 
on the basis of de Boer and Gorter’s’) theory, and 
C,/C, =r (6 : 6) 


> 


on the basis of an “Ideal Solution” theory (Raoult’s Law). 
The corresponding expression for dilute solutions on the basis of the “ Modified B. 


E. Liquid” theory proposed by Mikura” is found to be 
0) 0 0 0 xX 0 0 vas é' 
Co/Ci=ph/pra Vat/V.a) exp | 1-2 V/V) I, (6-7) 


where ¥=8.8, 4,=8.609°K and (V,'/V,') =1.36. 


We have calculated (C;/C,) for dilute solutions of He’ in He’, as a function of 
temperature, on the basis of the present theory by making use of the linear and quadratic 
expressions for G, The results thus obtained are compared in Fig. 7 with various 
theories?’ and the experimental results of Sommers’ for 0.58% solution of He’ in He’ 


and of Wansink et al.” for dilute solutions. 
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The vapour imperfection corrections have been applied using the aceon virial 
coefficients computed by Kilpatrick et al’. As is evident from Fig. 7 the experimental 
data of Sommers appears to be in strong support of the present theory rather than of 
de Boer and Gorter’s! or “Ideal Solution” or Mikura’s theory. However, the recent 
experimental data of Wansink et al.” appears to te in good agreement with Mikura’s” 


theory, especially at low temperatures. 


Fig. 7. The distribution coefhcient of a dilute solution of He* in He’, as a function of atsolute 

temperature, T(K°). 

Curve I: Present Theory, Linear Expression for G;. 

Curve II : Present Theory, Quadratic Expression for G,. 

Curve III: Perfect Classical Solution Theory (‘ Ideal Solution ’’). 

Curve IV: de Boer and Gorter’s theory). 

Curve V : Mikura’s theory*). 
(@): Experimental results of Sommers'*) for 0.58 per cent solution of He’ in He'. 
(%): Smoothed Experimental results of Wansink et al.47) for dilute solutions of 


He* in Het (X;,~0). 


$7. The Henry’s law coefficient 


The Henry’s law coefficent gives us a nice chance to compare the experimental data 
for dilute solutions of He’ in He‘ with the values obtained on the basis of various theories. 
The ‘‘ Henry’s Law Coefficient’, h, is defined by the equation 
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b= L, (p,/X;). Gy 


X 7,>0 


Thus according to the present theory, it is given (using equation (6-3)) by the relation 


7 1-8 9 2:0 21 22 


ro Ul) 2 1-3 1-4 i} 


“TPK) 


Fig. 8. The ratio of the “Henry’s Law Coefficient”, for solution of He® in Het, 4, to the 
vapour pressure of liquid He* in the pure state, p;", as a function of absolute tempera- 
ture, T(°K). 

Curve I : Present Theory, Linear Expression for G,. 

Curve II : Present Theory, Quadratic Expression for G;. 

Curve III: Perfect Classical Solution Theory (“Ideal Solution”). 
Curve IY: de Boer and Gorter’s theory’). 


Curve V : Mikura’s theory*). 
: Experimental points, derived by using Sommers!*) smoothed experimental 
P' poin y g P' 


vapour pressure data for 0.5 per cent solution of He® in Het. 
A: Experimental points, derived by using Sommers!®) unsmoothed experimental 
vapour pressure data for 0.58 per cent solution of He* in Hel. 
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h=p,°-exp[ (1 —x,) +x,W/RT], (7-2) 
whereas, according to de Boer and Gorter’s'’ theory 
R= Pe f%s: (7-3) 
and according to “Ideal Solution” theory (Raoult’s Law) 
b=p,!. (7-4) 


The corresponding expression on the basis of the “ Modified B. E. Liquid” theory pro- 
posed by Mikura” is 


h=p," Vy /Va) exp [3 = “s V;/V,) (i+ 4,/T) | , Ks 5) 


We have calculated (h/p.") for solution of He® in He’, as a function of tempera- 
ture, on the present theory by making use of the linear and quadratic expressions for 
G,. The results thus obtained are compared in Fig. 8 with various theories’ and the 
experimental results. The vapour imperfection corrections have been applied using the 
second virial coefficients computed by Kilpatrick et al*”. The observed points plotted in 
Fig. 8 are calculated from Sommers’ vapour pressure data concerning 0.5 and 0.58 per 


cent solutions of He’ in He’ by applying the relation 
P=bX, +p) (1—X,). (7-6) 


It is evident from Fig. 8 that the experimental data is in strong support of the 
g P SUPP 
present theory rather than of de Boer and Gorter’) or ‘‘ Ideal Solution”? or Mikura’s 


8) 
theory”. 
§ 8. The osmotic pressure of He*® and He* solutions 


It is a well-known phenomenon that the liquid level in the solution of He’ and 
He’ is found to be higher than the pure He' level when the two liquids at the same 
temperature are connected by a very narrow slit above both liquid levels and equilibrium 
is established. This excess pressure in the solution is called ‘‘ Osmotic Pressure”; the 
slit plays here the role of semi-permeable membrane in the similar phenomena well-known 
in usual solutions. The osmotic effect was first observed by Daunt et al™)., and has 
subsequently been studied by Taconis et al"., who found that the osmotic pressure for 
very dilute solutions (concentration X, up to 2.310~°) of He® in He’ is roughly given 
by ‘ Van’t Hoffs Law,’ namely 

TREC; (Seq) 


where C, is the number of moles of He® found in unit volume of the solution. Theo- 
retically, eq. (8-1) has been derived by Gorter et al." by considerations based on de 
Boer and Gorter’s') theory. Even when de Boer-Gorter-Taconis point of view is now 
given up, we can derive eq. (8:1) on the basis of the present theory. 

The osmotic pressure //,, for the osmotic equilibrium of the solvent species He’, is 


related to the partial vapour pressure of the solvent by the thermodynamical relation®? 
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I1,= (RT/V,) -\n (p,"/p) , (8-2) 


where p,, p,’ denote respectively the partial vapour pressure of the solvent in the solution 
and the vapour pressure of the solvent in the pure state (at the same external pressure) . 
V, denotes the partial molar volume of the solvent in the solution, which for dilute 
solutions is indistinguisheble from the molar volume V’ of the pure solvent. 

Ignoring the vapour imperfection corrections for dilute solutions of He? in He’, the 
expression (5-9) reduces to 


Pi=ps (1—X;)*-exp[—X,(1—x) ], (8-3) 
which reduces to (6-2) for X,~0. 
Thus for dilute solution of He’ in He’ (5.0.04). 


In (p:/py) =xIn(1 — Xz) sal Ky ee Ar (8-4) 


where terms of higher powers in X, have been ignored. 


Thus the osmotic pressure for dilute solutions of He? in He! is given by 
IT,=RT-X,/V 2, (8-5) 


which is identical with eq. (8-1) proposed empirically by Taconis et al”. 

Measurements of osmotic pressure for solutions of higher He* concentrations are 
highly desirable, in view of the fact that they will provide a clue to the correct model 
of the He® and He? solutions. 
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By introducing a number of auxiliary variables, quamtum-mechanical collective and internal 
motions in a Bose system are described. In a collective representation obtained here, the wave func- 
tions are expressed as functions of the auxiliary variables and the internal coordinates. 

The energy for the ground state and the excitation energies of collective motion and internal 
motion are obtained for the case of a long-range interaction potential. The lowest energy obtained 
proves to be smaller than that afforded by the Hartree-Fock approximation. The excitations of the 
collective motion with smaller wave numbers than a cut-off wave number &, correspond to Landau’s 
phonons. The excitations of the internal motion resemble Landau’s rotons; but they are forbidden 
for the smaller wave numbers K <k,. 

When one applies this method to the problem of liquid helium, it becomes necessary to take 
account of the two-body correlation of individual particles. It is pointed out that the phonon energy 
depends upon the zero-point motion of the individual particles. 


S$ 1. Introduction 


As pointed out by Landau”, in order to clarify the superfluidity of liquid helium 
and its equilibrium properties at very low temperatures, it becomes necessary to introduce 
the organized wavy motion characterized by phonons and the hydrodynamical vortex 
motion characterized by rotons. The low energy part of the energy spectrum is given by 
phonons and the high energy part is afforded by rotons. Landau’s conception of phonon 
and roton involves some a priori assumptions, although his theory has been supported 
by a number of experimental results. Bogolubov” presented an approximation method 
of obtaining the energy spectrum of weakly interacting Bose particles, which behaves in 
the same manner as Landau’s spectrum if the Fourier coefficients of the interaction potential 
are properly adjusted. Recently, by utilizing the hydrédynamical approximation, almost the 
same result has been given by several authors”. Even in the case of a long-range weak 
interaction potential these results are valid only for the excitations of low energies and the 
excitations of the individual particles corresponding to the excitations of Landu’s rotons 
have been quite overlooked. 

On the other hand, Bohm and Pines’ presented the collective description of metallic 
electrons, in which the total Hamiltonian splits into the energy of the plasma oscillation 
and that of the individual particles. In their theory, the collective motion of the electrons 


appearing as the plasma oscillation is described by a set of auxiliary variables. The superfluous 
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degrees of freedom of these variables are canceled by imposing a set of BESS condi- 
tions upon the wave functions. It has been pointed out by. several authors” that the 
neglect of these subsidiary conditions can lead to absurd results. 

We have shown in a foregoing paper” that we can modify Bohm’s method so that 
we may obtain the correct eigenvalues, even if the subsidiary conditions are neglected. 
We shall apply this modified method to a Bose system to find the excitations of the 
internal motion as well as those of the collective oscillation. In so doing, we shall notice 
that the so-called random phase approximation utilized in Bohm’s theory becomes invalid 
in the case of a short-range potential. 

In Section 2, we shall consider a set of curvilinear coordinates to illustrate the 
present method. There we shall clarify the role of the subsidiary condition and make a 
remark on Adams”) criticism of Bohm’s theory. In Section 3, we shall consider a formal 
problem of a long-range interaction potential taking the Fourier coefficients of the density 
operator as the collective variables. When the interaction potential is of such a long- 
range that its Fourier coefficients with larger wave numbers than a cut-off wave number 
k, are negligible, the energy spectrum becomes the same with that obtained from the 
hydrodynamical approximation for the smaller wave numbers than k, and it resembles the 
energy of Landau’s roton for the larger wave numbers. The energy for the ground state 
is in accord with the previous result. It will be shown that this lowest energy is certainly 
smaller than the lowest energy obtained by the Hartree-Fock approximation. In Section 
4, we shall point out that the occupation number of the Bose particles is given by that 
of collective quanta or phonons for the small wave numbers and that of internal quanta 
or rotons for the large wave numbers. Finally, in Section 5, we shall examine the 
applicability of the random phase approximation. The result obtained in Section 3 can- 
not be applied to the problem of liquid helium, because the frequency of the collective 
oscillation becomes divergent. By taking account of the non-orthogonality of the Fourier 
coefficients, it will be shown that no divergent term appears in the expression of the 


frequency for the sake of the correlation effect of the individual particles. 


§2. A set of curvilinear coordinates 


In order to illustrate our method of the collective description we consider a set of 
curvilinear coordinates in the 3N-dimensional configuration space. We select out a 


coordinate ¢(x,,...x\) regarded as a simple generalization of the center-of-mass coordinate. 


The momentum operator associated with ¢ is defined by 


TreectalEae ote aad eee ho 
yl | 5 a4 a Ox; “Ee aes ie)? (2-1) 


J 


where T implies the kinetic energy of particles and m is the particle mass. Geometrically 
speaking, the above momentum operator represents a differential operator in the direction 


normal to the surface given by S=const. Here we impose a restriction on the functional 
form of ¢ such as 
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me fe 9 wv o= 9 
S}(0€/Ax,)2=m, 31-0 /Ax2=0. (22) 


= b ~ Oe © 
| Ox; Ox, : C®) 
and we find 
bo. 23, (2"4) 


which shows that 2 becomes the canonical conjugate of €. When we compose 3N—1 

curvilinear coordinates (,,..., €;y-; orthogonal to € and also orthogonal to one another, 

the momentum operator turns out to be 
b 


a eae gee (Pegs) +29," 
2mi | O¢ 


O ) 5b O 
— = —, GPSS) 
OF TOS ( ) 


remembering that the determinant of the metric tensor denoted by y is independent of 


€ and the diagonal element of the tensor with respect to € denoted by y. becomes m~'. 


The total Hamiltonian can be expressed in terms of the internal coordinates as 


HAT Sev 
2 ay=1 raat ah fa) 12 = 
=a ee 24 Y — (9°95 ) ae ae a (Gaye ses Can=15 S), (2 : 6) 
2m j=1 ie Ot U2 


where ¢; stands for a diagonal element of the metric tensor. When H is expanded in 
a power series of € the expansion coefficients become independent of both ¢ and 7, hence 
they are commutative with both ¢ and z. Inversely, as shown by Tomonaga”, for a 
given set of canonical variables ¢ and z the total Hamiltonian can be expanded in such 
a way that the expansion coefficients of ¢ become commutative with both ¢ and 7. 

We shall apply Bohm’s theory of the collective description to separate the variable 
€ from the total Hamiltonian in the way mentioned above, and it will be pointed out that 
there appears an important difference between Bohm’s theory and the Tomonaga’s theory. 

Considering € as the collective variable to describe the collective oscillation of this 
boson system, we transform the total Hamiltonian by a contact transformation of the 
form 

U,=exp(i/b-¢ 7). (2-2) 

In the original representation we impose the subsidiary condition of the form 


ad,=0, (228) 


where @ is the auxiliary variable and /f is its canonical conjugate. 


Noting (2-1), the transformed Hamiltonian turns out into 
H,=U,7HU,=T+V+204+ ??/2, (2-9) 


and in this representation the subsidiary condition takes the form 
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(a—€&)¢,=0. (2-10) 


In our case, a contact transformation called the transformation of Bohm and Pines that 


cancels the interaction term 7/9 is given by 


U,=exp(—i/bh-ma). (2-11) 
The Hamiltonian in Bohm’s representation is now expressed by 
Hea pls 
—T —2/24V + (i/b)a[z, (T+V)] 
+4(i/b)*a[x, [z, (T+) ]\+..., (2-12) 
and the wave function @, is imposed by the subsidiary condition such as 
&¢,=0- of 0¢6,/0%=0. (2213) 
The Hamiltonian H, commutes with ¢ but does not commute with 7. This fact im- 


plies that the coefficients of a” in H,, depend upon the collective variable. On the 
other hand, the subsidiary condition means that the eigenfunctions obtained in the 
momentum space should be independent of the momentum operator =. But the eigen- 
value problem in the momentum space is much more difficult than that in the ordinary 
space, so that it is difficult for us to select the wave functions satisfying (2-13) from 
the set of eigenfunctions of H,. If we solve the eigenvalue problem regardless of the 
subsidiary condition there appear, of course, some fictitious states giving rise to the in- 
correct eigenvalues as pointed out in a foregoing paper”. This difficulty in taking account 
of the subsidiary condition does not seem to be a small drawback in Bohm’s theory, and 
it is connected with the incomplete separation of the collective variable and the internal 
variables. By taking account of the orthogonality between the collective coordinate and 
the internal coordinates, we can modify Bohm’s theory so that the subsidiary condition 
may be treated in a systematic way. It can be shown that by applying the transforma- 
tion U, again, the transformed Hamiltonian, as well as other transformed quantities, be- 


comes commutative with both ¢ and =z. To show this we have only to notice that 
6éU=Ue, 2Us Us, (2-14) 
U=U,U,U.. (2-15) 


Indeed, the transformed Hamiltonian H, is given by 


€ 


H,=T+V + (i/b) (a—¢)[z, (T+V) | 
+ ?/2+4 (/b)? (a—¢)*[z, [z, (T+V) ]]+..., (2-16) 


where all the expansion coefficients with respect to a are precisely in accord with 


Tomonaga’s result."" As the collective variable has been completely separated in this 


representation, the eigenfunctions are expressed by the internal coordinates and the auxiliary 


variable. In principle, the eigenvalue problem can be solved in the 3N-1 dimensional 


restricted configuration space. But, in practice, we inquire about the eigenfunctions of 
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H, in the 3N dimensional total configuration space. In this case the eigenfunctions 
obteined may depend upon the collective coordinate €. If these eigenfunctions are correct, 
each of them must be of the form 4, Vay Xone op tan yo 0 (Cee wee) P(E) where i) 
is independent of ¢ and F(¢) is an arbitrary function of ©. The eigenvalue correspond- 


ing to @, is independent of the form of F(=). In fact, we get 
H.6,=F (¢) HO=E.6, . (2°17) 


Example: In order to clarify this point, we consider a Hamitonian of a one-dimensjonal two-particle system 
which is independent of the center-of-mass coordinate and momentum. As H,, we assume 


i a i 
He 5 =i 


+ B?/2+ a?/2=H, — (p+ p2)2/4— (x, +x2) 2/4. (E-1) 


In the restricted configuration space of the relative coordinate, the eigenfunction for the lowest state is 
go & exp [— (x; —x2)?/4]exp(—a?/2), 4=1. (E-2) 


When we solve the problem in the representation that Hy is diagonal, the eigenfunction is given by 


Po, oCcexP | — (x1° + x2”) /2] exp (— a°/2) =exp[— (x; —x2)*/4] exp (—a?/2) exp[— (xy +x2)2/4],  (B-3) 
which depends upon the center-of-mass coordinate and exp [— (x;+x2)2/4] corresponds to the above arbitrary 
function F(&). 

Here we can see that the role of the subsidiary condition is to determine the functional 


form of F(¢). For instance, if we put 
{ (w/26)'?F +1 (1/26) 1x} 6,=0, (2-18) 
F (¢) becomes the Gaussian such as 
F (¢) =exp (— w€?/26). (2-19) 


In the. original representation the subsidiary condition corresponding to (2:18) is expressed 


as 


{ (w/26) "Pa +i (1/26) "} b=0, (2-20) 


which takes the place of Bohm’s condition (2-8). 

The present representation has the advantage of Bohm’s representation, because all 
the eigenvalues are correct, even if we neglect the subsidiary condition to obtain them. 
As pointed out in a foregoing paper,” the eigenvalues obtained in Bohm’s representation 
are vot always correct, unless we take account of the subsidiary condition in each step 
of the calculation, because the Hamiltonian H,, is not independent of the collective 
varicble. 

Among the eigenfunctions of H,, those satisfying the subsidiary condition are called 
proper functions. The other eigenfunctions incompatible with the subsidiary condition 
are called improper functions which should be excluded from the family of the eigen- 


functions. The eigenfunctions independent of the collective variable are called true func- 


tions. 
The form of the subsidiary condition is not unique. As another form, we may as- 


sume 
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1, =60¢,/i0F =0, (2-21) 


instead of (2-18). Inasmuch as the true functions are unaffected by the subsidiary 
condition, the form of the condition is quite at our disposal. 

The eigenfunctions of H, are obtained in the following manner. When the higher 
order commutators of z and H such as [7, [z, [...[7, H]]...] can be negligible, the total 
Hamiltonien H, splits into three parts: the internal Hamiltonian H,,, being independent 
of @ and f, the collective Hamiltonian H.,, being quadratic in @ and and the inter- 
action Hamiltonian H’ being linear in a. First, we try to diagonalize the Hamiltonian 

Ho=H 


in 


+H, regarding H’ as the perturbation energy. We assume the trial function 


for H, in a product form such as 
b= 9 Ceraee ts XNy a)7(@), (2-22) 


where ¢/ is a function of the N particle coordinates and a@ and 7 is a function of the 
auxiliary variable @. This assumption corresponds to the well-known Born-Oppenheimer 
approximation”. If the coefficient of a” is constant or almost commutative with H,,,, we 
can take advantage of an eigenfunction of Hj, as ¢ and the average of the coefficient 
of a®/2 with respect to # can be recognized as the square frequency of the collective 
oscillation. This frequency denoted by w corresponds to the plasma frequency in Bohm’s 
theory. The eigenfunctions of H, obtained in this way may depend upon the collective 
coordinate ¢ through the arbitrary functions F(¢). Among them we select out the 
proper functions. This adiabatic approximation can be justified, when the differences of 
the energy eigenvalues given by # are much larger than that afforded by y, namely bw, 
and when the derivatives of ¢/ with respect to @ such as 0¢//da@ and 0°¢)/da® can be 
ignored. 

In the end of this section we would like to make a remark on Adams’ criticism” 
pointing out that the conception of the number of the oscillation quanta is meaningless. 
Also in the above problem, his statement is true, so far as the original representation 
concerns. In the original representation where the subsidiary condition is given by (2-10) 


the expectation value of /7 is given by 


CB >, = (4, 3°6,) = (Oo, 3°dy) =f»), (2-23) 


since / commutes with U,. Considering that ¢, belongs to the sharp value of a, this 
expectation value becomes divergent. This is the essential point of Adams’ criticism. On 


the other hand in the present collective representation, we get 


(F)o= Gos Bb.) = (boy 726,) =(72)o, Set 


which is not divergent in general. Hence the number of the oscillation quanta defined 


by 
M= (2b) “' (i? + wa? — bw) (2-25) 


involves no divergent term. Therefore, in this representation, the occupation number of 
the quanta proves to be a useful conception. 
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The condition (2-2) is satisfied by a linear combination of the particle coordinates 
such as the center-of-mass coordinate. In Tomonaga’s theory”, there appear collective 
variables satisfying the second condition of (2-2) which satisfy the first condition only 
approximately. When we introduce the canonical momentum of the collective variable by the 
Lagrangian, the above transformation (2-15) can be applied to a more generic collective 
coordinate of an arbitrary functional form ; however, the Hamiltonian H, will become 


very much complicated in such a case. 


§ 3. Density waves 


NV 
Here we consider the Fourier coefficients of the density operator™ (,= >} exp (—ikx,) 
1/2 
or €,= (m/N)'! 


of curvilinear coordinates, these variables are not orthogonal to one another and do not 


a 
k|, as the collective variables. Being different from the case of the set 


N 
satisfy the condition: >} 0°€,/0x;=0 which corresponds to (2-2). But, within the limit 
j 


of the following approximation, these variables may be considered as orthogonal to one 
another. 
Introducing the momentum operators defined by 


: N O2e 
ese To ee fewe 9 F= , Leh et 
7 5  F2] eee | Ox, Ox; ae) 
; bee be 
= ib (mN) -"2|&| Sexp Gh-x) | (tp) + 4, (3-1) 
9 
we get 
eye es, OF GD , ae ne 
l w i] ore se 
For k=/, (3-2) becomes 
(72, 6,)=5 /2- Gy) 


Tomonaga®” considered that these variables specified by small wave numbers such as 
|k| <k,, are almost orthogonal to one another, where /,=27/k, is smaller than the mean 


atomic spacing. Then the commutator (3-2) is replaced by 
[7 e\=b/i-dn , RI, Tf ee 0s (3-3) 
The error arising from this assumption can be estimated by a statistical reasoning to 


take account of the mean deviation of the commutator (3-2) with respect to the ground 


state, which is expressed by 
D= (B/N: (COD a aan shal (3-4) 


* We consider a cubic box of unit volume. The Fourier coefficent of a function f(x) is defined by 


fe=) f (x) exp (—ik-x) d*x. 
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where F, given by the average with respect to the ground state : N71{x0-%>9 implies 
the form factor observed by the scattering of x-rays. As will be mentioned in Section 5, 
the form factor increases linearly with the wave number for small weve numbers and 
tends to unity as the wave number increases in the case of liquid helium as well as in 
the formal case of a long-range potential discussed here. Therefore we can see that the 
mean deviation (3-4) is at most of order N~'? and the approximation (3-3) is useful 
as far as the mean deviation is negligible for smaller wave numbers than 2k,. In Section 
4, in the case of a long-range potential, it will be shown that the form factor obtained 
by using the exact commutation relations (3-2) proves to be equal to that derived by 
using (3-3). Even in the case of a short-range potential, (3-3) will be useful for 
sufficiently small wave numbers. 


Next, the commutator between 7, and 7, is given by 


bead 


[7p tegen N UIE SAP rie die: xj} (k—L) - {ps +b (k+1) /2}, (3-5) 
which turns out for k=—lI/ into the form 


[2 1 \= “te 2S) ) (k: pi) > (3-6) 


whose mean deviation becomes negligible, if the center-of-mass motion can be ignored. 
According to a similar statistical reasoning applied to (3-2), the commutator (3-5) 
replaced by 


[wp ez |== 0," IRI, 1k. (3-7) 


Now, in terms of ¢, and =, for |k| <k,, the contact trensformation corresponding 
to (2-15) takes the form 
U=U,U,U, , 
; ke. 2 e (3-8) 
Fats AG ee .2,), U,=exp(—i/b-> > Fat)» | 


[@,, 3)|=tb0x, (3-9) 


where a, and /, represent the set of auxiliary variables. 

Here we restrict ourselves to such a formel case thet the interaction potential is so 
long-range that the Fourier coefficients of the potential specified by the larger wave numbers 
than k, are negligible and the interaction potential can be written in terms of the ¢ollec- 


tive variables ¢, as 


Ni Ne 
SV Ee tS ¥,—V 0), V (0) =S1V. (3-10) 
k 


2m xp 


V= 


Next, in order to cancel the redundant degrees of freedom of the auxiliary variables 
we impose a set of subsidiary conditions of the form 


> 


Qo fr==Q), 2 — ee "9 |k| 
$ (= vi SS as sams) (SPE) 
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which corresponds to (2-19) and turns out in the collective representation to be 


1/2 
c c -m 
Qt =O OPS (rt; Ae (3-12) 
!) (ses 


| 


Under these conditions we consider the eigenvalue problem of the transformed 
Hamiltonian H,=U~'HU expressed by 


Ke » Ke % : E 
leh = —_— +>) 7.7 _ pp aE roe (@,—¢,) | Rhy vk 
) 


ic 


ke s ‘ ke 
+3 G/0)?3)(@4—4) (4-8) [7 [24 T 14 ~ 3) Tene 
m k 


kee ‘ 
TEP B+ ~ v= <r), (3-13) 
where we heave used the approximation akin to (3-3) such that FF ion Faved Lt 


=[z_,{7,, T ||0_,. As mentioned in Section 2 those terms independent of the auxiliary 


variables are called the internal energy which becomes 


he ang = -\2 Ke of i 
H,=T—$>} 7,t_4———>} orl, T |+ Al 3) »S £6 _ tlm, oT) lk (3-14) 
i bk Op ik 


The second order terms in a, and f§, are called the collective energy which is given by 


ke 


i] kc E - : N és 
Algo = 4 2 Pb —-.+4 3 G/b)*|7_ 4 [Tm T | +2 eV; baa, (3-15) 
m 


and the energy composed of the linear terms of a, given by 


\2ke 


Vs ieee De T]e,—-(—) > Sn aoe [72 TA a), (3-16) 
b 


is considered as the interaction energy between the internal motion and the collective 
oscillation. We ignore the other higher order terms appearing in H, which come from 
the higher order commutators such as [7;,[...,[7_,, [7 T]]...]. These higher order 
terms give rise to the anharmonic terms* of higher order than the third order in a. 
Before we proceed to the eigenvalue problem of H,, we give here the explicit forms 


of the commutators as follows : 


* Utilizing the hydrodynamical approximation, we have shown for the one-dimensional case that the 
contribution from the third order anharmonic term corresponding to the above one is negligible compared 
with that coming from another anharmonic term such as Pte @%-78%8-, which would appear, 
if we applied the exact commutation relation (3-2):(T. Nishiyama and K. Kamiya, Proc. the International 
Conference of Theor. Phys. Kyoto, September 1953.). As far as the approximate commutation relations ate 
utilized, the detailed discussion about the above anharmonic terms is less interesting. 
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i/b (ty) T |= (m/N)*2|k|-1 (ke: Ka), Cain) 
(i/b)*[ 745 [7 T |]= (m?’N)~ y) {3 (k-p,)*+#7k'/4}, (3-18) 
where K, is the Fourier coefficient of the kinetic stress tensor defined by 
Ke = KONG) exp (Sea ps exp (—ik-x)) | pip? pes 
+7 e0K?} (3-19) 


and the notation A:B implies the inner product of tensors : 21 ABu, t, fei awee 
i, 

These expressions are in accord with those given by Tomonaga for the one-dimensional 

fermion problem. 

For the many Bose particle system in question, first we consider the eigenvalue 
problem of H,,, and we select the proper functions from the set of the eigenfunctions. 
In so doing, we restrict ourselves to the zero-particle state and the one-particle states. In 
the adiabatic approximation the eigenfunction of H, for the ground state is given by the 
eigenfunction of H,,, for the lowest zero-particle state. 

When all the particles are degenerate to the single-particle state of the zero momentum, 


the wave function normalized in the unit volume is of the simple form such as 

P= (3-20) 
which corresponds to the wave function (2-22). According to the adiabatic approxima- 
tion” we determine the Hamiltonian of the oscillation quanta by obtaining the eigenvalue 


of H, for 4’, regarding the auxiliary variables a, as the external parameters. Noting 


that 


iia Ke N NV 
Ain, iro ee Ne = ke Ds Cx lik. Mee \ —S' lik. cae TT] pu ey h 
a $1 ee L > Pik: (x;—xy) } 43 *P (x;—x) } —N ]¢y 


k 979 
5 PR 
ep eel (3-21) 
k 4m 
k 
e r ed 1/2 
ooo =4 ei (8,3-,+o~a,a_,) Po, O,= Le - : a rs) ’ (3 ; 22) 
ke 4m m 
Vie hes Te (3025) 
AH =E.%, > (3 i; 24) 
the eigenvalue becomes 
ke 9 919 9 
| pleas 19 9 Wp, iw Ret bk? N? way 
eSB P 1 +a 7 N+ Vy 0), (3-25) 


* This expression is slightly different from that given by Bogolubov”) by the total number of particles 
N which is replaced by no, the occupation number of the zero-momentum state, in his paper. 
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and we get the wave functions of the oscillation quanta from the eigenvalue equation of 


the form 


ke 
z > (BiB 4+ Wp: ,A_ 5) Y= Econ « (3-26) 


The wave function y, for the zero-point oscillation is given by 


yee L (w,/ 7b) "exp (—w,a,a_,/2b) . (3297) 


|k| <ke 
Accordingly, the eigenfunction for the lowest state becomes 
go =X, CG F 28) 
for which the lowest eigenvalue turns out to be 


pte pe few, 2 
SAG rye AE Say neh ope bia yy (3-29) 
2h 4m ik 2 2 
This result is precisely in accord with the former one obtained by means of the hydro- 
dynamical approximation®. Recently the same result has been obtained by Bogolubov* 


and Zubarev”, independently. 

It can easily be shown that (3-28) satisfies the subsidiary conditions. As far as 
we deal with the approximate commutation relations, the subsidiary conditions can also 
be satisfied by the wave function of the form 

= HM FE) 6, F(Ss|) exp (— P38 2/4m). 
kl Ske 
Therefore the wave function is determined except for this arbitrariness arising from 


the approximate commutation relation. 

The adiabatic approximation can be justified when the spacing of the energy levels 
of the collective oscillation, namely 4hw, is much smaller than that of the internal 
motion. In the following we shall show that the lowest excitation energy of the internal 


motion is much larger than the energy difference dhw),.. 
The lowest excited states for the wave numbers smaller than k, are represented by 


the one-phonon wave functions of the form 
Of? a Poye > (3-30) 


[i Deak, 
Onn Say 
He (b/ 20;,) 1X0 > 


and the excitation energy is given by 


(A, Bs) of” = €,0f” =bo,Of, GB . Ba) 


where the wave functions (3-30) are the proper functions. 


* In the original paper written in English,” he spells his name “‘ Bogolubov’”’. According to the 
variant translations of cyrtillic characters, it may be spelled “‘ Bogoliuboy” or “ Bogolyubov ”. 
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For the larger wave numbers than k. we coasider the one-particle wave functions of 


internal quanta expressed by 


N 
ff? =N-? >) exp (iK-x,), LRChim ke» (3-32) 
j 


corresponding to the configuration in the momentum space that the K-th single-particle 
state is occupied by one quantum and the occupation number of the lowest single-particle 
state is N—1. Being different from (3-28) and (3-30), these wave functions are not 
the eigenfunctions of H,, but they serve as the trial functions for the excited states 


(Appendix 1). The excitation energy corresponding to (3-31) amounts to 


th (ke k'd|k\ 
€,= CUSE ee (H,—E,) uh Xo) = ra = 2 Z k'd k| 
2m 


E: dolls gle eee" 
m* m Nm’ Jo ,(27)° 


If we neglect the interaction energy H’, the energy spectrum for the small wave numbers 
is solely determined by the phoaons, while for the large wave numbers it is given by 
the internal quanta and we obtain 

bor, RI, 


S— (3 - 34) * 
Bey 2a) Rh he 


¢ 


Utilizing the second quantization the ebove results will be confirmed ia Appendix 1. 
The expression (3-32) may be considered as a special case of the trial function proposed 
by Feyaman.” 

Now, let us coasider the interaction energy H’, which causes the scattering of an 
internal quantum accompanied with emission of a phonon. The matrix element corres- 


ponding to such a scattering is denoted by 
(K—k;k|H'|K;0), |K|>k, (3-35) 


where K ard K—k stand for the wave numbers of the internal quante, k means the 
wave number of the emitted phonon and the state of the zero-point oscillation represented 
by Y is indicated here by O. The matrix elements between the ground state and the 
one-perticle state of the internal quanta disappear. Utilizing the time-dependent perturba- 
tion theory (Appendix 2), we obtain the self-energy J, and the level width 6/’. such as 


Wer gy JN’ m*¢? 1 1— | \ér 
1, =| — )a +(1+ Sipe? | te (3-36) 
3 Zz INE . 2 1+ p a2 ; 
* Brenig!” obtained almost the same result with (3-34). He assumed the effective mass to be 3m/2. 


From the classical view-point, when a particle moves, the surrounding particles set in a flow motion which 
increases the effective mass. This is Feynman's reasoning! to derive the large effective mass 3m/2. On the 
other hand, in case of a system of particles interacting with one another through a potential of finite range, 
the spacings of the energy levels of the particles are extended, because every particle is considered as moving 
with a hard core which makes the extent of the space, in which the particles move, effectively small. This 
effect can be taken into account by introducing a small effective mass in contrast with the classical considera- 


tion. The present result (3-33) shows that such a quantum-mechanical effect predominates over the classical 
effect. 
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Sel SAE Be ARE I SR sige 
Yh (G 5 a Ja Sat isc (3:37) 
N'=k,!/6%*, v=6|K|/m*, a=m*/m, B=s/v, 7 =bk,/m*s, (3-38) 


where we have put w,+bk/2m*=|k\s. If the sound speed s is smaller than bk,/m*, 
no divergent term appears in (3-36). But if s becomes larger than bk,/m*, (3-36) 
diverges at the wave number |K|=m*s/b. Here, restricting ourselves to the former case, 


we get the modified spectrum for the large wave numbers in the form* 


ei il a Stal 3 3 a’m* 2 
= 414 (—— ——_— a-{ 1 ——7 + — O : 
ode ee pet t ar) O (IKI)... (2139) 
This expression is similar to the energy of Lendau’s roton exhibiting an “‘ energy gap ” 
Therefore we can conclude that there appears no excitation quantum except for phonons 
at very low temperatures. 

Finally, we would like to show that the lowest energy given by (3-29) is smaller 
than the lowest energy of the Hartree-Fock approximation. In the present formal pro- 
blem of a long-range potential the mean energy is expressed by 
/ hh, : 
ae, us a 24 SVN t TEN y,) > (3-40) 


i AV 


= 


where n, stands for the number of the particles occupying the single-particle state of the 
momentum bk. As far as the Fourier coefficients V, are positive, the lowest state is re- 
presented by the configuration that all the particles occupy the zero-momentum state**. 


Hence, in the Hartree-Fock approximation, the energy for the ground state is given by 
EE, =3N(N—-1)V .=-—F,;,, (3-41) 
2 


which is equal to the third term in the right-hand side of (3-29). We can readily 
show that the other three terms in (3-29) become the negative correction energy im- 


proving the Hartree-Fock approximation, noting that 


(= +Nv,) mee)? No. (3142) 


In the above we have assumed that no Fourier coefficients inclusive of V, are diver- 
gent. This assumption excludes the infinitely long-range potentials such as the Coulombian, 
for which the positively or negatively charged particles tend to condense at the surface 


of the vessel containing them, unless they are embedded in a uniform negative or positive 


* The terms independent of 7 have been given in a foregoing paper: T. Nishiyama and S. Lee, 


Busseiron Kenkyu, 93 (1956), p. 185 (in Japanese). 
** This is a consequence of the Heisenberg uncertainty relation concerning the canonically conjugate pair : 


relative momentum and relative distance of two particles. As the particles tend to stay apart from one an- 


other in the ordinary space, they tend to condense into the same momentum state. 
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charge distribution. We have restricted ourselves to such well-behaving potentials as 


their ranges are finite though sufficiently long. 


§4. Occupation number (Second quantization) 


In this section we shall deal with the quantized wave functions in the momentum 


space subjected to the following commutation relations : 
al (aN | ae + we (p= 
| ax, a, ]=on ’ | ax, a,|=|a, > Y }=0: (4- 1) 
In terms of these wave functions, the creation operators 5, and 7, are expressed by 


Se= (m/N YR D4 am Ar 12> 7,=1b (m/N) ~"?| DD ar etary (4-2) 


Now we try to obtain the expectation value of the occupation number n,=a, a, of the 


particles which turns out in the collective representation to be 


a Re aes . Ke = 
Cen, =n, = > (2,—7,) [Si n,| ee > (@,—)) |, n,.| 
p\s tien 
+3() 33 (Bm) (Ba—7_) [Fs [Es mel] 
b 7 


+4( =) 3 (1) 1 $1) [7-05 [Fy Malt ---5 (4-3) 


where the non-diagonal bilinear terms such as a@,a@, and (3,3, for k4=—/ and the higher 
order terms than the third order in a, and /3, have been neglected. The commutators 


in (4-3) are given explicitly in Appendix 1. For the lowest state represented by 
ee N2..5.0.), we get 


+ {iyi ame 1/2 1 $ 1 2 (0) 
axa, P =N'POD, ap ayO@=N'? DO, (4-4) 
and the expectation value becomes 


(nx)o=0, |K| >k, 


= +NV, 
m - 
1 —4, |eSk : . 
¢ «) abe, 2 | IS ’ (4 5) 
Ke 
Kan; o=N—D}Km), 
re) 
the second of which is exactly the same as Bogolubov’s result”). The expression (4-5) 


shows that a number of the Bose particles occupy the single-particle states of non-zero 


momenta even in the ground state, the vacuum state. Since the total number of these 
Bose particles cannot exceed N, we get 


gan aN (4-6) 
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which gives an upper limit for the cut-off wave number k.. As k, tends to this limit, 
the excitations of both phonons ard internal quanta become impossible, because any 
excitations of a small number of phonons or internal quanta make the occupation number 
m, negative. Therefore the interaction potential should be of such a long-range that the 
magnitude of k, remains within the above limit. 

Noting that the total number of particles N commutes with the transformation 


operator U, we can see that the total number of internal quanta is given by 


SKN) (N+) ND EN 4-7) 
|A|>he 
For an n-phonon state represented by |N,=N,... ; M,=n); |k|<k,, the expectation 


values become 

(tx) 4, = |K| e Riss Ct) = AM) os {JS &,, pee 9 —k, 0) 3 ( , 
4-8 
Ce) sy, = M2) ny, = (Dot (Cn ot) n, 


where M,=6* 6b, and 
r= (w,/26) V2 1 (1 /200,) "By, | Op=e (cv,/26)'?a,+i(1/2ba,)'?8_,. (4-9) 


For these small wave numbers the one-to-one correspondence between the number of 
particles and that of excitation quanta can be clearly shown, but for the large wave 
numbers our approximation method does not work without limit. 

For a state of one internal quanta, which may be called one roton state, represented 
by |No=N—1, Ne=1, N,=0, [50, K; 0), the expectation values turn. out to be 


(tu) y,=% MFA Ks 


/ 277 4-10 
x)yet A N (% ) ~ UN =E/or* j ( ) 
except for terms of order N™. For smaller wave numbers than 2k, this expression seems 
to be reasonable, but for much larger wave numbers than 2k, it becomes meaningless as 
the expectation value becomes negative. This situation shows that our approximation 
becomes worse for the larger wave numbers than k,, than for the smaller wave numbers. 

For very large wave numbers it can be shown that the average value of the occupa- 
tion number taken in the momentum space remains positive even if each expectation 
value of the occupation number is negative. This is because of the fact that the large 


correction terms are smeared to cancel out on taking the average in the momentum space. 


Indeed, we can show that 
(nw y,= (67°/k,”) Dit), am (67°/k,”) Nu) y= (Nx? Ny? (4-11) 


where the sum is taken within a sphere of radius k, whose center is at a phase point 


of a large wave number K such as |K| > 2k, (see Appendix 1). 
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§ 5. Discussions 


The above method can be applied only to the case of a long-range potential. In 
the real problem of liquid helium the potential is of the Lennard-Jones type'’’ such as 


iG) = 46h oy) alas), eyad 
E= L405 1070 ergs oO S25 OX 107 cus 


whose Fourier coefficients become divergent, hence the frequency of the collective oscilla- 
tion given by (3-22) diverges. In relation to this difficulty involved in our theory, we 
shall examine more closely the approximate commutation relations applied in the above 
and the orthogonality among the Fourier coefficients of the density operator. In the case 
of a long-range potential the Fourier coefficients with large wave numbers do not appear 
in the Hamiltonian, while in the case of a short-range potential there appear the Fourier 
coefficients with the large wave numbers which cannot be considered as orthogonal to 
those with the small wave numbers. In this case, in order to take account of the non- 
orthogonality of the Fourier coefficients we deal with the exact commutation relation (3-2). 
Utilizing these exact formulas we try to examine to what extent the orthogonality rela- 
tion or the approximate commutation relation can be justified. 


In the collective representation the form factor is expressed by 


oe PLY 
Fea (tpn 3 Lge -(k- l) (Oxf are Nigh er) Lageerpe ose “F(R, l) Py =1 


T3 


=) SSID aacr—Haln-d +( ea 83 SYP D poe 


i ag ; 
ert ts l) aa), F(R E) =E* (RD)? (Op 10-2 th Peri —n—1— 2px) » 
(5-2) 


where the bilinear terms such as @,a, for k# —/ and the higher order terms then the 
third order in a’, have been neglected. With respect to the lowest state represented by 
0, we obtain 


b (bel WH Oca pant fyb car dca JEN? (Ourk Bzp,), kl ke 
; , [kl >k 
CPD pro Se EEE | “s 
{ f(k, D aja_,),= [ OR / 2enNE—NYOy +94), [|< 
4 @ ait Pa 


hence it follows thet 
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( bRE/2morp, |kI<, 
F.=} (A) 

\fe=1, NAl>k,, 
where f; is the form factor of the individual particles. This result is of the same form 
as that derived by assuming the approximate commutation relation (3-3). Therefore in 
the case of a long-range potential, for which 6 becomes the eigenfunction of the lowest 
state, the orthogonality relation is useful. On the other hand, in the case of a short- 
range potential, the wave function for the lowest state becomes dependent of the coordi- 
nates of the individual particles so that the form factor is not so simple as (5-4). 
Although the expression (5-4) is still valid for the small wave numbers, for the large 


wave numbers, we must take account of the following correction terms : 


Ke 


it 


Pl = sy as fs Dtit-idy 
b ke — 9 —1 y = 
<3 23 F(R: D) Per” ( fa-1— fa) 5 || > Re » ey) 
2mN % 


where the chree-particle correlation function has been neglected. As the wave number 
increases these correction terms tend to zero. By expressing the four-particle correlation 
function in (5-5) in terms of the form factors, we.can estimate its order of magnitude 


from 
ze SS ime k.[ 2 kh Z k& Z . °. 
N =~ ( ) ¢ fi = fi fi (5 6) 


Instead of evaluating the form factor of the individual particles by obtaining the wave 
function, we derive it from the observed form factor™ F, by solving the non-linear 


equation given by 


h ke 9 Die ve 
Fu=fets 5 DU RD 207" (feu fa) 
m 
ke 
FSD fer ffi lel >. (5-7) 


This result can be obtained by assuming the approximate commutation relation for the 
Fourier coefficients ¢, and 7, and by using the exact commutation relation (3-2) between 
€, with a large wave number and =, with a small wave number. On solving (5-7) in 


a rough way, we may take account of only the linear terms such as 
he 
F,= fet SED 07" fer fo- 6-8) 
2mN 7 


Next we consider the expression for the frequency of the collective oscillation. 
Utilizing again the approximate commutation relation for the small wave numbers, as the 


coefficient of @,a@_,/2 in the Hamiltonian we get 
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: eel : = NE 
OF (he Sees hp een eee 
(*, ) m°>N 3 | (py) 4 m : 
+ ET >) (ReK) Vig (0x2 -x+k — P- KOR) >» Oro) 
mN \iKl>k 


c 


where the first two terms are of the same form as Tomonaga’s result. The expectation 


value of 2°(k, —k) affords the square frequency expressed as 


op=e(220 47) 4 Ney 47 3) KV fafa (5-10) 
m 4m m m \KI>k, 

where T, implies mean kinetic energy of the individual particles for the lowest state. 
The correction term expressed by the form factors is similar to (5-8). In order to 
express (5-10) in the ordinary coordinate space, we add the correction terms for the 
small wave numbers which are neglected in our theory by using the approximate commu- 
tation relation. As far as these correction terms are really negligible, the result is not 


much changed by this modification. The modified expression turns out to be 


wpa ke (F24 mE + =( P(r) {1—exp (—ik-r) }(k-2-) Vo) dr, (5-11) 
- a Or 


4m? 
where P(r) is the correlation function of the individual particles defined by 


P(r) =>) fr exp (ik-r), (5-12) 


which is evaluated from the observed form factor by using the relation (5-8). If the 
second derivative of the interaction potential is given and if the correlation function P(r) 
is determined, we can evaluate w;. It can be expected that the contribution from the 
hard core of the interaction potential will be much reduced by the correlation function 
so as to remain finite. The mean kinetic energy T, is obtained by the well-known virial 


theorem : 


N 
2T,= -4(33 143° OF (tes) )) Saas 


iG XX; Gyan is? 
tej Ores /g . “= ( ) 


of which the right-hand side is given by the correlation function in the form* 


=a) 1% 


2 (P(r) —O (7) }dr. (5-14) 


From our point of view the application to the theory of liquid helium seems to be 
promising, but we do not tread into details of this problem. 


* The correlation function given by (5-12) involves the d-function, and P(r) —d(r) becomes zero at 
the origin. 
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Appendix 1, The expectation values in the representation of 
the occupation number 


Utilizing the creation operators and the destruction operators introduced in Section 


4, we can express a number of commutators appeared in Sections 3 and 4 as follows: 
i Shite a Dane 
me ee T j= (m/N) "PR (Rk : Ia Ne KPa (— ) 2a: i IPM a*)_ appr +(h/2) » 
1) 


s, f= lene; 3; (stress tensor) (A-1-1) 
(—) ir, (a, TIA ys e074 £| ate, (A-1-2) 
b sien NAT ol 4 


[S2, me]= (m/N)*P|L|* (af ay — aif ag.) , 
_— [m,, m]=i(mN) TMI" tl (RS) at ap—l- (R—4) afa,_,}, 
| [S25 [&2, me ]]= (m/N) f-? (2ahay, — af_rdy—1— ab 1de sr) » (A-143) 
| [aus [70, m])= (2/Nm) (-[2§ (kD? +3} aa, t (L R+E) Pak aes, 
' TEA poe 


First we consider the eigenvalue of the internal Hamiltonian H,, or H,,=H,,—T 


ie} 


expressed by 


hk oe 
ie =; : ae eek 
jg hie SNIPES eT COP Ta een ES "S3}3 &K +1 Ne 
QmN k tu K 4 


a1)? (ed) «0 |. (A-1-4) 
For the lowest state, 0° =|N,=N,...;0>, we get 
Ahh py pp. oe =N0 0. pee +- Nt? (Che 1) 29 010 Oe, x > (A: ae 5) 


where P° ,=|N,=N—2, N_,=1, N,=150) is a two-particle state which disappears 
under the operation of H,,. The eigenvalue for this state is exactly given by (3-21). 
For a state of one internal quanta, one roton state represented by OO =|N,=N—-1, Nx 


1 Ny—0 MAKt.0 310),iwe, get 
> y qd) 
Cee nd, ON 2) Oyo + Oz x} Our P 
‘ 5 99 d 2 
Sed) 2601 Ooh reek “entlN ==1)) 29 OixP bona 


+ (N— 1)*? (N—2) die Oe On ek acs (A-1-6) 
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where Do) = INj=N—3, INE ase the INF =e INI al. INO, M+ —k, k, K, 0) ; 0> is a 
three-particle state which vanishes under the operation of H,,. Since the two-particle 
states do not disappear under the operation of H,,', PY cannot represent the true eigenstate. 
The diagonal terms in Hj), are expressed as 
h2 ae . oe hb! ] 
— Sipe]a@-n2-N73 3b O42 Ne NieamNeam, (A1-7) 
2mN % 7 K aes 


. e . 1 : 
and the expection value for the one-particle state represented by @? turns out into 


2 ke 
(Hie Se aL Sakae (A-1-8) 
rs 


If the wave number is smaller than k, the expectation value becomes 


CH ye eee ot Re (A-1-9) 
2m 4m 1 

of which the first term is equal to the expectation value of the kinetic energy T, hence 
the state vector Yt” or the wave function (3-31) gives rise to the same eigenvalue of 
H,,, as the lowest state. Such a wave function for one of the small wave numbers does 
not satisfy the subsidiary condition (3-12) and should be excluded from the family of 
the eigenfunctions. Teking account of the expectation value of H.,,,, for PY we get 
the excitation energy (3-32). 

Next, we consider the expectation value of the occupation numbers for the lowest 
state. Utilizing the following identities : 


Z th pm b ; 
(711, nx | Do — 5 ote (F175 Ny oF Out sik 
Clee, [¢., Nel geal (20,9 — 9p, 7 O_»7) > (A- 1-10) 
2/2 
(L709 [& 2, x) Po=— (290 — 9s — 9-4) 5 


4m } 


we can readily obtain the expectation value (4-5). In a similar way we can find the 
expectation value for the single roton states. 

Taking the average velue of the occupation number nx for |K| > 2k, within a sphere 
of radius k, whose center is at the point K, all the commutators of (A-1-3) cancel out. 


In this way we obtain the one-to-one correspondence between the two average values of 
the occupation numbers as shown by (4-11). 


Appendix 2. The self-energy and the level width 


Here we compute the self-energy and the level width at half-maximum of an in- 


ternal quantum. The transformation function U(é) is given by the Tomonaga-Schwinger 
equation of the form 
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ih -OU OIA" (2) U, (A-2-1) 


where 


H’(t) =exp( H, +)H (0) exp( — _H, t) 


Reo 
= (m/N) eae a) (6/2«,) ‘Pexp|i{ 6/2) — (k -p;) }t/m* | 
ed 


x {bFexp (iw;,t) +b_,exp (—iw,t) } exp (—ik- x) { (k- ps)? —bk (k- p,) }, 


(A-2-2) 
A= Hin + Hom 
Utilizing the asymptotic expression for the long-time interval such as 
r 
ne | bi 2 (wt) dt=70 (wv) +4 (1/@) principal value > (A "2s 3) 
Tx 0 


the diagonal element of the second order term in the expansion of U(t) takes the form 


(UO De=— G/I)*| de | CHO) HCE) Yad 


V2t—t / 


= — (i/b)? fa ip (HS : eS V2 )),aT 


= — (tm/87"Nb) a i iy x— (6k/m*v) } 


xX {a ont <—lklex )-+i a = S 52 | eatad 
ae |k|ex—w,— 
2m 
(<4 papel =), v=b|K|/m*, a=m*/m, (A-2-4) 
b 


where the self-energy and the level width are denoted by 4, and 4/’,, respectively. 
Putting «w,+ (bk? /2m*) =|k|s, we obtain the formulas (3-36) and (3-37). We must 
assume the cut-off wave number k, to be larger than m*s/b, lest (3-36) should be 
divergent for all the wave numbers larger than k,. Further, the effective mass given by 
(3-33) becomes divergent at the wave number k=2m*s/b, therefore k. should be taken 


such as 
GEL PY 


Yo 


9) 
10) 
11) 
12) 
13) 


T. Nishiyama 


References 


L. Landau, J. Phys. 5 (1941), 71. 

N. Bogolubov, J. Phys. 11 (1947), 23. 

T. Nishiyama, Prog. Theor. Phys. 9 (1953), 245; O. Penrose, Phil. Mag. 45 (1954), 80; N. 
Bogolubov and D. N. Zubarev, J. Exp. Theor. Phys. 28 (1955), 129. 

D. Bohm and D. Pines, Phys. Rev. 92 (1953), 609. 

E. N. Adams, Phys. Rev. 98 (1955), 1130; T. Nishiyama, Prog. Theor. Phys. 14 (1955), 37; 
16 (1956), 244; C. G. Kuper, Proc. Phys. Soc. 69 (1956), 630. 

S. Tomonaga, Prog. Theor. Phys. 13 (1955), 467, 482. 

M. Born and J. R. Oppenheimer, Ann. d. Phys. 84 (1927), 457; W. Pauli, Handbuch der Physik 
XXIV/1 (1933), 162. 

T. Nishiyama, Prog. Theor. Phys. 12 (1954), 265. 

R. P. Feynman, Phys. Rev. 94 (1954), 262. 

W. Brenig, Z. Phys. 144 (1956), 488. 

R. P. Feynman, Phys. Rev. 91 (1953), 1291. 

J. de Boer, Physica 10 (1943), 348. 

L. Goldstein and J. Reekie, Phys. Rev. 98 (1955), 857. 


TBS 


Letters to the Editor 


On the Systematization of 


the Strongly Interacting Particles 


Masakuni Ida 


Department of Physics, University of Kyoto, Kyoto 


March 23, 1957 


Recently Salam and _ Polkinghorne” 
tried to systematize the strongly interacting 
particles in the four-dimensional charge 
space. It is attempted here by modifying 
their scheme to forbid particles with 
multiple charge and/or high strangeness. 
We take the view-point that there exist 
higher degress of symmetry than the charge 
independence in a system of the strongly 
interacting particles if there were no inter- 
actions between them. 

We assume that, if we put all of 
their interactions out of consideration, the 
theory is invariant under some continuous 
transformation group G, which has as its 
generators of infinitesimal transformations 
three mutually commuting vectors, M“, 


M”, and M, each vector M satisfying 


the following relations, 
M,M,= —M,M,= Me 


(a, 8, 7) =cycl. di, 2, 3) ‘ 
From the above relations we easily get 


M,=1M,, a=1, 2, 3. 


That is, M’s are angular momenta with 
eigenvalues of 0 and # only. 

Particles are classified according to the 
irreducible representations of G, their electric 


charge Q being given in units of +e as 


Q=MP+MOP+M. 


Q must have integer eigenvalues from 
physical requirements. This restricts them 
to 0 and +1 only. 


representations are possible 


Then, four types of 
(Table I). 
Moreover, baryon number n is assigned to 
each type of particles. Particles with n= 
1, —1 and O are called baryons, anti- 
baryons and mesons, respectively. 

When strong interactions are taken 


into account, we assume following Nakano, 


Table I Possible representations of 
the symmetry group G. 


Type Mi Me | je 
i ee : ny aR 
— iz = 
2 $ ne ee 
3 0 | t + 
ial [ai 
4 0 Oeil 0 


Nishijima and Gell-Mann” that only 
[I=M@+M 


is conserved. J can be interpreted as the 
usual isg-spin operator as is evident from 
Table II below, which shows the cortres- 


pondence with the observed particles. 


Table II Correspondence of our classifications 


with the observed particles. 


Type I | M3‘ |Baryon Bann ieee 
0 A A | 
1 0 = 
1 py Dy Te 
s +3 | N = K 
2 3 i) = as 
=a se a ae N R 
4 0 (0) 
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M, is connected with the strengeness 


quantum number S as follows, 
MO =Q—1,=}(n+5). 


According to the above scheme, // and 
' should be considered as the particles of 
the same type, the mass difference of which 
is due to strong interactions. The same 


Such an idea has 


been expressed by Schwinger” on a some- 


goes for N and &. 
what different point of view. Emphasizing 
analogies between the photon field and the 
mz field, he thought that K-mesons can 
assume both intrinsic parities. To explain 
the mass identity of < and # he assumed 
parity degeneracy also for A and +’. Such 
a hypothesis is rather undesirable in our 
scheme because A and + belong to the 
different type from that of K-mesons.” We 
notice that the large mass difference 


between N and = does not conflict with 


the identity of masses of K the K, so far 
as strong interactions have such a character 
that the masses of a particle and its anti- 
particle are kept the same. 

In our scheme particles of the same 
type are required to have the same _ spin- 


parity. Then, if A and » do not have 


* Recent experiments originally proposed by Lee 
and Yang seem to have made the parity doublet 


theory unnecessary. 


the same spin-parity we must consider A 
as a baryon of the type 4, and suppose 
that a possible neutral baryon of the type 
1 with I=O (named ” for brevity) is 
dificult of experimental observation as was 


the case for 3”. 


Our scheme requires the 
existence of a neutral pseudo-scalar meson 
with S=0O and IJ=O (z’-meson in Table 
II). If this hypothetical meson has an 
opposite charge parity to that of 7'-meson, 
which is a reasonable assumption in our 
scheme, it cannot have strong interaccions 
under the assumption that they are invariant 
for space reflection and charge conjugation. 
And so in the case that 7’-meson is much 
heavier than 7-mesons, its production may 
be too scanty to be detected experimentally, 
because then it would be produced only 
by collision through weak interactions, not 
by decay of copiously produced particles. 

The writer expresses his thanks to 


Dr. T. Nakano for helpful discussions. 
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ERRATA 


Remarks on the Elastic Scattering of Deuterons by Heavy Nuclei 


Yoshihiko Nishida Prog. Theor. Phys. 17 (1957), 506 (L) 
The next sentence (in italics) is to be inserted between 8 line and 7 line from the bottom of the 


right column on page 506. 


In addition, the period of the internal motion of the deuteron is fairly longer than the time which 


the deuteron requires to graze the nucleus. 
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Structures of giant stars of population II producing energy in the C-N shell source are studied 
taking account of the contribution of the ion pressure in the partially degenerate isothermal core and 
also of the exact fitting of the radiative region to the convective one. Further, it is found that 
pure hydrogen stars producing energy in the p-p shell source can also explain the giant branch of 
population II if the effect of the ion pressure is included in the core. 


$1. Introduction 


It is known that giant sters have such a structure as composed of an isothermal 
core with dehydrogenized matter, a shell producing energy by C-N reactions and a radiative 
envelope together with an outermost convective region.» Calculations made by Hoyle 
and Schwarzschild” on the stars of the globular clusters are of an approximate nature 
in that fitting of the radiative region to the convective one is not exact, and that 
they used the solutions of isothermal core in which the contribution of the ion pressure 
is neglected. The first purpose of this paper is to correct the above defects. 

There are two alternative theories on the origin of the chemical elements, which 
have intimate connections with the evolutional schemes of stars and galaxies, that is, the 
elements were formed in the pre-stellar stage” or in the stellar stage” of our universe. 
If we adopt the latter one and assume that the oldest stars were condensed from pure 
hydrogen gas, it will be an important task to find the evolutional tracks of these stars 
whose interiors ate initially composed entirely of hydrogen and whose energy generation 
depends on the p-p chain reactions only. The heavy elements observed on their surfaces 
might be explained as the result of accretion of matter during their motions through the 
interstellar space. The second purpose is to find whether the giant branch of the globular 
clusters can be explained by the p-p reactions or not. 

To carry out the above programs we shall make a simplification of the composite 
stellar models by assuming that the energy production occurs only in a thin shell and 
by neglecting a region with the opacity of free-free transitions or a region of outermost 


convection, the validity of these approximations being checked afterwards. 


§ 2. Composite models with isothermal cores 


Following two models will be studied. A model (a) consists of three regions : 
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isothermal core with partially degenerate electrons, radiative envelope with electron-scattering 
opacity and outermost convection. The velidity of this model, which neglects a region 
with free-free opacity, in the case of C-N reactions is anticipated from the work by 
Hoyle and Schwarzschild. We shall use the same surface condition as adopted by 
‘Osterbrock” and Hoyle-Schwarzschild. 

Another model (b) consists of three regions also: isothermal core, radiative envelope 
with electron-scattering opacity and that with free-free opacity. This model will give a 
better approximation than the model (a) for the stars with a thin convective region. 


If the variables in the envelopes are expressed as 
P=p(GM?/47R*), T=t(¢HGM/kR), M(r) =qM, r=xR, (1) 
the equations for the hydrodynamical equilibrium and the continuity of mass are given by 
dp/dx=—pq/tx, dq/dx=px/t, (2) 
and the equations for the temperature gradient are 
dt/dx= —2 q/x, —Cp/et’, —Cep/e Fr, (3a, b, c) 


in the convective region with p=E¢’°, in the radiative region with free-free opacity, and 
in the radiative region with electron scattering opacity, respectively. Here Cy and C, 


are given by 
Cy= (3/4ac) {3.68 X 107 (1+ X) / (47)*} (k/ HG)" (LR°*/M*"), (4) 
C,= (3/4ac) {0.19 (1+X) / (42) ?} (k/HG)*(L/M?). (5) 
Fitting of the solutions of the envelopes to those of the isothermal cores is done 


in the U-V plane, U and V being the following functions invariant under the homology 


transformations. 
U=d log M(r) /dlogr, V=—dlogP/d logr. (6) 


The solutions of the isothermal cores used by Hoyle-Schwarzschild are corrected as follows. 
Since we should consider the regions of strong degeneracy as well as of perfect gas state, 


the relation between the gas pressure P and the density » must be given by” 


P=P.+P,, ? 
P.= (87 /3h*) (2mkT )"PRTF30(), P,=pkT /p,H, (7) 
[Pe H= (4/b) (2mkT )*" Fy9(f), (8) 


where F,,(¢) are the Fermi-Dirac functions, and ve and #4, are the mean molecular 
weights of electrons and ions, respectively. A calculation of the effect of the pressure 
ionization shows that the variation of /“, for the temperature and density is negligible 
for T= 3X10" °K in the case under consideration where matter of cores is composed 
entirely of helium. We have ,=2 and #,,=4 in this case. 

By putting 


r= (h'?/4rp,H) (2mkT )—4(2mG)-17€, (9) 
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M(r) = (6/422?) (2mkT )°" (2mG) “Pg, 
the equations in the isothermal cores are expressed as 
dp/di=—9/(1+0)&, do/dé=&F,), 
with 
ye CAE EEE ey (¢—> + co) 


bn Fry dd CE Ie) 
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(10) 


(Ct) 


(12) 


The special case 0=0 (1,> 4) corresponds to the solutions calculated by Wares’? and 
used by Hoyle-Schwarzschild. One degree of freedom of the homology transformation 


remains also for a finite constant value of 4,//,. The U and V functions (6) are 


given by 


£3 
USF, V= Fi je 
Y (2/3) Feo (le / fn) F ape 


| 
My |S 


=) Sy ol 


log U 


Fic. 1. U-V curves of the solutions of the partially degenerate isothermal cores. 
ie =2 and pn/e=, respectively. Values of « are shown on 


dotted curves show the cases “n/Me 
the points on these curves. 


(13) 


Full and 
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Numerical integrations of (11) have been carried out for P,/He=2 and for ¢, 
(the central value of ¢/)=50, 30, 20, 10 and 5. The corresponding U and V are 
shown in Fig. 1 with labels of the values of ¢, together with those without correction 
(8=0). This correction brings a rather serious modification of the results on the stellar 


structure as shown in the next section. 


§3. Results on models (a) and (b) 


The model (a) is calculated by taking /,,,=0.533 (90 percent hydrogen and 10 
percent helium) and M=1.2 Mg in the two cases, C-N and p-p reactions. One fixed 
value logL/Lo@=2.05 is chosen. For each of five Osterbrock’s solutions of the convective 
region with E=28, 24, 20, 16 and 8”, an interface x=x, with the radiative region 
is determined by the continuity of (3a) and (3c), Cy=qt*/2.5p. Starting from this 
point, equations (2) and (3c) are numerically integrated inwards. 

Then, several points, x,=71,/R, are chosen as the interfaces with the isothermal 
core. For each of them, fitting of the U and V values multiplied by /eore/ Men» = 
1.333/0.533 to those of the core solutions shown in Fig. 1 determines the value of 
gv at the interface. Then, ¢ and ¢ are found from (13) and all the physical values 
such as T, 0, M(r) and R are known from (1), (9) and (10). The total energy 


generations are calculated by using the formulae* 
Eqy= 4.4 X 10° pXXoy(T/3 X 107), (14) 
oS t0e oO m0 (ive 


By interpolation, we can find the solution having the same luminosity as chosen above. 

In the next step, the relation between E and log R/Ro@ given by these solutions is 
compared with that determined by the surface condition and again by interpolation we 
find the actual solution. The results thus obtained in the cases with and without the 
correction of core’s solutions are shown in Table 1. The ratio of opacities of free-free 
and electron scattering, «,;/«,, at x=x, shows that this model is good in the C-N case 
but not in the p-p case. It is inferred, however, from the results that the convective 
region will be rather thin in the p-p case if a radiative region with free-free opacity is 
taking into account. This leads us to the study of the model (b). 

The model (b) is calculated in the p-p case with /4,,,=0.50 (100 percent hydrogen) 
by using the tables of the envelope’s solutions given by Sandage and Schwarzschild.” 
One fixed value logCy=—3.5 is chosen instead of choosing L/Le as in the case of 
model (a). Fitting to the core’s solution and the interpolation are made in a similar 
way as the model (a). 

The results are given in Table 2. We can see from these results and Fig. 2 (the 
H-R diagram) that stars are still near the main sequence if the effect of the ion pressure 


* This formula for €ey corresponds to the case where the reaction N(p, 7)O'® is the slowest in 
the C-N cycle. The C-N abundance Xey is taken as 10-3 corresponding to the population II stars. 
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Table 1. Model (a) with C-N and P-p reactions for M=1.2 Me 


C-N reactions P-P reactions 
without correction with correction without correction with correction 
log L/L@ 2105 2.05 2.05 2.05 
log R/Re i135} 1.16 ital Ale 
1 | 0.33 0.22 0.46 0.39 
log r;/Ro | 2.64 2.49 2.53 2.32 
T)/107 2.8 3.3 5.8 7.3 
log 0; ¢ 1.80 1.74 2.79 3.02 
Pi —2.2 —3.1 —0.9 —1.2 
Ye 14.4 20.6 13 19 
log x2 1.55 2.98 1.85 1.80 
log go 1.81 1.41 0.00 | 1.98 
Kky|Ks at x9 L7 0.43 9.0 46 
E 16.7 2507 13 oi) 
Ar/r, 0.04 0.04 0.18 0.16 


Mie and ¢,; are the values at x, on the sides of the envelope and the core, respectively. dr is the 


thickness of the shell producing 50 percent of the total energy. 


in the core is neglected, but they are far in the giant region if the correction is made. 


If the surface condition is taken into account in the latter case, they will certainly be 


brought back to the region occupied by the stars of the globular clusters. 


In this case 


the solution should be modified by adding a convective region, but a change in the 


structure as a whole will not be serious since the convective region will be rather thin 


as inferred from the results of the model (a). 


Table 2. Model (b) with p-p reactions for M=1.2 Me 
without correction with correction 

log L/Lo 2.14 ib 7Al 
log R/R® 0.80 1.64 

a1 0.53 0.34 
logr,/R 2.51 2.33 
T;/107 6.2 5.7 
log 0; ¢ 2.85 232)5) 

di —0.9 —1.0 

be 13 20 
log x5 1.63 2.49 
Ar|r, 0.19 0.17 


x, is the fraction of radius at the interface between the regions with opacities of free-free and electron 


scattering. 
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Fig. 2. The positions of the stars in the H-R diagram. The results of the model (a) 
in the C-N and p-p cases are denoted by a and those of the model (b) with and 


without the correction of cores are denoted by 6* and 5, respectively. Also, the regions 


occupied by the stars in the globular clusters are shown. 


We can say from the above results that hydrogen stars without mixing of matter 
will evolve along the giant branch of the globular cluster in the same way as the stars 
containing carbon and nitrogen initially. The differences between the cases of p-p and 
C-N reactions lie mainly in the central temperature, the degree of mass condensation, 
and the thickness of the outermost convective zone, if we set aside the problem about 
the metal contents observed on the stellar surface. It seems that the rate of accretion 
of matter containing metals by these stars is not sufficient in the present condition of 
the interstellar space in our galaxy. However, we can not deny a conjecture that the 
condition of interstellar matter around these stars has not been constant throughout the 


age of our galaxy. 
In conclusion, the author wishes to express his appreciation to Professors S. Hayakawa 


and M. Taketani for valuable discussions. 
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The author has investigated the structure of the interactions among the fundamental particles: 
by means of a selection rule based on the new invariance principle, the mass reversal. A unified 
model of interactions for the baryon-meson system is presented, and its consistency is proved using this 
selection rule. This selection rule will be useful for exploring the dynamical structure of the interaction. 


Sl. Introduction 


The rapidly increasing experimental evidences concerning hyperons and heavy mesons: 
have led many physicists to propose various methods of classifying these new unstable. 
particles in a unified manner by some principles. For this purpose, it is very important 
to make clear the structure of interactions existiag among these particles. Among several 
attempts in this direction, Nishijima and Gell-Mann have succeeded in constructing a 
scheme for new particles based on the concept of “isotopic spin space”. . They have 
made the classification of interactions between baryon and meson under the charge 
independence hypothesis according to their coupling strengths as: (1) strong interaction 
for which I and I, are conserved, (2) electromagnetic interaction for which only I, is 
conserved and (3) weak interaction for which neither I nor J, is consetved. Though 
it is not yet clear that the charge independence hypothesis can really give the complete 
characterization of the weak interactions,” the N-G theory for new particles may be 
taken as the one which characterizes the features of the strong interactions among 
fundamental particles. 

Now, the success of the isotopic spin model of the baryon-meson system raised some 
questions. Has the concept of isotopic spin space any intrinsic significance to the internal 
structure of fundamental particles? And if there is any significance, what relationship 
has it to lepton family, namely, to what extent will the straight application of isotopic 
spin model to lepton family be promising?” Though, up to the present, no definite 
answers to these questions have been given, being influenced by the success of N-G 
theory the interest of some physicists seems to have been concentrated mainly on the 
mathematical formulation of this model,” and the inclusion of the lepton processes in 
this model. We stress here another important aspect of the study of the interactions 


among the fundamental particles. It is to determine the general features of the dynamical 


* This is the detailed and revised report which appeared in Soryushiron-Kenkyu (mimeographed: 
circular in Japanese) 9 (1955) 228. 
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structure of the various kinds of the interaction, whose kinematical characterizations have 
been partly given in other works. For the purpose of exploring the dynamical feature 
of the interaction, it is necessary to take into account first of all the existence of the 
universality of the interactions which are found mainly for the weak interactions through 


« 


the phenomenological study,” and then derive the “interaction dependent ” selection rules 


such as Pais-Jost’s®”) or Utiyama’s’ instead of the usual selection rules which are independent 
of the choice of the interaction Lagrangian.” 

In this paper we give an interaction-dependent selection rule based on the invariance 
principle called mass reversal.**) To show how this selection rule works, we present a 
unified model of the interactions between baryons and mesons taking into account the 
phenomenological study and test its internal consistency by means of this selection rule. 
The selection rule imposed by mass reversal is almost identical in its effectiveness with 
the even-odd rule, therefore, not as powerful as the N-G theory. The intention is not 
to present a model which replaces the isotopic spin model but to get some information 
about the dynamical character of the interactions existing among the fundamental particles 
by means of the selection rule obtained by mass reversal. As we are interested in the 
interactions between baryons and mesons, it is not necessary to touch deeply upon the 
lepton process, but only a few comments will be given. 

The approach taken in this paper has some similarity with that of Utiyama and 
Tobocman” in which the concept of intrinsic space parity was used and the selection rule 
for the process relating to the baryon-meson system was obtained. Namely, under the 
hypothesis of mass reversibility, the concept of “intrinsic mass parity” is introduced for 
the fundamental particles and the structure of interactions among these particles is 


investigated from this point of view. 


2. Transformation properties of field under mass reversal 


we) 


Before entering into the discussions about the selection rule, we shall summarize the 
transformation properties of field variables for the later use. If we require the invariance 
of the free field equation of the spinor field under mass reversion k—>—x, ¢ must trans- 


form as 


Mg (x, «)M*=a7,¢ (x, —«), (1) 


where M is the time-independent unitary operator of mass reversal and w is an arbitrary 
constant. We shall limit this constant to the fourth roots of unity, +1, +i, by the 


additional requirement 


Det | OF. 


=1, (2) 


Thus the spinor field has four different types of transformation under mass reversal with 
the different values of w. These four types of spinor field will be denoted as A, B, C 


and D according as w takes the value +1, —1, +i and —i in an analogous manner 


* . . 
We mean here, for example, the conservation of space-parity. 
fs ; : : 5 
In this paper the mass reversal is considered in the standpoint M, of the previous paper.®) 
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as Yang and Tiomno” did in the case of space-parity. 


_ Defining the charge conjugate field ¢ by means of the equations ¢=C¢” and 
d= (C~ )”, the charge conjugate fields of the 4-, B, C- and D-type fields become as 
shown in Table I. 


Table I. 
Type of spinor field (particle) A B G D 
Type of charge conjugate field (antiparticle) B 78 A 7 Cun ie D 


eee 
The details of the transformation properties of spinor field will not be discussed further 
as the discussion goes analogously to the case of space inversion. 


Under mass reversal the boson field transforms as 
M6 (x, «) M1 =o!6 (x, —«) G) 


where w’ takes the values +1, so there exist two types of transformation for the boson 


field. 


§ 3. Selection rule 


In this section we show how the requirement of mass reversibility can lead to the 
selection rule. If the mass reversibility of the system is required, the following equation 


must hold in the interaction representation, 
m| ria 4 Oe (x, «)M~=| d°xLin (x, ie) (4) 


where L;,, is the interaction Lagrangian density. Equation (4) can produce the selection 

rule. This selection rule, as it may be expected, depends on the structure of interactions. 

Thus, before deriving the selection rule, it is necessary to introduce the explicit forms 

of the interaction. 

Now let us consider the baryon-meson system which is known to interact each other 
through “ strong’’ and “ weak” interactions. In N-G theory, we are likely to understand 
the difference between the strong and weak interactions as the difference in characters in 
the isotopic spin space only. But the great difference and universality in the coupling 
strength seem to reflect the regularity of the dynamical structure of the interactions in 
Lorentz space. Therefore we present a tentative model of the elementary interaction 
between baryon and meson based on the following assumptions : 

(1) All the bosons have spin 0, and all the fermions have spin 1/2. Any decisive 
evidence against this assumption has not yet been found. 

(II) All the interactions between baryon- and meson-families are of the same type and 
are expected to be the generalization of the pseudoscalar meson theory. This is 
suggested from the fact that the interaction between the nucleon and pion, the 
typical ones of each family, has been well described by the Yukawa-type inter- 


action. 
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(III) Li is invariant under mass reversal. 
It will be natural to take as the most general interactions satisfying these assump- 


tions 


we a as, abey bie T G1) J,0% (5) 


abe 


and 
—— ee pel Dur 5 opin pryy hy Dy oF (6) 


able 


where 6, denotes c-meson wave function, ¢/, a-baryon spinor, and T's are rectangular 
matrices in baryon space (a and 6 are not tensor indices, but express the kinds of fermions 
in interaction), and 7,’ is equal to 7, or I. 

Here, it is necessary to emphasize the following two points for later discussions. 
(a) According to the previous paper’, under the assumption (III) of this section, the 
derivative coupling and non-derivative coupling cannot exist simultaneously in Li, when 
the Yukawa-type interactions are taken. It is therefore considered that in each vertex of 
the diagrams corresponding to the processes either the interaction (5) or (6) can con- 
tribute. (b) G,, and 4, will differ in general with the suffices a, 6 and c but the 
order of magnitude of G,,, or 9, are the same irrespective of the suffix, so it will be 
natural in the model to replace them by the universal couplings G and ¥ between baryon 
and meson families, just as e in the electromagnetic interactions. The electromagnetic 
interactions between the baryon and meson families are restricted to some extent by the 
requirement of gauge invariance. For example the most general interactions between 


electromagnetic field and baryon family are of the types: 


ie a pS } 64) bh A, > @ 
b 
LY, eee! 

1B int > See tit be ayy ides > (8) 
ab 

Ly ‘int = > fad! al 50 wy T eon Pol ny ; (9) 


where e, is equal to +e, oy = ({ulv—Ny) /21 and F,, =0,A4,—90,A,,. 

It is also easy to get the interaction Lagrangian for the electromagnetic interactions 
of meson fields, which we do not write down here explicitly, because in the following 
discussions these terms are not required. In any case it is evident that J, A,-type inter- 
actions always occur between same particles, while the Pauli-type ones occur between the 
differeat particles,* from the requirement of mass reversibility. 

Now requiring the invariance of interaction under the mass reversal, the following 
conditions are derived from equation (4), 


" So far there is no contradiction in this statement. The presence of meson fields causes the Pauli- 
type interaction as the higher order effect, so the interaction (8) or (9) are not considered as the elementary 


ones. Then the interaction of type (8) due to the anomalous magnetic moment does not contradict with 
this statement. 
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wXw,0,(—1) =1 for (5) 
On O50, =1 for (6) 
(10) 
Wuea it for the electromagnetic field 
and w£M,04(—1) =1 for (8) or (9), 


; oe Pum ee Ses : ‘ 
where w, is the “intrinsic mass parity ”* of k-particle. Thus all the processes occuring 


through the interactions (5)—(9) are allowed only if the following conditions are 
satisfied : 


Ww (—1) "=m (—-1)" due to only (5), (8) or (9) 
for any process 
V@=OG due to only (6) or (7) 


and for the process due to (5) + (6) + (7), which is practically important, 


Rieite=ogneeal). (1) 22, (11) 


where the subscript i and f denote the initial and final state respectively and wy (@q), 
the total intrinsic parity, is the product of the intrinsic parities of all the particles present 
in the initial (final) state and n, is the number of mesons and photons present in the 


initial state. n.w. is the number of vertex (6) of the diagrams under consideration. 


§ 4. Parity assignment 


The validity of the model is temporarily subjected to the test by the selection rules 
(11) whether the consistent parity assignment for the particles is possible or not. There- 
fore it is shown in this section that by applying the selection rule to the well-established 
decay and production processes, we can assign the mass parities to the fundamental 
particles on the following assumptions (4), (B) and (C) and classify the elementary 
interactions between baryon and meson into strong and weak interactions consistently 
with the experimental evidences. 

For the sake of definiteness we assume that (4) the baryon interacts strongly with 
meson by the interaction (5), (B) the weak interaction between baryon and meson which 
is mainly effective for the slow decay processes has the form (6)** and (C) the inter- 
action between baryon and electromagnetic field is A,-type. The parity assigned for each 


particle is given in Table II, assuming the type of nucleon to be A. 


* The term of mass parity may be not adequate, because of the nonexistence of parity conservation in 
general, but it is used by analogy with space parity. 

** The reason why the strong and weak interactions are assigned to (5) and (6) respectively is due 
to the fact that the strong interaction would be renormalizable and the Yukawa-type interaction with the 
derivative coupling, though unrenormalized, are proved to be successful for the explanation of the decay 
processes from the phenomenological analysis of weak interactions. 

The magnitude of G?/4z and g®/4x are of the order 1~10 and 107!%~10-4 respectively in unit of 


é=c=p(meson mass) = 1. 
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Table IL* 


particle N A > 


ty 
al 
CS 
a 


mass parity A(+1) B(—1) B(—1) 


“A(4+2) =] +4 as 


For the mass parity assignment it is necessary to assure that the lifetimes for the usual 
observed decays may be explained by means of the diagrams where the weak interaction 
with the coupling constant y contributes once for all.” One remarkable consequence of 
the mass parity assignment is that 7 and < are shown to have the same mass parity. 


This fact will be a suggestive hint for the problem concerning the #—7r complexity.” 


§5. Concluding remarks 


Although the main purpose of this paper was to present a selection rule by mass 
reversal, this enabled us to give a model for the baryon-meson interaction. The validity 
of this model was checked using the selection rule obtained and its consistency with the 
observed phenomena was proved. The model of the interaction for the baryon-meson 
system presented here is based on the observed regularity of the coupling strength. 
The reason why the different types of interaction have been taken in accordance with 
strong and weak interactions comes from the belief that the observed regularity of coupling 
constants must originate in the internal structure of fundamental particles. Thus it is 
very important to study how these interactions are workable for the dynamical description 
of the phenomena observed in nature. At present the use of mass reversibility as a 
selection rule is confined to those given in this paper. This is partly due to the fact 
that no way is found to express the conservation laws of mass parity independently of 
the interaction. However this way seems to be very useful to grasp the gross structure 
of the interaction. 

Here, we must comment on our model in connection with Utiyama’s model. In 
his model the strong interactions are assumed always to have 7, as 7;/ in (5), which 
seems to require the introduction of two kinds of 1, S}, etc., having the opposite parity 
and makes it impossible for the weak interactions always to have 7, or I as 7,/ in (6). 
If it were accepted that the conservation law of the space parity is violated for the weak 
interactions, all the strong interactions can have 7, as 7,/ in (5) without introduction of 
two kinds of J, >}, etc., and all the weak interactions can have 7, or I as 7,’ in LG) % 
In any case the selection rule imposed by mass reversal remains unaltered. It should be 
pointed out that the weak interactions in the model proposed here differ from the ones 
in Utiyama’s model in having the derivative coupling instead of the non#derivative 
coupling. 

When we try to describe the fundamental particles in a unified manner by the 
concept of family, it is interesting to examine the lepton processes. 


Regarding the leptons, 


The mass parities assigned here are not altered even if the interactions (5) and (6) contain the 
interaction which are not considered to be elementary. 
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the weak Fermi interactions and weak boson-fermion interactions are known to exist, but 
it is indeterminate which is elementary, the weak Fermi interaction or the weak boson- 
fermion one. This point and the nonexistence of strong interaction between leptons 
make one hesitate to apply the mass reversal to the lepton processes. As the mass 
reversal plays an important role in the discrimination between strong and weak interac- 
tions for baryon-meson system, it is not expected to be so operative for the lepton pro- 
cess though the similar procedures are very easily applied.* 

The selection rule due to mass reversal is almost identical with the even-odd rule, 
and it gives the instruction about a real process which kind of interaction is operating, 
but not so effective to determine the physical realization of a certain process.** For this 
determination, the study of the structure of rectangular matrices T and T’ in baryon 
space will be necessary. The information about them is given mainly with the help of 
the charge independence hypothesis in the same way as shown by Utiyama. 

In conclusion the author would like to express his thanks to K. Senba and 
M. Yonezawa for their valuable discussions. He also thanks Prof. K. Sakuma and 
Dr. S. Ogawa for their interests shown to this work. Part of this work has been 
supported financially by the Scientific Research Expenditure of the Education Ministry 
extended to the author. 
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Note added in proof 


As pointed out in the paper cited in 8), the mass reversals such as MR(1) and MR(2) (numbers 
denote the number of particles to which mass reversal is applied) are in principle possible unlike the other 
symmetry transformations. By assuming the universal Fermi interactions to be responsible for the lepton 
processes, we require the invariance of the theory under MR(1), MR(2) and MR(4) simultaneously. This 
requirement seems reasonable as it produces the consistent results with the recent experiment performed to test 
the conservation of space parity and the analysis of K-meson done by the members of Hiroshima University 
(Prog. Theor. Phys. 17 (1957), 89 etc.). 

The theory of mass reversal MR(1) and MR(2) should be modified slightly and consistently with 
the theory of MR(4). Usually mass reversibility requires the sign function py of interaction Hamiltonian 


to be +1, guaranteeing the relation for S-matrix 

Cs ke | SLE] 23) Kp oe iro al | tikes (a) 
As it seems natural to allow pj to take +1 for MR(1) and MR(2), the relation (a) should be replaced 
by 

fs e| Sill is Ol=lCfs —«| Sl—«] is —e) (b) 
where |---| means the summation over the different states of spin of the final state and the average over 
the initial state. 

Then from the requirement of invariance under MR(1), we can prove a theorem which states that 
the lepton processes violate the conservation of space parity and always accompany the pair such as (yy), 
(e,v), (4, u) and (e,e) [the pair (4, e) is excluded] where neutrino must have exact zero rest mass and 
zero self-energy. The conservation of lepton number proposed by Konopinski-Mahmoud (Phys. Rev. 92 
(1953) 1045) seems to lose its meaning due to this theorem. From the requirement of MR(2), it is shown 
that the universal Fermi interactions can have only a linear combination of S, T and P couplings consisten- 
tly with the results obtained in this paper. Details will be given in the following paper. 


Hf Syl 
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Chew-Low equation of P-wave meson-nucleon scattering is investigated by iteration method to give 
the recipe to obtain the values of Feynman diagrams without any renormalization procedure. At the 
same time, the physical meaning of one-meson approximation of Chew-Low equation is made clear. 


§ 1. Introduction 


During these few years, the static model of ps(ps) meson theory has been studied 
to explain the experiment of meson-nucleon scattering.’ But, even in this considerably 
simplified model, it is very difficult to calculate the scattering phase shift, because, in 
the case of meson theory, the coupling constant is not so small that the lowest order 
perturbation is quite meaningless. 

Various methods of solution had been presented to overcome this difficulty. First, 
the application of Tamm-Dancoff method to this problem was studied” and the effect 
of higher order terms in the coupling constant was partially taken into account. In this 
approximation, however, we could not find any consistent procedure of renormalization. 

Then, Chew proposed the consistent method of renormalization in the non-covariant 
formalism”. We can calculate the scattering-matrix of any higher order according to this 
method. But this method had a weak point that it could be applied only to a pertur- 
bation-theoretic calculation. Thus we had come to a deadlock. 

It was just at this time that Low presented the method for treating the scattering 
problem in Heisenberg representation” and Wick,” Chew and Low” applied it to the 
static model in question. 

This theory is very interesting in many respects. 

First, the basic equations of the theory can be derived from a few fundamental 
principles, the conservation of energy, the unitarity of S-matrix, etc. 

Secondly, on the way of the derivation of basic equations, we use no complicated 
procedure of renormalization, such as Dyson-Salam renormalization method, but yet the 
obtained equation does not contain any of unrenormalized quantities. 

Thirdly, the form of the equation is seemingly convenient for the approximation 
In the equation there is a sum over all possible states of the system. By 


procedure. 
limiting this sum up to one-meson states, for example, we can easily obtain a simple 
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integral equation. (Hereafter, according to Chew and Low, we call this approximation 
“ one-meson approximation ”’.) We shall be able to solve this approximate equation, at 
least numerically. The approximate solution may be in a sense better than that of 
Tamm-Dancoff theory, for it satisfies the crossing theorem which Tamm-Dancoff solution 
does not satisfy. 

These are main points of interest. 

This theory was presented at the time when we had come to a deadlock, as men- 
tioned above. Consequently, the main effort was poured into the use of the method for 
the explanation of scattering experiments, and the attention was focused specially on the 
above third point. 

Chew and Low tried to obtain the formal solution of the equation in one-meson 
approximation, and succeeded partially in explaining P-wave phase shifts.” 

Thus we could fortunately get out of the deadlock. But we may say that at the 
same time the static model has unfortunately reached the limit of its applicability. 

When we came to such a stage of the theory, it should be quite necessary to recon- 
sider the Chew-Low equation from a new view-point. Indeed, it seems that its usefulness 
for the explanation of experiments was emphasized so much that another point of its 
excellence has been looked over. 

Certainly, in the present stage, it should be more necessary to focus the attention 
on the renormalization problem in the Chew-Low equation than on the usefulness for the 
explanation of experiments. 

In this paper, we focus our attention on the renormalization problem in the Chew- 
Low theory, investigate the Chew-Low equation by the iteration method and analyze how 
the renormalized values of Feynman diagrams are obtained directly from the Chew-Low 
equation and how the renormalization method are considerably simplified. 

Previously, Lehmann analyzed these points in a strictly relativistic model”. But the 
model was so complete but complicated that the simple graphical interpretation was im- 
possible. Here, we use an incomplete but simple model and make clear the correspon- 
dence of iterated solutions with Feynman diagrams. These points may be anticipated, 
to some extent, tacitly from the form of the Chew-Low equation itself, while ia this 
paper they are consciously emphasized and analyzed closely. 

In Sec. 2, we examine the iterated solution of the Chew-Low equation and make 
each term of it correspond to Feynman diagram. In Sec. 3, we explain Chew’s method 
of renormalization briefly, calculating actually the values of Feynman diagrams used in Sec. 
2. Comparing them with the results in Sec. 2, we verify the correctness of the preced- 
ing correspondence and give a method for obtaining the renormalized T-matrix directly 
from the Chew-Low equation. In Sec. 4, we investigate closely the relation between the 
values and forms of diagrams and make clear the physical meaning of the one-meson 
approximation, etc. In Sec. 5, we collect the results in the preceding sections and present 
the recipe for calculating the renormalized T-matrix directly from the diagrams. 


§2. The relation of the iterated solution to Feynman diagrams 


In this section, we first try to obtain the iterated solution of the Chew-Low equation 
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and next cortelate it with the Feynman diagrams representing scattering processes. 

The Chew-Low equation can be derived either from fundamental Principles directly 
or from the conventional Hamiltonian, as shown in their Paper. In order to clarify the 
relation between Chew’s old method of renormalization and the renormalization procedure- 
in the Chew-Low equation, it is more convenient to bear the latter method in mind. 


The Hamiltonian of the meson-nucleon system is taken as follows : 


H=S) ontean +1V P44 V ah), (a) 
(0) (k) 

Peed UK =(Ck)7z,. 2 

k 2M a5 ) k ( ) 


Here, a; and a, are, respectively, creation and annihilation operators for single mesons, 
O,= (0 +)!", w is the meson mass, M is the nucleon mass, o is the nucleon spin 
vector, tT, is the k-th component of the isotopic spin operator, v(k) is the cut-off fanc- 
tion and gy is the unrenormalized coupling constant. (We take b—¢-—=19) 

Of course, the following discussions are applicable to other meson theories thar 
the ps(ps) theory by changing the form of V. Here, we give the above form to V oe 
as an example. 

Wick, Chew and Low showed that, if we define the following quantities 

19) Pa a) (3) 


q 


T,(p) agrees with the conventional T-matrix when the energies of the initial and final’ 


states are equal, and it is given as the solution of the following equation : 


cis (n) iG (») aD Ly (n) ls 2 : (4) 
E,,— Op—té TS el 


n 


T,(—) =>) 
In eq. (3), YS” is the incoming wave solution of Schroedinger equation 
HP OSEYO (5) 


and ", is the true vaccum state of the system. 
We assume that Hamiltonian H has been normalized by subtracting the nucleon: 
self-energy so that 
Hw —=0, 
AP ,.=a,F p, (6) 
AP, 47 = (+ Op) as 
etc. The sum in eq. (4) is taken over all states and, through the term of n=0, the- 
renormalized coupling constant is introduced, that is, we define the renormalized coupling 
constant y by the equation 
ty Ops. (7) 
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where V,, is obtained from V by replecing g' by y. Eq. (6) and eq. (7) are the 
renormalization procedure in the Chew-Low equation. The former corresponds to the 
mass renormelization and the latter to the charge renormalization. The equations for other 
amplitudes, T,,(k, k’), etc., are not given in eq. (4). We abbreviate them, as they are 
easily obtained. (In the Appendix we shall briefly consider the two-meson amplitude 
talks ROS) 

Chew and Low formally solved this basic equation (4), by limiting the sum of 
intermediate states to the vacuum state and the one-meson states only (one-meson approxi- 
mation), and by using a skillful mathematical technique (effective range approximation) . 
But, here, we solve this equation elementarily by the successive substitutions without the 
use of such kinds of approximation. 

The solution calculated, for example, to the sixth order in the renormalized coupling 


constant is as follows: 


T (Pp) =Ta(p) 2-s+Ty(p) 82-1+Ty(p) 2147, (p) 2+ CGT., (8) 
AG) GE LVG/E, (8- 1) 
T,(P)a=DV VV) ViV, ViVi) /o® E—ot ie), (8-2) 


T,(p) yen ViVin—ViwWV,) (Vigil SV Va) hal ai aD 
My kt ow” (w@—a! +i€) (E—w+ie) 


st UV Vi) Vi eV Vi) ViVi—V Ve) 


i! 


kk! wo! (w!—w+ie) (E—w! +1€) 
SOV VV) U3 VIVE) CM VV) 
ie kt wo! (w+o') (E—w! +ie) 
os Veo) Uh Vie) VeVi —ViV Eg) 
kar 12 y ; st oo aw) 
ih ow” (wo+a') (E—w+ie) 


1 (p) $)-2 a >) 


ky kl 


[VV Vv; VP es ret ets 1 
wv (o+o’) o(o+a’) ww! E 

- VV iin Maree Va a44 
wv (o+o')  wlo+a’) ow! 


—w—w' +e 


+ S51 


Maovell 
k,kl 


ol(at+a') wo (wt+oa’) OrOM 
ee sie EL bial: | 


w! (w + w') w (w -+- ow’) ww! 


Villa CV SV Von AIQVay a 1 
E 


—w—w' +1€ 


(8-4) 


Here, E=a,=0,, w=, and w!=w,,. C.G.T. means the terms which are obtained 
y interchanging V, and V, and replacing E by —E in the preceding terms. Because 
these terms correspond to the values of Feynman diagrams in which the initial and final 


meson lines are crossing as shown below, we call them the “ crossing gtaph terms ” 


d 
abbreviate them as C.G.T. - 
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The term Cpe ae is the contribution due to two-meson amplitudes Ts (Rk) 
and does not appear in one-meson approximation. The suffix CL-2 reflects this fact. 
(The derivation of this term is very simple, but for completeness it is inserted in 
Appendix.) 

Generally, if some term appears when the sum in eq. (4) is taken up to the n- 
meson states and does not appear when the sum is teken only up to the (n—1) -meson 
States, we call the term “ belonging to CL-n” and attach the sufix CL-n to it. 

The next problem is to relate the terms in eq. (8) with static Feynman diagrams. 
In the unrenormalized covariant Q.E.D., we could easily connect the perturbation solution 
with Feynman diagrams by ordeting field operators into normal products.” It is the 
Present task to obtain the means by which each term in eq. (8) is connected with some 
Feynman diagram. To do this, we examine fourth-order terms eq. (8-2), as an example. 
Expanding eq. (8-2), we take up one of terms, for example, 

st Va VVEV, “) 


Bae. 9 
* w? (E—w+ie) 1) ors ) 


If we pay our attention to the artegement of vertex operators V, VV; V. q> we see that 
the result is the same as that appears when the diagram Fig. 1 (1) is calculated by the 
conventional perturbation method. Therefore, we meke this term correspond to the 
diagram Fig. 1 (1) temporarily, though we have not known whether such a correspondence 
is cortect Or not. “In the similar manner, we can connect all terms in eq. (8) with 
Feynman diagrems by examining the arrangement of vertex operators. For simplicity, we 
shall use a convenient notation in the following. We call the part of product of vertex 
Operators in some term “ the vertex pert andewrite 0 CX )s Wer calle che part of 
remaining energy denominators “ the propagator part” and write G (X) czn,s- Here 
X is the notation of the diagram which is connected to the term through the vertex 
part and the suffix f is used for the distinction of the terms with the same vertex part. 
(Usually there are several terms with the seme vertex part U (X).) 
For example, we write eq. (9) as follows: 


BU) = v (1) Gat (1), 
i 


> = GS (1) ¢x-y=1/e? (E—a +ie). 
2 


In this case the term with ('(1) consists of only one term 


and the suffix is unnecessary. 
X ‘ The result obtained by applying this correspondence method 
2 to eqs. (8-2-4) is written in Table I. In the columns CL-1 
Hig-s i. and CL-2, respectively, the sums of propagator parts belonging 


Fourth-order diagrams to CL-1 and CL-2 are written. F,, etc., in the table are the 


se ecaticring following functions : 
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Table I. The propagator parts of fourth- and sixth-order diagrams. 


re Coe. | X  EBXerr SGX)er-s 

. F, 6 | 12 ) Fs 

| 7 3 0 Fs 

2 hg 0 10) Fs 
i F, 3 | Data ) (—1/2) Fs int 

ate | 1 —F; F; 

iz F, 0 2 i F 

3 F, (—1)2) F 

1 3 =F, 0 Ul 4 —F. (1/2) F; 

4,5 —F, 0 5 PF; (—1/2) Fs 

6 Fy F, 

6,7 Fy 0 7 — Fy, F; 


In the Table, X’s correspond to the number attached to each diagram in Fig. 1 and Fig. 2. F’s stand for 
the functions in eq. (10). 


Group I Group II Group III 


BWA AGS a ere 
BSN 1A ies She, oe SSR bo, 
Pe Mae ie AUN ee a 
aK See 
LATS al 
NOS Sav 


~ 


Ww 


DINAN os 


Fig. 2. Sixth-order diagrams of scattering 


FC aspera 
wo (E—w+ie) 
F,(E) = = ; 
(ww')* (E—w+te) (E—w! +i€) 
Fi (BE) = a (o+o')E—200! a ee 
2 (ww') (w + ov) (E— w+ 1€) (E—o! + i€) : (10) 
Pipe w+” 


252 (wo)? (w+)? (E— ow! + 1€) ; 
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F,(E) = : ; 
(wo') (o+ 0)? (E—w—o! +ie€) 
1 


F,(E) = redleae, 
(wo')? E—w—a! + i€) 


The notations of diagrams are shown in Big @leands Figs 2) itereswetabhreviates onemer 
two diagrams which can be obtained through another by overturning the meson-lines like 
(a) and (6) in Fig. 3. We also omit the diagrams like Fig. 3 (c) in which the 
initial meson line and final one are crossing, for we can easily see that it is trivially 
connected with the corresponding C.G.T., that is, the values of them can be easily obtained 
if we change the sign of E in the propagator parts of the corresponding non-crossing 
diagram (Fig. 3 (a)) and interchange V;; and V, in the vertex parts. 

Now we have thus correlated each term in eq. (8) 
with some Feynman diagram. But, we have not known 
the relation of these values to the values correctly renormaliz- > > ( 
ed by the actual perturbation calculation. i 

In the next section, we shall show that this cortres- 


pondence method is correct and the sums of CL-1 and } Ap 
CL-2 in Table IT are really equal to the renormalized values b 


of fourth- and sixth- order Feynman diagrams. 
It is obvious from the derivation of the Chew-Low c \ 
equation itself that the grand total of the renormalized c 


values of all Feynman diagrams is equal to the complete Fig. 3. 
solution of the Chew-Low equation, but it is not necessarily Aa Sampler seaebereen eee 
obvious that the partial sum of the terms which are obtained 
by the iteration of the Chew-Low equation exactly corresponds to the renormalized value 
of a Feynman diagram. 

Here, we clarify these points by actually comparing the values in Table I with the 


values by perturbation calculations. 
§ 3. The comparison with Chew’s renormalization 


In this section, we calculate the values of scattering diagrams to the sixth order 
with the use of Chew’s perturbation method,” compare them with the values obtained 
by the iteration of the Chew-Low equation and verify the correctness of the correspond- 
ence method in the preceding section. 

Previously, Chew applied Dyson’s method of renormalization to the static meson 
theory and presented the recipe for calculating the probability amplitude of any processes 
in the model. For completeness, we repeat here his main results briefly. 

(i) The T-matrix of the process considered is obtained as follows: we first draw 
the irreducible static Feynman diagram representing the process, then make the renormalized 
vertex obtained in (ii) and the renormalized propagator obtained in (iii) correspond to 
each vertex and each nucleon-line, respectively, and finally integrate it over virtual meson 
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states. In this case, it is not necessary to consider the propagators corresponding to 
meson-lines. Also, it is mot necessary to consider the diagrams correcting the external 
lines. 

(ii) The renormalized vertex operator can be obtained as follows: Using the 
renormalized vertices and propagators, we calculate formally the value of the irreducible 


vertex diagram and write it as 
ViL(E,, E,), 


where E, is the energy received by the nucleon-line in the past, E, is that received in 
the future and q is the state of the meson which enters the vertex in question. Then 


the renormalized value of the vertex diagram V,(E,, E,) is calculated by the equation, 
V(E,, E,) =V,(1+L(E,, E,) —L(0, 0)). (11) 


(iii) The renormalized propagator can be obtained as follows: Using the renor- 
malized vertices and propagators, we calculate formally the value of the irreducible self- 
energy diagram and write it as S)(E). (This is the value between two vertices of the 
self-energy diagram. E is the energy received by the nucleon-line.) Then the renormal- 


ized value of the propagator S(E) is obtained by the equation, 


: : O>\(E)* . 
DE SE) — Sao ee 1 
Second-order propagator Fifth-order vertices 


é : E 
E O 
A 


Third-order vertex 


E: E, 


Fourth-order propagators 


Fig. 4. Diagrams of higher-order propagators and vertices 
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Eqs. (11) and (12) correspond to eqs. (7) and (6), in a sense. 
the value of any scattering diagram by this method. For convenience, we tabulate the 
values of propagators and vettices corrected to the fourth order (Fig. 4) in Table IL. 
We shall abbreviate +-ie in the energy denominators in the following. 


We can calculate 


Table II. Corrected propagators and vertices 


Here we write down the Propagator parts of the propagators and vertices corrected up to fourth-order. 
The notation of them is shown in Fig. 4. 


diagrams propagator parts 
A 1/w° (E—w) 
[(E,+ Es) o—E, E>] /w? (E.—w) (E,—w) 
GS1 E/(ww’)?(E—w) (E— 0’) 
C=? — Os Se = 
2(@0’)*(w@+o’)?(E—w—w’) 
es ww’ (E~w) (E—w’) — (w+ 0’)"E(E—0—o’) 
(wo’)*(w+w’)?(E—w) (E—w’) (E—a—0’) 
er aly —ElE(o+o’) —200'] 
2(ww’)* (w+) (E—w) (E—0’) 
(DZ — E/2 (ww’)?(E—w—0’) 
pee E[(E—o) (E—0’) =200/] 
2(ww’)*(E—«) (E—w’) (E— wo’) 
ee “=r E[E(a@+ 0’) —200’] 
2(ww’)* (w+) (E—a) (E—0’) 
nits EIeE 0) Eo) (oto) QE-o=0/)) 
2ww’ (w+ 0’)?(E—w) (E~0’) (E—w-w’) 
D6 Eliot o)? +200 SE —{(wt+0’)? +400! (+o!) JE+200/{ w+’)? + 00'}] 


2 (ww’)?(w+w’) (E—w) (E—0’) (E—w—0) 
Sanne eee 


Now we can achieve the aim of this section. First, we calculate the values of all 


diagrams in Figs. 1 and 2. Next, we compare them with the values in Table I. And 
we can verify the correctness of the correspondence method in Sec. 2, that is, we can 
see that the correctly renormalized value of some Feynman diagram X is calculated 
directly from the Chew-Low equation by taking out the terms with the vertex part U° (X) 
from the iterated solution of the equation and summing them up all. 

For example, the value of diagram III-3 is immediately obtained from Table I as. 


follows : 


: E il 
B(III-3) = S} V (III-3 , Z ae oe | 
N= BA (wo')? (E—o) (E—o') 2 (wa’)? (E—w— 0’) 
E*— (wt o') E—-wo! 
2(wo’)? (E—w) (E—w’) (E—o—W’) 


=31B (E-3) (13) 
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This is just equal to the value calculated with the use of the renormalized vertex tabulated 


in Table II. 
Here, we verified the correctness of the correspondence method and gave the method 


for the calculation of diagrams without the use of any explicit renormalization procedure, 
only with the exemplification. But as it is easily inferred that this holds up to the arbitrarily 
higher order, we shall avoid unnecessary strictness and proceed to explain the reason for 
the grouping of diagrams in Fig. 2. 

In Table I, the values of fourth-order Feynman diagrams all belong to CL-1. On 
the other hand, in the case of sixth-order, all diagrams of group I belong to CL-1, 
‘those of group II belong to CL-2 and those of group III consist of parts belonging to 
CL-1 and CL-2 both. 

We shall explain the physical meaning of such a characteristic of each group in the 


next section. 


§ 4. The divisions of diagrams 


First, we examine one of the diagrams in group I, for example, I-1. Let us divide 
this diagram into two real processes at a suitable point (Fig. 5). As a result, we get 
two modes (a) and (6) in Fig. 5. The mode (a) is interpreted as the incoming meson 
first undergoes the fourth-order scattering, the scattered meson propagates virtually and 
lastly the virtual meson goes out as a real meson through the second-order scattering. 
The mode (6) is interpreted as the incoming meson first undergoes the second-order 
-scattering and then the fourth-order one. 

Applying the similar divisions to all diagrams 
in group I, we can easily see that they are all 
regarded as the succession of scattering processes. 

Ti eee Next, we divide a diagram in group II, for 
example, IJ-1 in the similar manner. In this 

case, there exist three modes (a), (6) and (c) 

in Fig. 6. Among them, the mode (a) is inter- 

é Wwe AAV preted as the incoming meson first produces two 

mesons, the two virtual mesons propagate and 
then they are annihilated creating a real meson. 


" La E ae > ( On the contrary, the mode (6) is interpreted as 


the meson undergoes first the fourth-order scat- 
Fig. 5. tering and next the second-order scattering, and the 


The division of diagram 1-1 mode (c) in a reverse way. Fourth-order scatterings 
in the modes (6) and (c), however, is corrected 


‘ 


in the “ external line’’, so we need not take account 
‘of them, according to Chew”. Then, eventually, only the mode (a) survives in which 
‘two meson propagate virtually. Similarly avoiding the divisions which give rise to the 
corrections of the “external lines”, we can see that all diagrams in group II are divided 


into the modes regarded as the successions of 7—27 processes only. 
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Fig. 6. Pika, Jf. 

The division of diagram II-1 The division of diagram III-2 


Let us apply the same idea of division to a diagram in group III, for example, 
IlI-2 in Fig. 2. There being three modes as Fig. 7, the modes (a) and (6) are inter- 
preted as the succession of scattering processes, and, on the contrary, the mode (c) is 
interpreted as the succession of 7—2z Processes. Examining all other diagrams belonging 
to this group, we see that two kinds of interpretations can be applied to all of them. 

This behavior of the diagrams of each group in regard to the division has direct 
relations to the characteristic of the group appearing in Table I. That the diagrams of 
group II belong to both CL-1 and CL-2 is due to the fact that they can be interpreted 
into two manners as mentioned above. 

In the consequence of this analysis, we have been simultaneously able to make clear 
the relation between one-meson approximation and Feynman diagrams. In one-meson 
approximation of Chew-Low equation we take whole account of all diagrams which are 
interpreted as the succession of scattering processes, neglect completely all diagrams which 
are interpreted as the succession of 7—2z Processes and, in the case of the diagrams 
which can be interpreted into two manners, take account of the part only which is inter- 
preted as the succession of scattering processes. This is in contrast with Tamm-Dancoff 
approximation in which some diagrams are taken into account and the other diagrams 


are completely omitted. 


$5. Concluding remarks 


Collecting the above results, we can obtain the recipe for calculating the arbitrary 
scattering diagrams in the static model without the use of any renormalization procedure. 
(i) We divide the given diagram into two processes each of which is of the form 
of a real process. Hereby, such divisions are excluded by which one or both of the 


divided parts get to contain the corrected “external line ”. 
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(ii) We construct T-matrix corresponding to each divided part and Chew’s propa- 
gator is inserted at the dividing point. At this time, we must use the energy value at 
the dividing point as the argument of T-matrix. Chew’s propagator is given by 
1/(E— > }o,), where E is the initial meson energy and «, are the virtual meson energies 
at the dividing point. 

(iii) Multiplying these in the right order of time, we integrate it over the states 
of virtual mesons. 

(iv) After calculating these integrals for all possible divisions, we sum up these 
values all together. 

By means of this recipe, we can calculate any of arbitrary order non-crossing scattering 
diagrams, using the amplitudes of the lower-order real processes. In this case, we neces- 
sitate no explicit renormalization procedure. 

By the way, the value of a crossing diagram is 


obtained easily from the value of the corresponding 


non-crossing diagram by changing the sign of the initial k 
meson energy and interchanging the state of incoming X \ 
meson and that of outgoing meson, as explained in Sec. 2. 
In the following, we shall explain this with some : 
examples. A 
Ree q 


First, we calculate a fourth-order diagram, Fig. 8. 
There exists only one division shown in the figure. x AY ¢ 
The T-matrices of the future- and past-part are —V,V,, /w a 

and V;V,/«w, respectively, where the energy has been Fig. 8 

taken equal to the value at the dividing point, and the — The division of fourth-order diagram 
propagator is 1/(E—w). 


If we multiply these all together and integrate, we get 
Pe it Viv, _ 
B(0-2) =>)( ——* Ph) S PSs ee 14 
a 0) aa 0) ) Bue ea ‘ow? (E—w) O72 


This coincide with the value in Table I, that is, the renormalized result. 

As another example, we calculate a sixth-order diagram, Fig. 7. It is divided into 
three modes, (a), (6) and (c). In the case of (a), T-matrix of the future-part is 
V,V,/w, that of the past-part is 23 VV ViV,/o" (w—o') from eq. (14), and the 


propagator is 1/(E—w). Therefore the contribution of (a) is 


Sty Volo wae ‘ 
fut ts See ‘ow? (w— a) (E—w) i 


Similarly, that of (b) is 


SUV VeVi Vi¥, =~ 
bit” » Tol (w’—w) (E—w’) 10) 


In mode (c), T-matrices of the future- and past-part are, respectively, V>V,V,,/ (w+) w! 
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and ViVi V,/w(w+o') and the Propagator is 1/(E—w—w’). Therefore the contribu- 


tion of (c) is 


DNA ARE 5 fea | 17 
he, EAE E ‘00! (0+0!)? (E—w —w) Oe) 


Summing up Hgs(15) (06) land Ch7) 


VAN AVAY, PE OE 0) = (oto) Bo — 0) 
het (wo')* (w+)? (E— w') (E—w—’) 


This is equal to the value of the diagram after the subtraction of the overlapping diver- 
gence according to Salam." 

Thus, the recipe given here is vety convenient in the points that we do not need 
renormalization procedure and that it is easy to form the physical image. Particularly, 
it is quite effective for the calculation of the complicated diagrams involving overlapping 
divergences. 

The authors wish to thank the members of Tokyo University of Education, Physics 
Department, and particularly Dr. S. Tani and Dr. Y. Miyamoto for helpful discussions. 


Appendix. The Derivation of two-meson amplitude 
Here we explain the derivation of two-meson amplitude T,,(k, k’) briefly. By the 
definition, we have 
Tk, k) = (PERV, 0). (Al) 
Substituting the following expression 


1 
A—w—o! +ie 


r(— + + 
Lt =a} ayy E 


Vide + Vat) F , (A2) 


in Vf? in Eg. (Al) and using the relation 
4,0 = ae we ae (A3) 


we obtain 
—1,, 
Ee = ( Poth Vi v,) 
+ 1 é 
rs (Vie + Vinay) Epa wieie a) . (A4) 
Applying the identity 


1 1 1 rd Nes 
2 = = (As) 
: gree: H+x+two i H-+x«+w0 : H+x 
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we obtain the result 


) 23°? (n) 1) (V7 t 2) 2T® 
des (k, RY) en Ta (m) aera m k n ete k 

< 1 7 (— a 1 
mati POVEVO)___+___T, (n) __(A6) 

+2 Ly E,, —w! —1€ Cre iB Ge yhagt . 
a ey Ley Coy _ AT (n) 

aa TH (m) Ei ie ( m p= Ftd kh 

an (eenk’) 


Restricting m and n to the vacuum state only in the result, we can obtain eq. (8-4) 


at once. 
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In this paper the so-called asymptotic conditions are introduced in a different way than usually 
done, thereby making use of Heisenberg operators alone. These conditions are regarded as the 
defining equations for a complete set of state vectors, either incoming or outgoing wave states. By 
closely examining the self-consistency of these defining equations, we get a set of integral equations 
for the vacuum expectation values of retarded products of operators. The unitarity condition of the 
S matrix is one of the inevitable consequences of these equations. These integral equations are es- 
sentially equivalent to those given by Chew and Low, and also independently by Lehmann, Symanzik 
and Zimmermann. The advantage of the new integral equations over the older ones of the above 
mentioned authors consists in that the new ones are manifestly covariant in form and also in that all 
quantities appearing in the equations are related only to connected Feynman diagrams in contrast to 
the T products. The possibility to extend the present formalism so as to include the bound states is 
also discussed. Finally it is shown in the perturbation theory that these integral equations are satisfied 
only by the renormalized solutions of the renormalizable field theories provided that the microscopic 
causality condition is imposed as the boundary condition. 


S 1. Tntroduction 


Recently the importance of the asymptotic conditions has been recognized by many 


* especially in connection with the use of Heisenberg operators in quantum 


authors, 
field theory. In quantum field theory the relation between individual particle states and 
interacting states are settled through these conditions, and important is that only through 
them the Heisenberg operators can be related to observable or semi-observable quantities 
such as the S matrix. 

In particle mechanics the asymptotic behaviour of the wave functions can easily be 
seen by simply dividing the total Hamiltonian into two parts, one corresponding to the 
kinetic energies of individual particles and the other to the interaction among them, and 
the latter must be dropped for the investigation of the asymptotic behaviour of the wave 
functions. In quantum field theory, however, such a separation of the total Hamiltonian 
can no more be taken for merited, since individual particles interact with their own self- 
fields even when they are separated at long distances from each other. Consequently the 
description of the asymptotic behaviour of a system can no more be achieved in the 
Hamiltonian formulation, but instead one is obliged to stand on the over-all-space-time 
point of view.” The reason in favour of this standpoint of view was intuitively discussed. 


* On leave of absence from Osaka City University, Osaka, Japan. 
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by the present author especially in connection with the problem of bound states.” 

Another important feature of these conditions consists in the fact that they put 
severe limitations upon the posisble structure of the quantum field theory. Extensive 
investigations towards this direction were made by Chew and Low,” and also by Lehmann, 
Symanzik and Zimmermann.” 

In the conventional asymptotic conditions, first the asymptotic behaviour of the 
matrix elements of Heisenberg operators between two given states was investigated, then 
after some discussions concerning the limiting procedures the expressions of, say, the A) 
matrix elements were derived in such a manner that the final expressions do no more 
involve limiting symbols. In order to avoid ambiguous discussions concerning the limiting 
procedures, we introduce in this paper the esymptotic conditions in a completely different 
manner than usually done, i. e. we introduce recursion formulas for state vectors as the 
defining equations of a complete set of state vectors, representing either incoming or 
outgoing waves. In this way the problem of limiting procedures is replaced by another 
simpler algebraic one to examine the self-consistency of these defining eyuations. To 
write down these equations, we introduce beforehand a new kind of chronological product, 
retarded product or simply R product, which is closely related to Wick’s T product” but 
more convenient for the present purpose. As a result, one can derive a set of integral 
equations for the vacuum expectation values of R products of Heisenberg operators as the 
necessary and sufficient condition that the defining equations are self-consistent. These 
integral equations are very akin and essentially equivalent to those given by Chew and 
Low and also by Lehmann, Symanzik and Zimmermann. However, the new equations 
are written in a manifestly covariant form in the sense that they involve no @-functions. 
Another advantage over the CL- and LSZ-equations consists in that one can readily write 
down the complete set of integral equations by making use of the simple algebraic 
properties of the R-product. (§ 2). 

From the structure of these integral equations one can easily see the manner in 
which the unitarity condition of the S matrix is derived as one of the natural consequences 
of the asymptotic conditions. Although the asymptotic conditions are more restrictive 
than the unitarity condition, one might regard the former as the substitute of the latter 
in quantum field theory so far as not only the S matrix but also the field operators 
exist, (93), 

Once the existence of the unitary S matrix is ascertained, it is not hard to derive 
the explicit form of the S matrix. (§ 4). 

Also it is not hard to verify, at least in principle, thet this formalism can be ex- 
tended so as to include composite particles, but the problem of unstable particles are left 
without being discussed. (§ 5). 

It is also worth while to notice that these equations possess divergence-free solutions 
just as it was the case for CL- and LSZ-equations. To examine this statement more 
closely the solutions of these equations are investigated in the perturbation theory. (§ 6). 

Since ambiguities inherent in the renormalizable field theory appearing in the evaluation 


of certain matrix elements arise from the divergent character of the intermediate calcula- 
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tions, it is hoped that the divergence-free equations might help to remove this difficulty 
from the current field theory. Taking the microscopic causality condition as the boundary 
condition, the integral equations are applied in the perturbation theory to quantum electro- 
dynamics to prove that the photon self energy actually vanishes and that the polarization 
operator is obtained in a gauge invariant form. The method utilized in the perturbation 
theory is essentially equivalent to that of Stueckelberg™ who employed the unitarity as 
well as causality conditions to determine the S matrix. In the e-approximation, it is 
shown that these equations possess really divergence-free solutions of conventional quantum 
electrodynamics, i.e. they are satisfied by the renormalized functions in quantum electro- 
dynamics. (§ 7). 


§ 2. Asymptotic conditions and their self-consistency 


We start with introducing a new kind of chronological product, the retarded or 
R product. Let @ be the field operator of a neutral scalar field, then their retarded 
products are defined in the following way : 


RL E(x): 9%) G(%) G(x) ] 
it) (x--x,) (<== x) no (Xa =X) | =| (x); 2 (x1) 19 (%) ]--, 2 (xn) |, 
(CY a 


where the summation should be taken over all possible permutations of variables x,, ae 
--> X,»- From this definition one readily sees the following properties of R products : 
(i) If ¢ is Hermitian, then R is also hermitian. 
(i) R is symmetric with tespect to the variables x,, x,, ..., X,. 
(Git) R=0, if x, > %** for any i. 
It is not hard to show that the definition (2:1) is equivalent to the following 


equation (2-2) 
RLE (x): O(y) 904) Om) | 
SA be [RIP (x): 9%) eC), RIG): Ons) 9 (%,) T=, 


=\ 
b 


(2-2) 


where the summation should be taken over all possible divisions of the variables x,, x,, 
"*, X, into two groups. The derivation of eq. (2-2) is given in Appendix I. Further- 
more eq. (2-2) is equivalent to the following set of eqs. (2-3a) and (2-3b): 


* This definition of R product is due to W. Zimmermann.!!) The usefulness of R products over T’ 
products was shown by many people especially by Goldberger in connection with dispersion relations.12) 
6(x)=1 if x0, and =0 if x<0. 

** x; >x denotes (x;)9 >x0- 
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Rle(x) : O(y) 90%) 9%) IRGC): 9) 9 Oa) 9 en) J 
+i STR[o (x): (x) (x) ], REG (): Ce) PCr) IJH0, (23a) 


Comb. 


and 
Rl g(x) : 9 (y) Y (x,) -O(xXn) ]=0, if x = ice (2-3b) 


With the help of R products, we shall introduce a complete set of state vectors cor- 
responding to outgoing waves. 
An orthogonal set of state vectors @‘ = {@{} is introduced under the conditions : 
(i) The vacuum state 2 belongs to ©. 
(ii) The stable one particle states* @,’s belong to GO, 
Then we assume that the field operator g(x) exists and that we know already the 


following matrix elements : 
(2, RP (x): G(%) +" (%)]2> or simply (2, R(x: x, -*:, X») 2), 
and £2, G(x) O, >» or < O76 (x) 2 >. (2-4) 


Especially for the latter quantity, we assume further the normalization condition** 


> (2, 96) Pa) Pas (2) =I (Hy) =1/ (2M) | (dp) A py) BC -+m*), 
(2:5) 


which holds for any renormalized theory. m is the observed rest mass of the quantum 


of the field ¢. Then it is clear that (2, e(x)9,) or (%,, 9(x) 2) satisfies the Klein- 


Gordon equation 
(2, K,9(x) 9,)=(%,, K.¢(x)2)=0. (2-6) 


This is also the consequence of the assumptions that there exists the energy-momentum 
operator P, and that the states belonging to @‘*? are the eigenvectors of P,,. 
Further we shall assume that any state of ©‘? allows us to write it in the form 


(CD. (+) e (+) 
Pe? = Dy a.XX ay, OF simply sata ta (2-7) 


By the multiplication symbol it is meant that P{") denotes a stationary state formed by 


incident particles 4,, a), ..., 4, and satisfying the outgoing wave condition. Therefore 
MS is such an eigenvector of P, that satisfies 


P, OF = (part pitt ----+ ptm) OO, (2-8) 


* As to the definition of the one particle state, see § 5. 


** Throughout this paper we employ the natural units }=c=1. Through eq. (2-5), the use of indefinite 
metric is excluded. 
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Let @Y and GS) be written in the form 

oon Cees 

D% UIE. ee DS = Db, bo-s-by » 
then the orthogonality condition is expressed by 


COI, FP) = Oru = Brn, 5) 8 (4,B;,) 8 (dgbjp) “3 (db, ). 
| 


Perm. 


Up till now, however, the definition of the states belonging to SG) is not explicitly 
given, and we shall define them through the following recursion formula which we call 
eventually the asymptotic condition : 


(itia) (OS, R(x: x,+-+x;) 7ASa>) 
=COCr R(x : x,+++x;) OY + | (de), 2 (z) 2K, -<O, R(x 2 %26°%)2) DD, 
(2-9a) 


where K is the Klein-Gordon operator with the rest mass m, i.e. K=([J—wm?’, and the 
division symbol for the states of @‘+) is defined by 


™ 
(ES y (+) 
Dis = 2 0 (ba;) LON ee Ait1'''dm, * 


Of course, a’s and 6 correspond to stable one particle states. 


As the conjugate equation to (2-9a), one gets 
(iiib) ¢(@8, Rx: x:--x,) DY 
= (OS), R(x 2 xx) BYP) + | (ay) K,4 08, R(x: x,+-xy) OO) -LO, o(y) @,). 
. (2-9b) 


(iv) Furthermore, as a physical requirement we assume that the orthogonal set of state 


vectors ©‘*) forms a complete set.* 
Through the above conditions, the set G‘*? is completely settled. By the repeated. 


use of the recursion formula, one gets at once 
CATR (nena OG > 
= | (dy,) +-"( dyn) Key, Ky KB, Rx x9") DY 
«C2, (91) Par B, PC ¥2) Pard€ 2, (Ym) Pa,,>s (2+10a) 


and 


Oe eR (x 3x) 12 
| (dz,) +++ (dap) Ky Ky (2, R(x 1 xx Z1+&) 2) 
X (Dp, G(Z) 2K Dp, Gz) BY (Dp, O(z,) BY. (2-10b) 


* In this section it is assumed that there is no bound state. 
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As we shall see in eq. (2:15), any matrix element of g(x) can be expressed in terms 
of vacuum expectation values of R and the one particle wave functions. 
Now we are in the position to examine the self-consistency of the recursion formulas 
(2:9a) and (2-9b), and for this purpose we shall first prove the following theorem : 
Theorem I. In order that the recursion formulas (2-9a) and (2-9b) be self- 


consistent, it is necessary that the following set of integral equations hold : 
(2, R(x: yx,"+-Xn) 2) 
SiO (e—y) Sh S1F/11- | (du) (dv) [KyyKy, (2, RQ: x,--%em,-1,) 2) 


Comb. Z 
Ko G0) MO (u,—%) 
Ky Ky, (2, R(y : Xpat Xp Vy" 1° U) 2) — (xy) J=0, (2: 11) 


where 
(du) (dv) = (du,) +: (du,) (dv) ++ (du). 
(proof) By taking the vacuum expectation value of eq. (2-2), we get 
(2, R(x? yX1---%n) 2) 
+i0(x—y)[ 3} 33 (2, Rei xx) BOP) COO, Ry: Kerr Xn) QD — (xy) J=0. 


Comb. «& 


Then inserting the expressions (2-10a) and (2-10b) into the above equation and making 
use of the normalization condition (2-5), one arrives at eq. (2-11). 
As we have already mentioned in connection with the recursion formula for the R 


product, the eq. (2-11) is equivalent to 


Q, R(x: yxy++-X%,) 2)— CQ, Ry 2 xX°+°X_) 2) 


ei SUL: | (au) (de) [Rag Rea pQ Qa Re eeeotpaee gu) 


Comb. / 
Xda, — v,) +I (u,—%) 
IES od GU R(y : Xppa7 Xp Uz "-V) 2) — (xzoe 104 (2: 12a) 
with the boundary condition 
@, R(x: yxy°+°%,) 2)=0,. for y>x. (2-12b) 
The equation (2:12) has an advantage over the eq. (2-11) in that it does not involve 
any # function and hence it is of a manifestly covariant form. 
What makes the above equations feasible as the fundamental basis of the field theory 
is the theorem on the sufficiency of these equations. 
Theorem II. In order that the recursion formulas (2:9a) and (2-9b) be self- 
consistent, it is sufficient that the eq. (2-11) holds. 
(proof) Since the matrix element of g(x) between any two of O°, say (DS*?, p(x) 


PS) can be expressed in terms of the vacuum expectation values of R products, it is 
necessary to prove that the expressions such as ( P{*), R(x: y) PS» calculated from the 
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matrix elements of (x) coincides with that derived by directly applying the recursion 
formulas (2-9a) and (2:9b). In other words, we must prove the self-consistency of 
the formulas (2-9a) and (2-9b) for various values of /. For this purpose, we first 
give the following lemma: 

Lemma I. 


DCP, ADD) (OM, BO) 
i 
= 2169, ADS) (OL), BOW). (2-13) 
6 


Though the above lemma can be proved trivially, it is very useful for the following 
developments. 


For the sake of simplicity, we shall put 
Dir==| (de), 9(2) 2) Keo ' 


and then let us calculate the expression 
DPC DEP, R(x 2 yx,+++;Z) Ga 
in two different ways. First by applying the recursion formula (2-9) directly one finds 
T= (P55), R(X yx1-+-%1) PY — CD, R(t yx-+-x,) DGD». 
On the other hand, if one transforms the above expression first with the help of eq. 
(2-2), one obtains 


I= —i0 (xy) D231 OE, RE: x -%,) PY OO, Ry i poy) OY 


Comb. 


+ (DS, R(x: 40+ Xp Z) DO’ (OO), RC y 2 Xpeer'%) OO?) — («iZy)7- 
Then applying the recursion formula (2-9), II reduces to 
I= 16 (x—y) 3) [4 , ROC: me) POY (LOD, RCy Rees m) BOY 


Comb ,T 
— (PO, R(y 2 X41? Xp) Poo >} 
ae {CO R(x : X1°°* Xp) DO) — CD, R(x : X,++*Xp) PP MCD, Ry : Xp ya **X) ey) 


Bb > 
—> 
The first term in the first line and the second term in the third line cancels one 


another due to Lemma I, and there remains 
T= —K OL? Re 2 m2 xO COP R(X: yx exp) OF DaaT. 
Here, if the recursion formula (2-9) were consistent with the algebraic properties of R 


for-a certain-values of /, the consistency continues to larger /. Let us, therefore, prove 


the statement for the smallest /, i.e. /=0. 
To discuss this problem, let us first define the matrix elements of @(x) by 


CD, 0(x) OP) = SYD DQ, R(x) B), (2-14) 
da 
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which follows from eqs. (2-9). D* is defined by 
D* = Dh... Dn, 


and D* is defined in a similar way. The operator D* for a stable one particle state a 


is given similar to D” by 
Dy= | (<2, Oh Dime RGer. 

In eq. (2:14), the arguments on which D and D operate are spared. 

What we are now to do is to prove the equation 

D2 OS, R(x: 2) OP) =COY, G(x) PP) —C OM, g(x) OG 

with the help of eqs. (2-11) and (2-14). 

From the definition of the R product, follows the equation 

LOCO AR x2 2) OS) 


= 1 (x-2) S){CB?, GH) PPP, 9”) FP) — RL B)}- 
Dé 
The eq. (2-14) is of help to rewrite the above summation as 


S} D9? DIA LQ, R(x +).Q) Dt Del (0, R(z z+) QY— (x22). 


AT 


(i) For the sake of simplicity, let us first assume that the two states @ and ?? have 
no common factor state, and write 7///4 newly as 7, then the above expression is trans- 
formed into 


31 D*" D™D* (Q, R(x 1+) 2) D'D® D!# LQ, R(z 2) Q)— (x22). 


ALT 
Multiplying the above expression by —ifl(x—z), one gets with the help of eq. (2-11) 
D°D*(Q, R(x: z--) 2). 


The derivation of the above result is rather trivial if one only notices that the summa- 


tions over 7 and over /, /4 correspond to those over / and over all possible combinations 
of variables standing in eq. (2-11). 
Hence we have 


DP? OL, R(x: z) OM) =D" D*(Q, R(x ++) 2). eee 0 


From eq. (2-14), on the other hand, follows at once the relation 
D'D*(Q, R(t) @)=S}(—I) OP, (x) OH, (2-16) 
a 


» . . . 
where (—1)* is equal +1 or —1 according to whether 2 is the product of an even 
number of factor one particle states or of an odd number of factor states. From eqs. 


(2-15) and (2-16) and the assumption that @ and have no common factor, one can 
derive 
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DIK D, RE) VY = OY, 6) VP) —(, oa) OY 


a/b /* 


(a) Ge liseand 2. have common factor states, so can do J and lt. In this case, let the 


common factor of A and 2 be denoted by ¥, and 7v/Au be denoted newly by 7, then 
instead of (2-15) we find 


CPS, R22) OY = VDDQ, R(x: z++),Q), (2-15/) 
Then with the help of (2-16), we get 


DIOP, R(x: 2) OY = SID" Hag. R(x +++) 2) 


= 2 Cyc oe Y (x) VAS aN : 


v 


Although » cannot be equal to 6, 4 can be equal to 5, and hence 
= (PE, P(x) PLP) —( BO, (x) OGY. 
To complete our proof we need to show 
OO) 2 = Del R( x2) 22 ©, 


In the above proof so far given, the operator D.” could also be 


Di= | (2) Ale) Kae 


but the function f,(z) is now fixed through the above equation as shown below. 
If one requires that f,(z) satisfies the Klein-Gordon equation, i.e. 


K.fr(z) =0, 


then we get* 


| (e) fi) KL, Rw: 2)2) 


=| )$@ 06-0 +) =f.) 
Hence, from the above requirement, we have 
frlx) =(®,, 9(x) 2). 

Thus we have completed the proof of Theorem II. 

Now we can also conclude that one can introduce a complete set of orthogonal 
states ©) if the equation (2-11) is satisfied. 

Based on the Yang-Feldman formalism, Lehmann" has derived a set of integral 
equations for Haag’s functions f’s,” which describe the unitarity condition of the S 


matrix, i.e. 


* For details of such a derivation one is required to refer to § 5. 
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pies yXyoo*Xn) —f(y: XXX) 


ais By S} é/L! | (du) (dv) {F(x s xy xpuy sty) AO (uy — 0%) IO (uy — U1) 


Comb. 7=0 
XY ner tate) — @y)} =O. (2-17) 
Meanwhile, it was shown by Zimmermann"? that Haag’s functions are related to R 
products through the relation 
[OC ) = Rae he (QO) Resxp 3s) 2 (2-18) 


If one combines (2:18) with (2-12), eq. (2-17) can be readily derived. In this 
paper we have derived eq. (2-11) in a different way than Lehmann did in order to 
avoid the use of Yang-Feldman formalism. 

From Lehmann’s result that eq. (2-17) represents the unitarity condition, we might 
suppose that eq. (2-12a) too might closely be related to this condition. It is really 
the case, and we shall discuss the manner in which this condition is achieved in the 


next section. 


§ 3. Introduction of incoming waves and of the S matrix 


To see how the unitarity condition of the S can be concluded from eq. (2-11), 
we shall first introduce a new product, i.e. advanced product or 4 product, very akin to 
the retarded product, through which we introduce a complete set of incoming wave states. 


The advanced product is defined by 
Ale (2) + (4) 9%) 9 Gs) 
aad (—i)"0(x—x,) 0 (x,—x,) (xX, 1—x) [--[9@), 9 (x,) ] (x) ]---, 9 (x) |, 
(3-1) 
where A(x) = f(—x). 
Similarly to the case of R products, 4 products possess the following properties : 
(i) If ¢ is hermitian, then A is also hermitian. 
(ii) A is symmetric with respect to the variables x,, x,,..., %n- 
(iti) A=0, if x<x for any i. 
The following equation is equivalent to the definition (3-1) : 
Al (x) : ¢(y) Y (x,) + O(Xn) | 
eta y) > PALER) 2 (x1) °° P(x) ], ALP (y) = PCr) E(x) ]]=0. (3-2) 
The above equation is further equivalent to the following set of equations : 
Ale (x): PCy) 90%) Gn) |—ALG(y) : 9(%) G(x) O(%) ] 
+i SLAG Ce): G(x) P(r) ], ALG (Cy): G(R) GP, TI=0, — (3-3a) 


and 
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ALY (x): PCy) o(x,) --9(x,) ]=0, if x>y. (3 - 3b) 


Next we introduce a complete set of incoming wave states @‘-) in a similar way to the 
case of ©), 

(i) The vacuum state 2 belongs to G@, 

(ii) The stable one particle states D,’s belong to G‘). 

(itia) Other states of G@ than the vacuum and one particle states are defined by the 
following recursion formula or the asymptotic condition : 


(Pip, A(x 2x4) OD) 
=( OF”, A(x : Xy-++X)) Orn a? |<, Q(z) 2)-K, CD”, A(x ; Xy°*+X)Z) ps 
(3 - 4a) 
(iiib) As the conjugate equation to (3-4a), one gets 
CDS A(x 2G -x,) ODS 
= (DGD, A(x xx) OD) — | (dy) -K, (Di, A(x: x,---x,y) OO) (2, Cy) 
(3 - 4a) 
(iv) The orthogonal set of state vectors @‘-) forms a complete set. 


Then in a completely analogous manner to the case of R products, we can prove the- 


following theorem : 
Theorem III. The necessary and sufficient condition that a complete set of orthogonal 


states © can be introduced through eqs. (3-4a) and (3-4b) is that the following 


equation holds for any n: 


(2, A(x: yXx1,++-%,) 2) 
+if(x—y) Da 2 Ppl : | aw (dv) [K,,~-K,, 2, A(x : X00 X_ Uy") & 


Comb. ~2 

x 4 (y= 44) DO (07) 

X Ky Ky, (2, Ay: Xeer nO1"U;) 2) — (xy) J=0. (3-5) 
The above equation is equivalent to 


(2, A(x: yX1,2++%n) 2 — CB, Ay 2 xx0+-X,) 2) 


isso i/U1 (du) (dv) [Kyy-Ky,(Q, Ae 2+ quy:-1) 2) 


Comb. Z 
A? (ao) AO (u,—%) 
or Ra, A(y : Xpeie-XpVz-°Uz) 2) — Crag) |= 08 3 - 6a) 
and the boundary condition 
C2, A(x: yxj---%,)2S=0, forrx>y. (3 - 6b) 


It is worth while to notice that the eq. (3-6a) is completely of the same form with 
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(2-12a), and this fact is the key to the whole discussions in this section. In the 

Hamiltonian formalism, states belonging to either ©‘? or SG satisfy the same Schrodinger 

equation, and we must, also in the present formalism, relate the two sets to one another 

in a definite way. Otherwise it could be the case that the states belonging to 6 and 

GS satisfy different Schrédinger equations. For this purpose we impose an invariance 

requirement upon the present formalism that the whole theory be invariant against the 

simultaneous reflections of space and time. Then we have the following theorem : 
Theorem IV. The asymptotic conditions for the outgoing waves and those for the 

incoming waves are equivalent to one another, and if they are satisfied there exists a 

unitary S matrix. 

(proof) Before going into the proof of the above theorem, we must first describe what 

the invariance against the space-time reflection means. The operation of space-time reflection 

denoted by asterisk is defined by the following formulas : 

ee O00), 

Kit) (4B)*=B* A*, (a consequence of *(i)’) (3-7) 

Ait one 

(iv) o(x)*=¢(—x), (in the scalar meson theory in question). 

Through the above operation, (2, R(---)2@) and (2, A(-:-)@) are connected in the 

following manner : 


AR Cos xy, ) 2)= > (—i)"O(x—x,) A(x, —%5) +O (%,-4 — &) 


-erm. 


x 2, [---[9(x), 904) ]¢ %)]---9 (xn) ] 2) 
= 3} (—8)"6 (x, —x) 8 (xp —%) +O (Xp —%n-1) 


x (2*, [+ [9(x), O(%) 9 2) J &) 2*) 
=(—1)"} (—i)"6((—x) — (=x) 8(( =) = (9) FC) — (=m) 


Perm. 
x2, [0 [e(—%), 9(—%) ]9(—%2)] 9 (—n) ] 2) 
= (—1)"¢Q, AC =x: =e ht iig aa) Ky) Md) 

This formula shows that the functions (2, R(---)2) and (2, A(-:-)Q2) are not inde- 
pendent of one another, but they are related to one another by 

CQ, ROC: xX) QY= (—1)"(2, A(—x3 —x,, +, —KXq) A), (3 - 8a) 

(2, A(x 2 xm) BY = (—1)"(2, R(—x: —%, 0, —%,) 2). (3-8b) 
If ae functions (2, R(---)@) satisfy the equations (2-:12a) and (2-12b), one can 
readily see from (3-8a) or (3-8b) that the functions (2, A(--+)2) also satisfy eqs. 
08) and (3-6b), and vice versa. Thus if the equations (2-12a) and (2-12b) have 
solutions at all, then one can introduce two complete sets of orthogonal states, G‘*) and 
©. Then it is clear that the S matrix defined by 


Se=( IP, 09) (3-9) 
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is unitary. Thus we have completed the proof of Theorem IV. 
it was clarified how the unitarit 


and (2-12b). 

Tt must further be noticed that the assu 
against the space-time reflection is not necessarily required to prove Theorem IV, although 
it serves to simplify the proof. When the invariance does no more hold, one must 


divide the R functions into even and odd Parts according to the transformation properties 
against reflection, i.e. 


In the above proof 
y condition of the S matrix results from eqs. (2-12a) 


mption on the invariance of the theory 


(2, R(x: HX) D= R(x 2 x,++X,) R(X: xx, (3-10) 


and require that if the above expression is inserted into the left-hand side of eq. (27128) 
the even part as well as the odd part of eq. (2-12a) should vanish separately. Then 
we get two coupled equations for R, and Ry 


R, (ks yx,0-% 
+iM@—y) SY S3i/U | (du) (dv) [Ky,---Ki, Ry 2 x xyuy--uy) 
xd uy =) dO (yn) 
eK Re RG: ey ox eo) — (xy) 
ec Kee Rs (Colic ax ta) 
X AO (u,—v,) dO (wy, —v,) 
X Koy Ky Ro (yt Xevr % UM) — & Ly) ]=0, (3: 11a) 
Ro (x: yxy", 
+iO@—y) SIS} t/t | (di) (de) (Kg KieeR Cone shox yu <!u,) 
x I (u,—v,) MO (wy —v,) 
X Koy Ky, Ro (yt Xess 07%) — (KS y) 
PK rae Rai (aicia, oxy there.) 
XA (4, —,) «4 (4, —y,) 
X Ky Ky, Re (yt Xp? nts) — Sy) ]=0, (3-11b) 
Ry (K 2 yXy-%) = Ro (Kt XX) =O, if x<y, (3 -11¢) 
The relations (3-8a) and (3-8b) are then replaced by 
Car seace yt ACN AC ee ee (3-12) 
Ro (% i xx) = (—1)""7 A, (— x: —x,, +, — x), 
and similar expressions hold for A, and A,. 


It can be easily verified that Theorem IV holds also in this case, although the 
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invariance against the space-time reflection is no more guaranteed. 
To conclude this section, it might perhaps be instructive to remark that equations 
(3-7) are satisfied automatically if one starts from eqs. (3-8a) and (3-8b) noticing 


the relations 


D* = OO, O-* = OO), (3-13) 


For vector and spinor fields, the above relation is, of course, more complicated. To 


avoid inessential complications, however, we shall omit the discussions thereupon. 


§ 4. Derivation of the S matrix 


In the previous section, it was shown that there exists a unitary S matrix if eqs. 
(2-11) are satisfied, but the explicit form of the S matrix in terms of R products was 
not given. In this section we shall try to find the explicit form based upon an additional 
assumption. 


Lemma II. If an operator O(x,) is given in terms of Y(x) and g(x) by* 


Ow) =u+ Ja) 9 Ode + |d,@)O@dE+| OG, 9) GO) GC) dey +... (Aci 
Ty=N%o 

then the recursion formulas (2-9a) and (2-9b) hold also for O(x,) substituted in (2-9) 
for (x). 
(proof) For O(%) =¢(x), or @(x), the above lemma is trivial. If eqs. (2-9) hold 
for O,(x,) and O,(x)), it is also the case for O,(x,) +O,(x,). Let us, therefore, prove 
that it is also the case for the product O, (x)) O,(x)). 

From the definition of the R product, follows the relation 


R[O, Og : x, X°+ +x, ] 
== >). Rl Oy: my--3x% |: RIO, 8p ur°=%; | (4-2) 


Comb. 


From the assumption that eqs. (2:9) hold for O, and O,, we have 
J do<%, (x) 2)-K,( OS, RIO, xx, 7] PO 


= (OG, RO: x---m |W) — COM, R[Op: x" ] OG). G=1, 2) 


(4-3) 
From eq. (4:2) follows the identity : 


CD, R[O, Og : x1++-%,z] OO) 
= D149, RLOps y-xpz | OOM CO) REO, xpi a xg] OOS 


Comb. 
T 


HCO, REO, ee] PLP COL, [Og Rar x12] PLY, 


* (x) is the time derivative of v(x). 
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Operating D.’ upon the above identity, and then making use of Lemma I as well as eq. 
(4-2), one finds that eqs. (2-9) hold also for the produce. O, (%,).0,()3 “Thus the 
recursion formulas (2:9) hold for any element of the algebra generated from (x) and 
@ (x). Thus the proof is completed. 

Now let us consider O, and O, defined by 


Op (xo) =U(x%, a co) *O (x) U(x), = co) 


O, (x) = U(c, Xy) O(x)) U (co > Xo) eS (4 3 4) 
then they constitute the generating functionals of R[O(x,) : ¢ (x,) =| “and yA| O'Gajas 
gy (x,) :--] as shown in Appendix I. These two functionals are related to one another 
through 

O04 (%)) =UOz (x) U*, (4-5) 
where U=U(co, —oo). It is more convenient to write (4-5) in the form 


O,4 (x,) U= UO x (xy) . (4 : 6) 
By differentiating the above equation with respect to the external source Q, one gets 
the following relation connecting R and A products : 


at) Gate a ALO (x) ax eeer ol tlie et Xallte) 


Comb. 


S(t) oT [agen | Ox) 3 aa (4-7) 


Comb. 


n 

Now let us apply the operation D’= // D* upon the above equation, then from the 
t=1 

frequency condition, or the positive energy condition, survives only the term n=m on 


the left-hand side of the above equation to give (P{, O(x,) 2). The right-hand side 


reduces, if one applies Lemma II, to 


STO (=) "D" (2, TL JO) DOM, R[O (xm) +] 2) 


B1xBoa=8 T 
=>} Se) PDB, TL. IPS) PG: OC) 2), 
B1xBe=8 7 


where the arguments upon which D’s are to operate are spared just as in eq. (2-14). 


With the aid of Lemma I, we get 
COO, O(x%))2Y= DS} (—f"D" CQ, TL] PY2.) (PLY, OH) 2) 
81x B2=8 
e 


> ae 2 OM) 27; (4-8) 
ny 
where 
T= >) (—i)D" CQ, Tle), +] tise? (4-9) 
81x B2=3 


On the other hand, we know 
COO, O(x)) QY= HCP, PPC PLP 0 (x) 2) 
is 


= >15,.¢ DS, O(%) 2. (4-10) 
UE 


780 K. Nishijima 


Combining (4-8) with (4-10), one finds 
>) (Ssr— Tx) (OF », O(%)) 2D=0, 
T 


or 
(S—T)O(x) 2=0. (4-11) 
Now let us assume” that state vectors of the form O(x,)2, where O(x)) 15 given by eq. 
(4-1), completely span the whole Hilbert space. Then from (4-11) follows the equation 
eed Bie 


Thus we have proved : 
Theorem V. The S matrix is given by 


Sia = ee (=—1) "DEY, Tle (x), ++] OGp)- (4-12) 


If we start, instead of (4-6), with* 
O4(%) (U/L 2, U2)) = (U/L 2, U2) On (%) ; (4:13) 
we get: 


Theorew VI. The S matrix is given by 


AYP — baa a p25) 0s N[¢ (x), ---]PG2)>. (4-14) 


+ 
81x f2= 


In order to express the T products in terms of R products, one must utilize the 
recursion formula 


Ct) 1 | (x) ¢ (x,) 9) |= 3) (—1)" 1 [| eCs) “+O (Xm) | + R\¢ (x) : Y (Xm+1) ---9(x,) J, 


mb. 
(4-15) 


which follows from the functional equation 

T [Ug (x) ]=U- ex (x). 
To conclude this section, we shall give another representation of the S matrix without 
giving its proof. 


Theorem VII. The S matrix is given by 
Ssa= >) (—1) *(—i) ®D*"* D®* (0, TL (x,) «+: JQ). (4-16) 
A 


S$ 5. Inclusion of bound states 
In the foregoing sections we have assumed that there are no bound states, but this 
assumption is, of course, to strong to cover all possible field theories. The reason why 
we have avoided the use of Yang-Feldman formalism consists in this point that we would 


like to keep the possibility to include the bound states in our formalism. In this section 


* Notice that U/(2, UQ) is the generating functional of the N product. 
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we shall show how bound states can be introduced in the present scheme. For this 
purpose it is necessary and sufficient to extend the asymptotic conditions (2:9) so as to 
include bound states in a self-consistent manner. As the author has shown in previous 
works,” one needs a certain quentum number to normalize the Feynman amplitudes, and 
it is also the case in the present formulation. It must be noticed, however, that the 
Hamilton function is not explicitly given in the present framework theory, and consequently 
we can make use of only such quantum numbers whose forms do not explicitly depend 
upon the details of the interaction, as electric charge, nucleon number, isobaric spin and 
so on. None of them, however, can be employed in the neutral scalar theory. In this 
sense the extention of the present framework theory to bound states problem is considerably 
restricted on a formal point of view. 

Nevertheless, on a practical point of view the above quantum numbers might be 
sufficient to cover all known bound states. 

In this section we shall first try to extend the neutral scalar theory to include 
states, but in the last stage we shall shift to charged scalar theory so that we can make 
use of the total charge of a given system as a suitable quantum number to normalize 
“wave function ”’. 

To begin with we shall first introduce various products which are closely related to 
R or A products. As given in Appendix I, we define the functional U by 

60 
U=T exp(—i| (dx) Q&) ¢()). 


—o 


The T product is given by 


3 0"°U 
Ties) oC) (re) I=? | pee eee | pnt vale Cd) 


15) 


whereas the N product is defined by 
OQ (x) 8Q (x2) ++ 9Q (Xn) (2, U2) Joo 


Nels) 9a) Gs) =| 
We call (2, N[ v(x) (%)---¢(%,) ]%) the Feynman amplitude of the state ?, then a 
state D has the following Fock representation through Feynman amplitudes : 
(2, ) 
P= (2, 2 (x) ?) e 33) 
CQ, N[¢(%) 2 (xy) |P) 


When the first non-vanishing component is given by 
(Q, N[L¢(%) i -9(x,) |®), 


we call @ an n-body state for the sake of convenience. All stable elementary particle 


states are one-body states according to this nomenclature, which we have already used in 
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the foregoing sections as one particle states. 
Without loss of generality we shall discuss two-body bound states in this section. 
Let s be a two-body bound state, and we introduce the asymptotic condition for this 


state in rhe following form : 
COE, RQE%,-m) BY) 
= CPSP, R(x 2x1) Oe) + | (de) (dey) fa* (2122) “KeC GP, R(x: %7+-%1 4%) OL), 
(5+ 4a) 
where K. is the Klein-Gordon operator for the centre of mass coordinates z between 


and z,. As the conjugate equation to (5-4a) we have 
(BP, ROC: x--m,) OD) 
(O62, REx m1) OY + | (dy) (dye) Ky, ROE mR 7,92) V2) fon): 
(5 - 4b) 
The function f, is determined later so as to make the above asymptotic condition self- 


consistent. For the time being, we give only the following condition which directly 


results from the translation invariance of the theory : 


il fe) 0 Ae 
1 ( Oy, + ay, ) mre = Pu fe (y192)» 

: 3 0 kK — —__ ate * f 

j ( ae ala Oz, )f (2%) = Pu ce (2)3 (5 5) 


where p,° is the energy-momentum four vector belonging to the state s. 
Next we shall examine if the proofs for the self-consistency given in the previous 
sections also hold in the case of bound states. 


We define D.* by 
Dz | (day) (des) fet (a2) “Kero 
and calculate the following quantity in two different ways : 
DEC PO, REx: yXqo-K1 BZ) OY). 
From (5-4a) follows at once the following expression : 
I=( BP, R(x yx) OPS — (OO, Rx: yX,++-x,) DO?, 
On the other hand, if one first utilizes the equation for the R products, one gets 


H=—iGCx—y) DeL D1 COSY, Re 2 xx) PLOY) COM, RC yt xpag---m % xq) OH) 


Comb.t 


CO.) R(x : a Roes ee) (Sid ay Bak a R(y : Xpnas?* Xz) PO) — (xy) | 
iM (xy) DIE SY COO, RG ah) POY CIO, Ry 1 gyms) OY 


Comb. 
FCO, RG H-48) PO) (OO, Ry: meas z,) OY— (Ry): 
(5-6) 
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In order to prove the equality I=II, one has to prove that the second bracket in the 
above equation vanishes. This can be done as follows. 

First of all we must point out that according to (5-5) and the presence of K, in 
the defining equation of D.*, only such terms can survive after the integration that 
involve poles of the form (P,?-+-m2)~', where m, is the rest mass of the bound state s. 
Hence, what we must do now is to prove the absence of such a pole in the second 
bracket. We investigate the pole of the second bracket in the momentum space with 
respect to P=p,+p,, p, and p, being the canonical conjugates of z, and z, respectively. 
Next one must notice that the pole of the integral 


| (dz,) exp(—ip,z,) (Oi; R(x : Gree.) Sa>) 


with respect to p, results only from the region x, x,, ---, x, >z, as seen from 


exp Gp.) dD Cee), 


—o 


J expCipra) das= (exp (pra) —exp(ip,b))/ (ips), 
b 
the latter possesses no pole at p=0. Therefore, as a whole, the Fourier transform of 


the second bracket in (5-6) has only such poles as being of the form* 
1/((pir)o—E£,—#€) (( Po) o— Ea— i) =1/ ((P/2 +p) o—E,—i€) ((P/2—p).—E,—#€), 
where P=p,+ p., p=(pi—p2)/2- In order to see the singularity of the expression in 


the complex P, plane, we transform back the above expression to the configuration space 


with respect to py, 


4p. ene 5 ate: exp (ty Zo) eae 
((P/2+p)o—E,—i€) ((P/2—p) o—E2— 3 €) 


Since the above integral has no pole in the P, plane as readily seen by carrying out the 
integration, the equality I=TII is ascertained.** Although a denominator of the form 
(P,—E,—E,—i€) occurs, it is not a pole since summations over all possible E, and E, 
are taken for a fixed value of the total momentum. On the other hand, if both z, and 
z, are involved in the same R product, a pole in the P, plane results from the Fourier 
integral of the R product over the region x, %, °° >Z, &,» provided that there exist 
bound states. The above proof corresponds to the former half of Theorem II in this 
case, and to complete the proof of Theorem II in this case one has to make use of the 
integral equation for the vacuum expectation values of the R products. 


Putting 


STF (rye) fe* (zi) =I (yr y2 t HR) (5:7) 


* The space integrations are omitted here since they give only 6 functions. 
** One can prove in a similar way the formula (2, vy (x) 2>=0. 
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one can readily derive a set of integral equations analogously to (2-11), thereby employ- 
ing the contraction function (5-7) for bound states. One needs now to prove only the 
following formula : 
Di DSP, R(x? 2%) PE) 
=( BP, G(x) BPY— CB, PH) Prien)» (5-8) 

provided that the matrix element (%{", g(x) DL) is defined by an equation completely 
analogous to (2-14). If one expresses R(x: ZZ) as the product of three R products, 
then one can prove (5:8) similarly to the latter part of the proof of Theorem II. 
The trick utilized above is useful also in this case. Finally we shall determine the func- 


tion f.(y,7¥2) or fy*(Z%). They are determined through 


| (de.) fi* (2%) “Ke(2, R[O(%) : PCa) 9 (ze) ]2P=CP,, O(%) 2), (5-9a) 


or 
| po (dy) K, (2, RLO(%) : (m1) G(y2) ]2)-fCniy2) =(2, O(%) Ps). (5+ 9b) 


In the case of one particle state we could choose O(x,)=@(x), and the function (2, 
v(x)» was fixed by (2-5). In the present case, however, the situation is much more 
complicated. To determine the function f, from (5-9b), we put 


(mn +y¥2)/2=¥, M—-v=7, fel rye) =exp(P.y) 954), (5-10) 


then we get 


|) 9<(y) | (dy) Ky (2, RLO(x) = PC) PC ye) ] 2) -expGP.y) =C(2, O(x) >. 
(5-11) 


As has already been noticed, we must investigate the pole of the Fourier transform of 
(2, RLO(x) : (9) G(y2) | 2) in the P, plane. 
If we put 


| (dy) (2, R[O(x) + (9) ¢(y2) 12) exp(iPy) =R(%:P, 9), (5-12) 


the left-hand side of (5-11) can be written by 
— | (dP) 8P=P,) (P*+ M2) RG: , 9) (5-13) 


apart from the integration with respect to 7. Since P2+-M *=0, only the corresponding 
pole of R(x,:P, 7) contributes to the above integral," and we shall ask for the pole 
of R(x): P,7). In an analogous way to the foregoing discussions, one can readily see 
that only the domain x,>y,, yp gives rise to such a pole in the integral (5-12). In 
this domain, one has 
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RLO(%) (1) 9») ] 
= — 0%) -TLe(yd 9 (92) ]—T le (2) (1) ]-O(%) 
+ C91) O(%) OC y2) +9 (90) O(%) OC). 
The last two terms of the right-hand side give only continuous poles, i.e. branching 


points, so that we consider only the first two terms of the above. Furthermore, because: 
of the frequency condition we need to retain only the first term. Thus one obtains 


xo— |ql/2 


Rémy +P, 1) =— | (dy) SP, O%) OO, They) ¢ (9) 12de" 


= CD 


seem (secular. termssatwr,— / P24 M2) ? 


= =) (dy) S32, O(m) oy —_ CD, Tle (m1) 9 (52) 2) 


P,P +178 


xX exp (i Py) G(R" — ») (%)—%') ) 


where y’=max(y,, y.). Inserting the above expression into (5-13), one finds 


— | (dP) 3(P=P,) (P24 MP) RG P, 7) 


P2+M? 


P—P#4ié CO, Tle (my) (ye) | 2> 
o “0 


=3| (d*y) | (dP) 8(P—P,) S12, Ox) OS) 


X exp (iPy) exp (1(P,*—Py) (%)— 0") ) 


(y'M2-+ B+ P,) ( M?+P2—P 
=i] @y) | @P) 8P—P) SKB, 0) ary AMET EEE) CET PIS Py) 
(Me+P3—P, 
x (9, TLE (91) ¥ (92) ]2) exp GPy) exp (i(P.*— Py) (%—yo!))- 
Now it is clear that the only contribution to the above integral arises from the term. 


P=P*, in which case we have 
= —2iS}P;'0°(P,—P,) (27)°2, O(x) OP) (OO, TL (9) Cy) ]QelPo, 
In the relativistic normalization, eq. (5-11) takes the form 
—2(27)%i | (dy) 9.(9) & P22, O(%) BB. TLE (91) 9 (2) 12) 
=(2, O(%) 8, 


or 


| (dy) f. "192% 5 TLe(m) 2 (yo) ]2)=i/2 (20) (5-14), 
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Thus the relation between the fuaction f, appearing in the asymptotic condition and the 
Feynman amplitude is clarified. 

The equation (5-14) is the necessary and sufficient condition that the asymptotic 
condition (5-4) be self-consistent. Since, however, we do not know how to calculate 
the reciprocal Feynman amplitude (%,, T[@(y;) G(y2) |2), this condition does not much 
help us. In order to complete the treatments of bound states, we must further derive 
another equation to determine the Feynman amplitude. 

If the time reversal operation is given by (3-7), then the reciprocal Feyaman 
amplitude (%,, T[¢(y;) ¢(y2) ] 2) is related to the ordinary Feynman amplitude through 


(®,, TLe (yd 9 (y2) ]2>= (2, Tle(—n) ¢(—y) J 9). (5-15) 


In order to derive another equation to determine the Feynman amplitude for the 
two-body bound states, let us shift to the charged scalar theory. 

First it is trivial to write down the integral equations for the vacuum expectation 
values of the R products, so we shall not discuss them here. 

When a function f(x) is given in the Fourier representation by 


fx) = | (dp) e”"F(p), 
we write for the sake of simplicity as 


ar give AE (p) 
i? | @) F 


With this notation, one can express the Ward’s identity’? in quantum electrodynamics 


in the form 
d 


1 dP, Sy (x, Xo) = i) Sy! (x, — %3) hs (X3%X4 3 Xp) Sy (x, — Xz) (dx,) (dx,) (dx,) 


- {<2 T [ (x1) $x) ju (%) | 2 (dx), (5-16) 


where p is the conjugate momentum to x,—x,, jy the current four vector divided by the 
unit electric charge e, and all functions appearing in the above equation are renormalized 


‘ones. One can Se extend the Ward’s identity to two-body system as seen from 


p< T1$ 4) $s) f Os) & Gx) 12) 


za (dx) (2, T [gh (x) $0) FO) F(X) ju %) 12), (5-17) 


where P is the momentum conjugate to (x,+x,) /2— (x,+x,) /2, where in addition X,;—Xy 
cand x,—x, are taken to be independent of each other. 


In the charged scalar theory, one has 


29 


tel . 
21 dp, CQ, Tl¢ (x,) Y (X.) g* (x,) g* (x,) ]2) 


= j (dx) (2, TL ex) 9 Gs) 9* (%) G* (x) jn (%) 12), (5-18a) 
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_ 4d ros * (x x x 
fi rine T[@ (x1) @* (x2) @ (x3) Y (x,) | 2) 


= | (dx) 2, Tl g* (x!) 9* (x2!) 9 5) GC) ju(%) 12). (5-18b) 


Next we introduce the following formula : 


| xn 4(x_x Kx (2, TL e* (x1) O* (x2) 9 (91) 9 (2) 12) 


= 2 (8, T | ¢* (x;) g* (x2) ]9.>¢9,, TLe() % (7) 2), (5-19) 


where J“? and Ky refer to the bound state mass M, and X= (x,+x,) /2, X’= (x +x’), 
and x,—x,=x,/—x’. The proof of eq. (5-19) is completely analogous to that of (5- 14). 
The summation in (5-19) must be taken over (negatively) double charged states. 


Let us put 


G(x, X21 Yo) =(2, TL o* (x) 9* (x) O(y,) (2) 2), 
and define F,, by 


— 21 - 
dP 


we 


G (x xsyi9s) = |G (x xem my) Fy (army !94)G Cn"! 9496) (ds!) (ded) (dy!) (dy). 
(5-20) 
By applying the operation of (5-19) on (5-20) and using (5-18b), we get 
[5 jy) On) (dm) 
= | (da) (das) (dy,) (dys) (TL eG) #6) 12) Fa Gmayined 2, Tle? (n) ¢* 10x). 


(5-21) 
On the other hand, we have from (5-14) 


| (dx,) (dx) if (x; Xy) < P. ? Tl¢ (x,) g Ce) = 17 O sp 0 (P,—P,) > 
and also we have from qV?,=—29,, q= findou= Jind? 
\< @. ? Te (xp) P.,» (dx) — ag 4zP,,* 0 (P= Po) Oy ? 


where 0,,, refers to discrete quantum numbers, and the relativistic normalization is em- 
ployed. (See (5-14)). 


On comparing these equations, one gets 


4iP) fi (%1%) = | (dy,) (dy) uF (x, X21 Yo) CQ, T[¢(y) eo (yo) |®,). (5.22) 
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Thus we have a complete set of equations governing five unknown quantities, i.e. {Q, 
R(x:x,---)2), G, fi, F,, and (%,, TL@ (9) 9(y2)]2). These equations are 1) integral 
equations for (2, R(x:x,:--)2), 2) the recursion formula to reduce the T products into 
R products, eq. (4-15), 3) eq. (5-20), 4) eq. (5-19), and 5) finally eq. (5-22). 
Practically it seems too much complicated to solve such a set of integral equations 
but in principle all necessary equations to settle a field theory with bound states are 
already given in this section. Extension of the results in this section so as to include 
three- or more body bound states is formally trivial. In Appendix II, we shall see that 
eq. (5-21) is useful also for practical purposes to normalize the Feynman amplitudes 


for bound states. 


§ 6. Solutions of the integral equations in the perturbation theory 


In the foregoing sections we have derived a set of integral equations as a necessary 
and sufficient condition that the asymptotic conditions be satisfied, and in this section 
we shall discuss to what extent these equation can limit possible field theories. For this 
purpose, the solutions of these integral equations shall be investigated in the purturbation 
theory. To carry out this program, we impose, in addition to the asymptotic conditions, 
the Lorentz invariance as well as the microscopic causality condition upon the formalism. 
The latter two conditions are expressed by stating that the Lorentz invariant function 
(2, R(x: x,---x,) 2) vanishes unless x >x, and (x—x;)?<0 for every i. 


In order to apply the perturbation theory upon eq. (2-12a),* we assume 
(2, R(x: yx1-+-%) 2)~O(E"), (6-1) 


where € is a small expansion parameter. One can generally expand it as 


(2, R(x : YXy"+*Xpy) Q)= 2a Risa (x : REN, ) ’ (6-2) 


where 
Ry, + 2m (x ° y% oe *Xq) ~O (Ss a 5 
In the lowest order in €, only (2, R(x: y)Q)=R,(x: y), and Ry (x: y) =R(x—y) 


satisfies 


R(x—y) —R(y—x) = | (du) (dv) K,R(x—u) -d(u—v) -K,R(y—v). (6-3) 


By means of Fourier transformation, one finds as the unique non-vanishing retarded 


solution 


R(x—y) = — Area (x—y), (6-4) 
where 4,..(x) is defined by 


ror (x) = —0 (x) d(x), 


Be : 
For the moment we consider only the neutral scalar theory without bound states 
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and satisfies 
K, es (x) ae 0 (x) . 


Now by inserting the expression (6-2) into (2-12a), one readily finds that in each 
order of the perturbation theory the integral equation is of the form 


G(X ty XK) GO (yt xX %y) 
+ | (4 —w) Kg (es wan) dew) “Kg ly same] 
=inhomogeneous terms, (6- 5a) 
with the retarded boundary condition 
G(X i yX%,)=0, for x<y. (6- 5b) 


In the above equation, the unknown quantity 9(x:yx,---x,) is equal to Rysom (x2 yxy0°° 
X,) in question, and the inhomogeneous terms are assumed to be known. i.e. they can 
be expressed in terms of R functions of lower orders than n+2m. 
In order to give the general solutions of (6-5), we give beforehand two lemmas. 
Lemma III. 


g (x 7X ay) == | (du) (dv) Bret (x—u) Doct (v—y) PKG G (u 2 UX: chy) = (6 . 6) 
To prove this lemma, let us put 
K, Kg (a: vx,---%) =h(u 2 ux: -:%&n), (6-7) 


then the general solution of the above equation is given by 


pr 


9 (yy) = | (de) (dv) Ag (=H) Spey (Oy) B (ws 0, -y) 


+ Gy (x 2 yX,2+°X_) +E, (x: Yk hy) 
where 
KG, (ety xy-x,) = KG, Geiy xx) 0. 


Since, however, G’s must vanish if x<y for any fixed value of y, we have as the only 


possible solution under the retarded boundary condition 
g (x oughta co) = | (du) (dv) Dect = u) An (v—y) h (u eas i 2,) : (6 2 8) 


Combining (6-7) with (6-8), the proof of Lemma III is finished. 
Lemma IV. The inhomogeneous terms in the right-hand side of (6-5a) can be 


wtitten in the form 
| (du) (dv) A vet (ee) Ae (Cm?) Q (u; UlXy° an) : (6 z 9) 


where Q is antisymmetric with respect to u and v. 
This lemma is proved trivially if one combines lemma III with eq. (2:12a). With 


the aid of these lemmas, let us transform the integral equation 
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9 (x2 yX100°%n) —I Cy XX Xn) 
= (du)| 4d (y—u) KiG (* 2 uxy0°°Xn) —A(x—u)-K,9(y:u Myron Yel 
= | (du) (dv) Die (x—u) Aver (y¥—v) Q(u, Us yt) (6 ? 10) 


into an equation for h. Inserting the expression (6-8) into the above equation, one 


obtains 
left side of (6-10) = | (dv) [Aret (x—u) Sree (U—y) — Aret (y—4) ret (U—X) ] 
XA (us UX %p) 


a ) (du) (dv) [4(y—-v) Ae (x —4) h(u : UX,* 4K) re (xy) ] 


| (du) (dv) Sror (x—u) [Aree (v—y) +4 (vy) Jb (Ut Ux, %) — (KY). 
a | (du) (dw) Avet (x—u) A ret Garr v) h (u > UX," Bey a (ee y) 


= | CECE AV IG Olen ee 
=right side of (6-10). 
Hence the integral equation (6-10) is reduced to 
b(u, v)—hA(v, u) =Q(u, v), (6-11) 
where, for the sake of simplicity, the variables x,, ---, x, are spared. 
According to the boundary condition (6-5), / must also satisfy 
b(w, v) +0, if av. (6-12) 
Hence the general solution of (6-11) is given by 
h(u, v) =0* (u—v) Q(u, v) +C,8(u—v) + C, X derivatives of B(u—v), (6-13) * 


where 0(u—v) and its derivatives are the solutions of (6-11) without the inhomo- 
geneous part, and we have already utilized the Lorentz invariance at this stage. The 
function (/* is essentially equivalent to the @ function, but different from @ when Q 
involves derivatives of some singular functions. Namely the operation 4* is defined by 
fe) fe) re) re) 

G* (u—v = = eee 68 eee Pa), rv a erent) ket} 50 4 6-14 

) Pee q(u, v) RR Fe (u—v) q(u, v) (6-14) 
if q(u,v) is sufficiently non-singular so that the value of (u—v) q(u—v) does not 


depend on the choice of a special frame of reference. For instance, the solution of the 
equation 


pa : : : 
The constants of integration C’s do no mote involve v, but they depend upon », Za INOUE gc 
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3 
b(u, v) bv, n) =—* suv) (6-15) 
Ou, Ouy 
is given by 
92 
Pilgeeaca) ta Os aap) = ee (py ape 
(u, v) (u—v) a (u—v) + 
Seta G(u—v) d(u—v) +: (6-16 
Ou, Ou, : eu) 
but not by 
nv) dG) be, (6-17) 
Ou, Ou, 


The latter depends upon the choice of a special frame of reference so that it cannot be- 
defined without fixing a special Lorentz system. In this case, the modification of the @ 
function into @* operation is necessary just as in the case of T* product’? which is the 
invariant modification of T product. Here, it must be noted that rhe former choice is 
required from the Lorentz invariance condition although both (6-16) and (6-17) satisfy 
the equation (6-15). 

With reference to (6-8), eg. (6-13) can be integrated to give (x: yx,---x,) as 


Oa x fens ue | (du) (dv) Sree (x—U) Aver (u-y).O* (u—%) Q(uyru 2 x---%,) 


+3) (EN oT eh Calo CON Be re PIM OT OT 
+derivatives of the above term. (6-18) 


In this solution, the dependence of the function 4 (x: yx,---x,) upon variables x,, ---, x, 
are determined based on the symmetry character of the function gy. The second term 
in the right-hand side is the simplest solution of (6-10) without the inhomogeneous. 
term Q. This can readily be verified as follows : 

Put 


ge 9R10%) =2| (du) Ape (=U) do (UY) ye (U—M) “Ape (UAH), (6-19) 
and insert this expression into 
| i (4G) Kg Ges wry) =D 0) Kid uaa) |, 
Bien nek neds 
= =A (di) [4(y—0) Then ie Rd Cece ae a ty 
Ae te Si TPR Cat aC 
= =A) (du) [4 (71) doa 1) — 41) dra) ] 
XK Brot (U—%1) «Dror (U— Xn) 5 (6-20): 
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The quantity in the bracket can be transformed in the following form : 
A (y—U) Apo (K— 1) — 4 (x0) Aree (yu) 
= Aver (x—1) Avot (u—) — Iret (y— 4) Iret (u—*) - 
Inserting this result into (6-20), one finds at once 
(6920) 29 Cy axe ee) — ie yXy0"°Xp) - 


Thus it is proved that (6-19) is really the solution of (6-10) without inhomogeneous 
part. The solution (6-19) corresponds to the introduction of an interaction of the form 
g"*, The last term of (6-18) corresponds to the introduction of derivative couplings, 
the general form of which is given by 


Diyos (du) Avet (x—u) Ore (u—y) ae, (u—x,) vi Aret (u—x,) > (6 : 215) 


where D is generally a Lorentz invariant differential operator with respect to x, y, xX, °""5 
x, and symmetric with respect to y, x,, °**, X,- A closer examination of the perturbation 
theory shows us that the differential operation should be at highest linear in each variable, 
otherwise the iteration procedure brings about non-locality into the formalism in contradic- 
tion with the requirement of microscopic causality condition. This condition is already 
known in the T* product formulation of quantized field theories, and we shall call this 
condition the derivative condition which is, of course, closely related to the assumption 
made in the derivation of the S matrix in § 4. 

Under such circumstances, it is already clear that the only possible solutions of the 
asymptotic conditions or the integral equations are those given by renormalizable field 
theories if we confine ourselves to the perturbation theory. For unrenormalizable but 
local theories, the equations have no convergent solution in the perturbation theory. It 
is of course an unsettled question if the integral equations have other solutions than 
those given by the perturbation theory. If it were the case, as shown by Castillejo, 
Dalitz and Dyson"? for a simplified Low equation, such solutions are equally well accessible 
as the perturbation theoretic solution, since they satisfy automatically all physically sensible 
conditions as proved in the foregoing sections. 


$7. Application to quantum electrodynamics 


The integral equations representing the asymptotic conditions have very rich contents 
in many respects, especially they have solutions which are free from ultra-violet diver- 
gences. The most important point is the fact that in the derivation of these equations 
we have used only such conditions of quantized field theories that seem for the time 
being to be reliable as the basis of field theories. 

The fact that these integral equations have divergence-free solutions is rather clear 
in comparison with the equations of Chew and Low and of Lehmann, Symanzik and 
Zimmermann. The benefit of the present equations over older ones consists in their 


manifestly covariant form and also in the simplicity to write down their formal solutions 
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in the perturbation theory as was done in the Previous section. Although one can expect 
to get divergence-free solutions without recourse to the perturbation theory since one 
needs not use the perturbation theory to renormalize the equations, we shall confine 
ourselves only to the perturbation theory in this paper. Since ambiguities inherent in 
the conventional renormalizable field theories arise from the divergent character of the 
integrals occuring in the intermediate stage of the calculation, one might hope that such 
a divergence-free formulation would be of much help to get rid of ambiguities. Hoping 


really retained. 

Before entering into quantum electrodynamics, we must slightly extend the formalism 
adopted to scalar theory in previous sections. 

Definition of R Product for Fermions 

So far the R product has been defined only for Boson operators, but in order to 
discuss quantum electrodynamics it is necessary to extend the definition for Fermion 
Opetatots too:is'Forsthis purpose it is instructive/to remember the procedure to derive 
Wick’s T product” from Dyson’s P product.” 

Let (x) be an external field operator which anti-commutes with all Fermion field 
operators and also with each other, then the T product for Fermion operators can be 


defined from P product in the following manner : 


Ply (x,) pp (x,) 2 F (ee) pp (<5 TREY, (x,,) p (ty) 
=9 %n) 79%) 9%) TO (x,) 6 (x) --b (x,) 6 CAD) 


where some of ~’s can be replaced by ¢’s.* 
We can apply this procedure to define the R product for Fermion operators. 
(a> If @(%) is of. even ones in Peanion operators, one can define R by 


RP) 296%) $x), 5 9) OD), GO) PO), (Ym) 2 (Ym) A(&) A (Ky) J 
=7 (Ym) °° (1) 9%) +79) REO (®) 2 P) --b (~) J (9) °F (Ym) A(z) peek Ca) 
(7 *2a) 
where A is a Boson field operator. 
(b) If g(x) is of odd order in Fermion operators, one has 
Rly (x) ¢ (x) 7 (x;) p(x), TS) 74 (x2) fb (x;):, 0 (1) J(), as) 7 (Vm) P (ym); 
AL%)), he), A(Z,):] 
=7 (Ym) °°) 10%) 79 (1) 9) RLG(~) : OR) Ox) 2 (91) °F (om) 
Az.) -~ A(z) le 
(7 - 2b) 


* P= gor B=o* 1. 
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According to the above definition, R products possess the following properties : 

(i) R is anti-symmetric against the interchange between two Fermion operators, and 
symmetric against that between two Boson operators. 

(iy R05 if x >x or ¥,>x or z>x for any f. 


(iii) Under hermitian conjugation, R is transfoxmed as 
Rg (x) : 6 (x) R= (1) COOPER (x) *2 O(a) * J, (7 - 3a) 
if v(x) is even, and 
— (— 1) @ wis Pig SUA Cd 8 (x) *. ¢ (x,) 7 Se : -], (7 . 3b) 
if v(x) is odd. 
Introduction of State Vectors 


In order to introduce state vectors as done in § 2, one must take account of Fermi 


statistics. Let a’s be one Fermion states, then one has 


Saat — OS). 


ay Xo XagX XazgXXdm— “= KagX XagX Xam" (7-4) 


Namely we must fix the order of multiplication of factor one particle states. Similarly 
the division of states is defined by 


n= S(-)e "0 (ba;) Pa, x.. Xap deny Moe dee (745) 


Asymptotic Conditions 


(1) For a one-photon state a or 6, we have 


(05, RE JO) 
=(O5, RE JOS) + | de) Pr, Ay @QY- TKO, RE: Ay DION), 
(7 - 6a) 
and its conjugate equation 
(O69, RE 2 JO) 
=( Df}, ’ : +2 |]OOP 4 | (dy) Ci. @y, R[--: : sore Cy) JOS) Ce; A,(y) @.»). 
(7 - 6b) 
(2) For a one-electron state a or 6, we have 
(OGD, Rl 5] OW) 
=H, RE JODY + | (de) Oy, FQ)“ D.CH, RE: IO), 
(7 - 6c) 
CB, R[ +++ 2 JOOP 
=O RL 2 JOLY + | by) BC, RE s FIOM) <2, $y), 


(7 - 6d) 
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where D and D are defined by 


D=yO+m, D=7"d—m. 


(3) For a one-positron state a or b, we have 


CO, R[--- : “| DS 
SOOM RE OSD + | (dK, HOD) BLOM, Root oh (Q] OH, 
(7 -6e) 
CO, R[-- : +] OG 
CFS RE JOY + |G) BO, RE 5 BO) JOM) (O, o(y) 0. 
(7-6f) 


The contraction of one-particle wave functions is given by* 


262, ba ®) P.){%,, Ga (y) BY = SEs” (Ky) = —i(79,—m) og A (xy) 


for electron, (7 -7a) 
>i¢2, Pe (x) DP,» (®,, ds (y) 2)= =i SGP (x—y) = —4(770,+m) os ApS (x—y) 

for positron, (7 -7b) 
KY, 4.) 9,)¢ @,, A,(y) 2)=10,, D™ (x—y) for photon. (7 -7c) 


After these preliminaries, let us apply the formalism to calculate the photon propa- 
gation function up to the order e®. The result is of course already well known, but it 
would be still instructive to show an unambiguous method to evaluate this function. 


The retarded propagation function satisfies the equation 
(2, RLA,() + A,(y)]2)—(2, R[A,(y) : A, (2) 1.2) 
AE St ae de (x) Qo» ¢ Oe, As (y) 2) 
~(2, A,(y) OO, A, (4) QY]=0. (7-8) 


In the lowest order approximation, if we take only one photon states as the intermediate 


states, one finds at once 

(2, RLA,@) + A,(7)2)==8,,, Dig a—y) =8,,-B(x—y)Dx—y). (7-9) 
In virtue of the gauge invariance, it is sometimes convenient to rewrite it as 

Suv (%®—¥) = —Oyy Dror (X—) > — (8,,—-9,,9,/C) Dyas (x—y) , (7-10) 


where the function y is defined by 


* The relations between 4 functions are given by 
A(x) =4™ (x) +40 (x), 40 (—x) = — AF) (x). 
The following functions are also useful for later purposes 
Sret (x) = (70 —m) Avet (x), Srei (x) = (770 +m) Avet (x). 
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0, RIA.) : 4, (I QD=92 &—y) oa 
In the next whe one must solve the equation 
(Q, R[A, (x) : 4,(y) ] 29-42, RIA) = 4) J 2 
+E SCR, A, (x) OCD, Ay(y) BY +62, Ay ®) PR) OS, 4,() 2) 
* —@2y, SY) J=0, (7; 11) 


where a, 6, c are one electron, one-positron and one-photon states, respectively. Now 
making use of the asymptotic conditions and of the contraction functions, one can rewrite 
eq. (7-11) in the form 


iC) 9s 8) 
i (du) (dv) [O, Dre (xu) -D(u—v) -0,99 (y—v) — & 2 y, HY) 


= | (ay) (dy) (dey) (des) Dy, Dy. 2, BLA, 2) FO) LY 


x By, De (2, RLA,(y) :F&) $@) IP 

x SH (y,—z) SM (y.—z) — (1S, PY), (7-12) 
where 9S) (x—y) is the second term of the power series expansion of 9,,(x—y), i.e. 

Gav X—9) = Gen = y) FO Cy) + (213) 
There are other equations governing other quantities such as (2, R| A: ¢, #|2) so that 
we can settle them in the perturbation theory. In the present treatment, however, we 
shall pick up out of many solutions only such ones that correspond to quantum electro- 


dynamics. For this purpose we shall make use of the unrenormalized field equations in 


quantum electrodynamics which is enough to calculate the lowest order contribution, 
DA, &) = —j,.@) = ied 7.9@), 
(7, (0, —ie A, (x)) +m) (x) =0, (7-14) 
(7, (0, +ieA, (x)) —m) $ (x) =0, 


then one finds in the e' approximation the result 
Ca, R|A, (x) : Py (y) > hs (z) | 2» — 1e€ | (du) Dret (t= u) ie (u —y¥) Vu Set (u ~~ 2) la > 


RL A, (*) : fay), $9 (2) | 2) = —ie | (du) Dyer (&— 4) [Sror (U—y) 7p" Stes (U—2) Jas 


(7-15) 
Now eq. (7-12) is written by 


Gav (*—y) — 98) (y—2) 


= =| (du) [D(x—u) -O.92 (y—u) +0, 92 (xu) -D(u—y) 


= i| (du) (di) D, et C— u) Dye (y—v) Qu (u > v) ? (7 i 16) 


a eae ee eee eK 


i lt el i 


On the Asymptotic Conditions in Quantum Field Theory 797 


where 
Quy (u, v) =e? Spl. A—m) A (u—v) «7, (79+ m) A (wu—v) J— (wv). 
O27) 


In what follows, we shall solve this integral equation in two different ways. 

Method I. 

To solve eq. (7-16), one can utilize the formal solution (6-18) derived in the 
previous section. To our regret, there occur divergences in the intermediate stage of 
calculation, but in turn this method can be utilized to evaluate self-energies and other 
divergent quantities. Especially one finds in this way that the photon self-energy is 
equal to zero. 

The formal solution of eq. (7-16) is given by 


Gu X—y) = =i{ (du) (dv) D¢(e—u) Dig U—y) O* (a=) On, @, v) 
“a Aw Co De en (7-18) 


where /,, is a differential operator at highest linear in x and in y. 
Let us first evaluate Q,,(u, v) in the momentum space. 


Spl. 7O—m) 4 &) -7y FA+m) JM (x) ]— > = 2) 

= (—i)*/ 27)" | (dp) (dg) &°* Spl pr —m) rs Gar +m) 19 (py) 4G) 
xO (p+ m*) 0 (q? +m’) — («> —x) 

== 1/(27)*| (dk) &* | (ap) (dg) 0 p+g—B) (ps) (gy) 9 (ptm) 9 GE -m*) 
x Splr. (py —m) 7. qr +m) ]— @>—2) 


== 1/(2n)*{ (die Ea OnBhyhy) YE /A 


aah ve — m? — k* k, A(—re?—P 
x (24+ 3— (mt —#/4) )ECh) 0 (mF 8/4) 
= | ace) (12/31) -V ?— 4m? (2+ 4m?/K”) 
x —1/(2n)°| (db) Gp, b) eh) OE +e). 


If we define the polarization operator //,,, by 


v a = | Gy) ) Dre (x—u) Ly (u, v) Dai (v—y) > 


it is given by 
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Ly (x) = il (x) Quy (x) a Ayv ‘ 0 (x) 


x (27) 7" (dk) (0, —h, by) et / (R +H — in E (ky) ) Ay 9 (X), (7-19) 


where 7 is an infinitesimal positive quantity to select the correct path of integration. 


Due to the derivative condition, 4,, is a quadratic function of k, and choosing 
Ayy= (On 8 ea 0,) X const., (7-20) 


one can make //,,(x) convergent as given by 
La =e" 3 | d(x) V «2 — 4m? (Kk? + 2m?) /K° 


x 1/22)" | (yy hak) (—B) / +18 ig (h)) edb). (7-21) 


The introduction of /,, of the form (7-20) corresponds to the introduction of a counter 


term of the form 
CL 4 Pay gules CORSE: (7-22) 


which clearly expresses the Z, renormalization. 

From the above result one can make three remarks. First, one need not introduce 
a counter term of the form /,,=0,,Xconst. i.e. the self-energy of the photon vanishes 
according to the present method of calculation. Secondly the resulting expressing (7-21) 
is really gauge invariant as it should be. In this respect, the present method of calculat- 
ing the propagation function has benefit over the older ones. Finally it is worth while 
to notice that although divergences appeared in the course of calculation the final result 
(7-21) which is the solution of (7-16) is really divergence-free, i.e. eq. (7-16) pos- 
sesses a divergence-free solution. This suggests us that one might hope to be able to 
integrate eq. (7-16) without encountering any divergence in the course of calculation. 
This is really the case and we shall show another method in what follows. 

Method II. 

Based on the general properties of field theories, Kallen,” Lehmann™ and others 
were able to show that the exact propagation function can be expressed as the sum of 
free propagators with different rest masses. Accordingly, let us put 


Juv (x—y) = Jace) pe) 17 (2 z)*{ (dk) (0, —k, ky /R) e**/ (+42), (7-23) 


where the path of integration at poles must be chosen as in (7-21). Then one finds 
that the first term in the right-hand side of eq. (7-16) vanishes when the expression 
(7-23) is inserted, and that p(x) is given by 


0 (Kk?) = —e?/3 (27)?. V2 — 4m? (2 + 2m?) /«°-0 («> — 4m?) . (7-24) 
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In the course of this integration no divergence occurs. 
If we apply the transformation of variables 
K° =m? /x (1 —x) 


in (7-21), we get 


IT u(y) = — (2/27°) (1/2 n)*| dx-x(1—x) | (dk) log ( (Ax (1 —x) +m?) /m?) 
xe (0, e—k, k,) (7 +25) 


in conformity with the well-known expression. Namely, eq. (7-16) is satisfied by the 
renormalized propagation function in quantum electrodynamics. 
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Appendix I 
Proof of Equation (2-2) 


Let us consider a Schrédinger equation 


Pee t., — 00) = | ext" (x) U(%, =00,), (Av1) 


Xo 


where 
A (x) =Q(x) g(x). 


(x) is a quantized field operator and Q(x) a cnumber external source. Then let us 


define G(x) by 
Go (x) =U(%, > Oo )Ppi(x) U(%, ea (A-2) 


By differentiating ¢,(x) with respect to Q(x), we get 


8G. (*) _ _ 59 x ee : Q(x Vase e A-3 
30 () A (x—y) | ¢o(x), Ge(y) | (A: 3) 


By repeated differentiations, one arrives at 


POO) = (1) "OR —) OC — 2) “On —) 


X[--L¢e@), Go (ys) 1Po Cy) 1° Po On) | 
if yf PY eV (A-4) 


Then by summing up over all possibie permutations of operators, one finds 
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0” Go (x) ER : a (A-5) 
—_* Pe") _ = R[. go (x) : Go(1) Porn) J- 
8Q (91) + 9Q (yn) 
If one differentiates both sides of (A-3) and then applies (A-5) on the both sides, 
one finds after putting Q=0 the equation (2:2). 
If one starts instead of (A-2) with 


Qo! (x) =U(o, Xo) g (x) U(a, x) 73 (A-6) 


one finds eq. (3-2). 


Appedix II 


Application of Equation (5-21) to normalize Feynman Amplitudes 

Let us consider the problem of bound states consisting of two charged scalar particles 
and interacting through massless scalar field. 

Let G be the Green function for the two-particle system, i.e. 


G(x, % 912) =C@, TL¢ (x1) ¢ (x) G* (91) G* (72) 2). AD SAD 


In the lowest ladder approximation, G satisfies the following Bethe-Salpeter equation” 


(Kx, Kxe—f? Dy (%—%) ) G (x, %91 92) = —[o (x, —y1) 0 (X.— yo) +(% wae AY (B-2) 


where K, is the Klein-Gordon operator for the charged scalar field, and D, the Feynman 
propagator for the massless scalar field. 
The equation for a bound state s is given by 


(Kx, Kx, —f? Dp (%:—%) ) (2, TL¢ (x1) 9 (x) ]P,>=0. 
Wick succeeded to solve this equation,” and the present author” gave a method to 
normalize the Feynman amplitude (2, T|@(x,) ¢(x,) |M.>, but we intend to derive the 
normalization condition without recourse to the original field equations The new method 
is useful in the sense that the normalization condition can be obtained if one only knows 
the form of the Bethe-Salpeter equation, even if it is of a phenomenological one. By 
differentiating (B-1) with respect to P,, one gets 


21 “ (2, TL¢ (x) & (Xx) g* (1) ¢* (y2) | 2) 
aotied 
me dP, G (X1%91 Ye) 
= | (dx) (2, TLE (%) ¢ (%) * (91) G* (y0) ju (>) 12). (5-18a) 


On: the ‘other hand, one gets from (B-2) 


wid 
t dp, © Min) a 1/2| (dx’) (dy’) G (x, x9x,/ x) is 


pe 


D(x'x,! y1' Yo) G Cyn! ye! 1 Yo) ’ 


(B-3) 
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where 
D(x, 51 Vo) — (Kx, Kxo =} D, (x; — Xp) ) 0 (x, ay) 0 (X)— yo) : 
Combining (5-18a) with (B-3), one finds 


| (dx) Oo fe (Xo) Cap = | (dx) (dy) (®,, TLo* (x1) G* (%) | 2)i < -D (x,X0y1 Vo) 
X (2, TLE (91) 9 (Cy) ] Px: (B- 4) 


Let us assume that a function F'(x,x,) satisfies 
1(0/0x,+0/0x.) FF (x, %) =P F (x1%2) » 
then one can write in the momentum space 
DF (p) = (p+ pP+p°+P?/4) (p—pP+pe+P*/4) F(p) 
+if*/(27)*| (dy) F@/((p—9)*-i8), 
where p and q are the relative momentum. Then we readily get 


“ep We Phi 
i— _—_D=i( py (po +) tpy (Pr +H) 
dP, 
= — (0? Kx, +0” Kx); 


paciawe icanlweite (514) .25 
| (aa) (,, jules) Or =— | Cdr) dad O., TLe* Os) #* Ga) 12 
(A Kay +3 Ka) (2, The (a) 9 2) | (B-5) 
or after separating the center of mass coordinates from relative coordinates, one gets 
(Oey jn Os) M,)=—2 | (dO. TLE* Os) €* (2) 12) 
x AY Ke (2, TLe (1) 9 G2) 1%), (B-6) 


where x=X,—%,. 
This is the desired normalization condition derived basing upon the Ward’s identity. 
It is not hard to see that eq. (B-6) gives the same result with that given previously, 


j.e. eq. (4:19) of reference Fae Mlle 
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It is shown that there is a possibility to interpret the observed mass differences of 5\*, >\~ and | 
>. hyperons in terms of electromagnetic self-energies, if the >) hyperons are assumed to be Dirac 
particles with anomalous magnetic moments of a few nuclear magnetons. 


The mass difference of S'"-—}* hyperons (~15m,) has recently been observed 


1) ,2) ,3) 


by several persons. Furthermore, the existence of the $’, which is lighter than the 


S* (by at least ~8m,), has been found in the latest bubble chamber experiments. ”*” 
These experiments show that the most probable value of 5" mass is somewhere between 
the masses of 5) and >)". 

We shall examine the possibility that these observed mass differences of >| hyperons 
can be explained as the electromagnetic self-energies just as in the case of the neutron- 
proton mass difference.”” 

If we assume, for the sake of simplicity, that the >) hyperons are Dirac particles” 
and have anomalous magnetic moments owing to the interactions SINK 3 2 Keo, 
etc., we may obtain the following mass shifts as the second order electromagnetic self- 
energies of the charged and neutral }’ hyperons, using our result calculated for the n-p 


mass difference,’ 


ames) = MF) F(R - mt PYF | (1) 
4M (3?) = —“ Mp(Z ) FO (2) 


0 


. + mit) . 
where 44 and /4, are the anomalous magnetic moments of S'* and S$, respectively, 


* After the completion of part of this note, we found the article by Sudershan and Marshak on the 
S- 5+ mass difference (Phys. Rev. 104 (1956), 267). Our basic idea is the same as theirs, but the results 
are generally different owing to an unfortunate wrong sign of the third term in their eq. (2). (In the 
special case that 4,=->0, our expression for the >>-—>\* mass difference agrees with theirs.) 

We at first estimated the S+—A° mass difference instead of the S+—3)°, before the evidence for 
the existence of the 3° became conclusive. We wish to thank Dr. Iloff for informing us of that evidence. 

We also wish to thank Professor Marshak and Dr. Sudershan for replying about the above disagreement 


and sending us their kind comment on our note. 
*~ On leave of absence from the Osaka Gakugei University, Osaka. 
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and F,(A) is the contribution from the charge-charge self interaction part, F,(/4) from 
the charge-moment part, and F,(/) from the moment-moment part. Since F, is 
logarithmically divergent, and F, and F, are quadratically divergent in 4=K/M, where 
M is the unperturbed S} hyperon mass level and K is the cutoff momentum, we have 
used a straight cutoff for simplicity. F,, F,, and F, are always positive for any real value 
of 4. As we express 44 and #4, in units of nuclear magnetons, a factor (M/M,) appears 
in the above equations, where M, is the nucleon mass. In the following we shall take 
the unperturbed mass M=2335m,, about which we have not any reliable knowledge, but 
the choice of this numerical detail does not significantly affect the final result for the 
mass difference. 

We shall get the relationships between 4,, 4, and 4, so that the mass differences 
calculated from eqs. (1) and (2) just give the observed values From (1) and (2), 
we have 


(4, +a)?— (U_—a)?=b (3) 
(4, id) P — fat me BAL c; (4) 


where 
a=F,(/) Le JF.) 


0 


b= [4M (3) — 4M (3) Ie 2 (4) Pw 


#=[4M (SY) —4M(3)") uw | M4 YP 


- 
/ 


0 


c=a'+F, (A) Ga): (A). (5) 
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From the experimental data, we shall take the following values and examine the results, 


[4M CS) ) —4M C1") lous = 15m, (6) 
| (i) +5m, 
L4M(>"") — 4IM(>3*) Joos. = 4 Ci) 0 (7) 
(iii) —5m,. 


The value of a is not sensitive to the choice of /, but the values of 6, b/ and c are 
sensitive to some extent (Table 1). 


Table 1. 
A 0.5 1.0 15) 2.0 DS) co 
a 0.81 0.86 0.88 0.89 0.89 0.90 
Vb 5.50 2.16 1.30 0.92 0.71 0 
(cio) | 4.02 2.05 1.51 1.29 il 0.90 
Vb/+c 4 (ii) | 2.62 1.62 1.31 17 1.10 0.90 
(iii) (1.793) 1.03 1.08 1.05 1.02 0.90 


Equation (3) indicates that a pair of values for #4, and #_ always represents 
a point on a2 hyperbola with foci on a line parallel with the #4, axis, and so 
ft, must satisfy the inequalities “,< — Vv bea ot ft, > % Ba) while. wo shasyono 
restriction. If we take the cutoff A=0.5, we get unreasonably large absolute values for 
Pa, ie., P.<—6.31 or #, >4.69. Then we are tempted to take 2=1.0 which gives 
reasonably small absolute values for 4, as well as /_. 

Similarly, eq. (4) indicates that a pair of values for /, and /4, represents a point 
ona hyperbola. In this case, however, if we take the choice of (7-iii) and if we takeva 
rather small cutoff (e.g. 7=0.5), the hyperbola will have its foci on the (4) axis, and 
fy must satisfy || > V |b +c| (~1.79 for A=0.5). If we take the cutoff hee} 
the hyperbola will have its foci on the /4, axis and /4, has to satisfy “<< — Vb'+c—a 
or ft, > Vb +c—a. 

Combining the above two arguments about /4,— /_ and #4.—f,, for A> 1.0, we 
have the inequalities, 4, < Min. (Sab a — Vbl+c—a) or fy > Max. (VY 6 —a, 


/b'+c—a). Since we can get the reasonable small values for /4., and {4 only 


for 41.0, we may again recognize that the situation favors taking the cutoff A= 1.0. 
Figures 1 and 2 show these hyperbolas for 4=1.0 and 4=2.0. For example, if we 
take /=1.0 and the choice of (7-i) and if we assume /4-=1.00, we have (4, =1.31 
or 3.03, and ./4=0.72" or —0.72 from-eqs:: (3) and (4), and JM(S}-) =8.3m,, 
AM(>\") =—6.7m, and 4M (S.°) =—1.7m, from eqs. (1) and (2). 

Needless to say, these numerical details should not be taken very seriously, not only 
in view of the introduction of the static anomalous magnetic moments of the >) hyperons 
instead of the electromagnetic interaction through rather complicated meson clouds, but 
also in view of the ambiguous treatment cutting off the divergent integrals. We might 
say, however, that if #., /- and 4, have reasonable absolute values of a few nuclear 
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magnetons, and if they satisfy the eqs. (3) and (4), there is a possibility to explain the 


, ti ais ee . ; 
elserved ‘masa differences of the >’*, >, and >y sin. terms ofathe electromagnetic self. 


energy. 
For the cutoff momentum in the above calculation, we took values without requiring 


them to reproduce the observed nucleon mass difference, because the structure of the 


meson cloud associated with the hyperon might be different from that of the nucleon. 


We wish to thank Professor B. C. Carlson for his valuable discussions and critical 
reading of the manuscript. We also wish to express our appreciation to Professor Gerald 


W. Fox, Head of the Physics Department of Iowa State College, for his kind hospitality. 
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Note added in proof 


After this report was written, we obtained the mirror theorem for the anomalous magnetic moments 
of baryons according to the theory of d’Espagnat and Prentki and showed the relation yy=1/2-(44+_) for 
the S hyperons without use of perturbation theory. Combining this relation and eqs. (3). and (4), we 
determined a set of values 4, #— and jw. (A similar argument has been given independently by Marshak 
and others, Phys. Rev. 106 (1957), 599.) A comparison of the thus obtained numerical values of Bee 
and j) with the perturbation results and a note on the mirror theorem will be reported in a separate note. 

In the present report we omitted the effect of the virtual dissociation of the Y° into a A and a 


photon as well as the electromagnetic interaction between the virtually dissociated charged baryon and boson 
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A possible model which discriminates z-N, K-N and N-N collisions in the cosmic-ray energy 
region is proposed. The difference in dependence of the mutiplicities on the energy of incident 
particles in z-N, K-N and N-N collisions is discussed, which is due to the difference of the kinds of 
the incident particles. Experimental data obtained with nuclear emulsions are analysed by using our 
model. If our model is justified, the mean energy of the secondary particles of the z-primary jets 
must be greater (about twice) than that of the N-primary one, both in nucleon target and nucleus 


target cases. 


$1. Introduction 


In many works, high energy jets and extensive air showers events have been analysed 
on the assumption that in the cosmic ray energy region 7- and K-mesons colliding with 
nucleons produce the seme jets as those produced by nucleons with the same energy. 
This assumption, which has of course no direct experimental evidence, rests only upon a 
speculation that the difference of the rest masses could be ineffective in these high 
energy collisions. 

The idea of “ families”” of elementary particles, which we believe to be of funda- 
mental importance, suggests that elementary particles have internal structures and we may 
believe the internal structures of strongly interacting particles to play an important role 
in the high energy events. The difference of the rest masses might be neglectable but 
that of the internal structures is not so. The fact that 7-mesons, K-mesons and nucleons 
belong to different families is enough to make the above assumption not at all self-evident. 

This assumption must be examined thoroughly, since its examination would not only 
give us-some information about the internal structure of these strongly interacting particles 
but affect the method for the analyses of the experimental data on high energy jets 
and extensive air showers. 

In this work the multiplicity in jet phenomena (which can be most unambiguously 
observed experimentally) is discussed from the view-point mentioned above. Fig. 1 shows 
the experimental results on the energy-dependence of this multiplicity of high energy 
jets observed in nuclear emulsion with less than one black or grey track (except Schein’s 
star). These data do not necessarily tell us that higher energies of the incident particles 
promise higher multiplicities. The multiplicity obtained theoretically is proportional to 
VW,” where W is the energy of the primary particle in the center of mass system. 
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Fig. 1. Experimental data with 7/2 >10 
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Fig. 2. Experimental data with 7,>10 adjusted according to our model 
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This discrepancy between the experimental data and the theoretical results might be 
explained by introducing the impact parameter dependence of the inelasticity, but here 
we propose another possible explanation’ in which the difference between the 7-meson 
and/or K-meson-nucleon (z-N; K-N) collisions and a nucleon-nucleon (N-N) collisions 
is taken into account. We will separate the experimental points into three groups and 
introduce three different “W-curves which correspond to the three groups. Now, we 
shall regard the three ~W-curves in Fig. 1 as corresponding to the three-groups of 
collisions, z-N, K-N and N-N respectively. 

The assignment of the three “W-curves made above in Fig. 1 seems at first sight 
to lead to a curious conclusion that some of the K- and z-mesons have energies much 
higher than that of the nucleon. We shall discuss in § 2 a possible model which ex- 


plains the above separation and is free of this curious conclusion. 


$2. A possible model of high cnergy z-N, K-N and N-N collisions 


Limiting our present aim chiefly to discussion of the energy dependence of the 
multiplicity. of secondary particles in the high energy collision process, we can start 
from the following simple assumptions. 

The collision process takes place in the centre of mass system (C.M.S.) as follows : 

I. In the N-N collision, an incident nucleon produces an energy lump at rest in the 
C.M.S. after the collision. 

Il. In the z-N and K-N collision, an incident meson with momentum P produces an 
energy lump with momentum (1—a) P, where @ is a parameter which will be 
determined from the experimental data. The target nucleon flies away with momen- 
tum — (1—a@) P.*” 

Ul. The multiplicity of the secondary particles is proportional to the root of the energy 
of the lump in its rest system, i.e. to the root of the mass of the lump, with a 
proportionality factor, k, which is independent of the kind of the incident particle. 

IV. The secondary particles are produced symmetrically in the forward and backward 
directions in the rest system of the lump. 

From I to IV, we obtain the following results. 

1) The case in which the target is a nucleon 


For the meson-primary jets, we obtain Table 1. From Table 1 712, which is 
determined from the half-angle method, is expressed as 
Fieesl 1 o, 1)" a -W/ Meat] © a fo VE/2aM , 
therefore the multiplicity N is given by 
N=k(M*/M)'?=k(2¥ a W/M)'? kal V 276 


=k 207, 6k QaE/M).. 


*) Here it is assumed that the mass of the target nucleon does not change. Even if the target 


nucleon is excited to some extent so as to be able to emit a few mesons, the following discussions are not 


seriously affected. 
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Table 1 
in CMS. | in LS. 
; (i | Aaeees Bins incident meson target nucleon | incident meson 
jhe ye Z 
= 2/ 
before energy | W (=\|P\) W’(=W) M E(=2W*/M) 
collision | | ila wll ase ee 
| momentum —P P (0) | P7,(=E£) 
‘ target nucleon lump | target nucleon | lump 
| ; coe Hy ap * x iy 2—2a+a- 
energy | (l-a)W | (+a)W oer pe EYE ~E 
after (seacnse Sse a ee —$_____ 
ie | 2-— 
collision AE en ttD Oe aie ai“) Pe ; zt 2) 4 ~—E 
| mass M M*=2V aW M M*=Vv 2aME 
locity of | | el apes anny vp=1—" (M/W)? 
velocity of lump | eo a Fe 2 | | = 5 


Here it is assumed (1—a)*>(M/W)?. 


For the nucleon-primary jet, the mass of the lump is obtained by putting @=1 in 


Table 1. The multiplicity, N, is given by 
N=kY 27 =kY 27 p=k(2E/M)". 


2) The case in which the target is a nucleus 

In this case the collision process would take place as follows: The primary meson 
collides with the first nucleon in the target nucleus and produces the energy lump with 
the momentum (1—a@)P in the C.M.S. of the meson and the first nucleon. The lump 
then collides with the second nucleon and, in the C.M.S. of the lump and the second 
nucleon, loses momentum by the same fraction as in the first collision and so forth. 


The results shown in Table 2 are obtained by a straightforward calculation. Further- 
more 


12==1/ VY1—v= (17% na) -W/M=1/-% NQ-Tey = E/2naM 
N=k(2V naW /M)'?=k(na) "4 V 270. =k* ‘2nA7 +) =k(2naE/M)*". 


It should be noted that nucleons which have collided with the primary meson or 


the lump do not collide with each other owing to the fact that they all have the same 
momentum, as will be seen from Table 2. 


When the primary particle is a nucleon, only one energy lump will appear after the 
collision. The mass of the lump, etc., are obtained by putting @=1 in Table 2. 


Tg=1/V¥ 2 -W/M=1/V n -7.y.= VE/2nM, 
N=k(2V nW/M)'®=kn 4727.) =k V 2n7 =k (2nE/M) "4 | 
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Table 2 
real JELNYGSY , shel dy 65 
| each nucleon in Be se’ aah nucleon in ; ae, ; 
| tecrepuutleus incident meson ipdeeeattelie | incident meson 
before | : ae ; | ; oa | = 
collision | oae Ww W M E 
momentum —Pp P 0 P, 
| | | 
| 1st nucleon lump 1s: nucleon lump 
| energy (l1-a)W (lt+a)W : 2—2a+ aw yy | ~E 
| | 2 Maree | 
after 1st |————____|— = tes S22. = 
nee | ’ 
collision momentum —(1—a)P (1—a@)P > aCe | ~E 
| 1 | 
| | 7 aos Rie ee 
| mass | M 2V aw M | V 2aME 
nth nucleon lump | nth nucleon lump 
| energy | -a)W (A+na)W | ; = “tata y | Ber 
—« 
after nth |——_—____|— an ; = SSS 
collision | momentum | —(l—a)P (1—nw)P | ; = Gr) M ~E 
Re | = 
| mass | M 2V na W M |  V2naME 
| | 
locity of lump after pe eye, at ie 
velocity of lump after | —+— ne ad IW)? | (eS ae .\9 
nth collision | ROS Th E 2 a | | ae 2 LN 


i 


Here it is assumed (1—a)°>(M/W)*. E.V.S. means the equi-velocity system.* 


§ 3. Summary and discussions 


The three multiplicity curves in Fig. 1 can be obtained if we put 
Bi 3-6 ee 0.047 sano == 0-1 9 


These curves are plotted against 71). When we plot them against 77 using the above 
a-values, we obtain the dotted curves in Fig. 2 for 7- and K-primary jets, and the ex- 
perimental points go over to the corresponding points on these curves (marked with ®)). 
The true values of the energies of the incident 7- and K-mesons are not extremely high 
and it might not be unreasonable that z- and K-mesons with those energies are observed 
at balloon altitudes of 20,000~30,000 m. 

The inelasticity is almost 1 for any collision in the sense that the incident particle 


* Rigorously speaking, the system used is the centre of mass system of the incident meson and the 


Ist nucleon in the target nucleus, which coincide with the equi-velocity system when the incident particle is 


a nucleon. 
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plays no special role among the secondary particles. But if we understand inelasticity to 
be the fraction of the energy carried away by =-mesons, as is done in the analysis of 
extensive air showers, it cannot be determined without knowledge of the composition of 
the secondary particles, an anelysis of which is beyond the scope of the present work. 

Because of the lower multiplicity and the almost equal inelasticity, the mean energy 
of the secondary particles of the -primary jets is about twice greater, than that of the 
nucleoa-primary ones. The fact that the value of a, is very small means that the 7- 
primary gives little of its energy to the nucleons in the target nucleus. 

As was mentioned in $1, the random distribution of the multiplicity shown in 
Fig. 1 may be due to the impact-parameter dependence of the inelasticity. We ere in 
need of much more experimental data to clarify this point. 

If it is established experimentally that the neutral primary jets do aot appear in the 
7-primary region the present explanation will become quite promising. 

We have given two W-curves each corresponding to 7-primary jets and K-primary 
jets, but if the difference of family is to play an important role, it might be more 
plausible not to discriminate between the z-N and the K-N collisions, taking the value 
of the parameter a between 0.04 and 0.2. In that case the region between the lower 
two curves in Figs. 1 and 2 would correspond to the meson-nucleon collisions. 

We would emphasize the possibility that the nature of the jets whose primary 
particles are of different kinds, especially of different families, might be different from 


each other. 
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In a recent paper by one of us (H.K.)”, 
the diamagnetism of a free-electron gas has 
been studied by means of the collective 
description of the Coulomb interactions 
developed by Bohm and Pines” (BP).’ An 
earlier attempt to deal with this problem 
had been made by two of the authors 
(B.D. and N.H.M.)” and the present note 
represents an attempt to assess briefly the 
relation between the two treatments, to 
comment on the small numerical differences 
between the susceptibilities thus obtained, 
and to mention some relevant further work. 

The earlier method (DM)”® utilised the 
relations between energy and wave vector, 
in the absence of a magnetic field, developed 
by BP (see particularly Pines” ®)), these 
being inserted in the Landau-Peierls-Wilson 
formula. This is in contrast to the more 
recent treatment of Kanazawa (Ke seen 


which the collective description of electrons 
in a magnetic field was examined, and the 
current density calculated to first order in 
the magnetic field by a perturbation method. 
If we introduce the difference dy between 
the modified diamagnetic susceptibility and 
the Landau value y, for perfectly free 
electrons, then for the case of sodium it 
turns out from the method of K_ that 
47/74,=0.05, whereas the method of DM 
gives 0.13. Thus both treatments lead to 
2 relatively small departure from the Landau 
value. 

While the numerical agreement thus 
obtained might be regarded as reasonably 
satisfactory, it should be pointed cut that 
differences between the two treatments 
will arise from the fact that exchange has 
been neglected in the method of K, where- 
as it is included in the work of DM. One 
of us (H.K.) is now investigating the 
introduction of exchange in the method 
of K and it is anticipated that this will 
increase the ratio 47/7, somewhat. In this 
connection, it is relevant to remark that 
Matsudaira (unpublished work) has cal- 
culated the specific heat of the alkali metals, 
taking into account both the long-range 
correlations and the exchange energy, and 
his results suggest that quantitative differ- 
ences may occur between the results of 
Pines” and those obtained by the method 
Oteke 

Nevertheless, 2 proper conclusion would 
appear to be that simultaneous inclusion of 
exchange and correlation effects tends to lead 
to results for both the diamagnetism and 
the specific heat which are in fair agreement 
free-electron theory. 


with the simple 
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Defects in the mathematical basis of the 
BP work (see for example, Adams’ and 
Kuper”) have, of course, aot been con- 
sidered here. It seems fairly well agreed, 
however, that the physical basis for the 
BP theory is sound, and we do not expect 
that improvements in the foundations of 
the theory will markedly alter the general 


conclusions of this note. 
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Acceleration of Cosmic Rays by 
Hydromagnetic Wave 
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“Department of Physics, Yoshida College, 
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** Department of Physics, Osaka- City University 


March 22, 1957 


Since Fermi proposed an_ acceleration 
mechanism of cosmic rays,') many specific 
theories have been developed.” Here we 
give some remarks on the acceleration of 


charged particles by a hydromagnetic wave. 


We consider a hydromagnetic wave in 
ideal incompressible fluid with infinite con- 
ductivity, with constant density, , and 


We as- 
sume that the primary magnetic field, H, 


with unit magnetic permeability. 


is homogeneous and the amplitude of the 
hydromagnetic wave is smaller than |H,). 
In the incompressible fluid only transverse 
waves occur. The wave velocity, V, is 
larger than the fluid velocity, v, and they 
are related with H, and the induced field, 


h, respectively, as” 
V= (47) -'"H,, o=— (4tp) Ph. G1) 


The simplest form of such wave, the 
plene wave, is found, for example, when 
wv and A are both parallel to the y-axis, 
while H, is parallel to the z-axis. The 
induced electric field, EK, has only the 
component parallel to the x-direction. 

When a charged particle encounters with 
such wave, it results in the energy change, 
which is easily estimated by the procedure 
adopted by Fermi’) as follows. In the 
system moving with the wave velocity, V, 
the magnetic field is static and the electric 
field does not appear, then the charged 
particle is scattered elastically by the in- 
crease of the magnetic field. The particle 
will inverse its direction of motion when 
the reflexion condition is fulfilled. Trans- 
forming back to the rest system, the reversal 
of the motion of the particle results in the 
increase of the momentum component 
parallel to H, in a head-on collsion and 
in the decrease in an overtaking collision. 
Therefore the fractional energy change, 
Ow/w, in one collision is proportional to 
the wave velocity as Ow/w2 + (Vfeye 

If the angular distribution of particles is 


isotropic, the net energy gain per collision 
is 
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Ow /w~ (V/c)2. (2) 


It should be noted that it is, in this case, 
the wave velocity and not the fluid velocity 
which is responsible for the acceleration. 

Our result differs from that obtained by 
Parker, who asserted that the fluid velocity 
is responsible for the acceleration by hydro- 
magnetic wave.” In the rest system the 
resultant energy change mentioned above 
is described as the cumulative effect of the 
induced electric field. In Parker’s calcula- 
tion, the time during which the accelera- 
tion occurs was taken to be the period of 
gyration. But it must be taken to be the 
period of the hydromagnetic wave. 

We make an additional remark. The 
reflexion condition of the charged particle 
colliding with the transverse wave is given 
in the moving system, if the period of 
the gyration of the particle is short com- 


pared with that of the wave, by 
cot 6 S hy/ ? (3) 


where # is the angle between the velocity 
vector of the incident particle and H), and 
h, is the amplitude of the wave at maximum. 
This relation is different from the usual 
one, cot?@<0H,/H,, being due to the 
nature of the transverse wave. 

In compressible medium a longitudinal 
hydromagnetic wave can occur and the 
similar argument as above will be applied 
as far as the amplitude of the wave is 
small. If the amplitude of this type of 
wave is sufficiently large, a hydromagnetic 
shock wave may develope and complicate 
the acceleration mechanism. 

The efficiency of the acceleration rate 
required by the analysis of the observed 
cosmic rays is much higher than that ex- 


pected from the astrophysical evidence.” 


We see that the wave velocity exceeds the 
fluid velocity in the spiral arm of the 
Galaxy and also in the Crab Nebula which 


might be a powerful source of cosmic 


tayeer 4 


In the spiral arm of the galaxy, 
V is of the order of 10’cm/sec., with 
Hy 10>" gauss and p10"? scm= ewiule 
v~1.4X10%cem/sec.” In the Crab Nebula 
we may assign from the available experimental 
data V~10"cm/sec and v= 3 X 10’cm/sec. 
If we use the formula (2), approximating 
the medium of these places by ideal in- 
compressible fluid, the expected efficiency 
increases almost by one order than that of 
the usual formula 0w/w— (v/c)*, but still 
lower than the required efficiency. Especially 
in the Crab Nebula, the acceleration by 


the magnetic shock wave might be possible'” 


and the high efficiency might be expected. 
This problem will be discussed in the 
following paper. 
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Interpretation on the Ratio of 
the Emission Probabilities 


for Protons and Neutrons 


Ryuzo Nakasima and Ken Kikuchi* 
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*Institute for Nuclear Study, 
University of Tokyo, Tokyo 


March 18, 1957 


It has been pointed out by Cohen and 
Newman” that the ratios o(p; p n)/o 
(p;2n), measured for medium weight 
nuclei bombarded with 21.5 Mev proton 
beam, are unexpectedly large. This result 
seems to be strange, when interpreted by 
means of the statistical theory of nuclear 
reactions, since the emission of neutrons 
is usually predominant over that of protons. 
Further, from the experiment of (n; p) 
reactions induced by fast neutrons, Blosser 
and Handley” have emphasized that (n ; np) 
process is quite substantial at these energies. 
One may expect that the large yield of 
protons is perhaps due to the direct inter- 
action of the incident proton with a nucleon 
in the target nucleus. 

For free collisions, the cross section of 
n-p scattering is about four times larger 
than that of p-p or n-n scattering. Assum- 
ing the half exchange property for nuclear 
force and neglecting the effect of the 
Coulomb barrier, a frivolous consideration 


leads to the following results : 


©(P: p) Ly + (N/ 2) y,~(3/5)o>) 


1 
a( psn) os (N/2)c,,, (1) 


~(3/5)o,) 


where o stands for the collision cross section 


in the nuclear matter and o, for total cross 
section. These predict that the proton 
emission is favourable in proton induced 
reactions, in agreement with experimental 
evidences. The cross section o(p; pn) is 
closely related with the details of energy 
spectra of particles directly knocked out. 
We have estimated o(p; pn) on the basis 
of the Fermi gas model, taking account of 
the penetrability at the nuclear surface and 
the absorption in the nuclear matter and 
regardless of the interaction between the 
incident proton and the tails of nucleons 
spreading outside the target nucleus. The 
energy spectrum of nucleons directly scattered 
is calculated by a similar method as in 
the previous work.” After lengthy numerical 
calculations o(p; pn) obtained is at most 
5%, of the inelastic total cross section. 
Although our rough estimation is not quite 
reliable subject to the oversimplification of 
the process, yet we may conclude that 
the direct collision occurring within the nucleus 
(not at the surface) never interpret the large 
o(p;pn) values. 

In order to account for the large con- 
tribution from (p; pn) process, several at- 
tempts may be proposed, which we sum- 


marize as follows. 


(i) Surface interaction processes which 
arises from the interaction between the 
incident nucleon and the tails of wave 
functions of nucleons in the target nucleus. 
Though these have been already investigated 
by a number of authors, most of these 
are concerned with angular distributions of 
reaction products. It seems to be of first 
importance to calculate total cross sections. 
It should be noted that the relation (1) may 


be reserved for the processes due to surface 
interactions. 
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(ii) Effect of the diffuse nuclear surface. 
Recent analyses on nucleon elastic scattering 
have determined the phenomenological shape 
of nuclear potential with a diffuse nuclear 
surface. The diffuseness makes the trans- 
mission of charged particles through poten- 
tial barrier more easier than that considered 
conventionally. 

(iii) Direct deuteron pick-up reactions. 
(p;d) reaction is closely related with 
(Pp; pm) reaction, in the sense that the 
former is involved in the latter by means 
of the activation method. In fact the 
deuteron production plays an important role 
at high energy phenomena, while few in- 
vestigations, both theoretically and experi- 
mentally, have been done in the intermediate 
energy range. It may be of interest to 
examine the cross section of so-called 


« 


deuteron “ pick-up” process, for which, as 
in (i), it is desirable to know the total 
cross section. 
(iv) Indirect deuteron pick-up processes. 
It may frequently occur that a neutron 
picks up any proton in the neighbourhood 
of nuclear surface, when the neutron eva- 
porates from the compound nucleus. In 
both (iii) and (iv), if the deuteron is 
produced into 'S state, these processes should 
be observed as (p; pn) type reactions. 
As to above possibilities, calculations are 
now being made on which we hope to 


report in this journal in near future. 
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Some Remarks on the Charged 
Mesic Decay of °H, 


T. Ogimoto* and Y. Yamaguchi** 
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and 
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March 25, 1957 


A hypertriton “H, is usually regarded 
as a composite system of proton, neutron 
and A’ particle. 

We have already known various modes 


of the charged mesic decay of the hyper- 


triton °H, : 
9H, >*He+n7 (1) 
>d+p+z- (2) 
=p ptr h: (3) 


Assuming that the decay mode of J’ is 
A’ p+, and the decay interaction is 
invariant under space inversion, the branch- 
ing ratio of the above competing processes 
is calculated. Although we do not have 
enough experimental data for the mesic 
decay of *“H, at the present, it is expected 
that in future the above calculations will 
have not a little contribution to determine 
the spin parity of °H, and A’ by comparing 
the branching ratios with experimental ones, 
and further to clarify whether the conserva- 
tion of parity is also valid for this decay 
interaction. 

For this purpose, the decay probabilities 
per unit time for the processes (1), (2) 
and (3) will be calculated. Assuming the 
spin parity of A’ to be 1/2*, we have the 
two possible types of the interaction 


Hamiltonian density : 
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H=iF V9, (GrO¢n), (4) 
L 
H=9¢9,. ($e ¢a)- (5) 


The decay probabilities per unit time for 
(1) and (2) can be estimated by the 
ordinary perturbation method, assuming the 
following trial functions for the initial state 


Slike: 


P ==JNp. exp| — : Yon — - Get vag) | 


Zs 
2 

-Y;(, 2 3) (6) 
where A~v: 1.00X10%cm?”, 

Y;(, 2, 3) : 
particles 1 (1°), 2(proton) and 3 (neutron), 
and for the final states *He+7z~ and 
dal pa Te: 


LP ,=N; exp(ipri tert ) 


spin function for three 


exp | Guettntre) |[¥/G, 2; 3) 
(7) 
and 


1 


Bi int, 2) et) 7 (23511) 


—y(1, 3) (2) Y,(13, 2) (ies (8) 


bp (2503) Np exp(ig”? © Jexp( _ : r»:) 


Table 1 The branching ratios for °H,-decay, when the parity conservation is valid in deca 


respectively, where p: momentum of “He, 
q: momentum of the deuteron, s: 1.0 
X10%cem,2 «: 0.64X10%cm7’.» The 
(,, x and ¢,, are assumed to be the plane 
On the other hand, the probability 
for (3) is obtained by subtracting the net 
results of (1) and (2) from the total 


wave. 


decay rate which is easily estimated by the 
closure approximation. 

Thus, for the parity conserving case, 
the branching ratios of two, three and four 
body decays (1), (2) and (3) are given 
in Table 1, where the neutron and the 
proton in °“H, are assumed to be in the 
"S state or in the *S state. As is instantly 
seen from this table, these ratios depend 
appreciably on the parity of 1’, except for 
the case of the neutron and the proton 
in °“H, being in 'S state. Hence it will 
be useful to check the spin parity of *H, 
and i’ by comparing the experimental 


Needless to 
say, these ratios have been obtained by the 


branching ratio with Table 1. 
rough estimation. However, if A’ is a 
particle of spin 1/2, it may be checked 
whether the parity conservation for the decay 
process is valid or not, because, if not con- 
served, we have to take a linear combination 
of (4) and (5) for the decay interaction, 
then the branching ratios will be different 


from those for the parity conserving case. 


y interaction. 


=1/2 
Spin angular momentum a ee J St Ee SA aS 
of °Ha n and p in 3Ha JSAi2 
| are in !§° state 
Spin parity of A? WZ Wi2= L235 Lj2= “12+ 1/2- 
Decay interactions (4) (5) | (4) (5) (4) (5) 
3He+ x7 17(%)- 17(%) | 6(%)  51(%) |  22(%) 0(%) 
3Ha> d+p+n7 | 27 27 1 9 33 74 
p+ptntnz- 56 56 | 93 40 LS ns ae oe 
eee 
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1). S. Iwao and Y. Yamaguchi, Soryushiron Ken- 
kyu (Mimeographed Circular in Japanese) 12 
(1956), 574. 

2) S is determined by the “size” of the deuteron. 


3) J. Blatt and V. Weisskopf, Theoretical Nuclear 
Physics, 199. 


An Attempt of Generalizing the In- 
variance of the Theory under 
the Charge Conjugation 


Osamu Hara and Yasunori Fujii 


Department of Physics, Faculty of Engineering, 
Nihon University, Tokyo 


and 


Yoshio Ohnuki 


Institute of Theoretical Physics, 
Nagoya University, Nagoya 


April 8, 1957 


Recently the experiment on the scattering 
of high energy pion, nucleon and electron 
by nucleon and the annihilation of antiproton 
by nucleon became possible and several new 
facts have been found about the structure 
of the nucleon or the pion-nucleon inter- 
action.” Among them the most striking 
is that the core of the nucleon seems to 
extend to about one-half of the Compton 
wave length of the pion. It is very 
dificult to account for this fact by the 
usual theory. Also we know that the 
cut-off length of the pion-nucleon interac- 
tion must be taken to be of the order of 


10~"cm, which is considerably large. 


These situations are very different from 
those encountered in the case of the the 
electromagnetic interaction, and it seems 
that there is a qualitative difference between 
the pion-nucleon interaction and the elec- 
Hitherto, how- 


ever, the interactions have been stipulated 


tromagnetic interaction. 


by the principle of Lorentz invariance, 
hermiticity, etc., and so far such a difference 
This fact 


seems to suggest that the principles of 


could not have been revealed. 


stipulating the interaction we have had 
hitherto are not sufficient and have to be 
supplemented by some new ones. The 
purpose of this letter is to propose a possible 
example of such principles by generalizing 
the invariance of the theory under the 
charge conjugation. 

In a previous paper”, we proposed a 
scheme in which the freedom of particle 
and antiparticle was related to the third 
component of an angular momentum vector 
in the charge space. There the gauge 
transformation was identified with the 
rotation in the charge space around its third 
axis, and the expression for the electric 


charge took the form 


Q=e (I,+ Ks) ; 
t72 for particle, 
Ke 
—1/2 for antiparticle, 
|K|=1/2, 


where I, and K, are the third components 
of the isotopic spin I and the new vector 
K introduced above. 

Under this picture we can show that 
the charge conjugation corresponds to rhe 
rotation of 7 in the I- and K-spaces around 


their first (or second) axes. The invariance 
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of the theory under the rotation in the 
Lspace is known as the charge independence. 
Therefore, the requirement of the invari- 
ance of the theory under the charge 
conjugation is equivalent to the requirement 
of the invariance of the theory under the 
rotation of z in the K-space around its 
first (or second) axis. We assume here 
that the pion-nucleon interaction must be 
invariant under the full rotation in the K- 
space. This generalization is entirely 
analogous to the one where the charge 
symmetry was generalized to the charge 
independence. As for the electromagnetic 
interaction, it is assumed as the third 
component of a vector in the charge space. 

We can show that if this is assumed, 
the pion-nucleon interaction, especially the 
part responsible for the creation and the 
annihilation of nucleon pairs, cannot be 
local. (This will be shown in the next 
letter.) Therefore the pion-nucleon inter- 
action becomes non-local in general. Such 
a situation does not occur in the case of 
the electromagnetic interaction. Thus we 
see that a qualitative difference of these 
interactions can be revealed by generalizing 
the invariance of the theory under the 
charge conjugation. 

Details will be reported in the later 


issue of this journal. 


1) Eisberg, Fowler, Lea, Shephard, Shutt, Thorn- 
dike, and Whittemore Phys. Rev. 97 (1955), 
797. 

Walker, Hushfar, and Shephard, Phys. Rev. 
104 (1956), 526. 

Fowler, Shutt, Thorndike, Whittemore, Cocconi, 
Hart, Block, Harth, Fowler, Garrison, and 
Morris, Phys. Rev. 103 (1956), 1489. 
Chambers and Hofstadter, Phys. Rev. 103 (1956) 
1454. 

J. A. McIntyre, Phys. Rev. 103 (1956), 1464. 
Chamberlain, Segré, Wiegand, and Ypsilantis, 


Phys. Rev. 100 (1955), 947. 
E. Segré, Proceedings of the Sixth Rochester 
Conference, 1956. 
L. W. Alvarez et al, preprint. 

2) O. Hara and Y. Fujii, Prog. Theor. Phys. 17 
(1957), 313. 


Pion-Nucleon Interaction according 
to the Previous Theory 


Osamu Hara and Yasunori Fujii 


Department of Physics, Faculty of Engineering, 
Nihon University, Tokyo 


and 
Yoshio Ohnuki 


Institute of Theoretical Physics, 
Nagoya University, Nagoya 


April 8, 1957 


We assumed in the preceding letter that 
the pion-nucleon interaction must be in- 
variant under the rotation both in the I- 
and K-spaces. In this letter will be given 
an example of an interaction which will 
satisfy such requirements. 

Consider, for example, the usual pseudo- 


scalar pion-nucleon interaction, 

H (x) =igd (x) 7579 (x) G(x). 
Expanding ¢/(x) and ¢(x) into Fourier 
series, (1 (x)7,7,4/(x) can be written as 


Cx) rire) = yar) Ss Se 


kk! aol 


x {u(k, o) 754 (R!, 01) okt Hear (ho) 


(fee 2 


La 3 


+0 (k, &) 7yu(k’, of) bP 441 (hr) 
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Cae, OD 


0 romans Guid 


tthe Ogu. (kl, of) ef Fee y & (k, ~) 
came ONE 
( | yi (R’, 0”) 


SEO cr 
+0 (k, 0) 70 (RY, of) e442 9% (b, or) 


Co ee}, @) 


where u(k, 7) and v(k, «) are four solutions 
of the Dirac equation, and y(k, o) and 
7 (k, ©) are given by 


(2) 
where p(k, o)(n(k, 7)) and p(k, )(n (k, o)) 


denote the annihilation operators for proton 
(neutron) and antiproton (antineutron) 
respectively.* 
f 0) 
In (1), terms like y*(k, (| ) 
\ 0 —7,; 
7(k’, o’) can be written as 


0) 


VER, Or) Kg ( = Vy (k, o), 


\ 
where «, is one of the Pauli matrices in 
the K-space. Therefore, this is not a scalar 
but the third component of a vector in 
To make this invariant, it 


the K-space. 


is necessary to replace «. by the unit matrix. 


* A similar representation was used by Lee and 


Yang and by Nakai’. 


If this modification is made, however, (1) 
vanishes. The minimum modification neces- 
sary to avoid this difficulty is to reverse the 
sign before the second term and to make the 
third and the fourth term non-local.** The 
form of the form factors appearing there 
is restricted by the condition of hermiticity, 
and the modified expression for (1) is 
given by 

(1720) >) D1 1a, oy) yau.(h sa yes eee 


kk oot 
ee dala Ce o)( ‘ an, a’) 


—F (ky 2) 70H, of eM "Y'* (b, 0) 


a, 0) ; 
x ( say Wi, 0) — if fayde fa 
x [iniihe, or) agen’ Sar) oe ae y at bro) 

GeO 
SZ ayl id / 
nen £57 
LE (k, a) yu (Rl, of) OHO (&, o) 
T; 0\ Z 
x( Je e oD. 
Here the essential is that f(y—z) must 


The modified 


interaction hainiltonian thus obtained is 


be an odd function of y—z. 


given by 
H(x) =9 {iO &) rth @) 
= $9 @ 7TH @)] 


+{f dydz f(y—2)[$™ (y) 757? @ 


FP OV), 


where ¢/\*) (x) and ¢"~ (x) are positive and 
negative frequency parts of ¢/ (x) respectively. 


** Exactly the same situation occurs in the case of 


the pseudovector interaction, too. 
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It is expected that the non-locality here 
appeared is responsible for the anomalously 
large annihilation cross section of antiproton 
and the suppression of virtual pairs, etc. 

The other characteristic of this interac- 
tion is that the vertex responsible for the 
emission and the absorption of pion by 
antinucleon becomes to take the sign op- 
posite to that in the ordinary interaction, 
as the result of replacing «, by the unit 
matrix in (1). Therefore the nucleon- 
antinucleon potential resulting from the 
exchange of odd number of pions becomes 
to take the sign opposite to that in the 
ordinary theory. Therefore the validity of 
this theory may be checked from the 
analysis of the angular distribution of anti- 
nucleon scattered by nucleon. 

Details will be reported in the later 


issue of this journal. 


1) T. D. Lee and C. N. Yang, Nuovo Cimento 
3 (1956), 749. 
S. Nakai, Prog. Theor. Phys. 17 (1957), 139. 


The Annihilation of Antinucleon 


according to the Previous Theory 


Osamu Hara and Yasunori Fujii 


Department of Physics, Faculty of Engineering, 
Nihon University, Tokyo 


and 
Yoshio Ohnuki 


Institute of Theoretical Physics, 
Nagoya University, Nagoya 


April 8, 1957 


We proposed in the preceding letter an 


attempt of generalizing the invariance of 


the theory under the charge conjugation. 
It contains, however, aspects considerably 
different from the usual theory, and it 
would be important to check the theory 
experimentally. As the resulting interaction 
is a very complicated non-local one, how- 
ever, it is desirable to do this by the 
process where the answer can be given from 
the kinematical consideration alone which 
does not depend upon the details of the 
interaction. 

An example of such a process is the 
annihilation of antinucleon by nucleon. 
Consider, for example, the system composed 
of a nucleon and an antinucleon. Its particle 
number is zero. According to our preceding 
letter (1), however, there can be two states 
corresponding to K=O and 1 respectively. 
The former can annihilate into pions as 
usual, but for the latter this is impossible 
from the conservation law of K, and it 
can annihilate only by emitting j-ray. 
(The selection rules for the 7-transition 
are given by 4I=+1, 0; 4I,=0, and 
4IK=+1, 0; JK.=0, since the electro- 
magnetic interaction is the third component 
of a vector in the charge space.) There- 
fore, according to (I), we must expect that 
the neutral annihilation product will be- 
come more abundant than would be expected 


from usual theory. 


It is difficult to calculate the fraction 
of the energy carried by the 7-ray thus 
appears. In the following will be described 
a very rough estimate based on the statistical 


theory.” 


When the annihilation takes place, the 
total energy is released to the meson cloud. 
In the usual theory, it is assumed that a 
statistical equilibrium is reached in this 


meson cloud. According to (I) however, 
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somewhat different situation occurs in the 
state corresponding to K=1. In this state 
the most rapid process is forbidden, and 
therefore the lifetime is lengthened. We 
assume that during this time the modes 
for the 7-ray are also excited, and reach 
a statistical equilibrium. If this is assumed, 
the fraction of the energy carried by the 
y-tay can be estimated from the simple 
statistical formula. The result shows that 
about 40% of the energy will be carried 
by the j-ray.* Since the states correspond- 
ing to K=O and 1 occur equally, the 
average percentage of the energy carried 
by the 7-ray becomes about 20%. This 
is considerably larger than would be expected 
Therefore the 


validity of our new theory may be checked 


from the usual theory. 


by examining whether the 7-ray expected 
as above are observed.** 
Details will be published in a later issue 


of this journal. 


1) E. Fermi, Prog. Theor. Phys. 5 (1950), 570. 
L. D. Landau, Izv. Akad. Nauk USSR 17 
(1953), 51. 

S. Z. Belen’kij and L. D. Landau, Usp. Fiz. 
Nauk 56 (1955), 309. 

2) E. Segré, Proceedings of the Sixth Rochester 

Conference, 1956. L. W. Alvarez et al, preprint. 


* It should be noted this value should be considered 
as the upper limit, since the assumption that the 
y-ray also reaches the statistical equilibrium pre- 
supposes the strong interaction between the j-ray 
and the meson cloud. 

** The average number of the pion produced in the 
annihilation of antinucleon is believed to be 5.5=£0.5.” 
This value seems to be somewhat larger than would 
be expected from the statistical theory. According 
to (I) about 20% of the total energy is carried by 
the direct y-ray. This changes the interpretation of 
the experiment, and it is found that it is reduced 
to about 4.50.5. 


The Production Ratio of 
K* to K~ Mesons 


Yujiro Kakudo and Keizo Kobayakawa 


Department of Physics, Osaka University, 
Osaka 


February 8, 1957 


In the production of K mesons the 
positive excess is qualitatively explained by 
the concept of the strangeness.’ Recently, 
Fry et al.” found the ratio of K* to K7 
mesons (==r) to be about 156 by exposing 
the Tantalum target to the proton beam 
with the bombarding energy 6.2 Gev, and 
by observing K mesons at 90° to the beam 
for an average momentum 240Mev/c in 
While Schein et 


al.” obtained 1<r<2 in the emulsion 


the laboratory system. 


plates exposed on the z-beam with the 
incident energies 4.6 and 3.0 Gev. 

In this note the r values for these cases 
are quantitatively calculated under the fol- 
lowing three assumptions : 

1. Both the strangeness and the isotopic 
spin assigned by Nishijima and Gell- 
Mann are conserved. 


4:5) js used. In 


2. The statistical theory 
practice, the phase volumes for the 
final states composed of two or three 
particles are accurately given by the 
formula satisfying the conservation of 
momentum, and in the case of more 
than three particles system they are 
given by the formula of Leport and 
Stuart,” in which K mesons and baryons 
are treated classically and 7-mesons far 
relativistically. 


3. The interaction volume is taken to be 
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Table 1 
| r= K+/K- S10/S+ 
ane | => f : 2 Ae eee 
NEL Mie | 4.6 Gev 3.0 Gev 4.6 Gev 3.0 Gev 
Ae. f 1.86 1.97 1.51 1.69 
m+ emul.— | 1.21 1.24 25 1.24 
n*+emul.— 8.92 12.20 129 1.30 
¥ = : 6.2 Gev. 
= Der, 125 
Ae | 48 
ptemul.> | 139 L 
p+Ta— | 13.2 1.51 
p+Ta— (90° 240 Mev/c) 89.3 


a a a ea ea Sa Le 


Q= (42/3) (b/pe)? (Me /W) 
for z+N-> 

Y= (42/3) (b/pc)° (2Me/W) 
for N+N- 


where M and pt are the mass of the 
nucleon and meson respectively, and W 
is the total energy in the center of 
mass system. 

Under these assumptions the following 


reactions are available : 


(i) z+N-— (KA), (K33), (KKN), 
(Kz), (K>i7), (KK), 
(KKNx), (KArz), (KSixn) ; 


(ii) N+N-(KAN), (KS°N), (KKNN), 


(KAN), (KS)Nz), . (KKAA), 


(KK>)>)), (KKS}A), (KKEN), 
(KKNNz), (KANar), (KS\Nzz). 


The results are exhibited in the next table. 

In this table the ratios of S”+ A" to 
Si + 50° are also presented, and these 
are substantially the ratios of A" to 


>i7 +51" because the reaction SY "+ 


seems to be very fast. 
The r values calculated for the z-beam 


1.2~1.3 are in good agreement with ex- 


For the zt 


beam r is obtained to be about ten times 


perimental values 1< r< 2. 
the value for the =~ beam, this means 
that r is strongly dependent on the charge 
of the incident particles. Furthermore, in 
these energy region r for =~ beam may 
be near the minimum value owing to the 
comparatively strong contribution of the’ 


reaction (KKN) ; 


region the two body reactions, (K/1) and 


In the lower energy 


(K>'), are dominant and r becomes larger, 
and similarly r increases again in the higher 
energy region due to the effective contribu- 
tion of four and five body reactions. 

To compare with the experiment by Fry 
et al., we evaluate the production probability 
of K meson with corresponding momentum 
from the momentum distribution in each 
reaction, by assuming the angular distri- 
bution in the center of mass system to be 
isotropic. After multiplying total fraction 
of each reaction by this probability we 
obtain the r value with the definite mo- 
mentum of K meson. The result thus 


obtained is presented in the last rank of 


Letters to the Editor 825 


the table, and this value seems to be in 
fairly good agreement with the experimental 
value, 156. 

The ratio of 5\°+ A to S}*+35>- is 
fairy independent on the energy and the 
kind of incident particles. This is reasona- 
ble from a consideration that in any initial 
state the fraction of produced $}" is about 
a half of (>}*+ 5)-)’s and A’ is produced 
with a fraction of about one half to all 
SVs because of their weight of charge 
states and of the approximate equality of 
their phase volume. This ratio becomes 
roughly 1.25 from the estimation that the 
relative weight of A°+ >) and >)*°+ 5)" 
are 1+2/3, 4/3, respectively. 

Finally, we examine the dependence of 
r on the size of interaction volume. The 


less interaction volumes are taken, the larger 


the r values generally becomes; in p+Ta 
reaction the relation of both is approximately 
inversely proportional, but in 77 + emulsion 
reaction the r value increases just a little 
by the decrease of the interaction volume. 
The tatio 5+ to 5)°+5)}> in both 
reactions is affected very little by the change 


of the size of interaction volumes. 


1) K. Nishijima, Prog. Theor. Phys. 13 (1955), 
285. 
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1954 Glasgow Conference. 

2) W. F. Fry, J. Schneps, G. A. Snow and M. S. 
Swami, Phys. Rev. 100 (1955), 1448. 

3) ™M. Schein, D. M. Haskin and R. G. Glasser, 
Nuovo Cimento 3 (1956), 131. 

4) . Fermi, Prog. Theor. Phys. 5 (1950), 570. 

5) R. H. Milburn, Rev. Mod. Phys. 27 (1955), 7. 

6) J. V. Leport and R. N. Stuart, Phys. Rev. 94 
(1954), 1724. 


Errata 


On the Energy Matrix of the Tensor Forces 


Tatuya Sasakawa 


(Prog. Theor. Phys. 16 (1956), 256 (L)) 


Eq. (5) is insufficiently written. Some terms lack. The author wishes to express his sincere thanks to 
Professor H. Horie and Mr. A. Arima for pointing out this mistake. 
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